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Abstract: In 2020, Kang, Song and Jun introduced the notion of multipolar intuitionistic fuzzy
set with finite degree, which is a generalization of intuitionistic fuzzy set, and they applied it to
BCK/BCl-algebras. In this paper, we used this notion to study p-ideals of BCI-algebras. The notion
of k-polar intuitionistic fuzzy p-ideals in BClI-algebras is introduced, and several properties were
investigated. An example to illustrate the k-polar intuitionistic fuzzy p-ideal is given. The relationship
between k-polar intuitionistic fuzzy ideal and k-polar intuitionistic fuzzy p-ideal is displayed.
A k-polar intuitionistic fuzzy p-ideal is found to be k-polar intuitionistic fuzzy ideal, and an example to
show that the converse is not true is provided. The notions of p-ideals and k-polar (€, €)-fuzzy p-ideal
in BCl-algebras are used to study the characterization of k-polar intuitionistic p-ideal. The concept
of normal k-polar intuitionistic fuzzy p-ideal is introduced, and its characterization is discussed.
The process of eliciting normal k-polar intuitionistic fuzzy p-ideal using k-polar intuitionistic fuzzy
p-ideal is provided.

Keywords: multipolar intuitionistic fuzzy set with finite degree k; k-polar (&, €)-fuzzy ideal; k-polar
intuitionistic fuzzy ideal; k-polar intuitionistic fuzzy p-ideal
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1. Introduction

BCl-algebras were introduced by Iséki [1] as the algebraic counterpart of the BCl-logic.
BCl-algebras are a generalization of BCK-algebras, and they originated from two sources: set theory
and propositional calculi. See the books [2,3] for more information on BCK/BCl-algebras. Fuzzy sets
were first introduced by Zadeh [4], in which the membership degree is represented by only one
function—the truth function. Intuitionistic fuzzy sets, which were introduced by Atanassov (see [5,6]),
are a generalization of fuzzy sets. As an extension of the bipolar fuzzy set, Chen et al. [7] introduced an
m-polar fuzzy set in 2014, and then this concept was applied to certain algebraic structures as BCK/BCI
algebras, graph theory and decision making problem. For BCK/BClI-algebras, see [8-10], for graph
theory, see [11-14] and see [15-18] for decision making problems. Al-Masarwah and Ahmad discussed
the notion of m-polar fuzzy sets with applications in BCK/BCl-algebras. They introduced the notions of
m-polar fuzzy subalgebras and m-polar fuzzy (closed, commutative) ideals and gave characterizations
of m-polar fuzzy subalgebras and m-polar fuzzy (commutative) ideals. They considered relations
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between m-polar fuzzy subalgebras, m-polar fuzzy ideals and m-polar fuzzy commutative ideals
(see [8]). Using the notion of multipolar fuzzy point, Mohseni Takallo et al. [9] studied p-ideals
of BCl-algebras. In [19], Kang et al. introduced the notion of multipolar intuitionistic fuzzy set
with finite degree as a generalization of intuitionistic fuzzy set, and applied it to BCK/BCl-algebras.
They introduced the concepts of a k-polar intuitionistic fuzzy subalgebra and a (closed) k-polar
intuitionistic fuzzy ideal in a BCK/BCl-algebra, and investigated their relations and characterizations.
In a BCl-algebra, they considered the relationship between a k-polar intuitionistic fuzzy ideal and
a closed k-polar intuitionistic fuzzy ideal, and discussed the characterization of a closed k-polar
intuitionistic fuzzy ideal. They consulted conditions for a k-polar intuitionistic fuzzy ideal to be a closed
k-polar intuitionistic fuzzy ideal in a BCl-algebra. The aim of this manuscript was to use Kang et al.’s
notion so called multipolar intuitionistic fuzzy set for studying p-ideal in BCI-algebras. This is a
generalization of multipolar fuzzy p-ideals of BCl-algebras which is studied in [9]. We introduce the
concept of k-polar intuitionistic fuzzy p-ideals in BCI-algebras, and then we study several properties.
We first give an example to illustrate the k-polar intuitionistic fuzzy p-ideal. We consider the
relationship between k-polar intuitionistic fuzzy ideal and k-polar intuitionistic fuzzy p-ideal. We first
prove that every k-polar intuitionistic fuzzy p-ideal is a k-polar intuitionistic fuzzy ideal, and then
give an example to show that the converse is not true in general. We use the notion of p-ideals in
BCl-algebras to study the characterization of k-polar intuitionistic fuzzy p-ideal. We also use the notion
of k-polar (€, €)-fuzzy p-ideal in BCI-algebras to study the characterization of k-polar intuitionistic
fuzzy p-ideal. We define the concept of normal k-polar intuitionistic fuzzy p-ideal, and discuss its
characterization. We look at the process of eliciting normal k-polar intuitionistic fuzzy p-ideal from a
given k-polar intuitionistic fuzzy p-ideal.

2. Preliminaries
If a set U has a special element 0 and a binary operation * satisfying the conditions:

DO Vw,u,tel) (((wxv)*(w*T))*(Txv) =0),
(M) NVw,vel) ((wx(w=v))*xv=0),

() (Vw e U) (w*w =0),

(V) Vw,vel) (wxv=0,vxw=0 = w=1),

then it is said that U is a BCl-algebra. If a BCl-algebra U satisfies the following identity:
(V) (Vwel) (0xw =0),

then U is called a BCK-algebra.
Any BCK/BCl-algebra U satisfies the following conditions:

(Vwel) (wxx0=w), 1)
(Vw,v,Tel) ((w*v)*xT=(W*T)*V). (2)

A subset [ of a BCI-algebra U is called

o asubalgebraof Uif w+v € Iforallw,v € L.
e anideal of U if it satisfies:

0el, 3)
NVweld)(Vwel)(wxvel = wel). 4)

e  a p-ideal of U (see [20]) if it satisfies Equation (3) and

(Vw,v,tel)((wxTt)*x(vxT)e,vE]l = weI). (5)
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Let {b; | i € T'} be a family of real numbers where I' is any index set and we define

. max{b; | i € T} if T is finite,
b; r}:.=
Vibi|ier { sup{b; | i €T} otherwise.

. min{b; | i € T} ifT'is finite,
b; r}.= !
Abilier) { inf{b; |i €T} otherwise.
If T = {1,2}, we will also use by V by and by A b instead of \/{b; | i € T} and A{b; | i €
I'}, respectively.
Let k be a natural number and [0, 1]k denote the k-Cartesian product of [0, 1], that is,

(0,11 = [0,1] x [0,1] x - -- x [0,1]

in which [0, 1] is repeated k times. The order “<” in [0, 1] is given by the pointwise order.
By a k-polar fuzzy set on a set U (see [7]), we mean a function & : U — [0, 1]% where k is a natural
number. The membership value of every element z € U is denoted by

() = ((proiy 0 8) (2), (profy o) (2), -+ , (projs 0 £)(2))

where proj; : [0,1]F — [0,1] is the i-th projection for all i = 1,2,--- ,k and o is the composition of
functions.

A k-polar fuzzy set & ona BCK/ BCl-algebra U is called a k-polar fuzzy ideal of U (see [8]) if the
following conditions are valid.

(vze u) (£0) = &=)), ©)
(Vz,x € U) (£(z) = &z ) AE()) )
By a k-polar fuzzy point on a set U, we mean a k-polar fuzzy set & on U of the form
~ | r=(r ) € (0,10F if x =2,
C(x)_{ 0=(0,0,---,0) ifx+£2, ®

and it is denoted by z; where z is a given element of U. We say that z is the support of z; and 7 is the
value of z;.
We say that a k-polar fuzzy point z; is contained in a k-polar fuzzy set &, denoted by z; € ¢,
if &(z) > 7, that s, (proj; o &)(z) > r; foralli =1,2,--- k.
A k-polar fuzzy set & on a BCl-algebra U is called a k-polar (€, €)-fuzzy p-ideal of U (see [9]) if
it satisfies
(zeu) (e 01 (el = 0,€§), ©)

(10)

A

(Vz,x,y € U)(¥2,E € [0,1%) (((zxy) * (xxy)s €& % €€ = ziggpppy € 8)

It is easy to show that Condition (10) is equivalent to the following condition.

(vVzx,y € U) (82) 2 &(z ) « (x4 ) AE(X)) - a1
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A multipolar intuitionistic fuzzy set with finite degree k (briefly, k-pIF set) over a set U (see [19]) is
a mapping

~

(&0):U— [0, < [0,1]%, z = (§(2), @(2)) (12)

where &: U — [0,1]F and §: U — [0,1]* are k-polar fuzzy sets over a set U such that &(z) + 9(z) < 1
for all z € U, that is, (proj; o &) (z) + (projc0)(z) < 1forallz € Uandi =1,2,--- k. We know
that if the multipolar intuitionistic fuzzy set has degree 1, then it is an intuitionistic fuzzy set. So,
the intuitionistic fuzzy set is a special case of the multipolar intuitionistic fuzzy set. From this point of
view, multipolar intuitionistic fuzzy set is a generalization of intuitionistic fuzzy set.

Given a k-pIF set (&, ) over a set U, we consider the sets
U@ D) :={zeU|&@z) >1}and L(§,5) := {z e U | d(z) <8}, (13)

where f = (t1,ta,- -+ ,t) € [O,I]k and § = (sq,50,- -+ ,8;) € [0,1]" with f + § < 1, which is called a
k-polar upper (resp., lower) level set of (&, ) where "+" is the componentwise operation in [0, 1], that is,
ti+s; <1foralli=1,2,--- k. Itisclear that U(&, ) = N5, U(E ) and L(5,8) = N5, L(0,8)" where

UG = {z €U | (projo{)(z) > t;} and L(3,8)" = {z € U | (proj; 0 8)(z) < si}.

A k-pIF set (& 0) over U is called a k-polar intuitionistic fuzzy ideal (briefly, k-pIF ideal) of U (see [19])
if it satisfies the conditions

~ ~

(Vz e U)((0) > ¢(2), @(0) < @(2)), (14)

~ ~

that is, (proj; 0 ¢)(0) > (proj; o ¢)(z) and (proj; 0 0)(0) < (proj; 0 0)(z) fori =1,2,--- k. and

(Vz,x € U) ( 6(z) 2 6(zxx) N E() ) . (15)
0(z) < o(z*x) Vaolx)

3. k-Polar Intuitionistic Fuzzy p-Ideals

In this section, let U be a BCl-algebra unless otherwise stated.

Definition 1. A k-pIF set (E, 0) over U is called a k-polar intuitionistic fuzzy p-ideal (briefly, k-pIF p-ideal) of
U if it satisfies Condition (14) and

&(z) g/f\((z*x)*(]/*x))Ag(y) ) (16)
Q

(Vz,x,y e U) < a(2) ((z*x)x (y*x)) Voly)

IN IV

Example 1. Let U = {0, x,a,b} be a set with a binary operation * which is given in Table 1.

Table 1. Cayley table for the binary operation “x”.

* 0 x a b
0 0 x a b
x x 0 b a
a a b 0 «x
b b a x 0
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Then, U is a BCI-algebra (see [2]). Let (&) be a 4-polar intuitionistic fuzzy set over U given by

(&,0): U —[0,1]* x [0,1]%,

((0.8,0.67,0.9,0.56), (0.19,0.15,0.07,0.28)) if z =0,
. ((0.7,0.57,0.7,0.56), (0.19,0.24,0.07,0.35)) if z = x,
((0.5,0.37,0.4,0.32), (0.37,0.44,0.39,0.58)) if z =a,
((0.5,0.37,0.4,0.32), (0.37,0.44,0.39,0.58)) if z = b.

It is routine to check that (&,0) is a 4-polar intuitionistic fuzzy p-ideal of U.
Theorem 1. Let I be a subset of U and let (&}, 6;) be a k-pIF set on U defined by

ifzel,

- i
: 1]% A
U= 01, z— { 0 otherwise

0 ifzel
or:U— 0,1k z— < - !
Qr 0,11, = { 1 otherwise

Then, (&1,01) is a k-pIF ideal p-ideal of U if and only if I is a p-ideal of U.
Proof. Straightforward. O

In the following theorem, we look at the relationship between k-pIF ideal and k-pIF p-ideal.
Theorem 2. Every k-pIF p-ideal is a k-pIF ideal.

Proof. Let (,0) be a k-pIF p-ideal of U. If we put x = 0 in (16) and use (1), then

(proj;  &)(z) = min{ (proj; o §)((z % 0)  (x ¥ 0)), (proj; o §) (x)}

~ ~

= min{(proj; o ¢)(z * x), (proj; o ¢)(x)}

and

(proj; 0 0) (=) < max{(proj; 0 8)((z * 0) * (x +0)), (proj; 0 3) (x)}
— max{(proj; 0 8) (z * x), (proj; 0 0)(x)}

forall z,x € U. Therefore (Z,0) is a k-pIF ideal of U. [J

In the following example, we find that the converse of Theorem 2 is not true.
Example 2. Let U = {0, x,b,c,d} be a set with a binary operation *, which is given in Table 2.

Table 2. Cayley table for the binary operation “*”.

c

UL TR O %
QAU TR OO
QAU N T OO R
(SIS RN RSV IS
TOoO ™0 N0

R0 oSN
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Then, U is a BCl-algebra (see [2]). Define a 3-polar intuitionistic fuzzy set (&,0) on U as follows:

(&8): U —[0,1 x [0,1F,
((0.6,0.7,0.9),(0.2,0.25,0.07)) if z =0,
((0.6,0.5,0.7),(0.3,0.25,0.17)) if z = x,

z{ ((02,0.3,04),(0.6,045,027)) if z=Db,
((0.5,0.4,0.6), (0.4,0.35,0.37)) if z =c,
((0.2,0.3,0.4), (0.6,0.45,0.27)) if z = d.

It is easy to confirm that (, 8) is a 3-polar intuitionistic fuzzy ideal of U. But it is not a 3-polar intuitionistic
fuzzy p-ideal of U since

(proj, o E)(x) = 0.5 < 0.7 = min{(proj, o (/f)((x *b) * (0 b)), (proj, o E)(O)}

and/or
(proj; © 0)(x) = 0.17 > 0.07 = max{(proj; 0 0)((x x b) * (0% b)), (proj; © 0)(0)}.

Proposition 1. Every k-pIF p-ideal ((f, 0) of U satisfies the following inequalities.

~ ~

(Vz € U)(¢(2) 2 6(0 (0+2)), @(2) < @(0*(0+2))). (17)
Proof. If we change y to z and x to 0 in Equation (16), then
(proj; © £)(z) > min{(proj; 0 §)((z* z) * (0% 2)), (proj; o £)(0)}

= min{(proj; o §) (0 (0% 2)), (proj; o £) (0)}
= (proji o (Z"\)(O * (0% z))

and

(proj; © 0)(z) < max{(proj; 02)((z *z) * (0 2)), (proj; 0 2)(0)}
= max{ (proj; 0 2)(0 * (0 z)), (proj; © 2)(0) }
= (proj; 0 0)(0* (0% 2))

forallze U. O

Proposition 2. Every k-pIF p-ideal (&,) of U satisfies the following inequalities.

(Y2, %,y € U) ( @(iii)i ((z:yh(i:y)) ) (18)

Proof. Let (¢, 0) be a k-pIF p-ideal of U. Then, it is a k-pIF ideal of U by Theorem 2. For any z,x,y € U,
we have ((zxy) * (x*y)) * (z*x) = 0. Hence

(x* ))
((z#y) * (xxy)) * (z%x)), (proj; 0 &) (z * x)}
0), (PrOL 08)(z*x)} = (proj; o §)(z %)

(proj; o &) ((z * y) *
> min{(proj; o ¢)(
(

&)
= min{(proj; o &)
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and

(proj; 0 @) ((z xy) * (x *y))
< max{(proj; 0 0)(((z*y) * (x *y)) * (z* x)), (proj; 0 0) (z * x) }
= max{(proj; 0 ¢)(0), (proj; 0 0)(z * x) } = (proj; 0 0)(z * x)

forallz,x,y e U. O

We provide conditions for a k-pIF ideal to be a k-pIF p-ideal.

Theorem 3. Let (&) be a k-pIF ideal of U satisfying the condition

C(zxx) > ¢((zxy) * (x*y))
(Vz,x,yeu)(§Z ¥) < K )+ (x ) (19)

Then, it is a k-pIF p-ideal of U.

Proof. Using Equations (15) and (19), we have that

~ ~ ~ ~ o~

¢(z) 2 ¢(zxx) A¢(x) = S((z*y) = (x xy)) A(x)
and

0(z) < 0(zxx) Va(x) <o((zxy) * (xxy)) valx)
forall z,x,y € U. Therefore (&,3) is a k-pIF p-ideal of U. [

Lemma 1. Every k-pIF ideal (&,0) of U satisfies the following inequalities.

~ ~

(Vz € U)(¢(2) < &0+ (0%2)), a(z) = 2(0 (0 2))). (20)

Proof. For any z, x € U, we obtain

~ ~ ~

G(0% (0%2)) = E((0% (0%2)) +2) AL(z) = §((0%2) x (0%2)) AL(z) = §(0) AE(2) = §(2)
and

0(0%(0xz)) <@((0%(0x2z))*xz) Va(z) =0((0xz) x (0x2)) Vo(z) = 0(0) Vo(z) = a(z)
by Equations (2), (3), (14) and (15). O

Theorem 4. Let (Z,0) be a k-pIF set over U. If (E,0) satisfies the following inequalities

~

(Vz € U)(5(z) = §(0% (0%2)), 8(2) < 8(0* (0%2))). (21)

Proof. Forany z,x,y € Uandi=1,2,--- ,k, we have

0% (0 (zxy) * (xxy)))
(0% x) % (0*y))

(proj; 0 &) ((z+y) * (xxy)) < PrOJz

e
5
NN Y \“E L‘l’”
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and

0*(0*(Z*y) (xxy)))
0xx)*(0xy))
0)(0% (0% (zxy)))

(proj; 0 @) ((z *y) * (x *y))

—~

which imply that ((z % y) * (x % y)) < &(z+x) and §((z* y) * (x*y)) > o(z* x) for all z,x,y € U.
Therefore (&,3) is a k-pIF p-ideal of U by Theorem 3. [J

We consider characterizations of a k-pIF p-ideal.

Theorem 5. Given a k-plF set ((f, 0) over U, the following assertions are equivalent.

(i) (,0) is a k-pIF p-ideal of U.
(ii)  The k-polar upper and lower level sets U (&, ?) and L(g, §) are p-ideals of U for all (7,4) € [0,1]% x [0,1]*
with U(E,7) # @ # L(3,9)-

Proof. Assume that (&,3) is a k-pIF p-ideal of U. It is clear that 0 € U(&;?) and 0 € L(g;4§) for any
P = (r,r0---,1) € (0,1]%and § = (g1, 92, -~ ,qx) € (0,1]%. Let z,x,y,b,c,d € U be such that
(2y) * (x0y) € UG, x € UG, (brd)+ (cd) € L(@4) and c € L(3:3). Then, (proj o D)((z
y) + (x %)) = 13, (proj; o &) (x) = 1y, (proj; 0 0) (b +d) * (c ) < g; and (proj; o 8)(c) < . It follows
from Equations (16) that

(proj; © ¢)(2) = min{ (proj; o &) ((z * y) * (x *y)), (proj; 0 §)(x)} = 1;

and

(proj; 0 0)(b) < max{(proj; 0 @) ((b+d) * (c*d)), (proj; 0 0)(c)} < gi

fori=1,2,--- k. Hence z € U(Z;#) and b € L(g;4) and therefore U(; ?) and L(g; ) are p-ideals of U.

Conversely, suppose that the k-polar upper and lower level sets U(E 7) and L(0,§) are p-ideals
of U for all (7,4) € [0, 1]F x [ 1% with U(, P) # @ # L(@4q). If Z(0) < &(b) for some b € U,
then b € U(;?) and 0 ¢ U(Z;#) where 7 := &(b). This is a contradiction, and so ¢(0) > &(z) for
all z € U. If 9(0) > 0(c) for some ¢ € U, then (proj; © 0)(0) > (proj; c0)(c) fori = 1,2,--- k.
If we take g; := (proj; 0 0)(c) fori = 1,2,--- ,k, thenc € L(0,4)' and 0 ¢ L(0,4) fori =1,2,--- k.
Thus ¢ € Nf_; L(6,4)" = L(3,4) and 0 ¢ L(5,4), which is a contradiction; hence §(0) < §(z) for
all z € U. Now, suppose that there exist b,c,d € U such that &(b) < ¢((b*d) * (cxd)) A&(c) or
0(b) > 0((bxd)*(cxd))Va(c). If we take

~

Pi=C¢((bxd)x(cxd)) /\E(C)

and
q:=0((bxd)x(cxd)) Vvale),
then
(bxd)x (cxd) € U(E?) and ¢ € U(E;?)
or

(bxd)«x(cxd) € L(0,4) and ¢ € L(0,4).-
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Since U(E; ) nd L(g,4) are p-ideals of U by assumption, it follows that b € U(¢;#) or b € L(5;4).

Hence &(b) > (';(( sd) * (cxd)) AE(c) or Q/(\ ) < 4§ =0((bxd)x(cxd))Vo(c), which is a
contradiction. Thu z) > &((z*y) * (xxy)) A&(x) and 8(z) < 0((z*y) * (x xy)) V 5(x) for all

g
z,x,y € U; therefore (,0) is a k-pIF p-ideal of U. [
(

Q)1
Given a k-pIF set (,0) over U and (£,5) € (0,1]F x [0,1)¥, we consider the sets:

Riap(U):i={z € U|&(z) +F>1}
and
R(§,§)(u) ={zelU|oz) +s<1}.

Then, R g5 (U) = Nk, Rz (U) and R(ge) (U) = Ni_; R(g) (U)* where

Rzp(U) = {z € U] (proj;o &)(z) + 1 > 1}

and

Rge)(U) == {z € U | (proj; 0 0)(z) +s; < 1}
fori=1,2,---,k.

Theorem 6. Given a k-plF set ((;’\, 0) over U, the following assertions are equivalent.
(i) (&,0) is a k-pIF p-ideal of U.
(i) Thesets Rz t)( U) and R g4 (U) are p-ideals of U for all (1,5) € (0, 1]F x [0,1)% with R ( ) #£ D #
R (35 (U)-
)

Proof. Assume that (Z,0) is a k-pIF p-ideal of U. It is clear that 0 € Rz )(U) and 0 € Rg4) (U).
Letz,x,y,b,c,d € Ubesuchthat (zxy) * (x*xy) € R f)(U), x€Reg t>( ), (bxd)* (cxd) € Rige)(U)

and ¢ € R (U). Then, Ezxy)* (xxy) +E>1,Ex)+F>1,8((b*d) *(c+xd)+8 < 1and
0(c) + & < 1. It follows that

(proj; © ¢)(2) + t; > min{(proj; 0 §) ((z * y) * (x ¥ )), (proj; 0 £) (x)} + #;
= min{(proj; 0 §) ((z ) * (x *y)) + t;, (proj; 0 §) (x) + t;} > 1

and

(proj; o ) (b) +s; < max{ (proj; o 8) (b *d) * (c ), (proj; 0 2) ()} +5;
— max{(proj; 0 0) (b d) * (c xd)) +s;, (proj; 0 8)(c) +s;} < 1

foralli = 1,2,---,k. Hencez € N5, Ry (U)' = Rgy(U) and b € N1 Rige) (U) = Rge)(U);
therefore Rz t)( U) and R gs)(U) are p-ideals of U for all (£,8) € (0,1]% x [0,1)k.

Conversely suppose that (ii) is valid. If £(0) < &(z) or 6(0) > o(b) for some z,b € U, then &(0) +
< &(z)+Fora(0)+5>1> a(b) +5 for some (£35) € (0,1]F x [0,1)F. Thus 0 ¢ Rz (

F<i
0 ¢ R(gs)(U) which is a contradiction. Hence (Z,0) satisfies Condition (14). Suppose that §
*

5(b
d) * (c xd)) A &(c) for some b,c € U. Then, &(b) +1 < 1 < (E((b*d) * (c*d))/\C( ) +
) an

) or

) <

f _
(E((bxd) * (cxd)) + 1) A (E(c) +F) for some F € (0,1]*. It follows that (b d) * (c xd) € zp(U) an
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cERg t)(ll) which implies that b € Rz

) (U) since R@)(u) is a p-ideal of U; hence &(b) +f > 1,
which is a contradiction. If 0(z) > 0((z * y) *

(x*xy)) Vo(x) for some z,x € U, then

0(z) +8 21> (E((zxy) * (xxy)) VE(X) +8 = (E((zxy) * (xxy)) +8) V (E(x) +8)
for some § € [0,1)k. Thus (z*y) * (x*y) € R4 (U) and x € R4 (U). Since R34 (U) is a p-ideal
of U, it follows that z € R34 (U), thatis, 0(z) +§ < 1. This is a contradiction. This shows that (&, 3)
satisfies Condition (16); therefore (,3) is a k-pIF p-ideal of U. [

The following theorem shows the characterization of k-pIF p-ideal using k-polar (&, €)-fuzzy
p-ideal.

Theorem 7. A k-pIF set (&,8) over U is a k-pIF p-ideal of U if and only if & and 6° are k-polar (€, € )-fuzzy
p-ideals of U where o° =1 — g, i.e., (proj; 0 0)° = 1 — (proj; 0 0) fori =1,2,--- k.

Proof. Let (Z,8) be a k-pIF p-ideal of U. It is clear that ¢ is a k-polar (€, €)-fuzzy p-ideal of U.
Letz,x,y € U. Then,

(proj; ©2)°(0) =1 — (proj; ©2)(0) > 1 — (proj; 0 @)(z) = (proj; 0 2)*(2)

and

(proj; ©0)*(2) = 1 = (proj; 0 2)(2z) = 1 —max{(proj; © @)((z * y) * (x x y)), (proj; 0 @) (x)}
= min{1 — (proj; © 0)((z xy) * (x * y)),1 — (proj; 0 @) (x)}
= min{ (proj; 0 0)*((z *y) * (x *y)), (proj; © @) (%) }-
Thus ¢° is a k-polar (€, €)-fuzzy p-ideal of U.
Conversely, suppose that ¢ and ¢° are k-polar (€, €)-fuzzy p-ideals of U. For any z,x € U,
we have (proj; o) (0) 2 (proj; ) (2), (proj; o ¢)(z) > min{ (proj; ) ((z ) * (x xy)), (proj; o) (x)},
1 = (proj; 0@)(0) = (proj; 02)°(0) = (proj; 0 0)*(2) = 1 — (proj; 0 @)(2), i-e., (proj; 0 @)(0) < (proj; o
0)(z) and

1 = (proj; @) (2) = (proj; 0 0)*(z) = min{(proj; 0 @) ((z * y) * (x xy)), (proj; 0 @) (x) }
= min{1 — (proj; 0 @)((z ¥ y) * (x xy)), 1 — (proj; 0 0) (x) }
= 1 —max{(proj; 0 0)((z x y) * (x xy)), (proj; © 0) (%)}

4

that is, (proj; 0 8)(z) < max{(proj; 0 8)((z  ¥) * (x ), (proj; o 8)(x)}; therefore (€,0) is a k-pIF
p-idealof U. O

The following corollary is an immediate consequence of Theorem 7.

Corollary 1. Let (,0) be a k-pIF set over U. Then, (&,0) is a k-pIF p-ideal | of U if and only if the necessary
operator (&, 0) = (&, &) and the possibility operator O(&,0) = (0°,0) of (&,0) are k-pIF p-ideals of L.

Definition 2. A k-pIF p-ideal (,0) of U is said to be normal if there exists z,x € U such that &(z) = 1 and
a(x) = 0.
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Example 3. Consider the BCl-algebra U = {0, x,a,b}, which is given in Example 1. Let (&,8) be a 3-polar
intuitionistic fuzzy set over U given by

(&0):U—[0,1 x [0,1)°,
((1.00,1.00,1.00), (0.00,0.00,0.00)) if z =
((0.72,0.57,1.00), (0.00,0.24,0.35)) if z = x
((0.52,0.37,0.32), (0.37,0.44,0.58)) if z =
(( ), ( )

o

7

~

Z

_

7 7

0.52,0.37,0.32),(0.37,0.44,0.58)) if z =10.
It is routine to check that (&, ) is a normal 3-polar intuitionistic fuzzy p-ideal of U.

It is clear that if a k-pIF p-ideal (Z,8) of U is normal, then ¢(0) = 1 and §(0) = 0, that is,
(proj; ©¢)(0) = 1and (proj; 0 0)(0) =0foralli =1,2,--- k.

Lemma 2. A k-pIF p-ideal (&, ) of U is normal if and only if £(0) = 1 and 6(0) = 0.

Proof. Straightforward. O

In the following theorem we look at the process of eliciting normal k-pIF p-ideal from a given
k-pIF p-ideal.

~

Theorem 8. If (,0) is k-pIF p-ideal of U, then the k-pIF set (£,0)" = (&, 0") on U defined by

EHiUu—[0,1)%, 2z 14 E(z) — &(0),

(22)
0" U —[0,1), z— 0(z) — 0(0)

is a normal k-pIF p-ideal of U containing (&, 0).

Proof. Assume that (&,9) is a k-pIF p-ideal of U. Then, (&,0) is a k-pIF ideal of U by Theorem 2.
For any z, x € U, we have

(proj; 0 §)(0) = 1+ (proj; £)(0) — (proj; 0 §)(0) = 1 = (proj; 0 §)(2),

(proj; 0 2)(0) = (proj; 2 2)(0) — (proj; 2 2)(0) = 0 < (proj; 2 0)(2),

(proj; 0 §)* (z) = 1+ (proj;  £)(2) — (proj; ) (0
> 1+ min{ (proj; o &) ((z * y) * (x *y)), (proj; o ) (x)} — (proj; 0 &)(0)
= min{1 + (proj; 0 §)((z* y) * (x* y)) = (proj; 0 £)(0), 1 + (proj; o &) (x) — (proj; 0 £)(0)}
= min{(proj; o &) " ((z ¥ y) * (x xy)), (proj; 0 £) " (x)}

and

(proj; )" (z) = (proj; © 2)(z) — (proj; © 2)(0)
< max{(proj; 0 )((z *y) * (x
= max{(proj; 0 0) ((z * y) * (
= max{(proj; 0 @) " ((zxy) * (x

y)), (proj; ) (x)} — (proj; 0 2)(0)
*y)) — (proj; 0 2)(0), (proj; 0 @) (x) — (proj; 0 2)(0)}
«y)), (proj; 0 )" (x)}

X
X

forall fori =1,2,--- ,k. Hence ((’3, 0)" is a k-pIF p-ideal of U and it is normal by Lemma 2. It is clear
that (Z,0) is contained in (&,0)". O
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Theorem 9. Let (&,0) be a k-pIF p-ideal of U. Then, (&,) is normal if and only if (&,8)" = (&,3), that is,
Cr=Cand g =0,

Proof. The sufficiency is clear. Assume that (Z,) is normal. Then,

~ ~ ~ ~

(proj; 0 ) *(z) = 14 (proj; 0 ¢)(z) — (proj; © §)(0) = (proj; 0 §)(2)
(proj; o 0)"(z) = (proj; 0 0)(z) — (proj; o ‘3)(0) = (proj; Og) (z)

for all z € U by Lemma 2. This completes the proof. [
Corollary 2. Let (,0) be a k-pIF p-ideal of U. If (&) is normal, then ((&,0)")" = (€, ).

Theorem 10. Let (Z,) be a non-constant normal k-pIF p-ideal of U, which is maximal in the poset of normal
k-pIF p-ideals under set inclusion. Then, & and 0 have the values 0 and 1 only.

Proof. Since (¢, ) is normal, we have &(0) = 1 and 5(0) = 0 by Lemma 2. Let z, x € U be such that
&(z) # 1 and §(x) # 0. It is sufficient to show that &(z) = 0 and §(x) = 1. If &(z) # 0 and 5(x) # 1,

then there exists b, ¢ € U such that 0 < &(b) < 1and 0 < §(c) < 1. Let (&,8). = (&+, 0) be a k-pIF set
on U given by

and
0 :U— 0,1, z— J (8(z) +8(c)).

It is clear that (¢, ). is well-defined. For any z, x € U, we have

£(2) =3 (8@ +E0) 2 3 (E=xx) AEW) +E0))
= L((E(z*x) + &) A E(x) + E(D)))
= 36z x) +E0) A 3ER) +E(0))
= Cu(z%x) A Eu(x)
and
0«(z) = 3 (8(2) + 2(c)) < 3 ((8(z*x) Va(x)) +a(c))
= 1((@(z*2) +2(0) v (@(x) +2(0)))
= 3(0(z*x) +0(c)) V 3(a(x) +8(c))
= 0x(z % x) V 0x(x).

Hence (¢, 0) is a k-pIF ideal of U. We have

~ ~ ~ ~ ~

Eu(z) = % (82) +8(0)) = % (80 (0%2)) + (b)) = &(0% (0%2))
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and
0:(2) = 5 (0(2) +a(c)) < 5 (00 (0%2)) +8(c)) = @0 (0% 2))

for all z € U. Hence (¢, 0)+ is a k-pIF p-ideal of U by Theorem 4. Now, we get

~ ~ ~

5@ =148 - 80 =1+1 (E2)+E0) -3 (SO +&0)) = 1 (1+8(2).
and

a(2),

N—

01 (z) = 0:(2) — 0(0) = 3 (8(2) +a(c)) — 3 ((0) + @(c)) =

and so & (0) = 1 (i +

—~
(=)
~—
N—
Il
—>
fo¥)
)
Q.
R,
—
N
~—
I
N|—=
)
—~
(=)
~—
I
=
[}
)
(@]
(o]
—
o)

)« is normal. Note that

and
¢/ (0)=0<gf(c) =3 (0+a(c)) <alc)

Hence (5, 0) is non-constant and (E, 0) is not maximal, which is a contradiction; therefore E and
0 have the values 0 and 1 only. [

4. Conclusions and Future Works

As a generalization of intuitionistic fuzzy set, Kang et al. [19] introduced the notion of multipolar
intuitionistic fuzzy set with finite degree, and then they applied the notion to BCK/BCl-algebras. In this
manuscript, we used Kang et al.’s multipolar intuitionistic fuzzy set to study p-ideal in BCI-algebras.
We introduced the notion of k-polar intuitionistic fuzzy p-ideals (see Definition 1) in BCl-algebras,
and then we studied several properties (See Proposition 1, Proposition 2). We gave an example to
illustrate the k-polar intuitionistic fuzzy p-ideal (see Example 1), and considered the relationship
between k-polar intuitionistic fuzzy ideal and k-polar intuitionistic fuzzy p-ideal. We have shown that
every k-polar intuitionistic fuzzy p-ideal is a k-polar intuitionistic fuzzy ideal (see Theorem 2), and then
provided an example to show that the converse is not true in general (see Example 2). We used the
notion of p-ideals in BCI-algebras to study the characterization of k-polar intuitionistic fuzzy p-ideal
(see Theorem 1, Theorem 5 and Theorem 6), and also used the notion of k-polar (&, €)-fuzzy p-ideal
in BCl-algebras to study the characterization of k-polar intuitionistic fuzzy p-ideal (see Theorem 7).
We defined the concept of normal k-polar intuitionistic fuzzy p-ideal (see Definition 2), and discussed
its characterization (see Lemma 2 and Theorem 9). We looked at the process of eliciting normal
k-polar intuitionistic fuzzy p-ideal from a given k-polar intuitionistic fuzzy p-ideal (see Theorem 8).
Our goal in the future is to apply the ideas and results of this paper to other forms of ideals, filters,
etc. in BCK/BCl-algebras. We will also apply the ideas and results of this paper to other algebraic
structures, for example, MV-algebras, EQ-algebras, equality algebras, hoops, etc.
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