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1. Introduction

Let G be a bounded, simply connected and smooth domain of R?, g : 3G — S' a smooth boundary
data of degree d and p a smooth positive function on G. We set

po=min {p(x) : x € G} 1)
and A = p~!(pp). Let us consider a C? functional ] : R — [0, c0) satisfying the following conditions :
Hypothesis 1 (H1). J(0) = 0and J(t) > 0on (0, ).

Hypothesis 2 (H2). J'(t) > 0on (0,1].
Hypothesis 3 (H3). there exists pg > 0 such that J" (t) > 0 on (0, pp).

For each € > 0 let u; be a minimizer for the following Ginzburg-Landau type functional

E (u) :/Gp|Vu|2dx+£l2/G]<1—|u|z) dx (2)

defined on the set
HL(G,C) = {ueHl(G,C): u:gonaG}. 3)

It is easy to prove that min E¢ (u) is achieved by some smooth 1, which satisfies
u€Hg(G,C)

. 1. .
{ —div(pViue) = 8—2](1 — ue|?)u,  in G )

Ue =g on dG,
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where j(t) = J'(t). In this paper, we are interested in studying the asymptotic behavior of u,
and estimate the energy E.(u,) as ¢ — 0 under the assumptions that p has a finite number of local
minima by, ..., by all lying in G and that it behaves in a “good” way in a neighborhood of each of its
minima. More precisely, throughout this paper we shall assume

A={b,...,.bn} CG ®)
and there exist real numbers ay, By, sx satisfying 0 < ay < By and s; > 1 such that
ay [x — b < p(x) = po < By [x — by[™* ©)

in a neighborhood of by for every 1 < k < N.

The presence of a non-constant weight function is motivated by the problem of pinning the vortices
of u, to some restricted sites, see [11,13,20] for more detailed physical motivations. Indeed, in general,
the study of the minimization of the energy functional Problem (2) and its particular form is motivated
by pinning phenomena in superconductivity that attract vortices to some sites. In [1], the authors
show that in presence of an applied magnetic field, if the applied fields reach a critical value,
these sites are attracted away from the interior, the pinning effect breaks down and vortices appear
in the interior. In [22], the authors consider a model of a superconductor subjected to an applied
electric current and electromagnetic field and containing impurities. They study a mixed heat
and Schrodinger Ginzburg-Landau evolution equation on a bounded two-dimensional domain with
an electric current applied on the boundary and a pinning potential term. Other models are considered
in [2], where the authors treat the structure of symmetric vortices in a Ginzburg-Landau model of
high-temperature superconductivity and antiferromagnetism. In [4], the authors give an analysis of
minimizers of the Lawrence-Doniach energy for superconductors in applied fields.

Please note that in [19], the author investigates a different type of generalization for the standard
Ginzburg-Landau problem, taking the weight p = 1 and allowing the potential to vanish on a larger set.

Our way of act provides an approach to various proofs related to stationary Ginzburg-
Landau vortices.

In this paper, without loss of generality, we assume d > 0. By the way we treat only the case
d > 0, being the case d = 0 trivial.

232

The case when J(|u|) = %
was studied by several authors since the groundbreaking works of Béthuel-Brezis and Hélein.
More precisely they dealt with the case with boundary data satisfying d = 0 and d # 0 respectively
in [5,6]. In this latter work, the case of G star shaped was treated. Eventually in [23], Struwe gave
an argument which works for an arbitrary domain and later del Pino and Felmer in [12] gave a very
simple argument for reducing the general case to the star shaped one. More in particular the method
of Struwe is found to be very useful for the case of non-constant p. We note that in [14] we study
the effect of the presence of |u| in the weight p(x, u) = po + s|x|*|u|’ where s is small, k > 0 and I > 0.

1—|u?)?
The case when J(|u|) = w and p blue is not a constant function was studied in [3,7-9].

and p = % corresponding to the Ginzburg-Landau energy,

More precisely in [7-9] the authors considered the cases card A = 1and d > 1, card A > d and the case
where p has minima on the boundary of the domain. In the first case they highlight a singularity of
degree greater than 1 when d > 1. More precisely, if A = {b} C G, they proved

o z—b\¥ | —
tey — 1o = <|Z_b) in CL (G\{b}),
where ¢ is determined by the boundary data g.

In the second case, they showed that actually N = d, the degree around each by is equal to 1
and for a subsequence ¢, — 0
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d —_ b
Ue, —> Ux = el‘Pl—{é_Z; in Cllo’? (é\ {bl,...,bd}) ,
j=
the configuration {by,...,b;} being minimizing for a certain renormalized energy defined in A4,
Moreover, they proved the asymptotic behavior E.(u.) = 7mtpod|loge| + O(1). In the third case,
the authors considered the situation when the weight has both minima in the domain and on
the boundary. In [3], the authors studied the case card A < d and established the convergence
of a subsequence ue, — . in C* (G\ {by,...,by}) for every « < 1, where the N distinct points
{b,..., by} liein Aand u, € C* (G \ {by,...,by},S') is a solution of

—div (pVu,) = p |Vu,[*us in G\ {by,...,bx}, ux =g ondG.

Moreover, the degree dj of u, around each by satisfies dy > 1 and Z,I(\Izl dp =d.

In the current paper we will suppose that card A = N < d as this is the more interesting case.
Indeed, as already observed in [3], singularities of degree > 1 must occur and in some cases they could
be on the boundary. Following the same argument as in [5] or in [3], we prove that u, has its zeros
located in d discs, called “bad discs”, with radius Ae, where A > 0. Outside this discs |ue,| is close to 1.
For n large each bad disc contains exactly one zero. Thus, there are exactly dj zeros approaching each by
(as n — c0). In the case d > 1 (this must be the case of at least one k if N < d), one expects to observe
an “interaction energy” between zeros approaching the same limit by. A complete understanding of
this process requires a study of the mutual distances between zeros of u,, which approach the same by.
It turns out that these distances depend in a crucial way on the behavior of the weight function p

212
around its minima points. In [3], where s, = 2 and J(|u|) = (1_%”, it is showed that each by
with di > 1 contributes an additional term to the energy, namely 7tpo (d2 — dy) log <| log €| %) which
is precisely the mentioned interaction energy. The method of [5,6,23] can be adapted without any
difficulties to the case of | satisfying (H1) <+ (H3) with a zero of finite order at + = 0. This applies
for example to J(t) = |t|', VI > 2.

In our paper, due to the presence of a non-constant weight and a potential with zero of infinite
order at t = 0, the energy cost of each vortex of degree d;, > 1 is much less than the previous one.
Indeed, a precise computation of the energy around a minimum of the weight p, in the spirit of [3,7-9]
will imply that certain potentials with sufficiently slow growth allow for a vortex energy that is not
27tdy| log €| + O(1) but instead

1
s

2_ 1
21tpody| log | +2npo%log|logs\ — 2mtpodl (i (|logel) k) +o (I ((|10g£)5k)> , (7)

where the quantity

(o) -1
IRy = L [ g
2y T

will play an important role (see Section 3).
For the sake of clarity, let us give some natural example of the situation which we are studying
which is only one very particular case among our general assumptions:
exp(—1/t") fort >0,
J(t) =17 ®)
0 fort <0,

for h > 0. Clearly, ] satisfies (H1) — (H2) — (H3). So, for example, for J; we find I(R) = 1 loglog R +
O(1), (see the Appendix Proposition 1.4 in [15]), and the vortex energy in this case reads:
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42— dy
27t pody (| loge| — *10g|10g8|)+27wo £ log |loge| + O(1).

Let us finally point out that it could also be interesting for our problem to give a precise asymptotic

behavior of the term o(I(|loge|) o )) in (7). At the moment, this question is not yet fully understood,
since it is related to renormalized energy introduced in [8] (see also [3]).

Another interesting question is to study our problem (2) with the presence of an applied magnetic
field. We guess it would be object of a forecoming papers.

The paper is organized as follows. In Section 2, we state our main result. In Section 3 we recall
some definitions and results contained in [15]. Section 4 is devoted to prove the generalization of
Theorem 4 of [10] which will be useful for obtaining a precise lower bound of the energy for our case.
In Section 5 we prove our main result, namely Theorem 1, by stating an upper and a lower bound
for the energy (2). Finally, as a corollary of upper and lower bounds of the energy, we find an estimate
of the mutual distances between bad discs approaching the same singularity by.

2. Statement of the Main Result
Our main theorem describes the asymptotic behavior of the minimizers of the Ginzburg-Landau

type functional (2) and their energies.

Theorem 1. For each e > 0, let u, be a minimizer for the energy (2) over H;(G, C), with G, g as above, d > 0
and | satisfying (H1)-+-(H3).

(i) For a subsequence e, — 0 we have

dj
LU =¢ H( ) in C* (G\ {by,...,bn}) ©)

bjl

for every w < 1, where the N distinct points {by,...,bN} lie in A, Zjl\ildj = d and ¢ is a smooth
harmonic function determined by the requirement u, = g on 9G.

(i) Setting

my =1 [ g

1
2/ t
R

we have

1 a7 —d 1
Ee, (ue,) =2mpodlog o +21po (Z,Ic\’_l k k) loglog o
n n

o)) (2)).

As itis showed in [15], img_ e

(10)

IIo(gjr{R = 0 hence the leading term in the energy is always of order
o(] loge|). Moreover, it is easy to see that I(R) is a positive, monotone increasing, concave function
of log R for R large (see [15]). The proof of Theorem 1 consists of two main ingredients: the method
of Struwe [23], as used also in [3] in order to locate the “bad discs”, (i.e., a finite collection of discs
of radius O(e) which cover the set {x ue(x) < %|}) and the generalization of a result of Brezis,
Merle and Riviére [10] which will play an important role in finding the lower bound of the energy.
More precisely in Theorem 2, we will bound from below the energy of a regular map defined away
from some points ay,ay, ..., a4, in Bg(0) such that 0 < a < |u| < 1in Q, deg (u,0Br(a;) = d;

d d d"ﬂl
and with a bound potential by using the reference map 1y(z) = ( = ) ' ( = ) . ( =i ) .

[z—a] |z—a2] |2—am|
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After the results of [10], Han and Shafrir, Jerrard, Sandier, Struwe obtained the essential lower bounds
for the Dirichlet energy of a unit vector field, see [17,18,21,23].

3. Preliminary Results

In this section, we recall some results proved in [15] (see also [16]) useful in the sequel. Let us
consider the following quantity, introduced in [15] which will play an important role in our study

I(R,c):sup{/lR1_f2dr:/1R]<1—f2)rdr§c} (11)

r

forany R > 1land ¢ > 0.

Lemma 1. For every R > 0 and ¢ > 0, there exists a maximizer fy = féR) in (11) satisfying 0 < fo(r) <1
for every r such that fy(r) is non-decreasing. Moreover, if ro = ro(c) is defined by the equation

¢~ 1) (%2_1),

then there exists 1y = 7o(c, R) € [1,7o] such that

=0 ifrell,R] and r <1y,
fO(r){>0 if r> 1.

Furthermore
- 2) rdr — ¢, VR
/1 ](1—f0)rr—c, > 10
and ,
f(1*f§> =2 r>rg
for some A = A(R,c) > 0.

Moreover, it holds

Lemma 2. There exist two constants k1 > 0,%p > 0 such that
. 1 1
Klmm(l,z) S)\SKz(l-FE), R>ry+1. (12)

Actually, the proof of the previous lemma shows that the estimate of A is uniform for c lying
in a bounded interval.

Lemma 3. For every ¢ > 1 there exists a constant C(c) such that for every c1,cp € [1/¢c,c] we have
[I(R,c1) —I(R,c2)| < C(c) VR>1. (13)
In view of Lemma 3 it is natural to set
I(R) =1I(R,1)
and for any fixed ¢y > 1 we have
|I(R,c) — I(R)| < C(cp), Yce [1/co,c0] VR > 1. (14)

We recall some properties of I(R).
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Lemma 4. We have

i(no) =1
I(R) = 1/ VI g vr s, (15)
2L t
R2
In particular,
[(R) _
Roos logR (16)

Moreover for every a > 0 there exists a constant Cy («) such that

[T (aR) — I(R)] < Cy (a) (17)

for R > max (1, i) and ¢ € (0, co).

The next lemma provides an estimate we shall use in the proof of the upper bound in Section 5.1.
Lemma 5. We have

R 2
[ <c R
0

1
) being ro(1) and a defined respectively as in Lemmas 1 and 2.

where yp = max (ro(l), 7o)
0

In Theorem 1 we will need a similar functional to that of (11). Hence for R > 1 and ¢ > 0 we set

I(R,c) = sup{/f ! der+4'/l.R (1_rfz)2dr : /1R] (1 —fz) rdr < c}. (18)

r
Now, let us recall an important relation between the two functionals (11) and (18).
Lemma 6. There exists a constant C = C(c) such that
I(R,c)—I(R,c)| <C (19)

for R > 1.
Lemma 7. There exists a constant « such that for every ¢ > 0, & > 0,

|I (aR,c) —I(R)] < x(co, )

’T(th, c) — I(R)‘ < C1(co, &)

for R > max <1, i) and ¢ € (0, ¢o].

The next two propositions, dealing with a lower bound for the energy in a simple annulus and in
a more general perforated domain respectively, will play an important role in the proof of our lower
bound stated in Section 5.2 (see [15] for details).

Proposition 1. Let Ag, r, denotes the annulus {Ry < |x| < Ry} and let
uecC (AR1,Rer) NC (ARl/sz(C)

satisfy
deg (u,aBRj(O)) =d, j=1,2,
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< |u] <1on Ag,Rr,

N =

and
1

— J(1—ul?)dx < co,
R% /ARl,R2 ( )

for some constant cg. Then there exists a constant c1 depending only on cq such that

R R
Vul2dx > 27d> (10 2 <2>) — d%c.
/. o [Tl 2 sx (7 !

Proposition 2. Let x1,X2, ..., Xy be m points in B, (0) satisfying

|xi —xj| > 46,¥i #j and |x| < g, Vi,

7 of 23

with § < 3%. Set O = Bs(0) \ ;”:1 B;(xj) and let u be a Cl-map from Q) into C, which is continuous on

0Q) satisfying

—~

deg M,aBg(Xj)) :d]', V]

<|ul <1inQ

N —

and ,
L 2
52/01(1 ul?) dx < K.
Then, denoting d = Z}-":l d;, we have
20y > g1 (%)) _
/Q|Vu\ dx > 27|d| (log5 I<§)) C
with C = C (K,m,Z}“:l |dj|).

4. Lower Bound for the Energy of Unit Vector Fields

In this section, we will generalize Theorem 4 of [10]. To this aim let a1,4ay, ...

in Br(0) such that
|laj —aj| > 4Ro, Vi# |

and

R
|a;| < 5

Vi,

with

Set

and let u be a C! — map from Q) into C which is continuous on 9Q.
We suppose that
0<a<|ul<1linQ

and 1
2
R — <
R%/Q](l |u] )dx K,

,ay, be m points

(20)

(21)

(22)

(23)

(24)
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for some constants a and K.
Let us observe that (23) implies

deg (u,aBR(a]-)) = d] V]

is well defined. Hence, let us denote d = Z}":1 |d;| and consider the map

dq dp dm
[ z—m zZ—ay Z—ay
”“”“(v—an> (V—wﬂ> ""(h—aﬂ> ' @)

We want to prove the following result

Theorem 2. Let us suppose that (20)+(24) hold, then we have

! R
/Qp |Vu|2 dx > po/Q |Vu0|2 dx — 27tpg (de) I (Ro> +

i=1

(26)
—27 (1-a?) po; ;| |d;] log R
where C is a constant depending only on py, a, d, m and K.
Proof. Let us set p = |u| so that u = pe'? locally in Q. Hence we have
Vul* = Vol + 0% [Vol*.
Similarly, we can set 1 = ¢/%0 locally in Q which implies |Vug| = |V¢o| and
Voo(z) = i d; V”(Z), , (27)
= |z — a
where b ra
GG =ri=)
is the unit vector tangent to the circle of radius |z — ;| centered at a;.
By introducing the function ¢ = ¢ — @p, we can write u = puge’¥ and have
Vul® = |Vol* +p* Vo + VI (28)

By (1) and (28) we get

/ p|Vul®dx > py / |Vp[* dx + po / 0 [Vol* dx + po / o [V dx + 2P0/ P*V ooV ipdx.
Q Q Q Q Q
By adding and subtracting one in the second and fourth integral and by (23), we get

2 ' 2 2 ' 2 2 2
/Qp|Vu\ de—po/Q (1—p)|Vq)o| dx+po'/Q|V(p0| dx + poa /Q|V1p| dx

(29)
2 _
—i—2po/Q (p l) Vq)OVzpdx—i—Zpo/Q VooVipdx.
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Using 2AB > —|A|?> — |B|?, for A =2 (0> — 1) Vgp and B = ?, we can write

|pivulax=—po [ (1-¢%) \wo|2dx+po/ Vol dx -+ por® |V

~apo [ (2= 1) 1990 dx = B2 |Vl + 290 [ Vgovyix. (30)
As in Theorem 4 of [8] it holds
T o0Ty|dx < Conld] V41, @
for some universal constant C, hence (30) becomes
/Q p|Vul*dx > po /Q Vol dx — [Po/ (1-02) Vgol*dx +4po /Q (- 1)2 |V(P0|2dx] -

+ 10 ( _ ) V)12 = 2poCmld] | V]l

Now let us denote X = ||V||, and consider the following function
Y = <a2 - i) X2 —2Cm|d| X.

1. . .. C*m? |d

If a > -, it reaches its minimum value Y,,,;, = — 27|| at X,in = 1 Then we get
az — az —

Z Z

' 2 ' 2 ' 2 2 (2 1) 2
./Qp|Vu| depo'/Q|Vu0| dx — po [/Q (1—p ) |V ol dx+4'/0 (p —1) |Veo| dx| —C (33)

where C is a constant depending only on py, 4, d and m.
Taking into account (11), (18) and (19), in order to get our result, it is enough to estimate
the following term

(12 2
| (1=6%) 190 ax. (34)
To this aim let us observe that (27) implies
m d.d:
[Veo(z)|" < ), Z il
-1 |z—al| iz 1z — aj| |z — aj

Then (34) can be written as

moop
/Q(l—pz) \V¢o|2dx:/0(1_92) LZ; z—a? dz+§]%||z'|]

d2/ Bl dd/ (35)
Q\z—al\z ; |z—aHz—a‘

IN
.M3

Il
—_

dA+B

p“q§

Il
MR

i

Let us analyze each term separately. In order to estimate A; for everyi =1, ..., m, let us introduce

0; = dist (a;,0Br(0)) and observe that g < J; < R as a consequence of (22).
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Therefore for any fixed i, by definition (18), it holds

2 2
A= [ 2 pzdzg/ L pzdz<2n1<5><2n1(R)+C (36)
0z —al RO\By (@) |z = ai] Ro Ro

where C depends only on K defined in (24) but is independent of R, R¢ and ;. For the second term,
acting as in Theorem 5 of [10] and using (23) we obtain

\B|<2|d||d|/—dz<2n @) ¥ i 4] log - +C. (37)
i#j a | |Z | i#j ’

where C depends only on m and d.

Then by putting together (52) and (37) into (35) we get

u R
/0(1_p2) |V(p0|2dx§2n<izld%>l<R >+2n Z|d|\dylog ‘+C (38)

iZi

where C depending on K, a, m and d but does not depend on R, Ry and 4; for everyi =1,...,m.
Finally, by (33) and (38) we get (26). O

Under the same hypotheses of Theorem 2, as an immediate consequence of (26) and Theorem 5
of [10], we get the following result

Corollary 1. Let us suppose that (20)+(24) hold, then we have

m R
Vul>dx >2 d? (1 —1( ))
/QP| u|”dx > 27py (Z% ) 0g Rg

(39)
R
2 —(1—a?) |d;| |d;| + did;) log ——— —
+ 7TP0§]< ( a)‘l||]|+ l]) Og|ﬂi*€l]‘| C
where C is a constant depending only on py, a, d, m and K.
Remark 1. Ifd; > O fori=1,...,m then (39) becomes
2 L R
/ p|Vul>dx > 27tpo | Y d? <log —1I < )) +2mpoa* Y _didjlog ——— —C,  (40)
Q i=1 RO 17&] | aj — ]‘
where C is a constant depending only on pg, a, d, m and K.
5. Proof of Theorem 1
Throughout this section, for any subdomain D of G we shall denote
E¢ (u,D) :/ p|Vu|?dx + l/ ](1 - |u|2) dx (41)
’ D e2 Jp

and if D = G we simply write E,(u). Moreover, similarly to Proposition 1, we will use the following notation
BRl,Rz(b> = {Rl < \x—b\ < Rz} (42)

for the annulus centered in b and with radius R; and Rj.
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Our main result of this section is the asymptotic behavior of the energy for minimizers which will
give (10) of Theorem 1. More precisely we prove the following result

Proposition 3. Assume (5) and (6) hold true. Then for a subsequence €, — 0 we have

1 N d% — dk 1
E¢, (ug,) =2mpod log o +2mpo | 2y 5 loglog -
n n

1 1
1 1\ % 1\ 5%
—21tpodl (8}1 <log €n> ) +o <I <<log Sn) >> .

5.1. An Upper Bound for the Energy

(43)

Let us prove an upper bound for the functional (2).

Proposition 4. Let us suppose that (5) and (6) hold true. Then for a subsequence €, — 0 we have

1 N 1
E., (ue,) <2mpodlog o +27po | Ty 5 loglog o=
n n

_1
— 2mpodl (1 <log 1) k) +0(1).
En En

(44)

Proof. Let 7y > 0 satisfy

0<n< jImin (rln?gl |b; — bj

in dist (b;,0G
,, min, dis (bi, ))
and fixk=1,...,N. Set
1
1\ "5
Te, = <log ) ‘. (45)

We will construct a function Uy, (x) defined in U,Ic\[:l By, (bx). From this point onwards the proof
will develop into three steps.

Step 1. We define U, (x) = UF (x) on Br,, o (br) where

ut ) = ( * b )dk- (46)

|x — by

By following a similar argument as in [3], it is easy to show that

N dy 1
Ee, (UL, Byy (B) \ Br,, (5y) ) < 2npos—: loglog — +O(1). (47)
n
Step 2. Let us fix di equidistant points x{, x5, ..., x}; on the circle 9B1,, (b¢) and set
2

d

Aen = BTE,, (Ek/) \ U BT87H (x]) .
=1 T0d).

We define U,
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as an S'-valued map which minimizes the energy /A p|Vul* dx among S'-valued maps

X Xj ;
for the boundary data ( ———ondBr, (x]-, ), i=1,...,4d.

dg
— bk — X
- JdB
|x—bk|> on 3B, (b, ) and - on 9B

Clearly we have
Efn (uen (x)/ Afn) S C. (48)

Now, let us fix j € {1,...,dx}, let 8; denote a polar coordinate around x; and let fo(r) be
1
Sk

a maximizer for I (gl (log é) - ) as given by Lemma 1. Let ¢ denote a polar coordinate

around by, on each B, (x;), according to notation (42), we define U, (x) = ulf(x)
’ Tof;
in Br,, (bx) where
T0d,
|x;;‘f|f0(A)eiﬂj on B),, (x]-)
. =51 it :
e - Lo () o Pren g (9) o)
Te
T., x—2j— i Te, i0; 2
(fo (20dk€n) + ( ZT&;Z ) (1 - fo <20dke,1))> e’ on BZTS;k,lT&;,k (bk).

In this step we prove that

ik 1 1 1
E, (Uén ,Br, (x]-)> < —27rp0§ log log - + 27pg log -

T0dy,
] (50)
1 1\ s
—2mpol ( <log ) k) +0(1).
En En
To this aim let us observe that of course we have
ik
Ee, (UL, By, (x))) = O(1). (51)
By putting Ug;k(x) in the energy we obtain
" 0 w2
E. (UY,B. 1 (x)])= 27'(/ k ,Zrdr+27r/ L0y 4
&n < €n /\8;,,2];)1511( ( ])> Aey pfO Aey p r
N———
(@) (52)
27 o
<7t 20d) B 2
= (1 f0> rdr.
By Lemma 5 and (66) we deduce
Tep
/ M B2y < C (53)
En
and
1l 2
— — <C.
2 (1 fo) rdr < C (54)

Hence let us split term (a) in (52) in the following way
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Tep

Tey
(a):Zn/zok der—Zn/ZOd"(p p)fodr+27tp /zokfodr.
A

Agy I

(1) )

Let us observe that
v =Bl < 2% (Jx =" 4 [ = Bel™) Vi€ {1 ded,

hence, by (6) we have
25k+1
< —
_ 1 1\ ! 20dk fo
= —271By (]_Oskdsk + 1) <log e) e, . —dr+

Tep
) log 20dk ﬂ

>
Mk fO dr + 27tBy (log 1) /ZOd"

Ay

108kd )\En r

+ 27T‘Bk <

By Lemma 1 and Lemma 7

Let us observe that

and again by (16) that

Then we can conclude
(1) <0(1).

Now let us consider the second term in the right hand side of (55)

13 of 23

(55)

(56)
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Ty Ty 2 Ty
1-— d
(2) =2mpy /ZOdk f&d?’ = —27'[p0/20dk 7fod1’+27-(po/20dk ar
A€y r A€y r Aey r

1
Sk

1 1\ % 1 1 1
= —2mpol <£n (log €n> ) + 27po (Sklogloggn +log )\Sn) +0(1)

_1
= —2mpol <1 (log 1) ¢ ) - 27[;)0l loglog 1 + 27tpg log 1 +0(1).
e &n Sk €n En

n

By collecting together, we get

1

(@) =(1)+ (2) < —27pol (517 (log %)75) - 27rposlfkloglogé +27Ipolog517 +0(1). (57)

Let us observe that (50) will follows from (51), (53), (54) and (57) once we prove that

E, (U£;",Bnn (x») <cC (58)
20d), ” T0d),
To verify (58) we write,
ik 9 i
UL (x; + re'®) = z(r)e'” onBr, (x) (59)
where .
T: r—= 20Egk Te
— n 1— n .
2(1) = fo (ZOdk£n> * I, fo\ 20,6,
k

Acting as in Proposition 3.1 in [15], by the properties of fy of Lemma 1 and as T¢, go to zero
when ¢, tends to zero, we compute

T,

/ VUl Pz = [ 2|V Pz + 27 [, (2) rdr
B Tey Tey (X]) B Tey Tey x]) 2()£Tnk
20d;, T0d;, 20d,, T0d;,
. » (60)
1-fo (20;:5,1) 1%7”,(
=0(1)+2n | ————= /TS rdr < C.
’70 20;](
About the second term of the energy, using the inequality [(¢) < tj(t), Lemma 1 and Lemma 2,
we obtain
1 ik 2 C . ik 2
= - U P)dx < [ 1— (UL dx
8% /BTSH Ly (x])]( | €;z| ) —€’21 B]"gin T, (x])]( | Sn| )
20d), 10d 20d;; 10d)

C. o T T? IZ
<= 1— n n__ n
=g/ < fo (ZOdksn)> (100d§ 40042 61)

TZ
:%% o —0(1).
€ (T ) 400
(2Odk£n>

Hence by (60) and (61) we get (58).
Finally, by (51), (53), (54), (57) and (58) we can write

1

Ee, (ui;f‘,Bl% (x]-)) < —anoiloglogé + 27tpolog = — 27pol (é <log ;7)75) +0(1). (62)
k
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Step 3. We define the function U, in U;ii 1 B, (j) such that

Ufn (x) = Ug;k(x) if x¢€ B, (xj) .

As the discs centered in x; are disjoint and as they are exactly dy discs we get

dk 7%
E Ufn(x), U Br,, (xj) < —27podl < <10g 1 ) k) _ 27rp0@ loglogl
j=1 Sk fn1 - (63)

1
+2mpody log o +0(1).
n

By (47), (48) and (63) we have

1

- 3 T
Ee, (Ufn,BUO(bk)> <2np0—loglog— —27rp0dkl< <log ) k)
(64)

- anoﬂ log log — + 27pody log — +0(1).
Sk €n &n

Finally, we pose Uy, (x) = w on G \ U}, By, (bx) where w is any S'-valued map of class C! on

_ dy
this domain which equals g on 9G and < |i_g"| ) on 0By, (by) fork =1,...,N. Then U, €
—by

Hg} (G,C) and we get

1 dz —
Egn (ugn) S Esn (usn) Sznpod log : + znpozllc\]:1 k
n

d 1
£ loglog o
n

Sk
1 (65)
— 2mpodI ( <log ) k) +0(1)
which is (44).
O
5.2. A Lower Bound for the Energy
When G is star shaped, using a Pohozaev identity, we obtain
1 2
— — < .
> G](l i )dx_Co, Ve >0 (66)
By following the same arguments of Lemmas 3.1 and 3.2 in [15] we get
C
el Loy < Tand [|Vie|[ () < - (67)

Using the construction in [6] we know that there exist A > 0 and a collection of balls {B Ae (yf) }
such that

j€l

{xeG:|ug(x)|§i}CUBAg (v), (68)

j€l

vi—vi| =

and
card] < Np.
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By construction, the degrees

v; = deg (ug, 3B), (y;)) e

are well defined. Given any subsequence ¢, — 0 we may extract a subsequence (still denoted by ¢;)
such that
card J¢, = const = N

and
yi=y" =1€Gj=1...,N. (69)

Let by, by, ..., by, be the distinct points among the {lj}]l,\]:l1 and set

I = {je {1, N}y —>bk},k:1,...,N2.

Denoting by dy = } ¢y, vj forevery k = 1,..., N, we clearly have and lejil dy = d. By following

the same arguments as in [3], thanks to the previous upper bound, applied to by = by, and Proposition 2,
we get

dy > 0 foreveryk=1,...,Np (70)

and
by € A=p L(pg) foreveryk=1,...,No. (71)

Hence, having in mind (5), in the following we can set N, = N and b, = by. Moreover, acting as
in [3], Lemma 2.1 by Propositions 1 and 2, we get v; = +1 for every j € I.
Let # satisfy

i=1

0<y< %min (Iggl |bi — bj, ‘:n”lj.l:ldeiSt (bi,aG)> . (72)
and take T, as in (45). We now are able to prove the following lower bound :

Proposition 5. Assume G is star shaped and (5) and (6) hold true. Then we have, for a subsequence €, — 0

1 N 2 g 1 1 1\ %
Ee, (utg,) > 2mpodlog — +2mpy Y N loglog — — 2mpodl | — <log> *
En k=1 Sk En En En
-1 (73)
N 1 i 9 N (10g é) *
—27tpy Y diI (log> + 27po Y Y log ~—4— +0(1),
k=1 En 8 i [ yi— il
where the points y; and yj, i, j € Iy, are as in (69).
Proof. The proof develops into two steps.
Step 1. By following a similar argument as in [3], at first we prove
1
max |by — yi| = Ry ~ |loge,| (74)
i€l

foreveryk =1,..., Ny with |[;| =d; > 1.
We know that B, (by) contains exactly dy bad discs B, (y;), such that for every a € (0,1)

lyi —yj| > € Vi#j. (75)
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For any fixed « € (0,1), we have

E (ugn,BU (bk)) ZE (usn,Bsz” (bk)) +E (ug, B2Rn (bk)\ U BE% (]/z))
i€l

(76)
+E (uen/ U Breses (yi)) = (a) + (0) + (¢).

il

Taking into account (66), by Proposition 1, there exist two constants C; and C3 depending
only on Cy and a constant C; depending on Cy and dy, such that

(a) > 2md2py [log 21’7271 —1 ( 2;’{)} — 8¢, (77)
2R 2R
(b) > 2mdgpo [log 8%" — I< 8;)} -G (78)

and

(c) = 27 (d = 1) po log 1= — I () | + 27 (Po + ak’%k) log i —1 ()] -c (@9
Let us denote
1 > 1 5 1
£ (Ry) = 2mpody log — + 27tpg (dk - dk) log — + ~ap (1—a)R¥log —  (80)
&n R, 2 &y

and

) 1 R, R} 1
8§ (Rn) = 2mdipol )T 27tdypol s 27 | po + My I' 4= ) +Ca (81)
n

n €n

where C; is a constant depending only on Cy and d. Then

E (ue,, By (br)) > f (Rn) — g (Ru) — Cy. (82)

Now let us observe that for n large enough, we get

7
> 1,
2R, =

since R, tends to 0. Moreover, by (75) it holds
en < |yi—yj| <lyi—bel + |y; — be| <2Ry Vi#j.

Hence we get

<SRy < (83)

N‘én;z
N[

1

1 5
Let us pose Ry, = ¢, <log s> “ and consider the following difference
n
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By (80) and (81) we get
1 s
(1) = 27tpo (di — dk) log — + gtxk (1-a) (cF—1) (84)

and :

l e
)= 2ndp, <1 <<log 1> k> —1 <1 <log l)bk>> +
En Cn En
1 1\ % 1\ %
Sk C Sk
1 (oo L i (100 L (85)
+27pody (I (8% (log €n> > I (8% <log €n> >> +
. (1 — cif) 1\ ! 1
—i-iz (log En) I <e}1_‘"> .

Let us consider the case ¢;, > 1. Therefore we have

1
1\ s
Ry > <log> “ (86)
€n
By (15), (86) and as the functions j~! and I are increasing, we get

2
log &) ki ;-1 1=k -1
(2) > — 2mpody ﬁZ(a ) ! t(t) dt + "2k ( 5 ) (log :) I ( ! )

Rj

2 s -1
5 1—cF
> Zﬁpodkj_l <(10g €1> k 81210() logC,% + M <log £1> I (Sllzx> .
n n n
1 2
. LNk oa
ngTw (log €n> g =0

lim (lo 1 711 b =0 (87)
n——+o0o gsn S}l_lx e

by regularity of function j~! and as j~1(0) = 0, there exists 1 such that for n > 1y we have

Since

and by (16)

1
(2) > 26mpody log - + grxk (1- c,sj‘) 7. (88)
n

Then, by denoting
h(Rn) = f(Rn) = g (Ru), (89)
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by (84) and (88) and choosing § = % and v = Trx, we get

1
s

h(Ry)—h ((log 1) k) > 27po (d% - dk) logi + Eak (1—a) (cF—1).
En 2 Cn 8
Hence we get

n

h(Ry)—h ((log sl>_> — Fooas ¢y — +oo. (90)

Now let us suppose there exists a subsequence (cy, )y, still denoted by (c;,), such that ¢, < 1.

Up to a subsequence we have
1

Ry < (log€1> * (91)
n

By (15), (91) and as the functions j~! and I are increasing, we get

2
(log &) j—1(t i 1\ /1
(2) > — 27tpod? /RZ ! t( )dt+ >0k (1—cF) <log Sn) I( la)

n

2

_ 1\ % 1 7 1\ ! 1
> —2mpodyj ! <<log 871) ) logc—2 + > (1—c¥) <log Sn) I (81_0() )
n n

Since

and by (16)

-1
lim <logl> I( 11 ) =0,
n—+00 &n g "

similarly to the previous case, by regularity of function j~! and as j~1(0) = 0 there exists 1
such that for n > ny we have

(2) > —287pods logcl + gak (1 =)y > —26mpods log Cl (92)
n n

Then, by denoting
h(Rp) = f (Ru) — & (Ru),
by (84) and (92) we get
%

1\ % 1
I (Ry) —h <<log£> ) > 27pq (d% —dy— 5di) log — + gzxk (1—a)(cF—1).
n n

14dy

Let us choose § > 0 such that d? — dy — dd? > 1 or equivalently § < 1 — 7z This is possible
asd; > land then1 — 7 > 0. For this choice it holds
k

_1
h(Ry)—h ((log :) k) — +ooas Cl — fo0. (93)
n

n
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By (90) and (93), in both cases we can conclude as in [3]

-1
h(Ry,)—h <<log sl) k> — -40co0as max (cn, c1> — o0, (94)
n

n

By (82) we get

h(Ra) —h ((1og;>_slk> < E (e, By (b)) +Cs — h ((log :>_1k> .

We know that by = b; for some j € {1,...,N}. Hence by using the upper bound (44) of
Proposition 4, taking into account (80), (81) and (89), since &« < 1, we obtain

1 1 1
h(Ry)—h (<log1> k) < —2mpodil (1 <logl) k) + 27pod?] <(log1) k) +
€n &n €n &n
_1 -1
1 1\ % o 1 1
2mpody! (e;’; <log a) ) + 27 (podk+ 1 (log a) ) I (s}f‘") +0(1).

By assumption (H2) and (15) in Lemma 4, we deduce that the functional I is increasing, thus
for n large enough, we get

and

Hence, by (87), the leading term of the second member in (95) is the negative one and we can
conclude that

h(Ry,)—h ((logsl)%) — —ooasn — +oo. (96)

This is a contradiction with (94) and arguing as in [3], (94) directly implies (74).
Step 2. Let# asin (72) and T, as in (45). We know that B;, (by) contains exactly dj bad discs B, (yj),
j € Iy satisfying (74).

We have

Efn (ugn’BT? (bk)) ZEgn (usnlBW (bk) \ BTgn (bk)) + Z Esn (uSH/BTgn (bk> \ B/\Sn (y]))
jelk 97)

=E; + E,.

By Proposition 1, we have

E1 > 2mpod? log T’7 — 27pod2l ( T’7 ) — diCe.
&y €n
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where C¢ is a constant depending only on Cy.
Then

P2 i
Ey > 271;90—"10g10(,«;;l —27‘[;70(1%[ <<logl) k) +0(1). (98)

By (40) in Remark 1 applied to yi,...,ya, as vj = deg (ue, 0B (yj,Ae))) = +1 for every
j=1,...,dx and by (68), we have

Tgn Tfn _
E, > 27Tp0dk <log /\7871 —1I ()\Sn>) + = 7'[}7() Zlog C7

i | ]/1 |

where C7 is a constant depending only on dy, Cy, and py where Cj is introduce in (66). Then

-1
E, >— anod loglog—+27rp0dklog— —27rp0dk1< <log ) k)
En
(99)

+3 npo ) log +0(1).

iz | yt |

By collecting together (98) and (99) we obtain

d 1\ %
log log — —2mtpod?I | (log o
n

d? — 1
Ee, (ute,, By (bx)) >2mpo—~ + 27tpody log -
n

. (100)
— 27pody ] ( (log ) ) +g7ro ) log ﬁ +0(1).
i#] Yi
Summing over k we have
N 1 N 42— dy 1
Ee, (ue,) >Ee, | ue,, | By (bx) | = 2mpodlog — +27mpg ), —~—— loglog —
k=1 En =1 Sk En
N i 1 1\ %
—2npy ¥ dil <log ) — 27podlI (log ) (101)
k=1 &n &n
+ = ﬂp0221g| |+O()
k=1iZj

which is (73).
O

Remark 2. In Proposition 5 we have proved (73) for a star shaped domain. An arqument of del Pino and Felmer
in [12] can now be used to show that (66) holds without the assumption on the starshapedness of G. Hence (73)
is still true for general domain and we can conclude again by acting as in [15].

5.3. Proof of Theorem 1 Completed

By collecting together Propositions 4 and 5, and taking into account Remark 2, we obtain
Proposition 3 which is (10) of Theorem 1.

Thanks to estimate (66), we can now follow the construction of bad discs as in [5] and prove
convergence (9) of Theorem 1. Since the arguments are identical to those of [5] we omit the details.
Now Theorem 1 is completely proved.

Finally as a consequence of (64) and (100), we get the following estimate of the distance between
the centers of bad discs.
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Corollary 2. Forevery i # jin I, (1 < k < Np) with |Iy| = di > 1, we have

1
1\ 1 1
exp <—C81 <<108 €> k)) [logen | < |y; —yj| < Co |logen | (102)
n

where Cg and Cg are two constants independent of e.

Proof. By lower bound (100) we have

42 —d %
/ p | Vu|?dx >27pody log 1 + 27tpy & £ loglog 1_ 2o dil (log 1) ‘
[¢) €n Sk &n En
(103)

1
1 1Y\ =% 9 T
—2mpodl | — | log — + -7 log ———— 4+ 0O(1).
Po <€n< g€n> ) 5 PO; Ay (1)

The upper bound (64) and (103), imply

1 1
Y log |logen|k §C81<<log;>k>

i£] ‘ Yi—Yj
which by using (74), is the claimed result. [
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