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Abstract: The contact problem on indentation of an elastic coated half-space by a conical punch is
considered. To obtain an explicit analytical solution suitable for applications, the bilateral asymptotic
method is used in a simplified form. For that purpose, kernel transform of the integral equation
is approximated by a ratio of two quadratic functions containing only one parameter. Such an
approach allows us to obtain explicit analytical expressions for the distribution of contact stresses
and relations between the indentation force, depth, stiffness and contact radius. The obtained
solution is suitable both for homogeneous and functionally graded coatings. The dependence of
the characteristics of contact interaction on a relative Young’s modulus of the coating and relative
coating thickness is analyzed and illustrated by the numerical examples. Ranges of values of elastic
and geometrical parameters are obtained, for which the presence of a coating sufficiently changes
the contact characteristics. The accuracy of the obtained simplified expressions is studied in detail.
Results of the paper sufficiently simplify engineering calculations and are suitable for inverse analysis,
e.g., analysis of indentation experiments of coated materials using either a conical or a pyramidal
(Berkovich) indenter.

Keywords: contact problem; indentation; coatings; analytical solutions; simplified solutions;
conical indenter

1. Introduction

Modification of the initial surface details of substrates by various coatings depositions allows one
to expand the scope of their application. Presence of a coating on the surface may give the product
increased resistance to abrasion or corrosion [1,2], increase its strength [3,4] and tribological [5,6]
characteristics or turn a material into biocompatible one [7,8]. For practical researches of the mechanical
characteristics of coatings both in laboratory conditions and for industrial needs, the nanoindentation
technique is frequently used. This technique can be represented by a set of methods that use local
precision force action on the material and simultaneously record the deformation responses with
nanometer resolution [9].

It is possible to use indenters with various tip shapes for a nanoindentation experiment: pyramidal,
cylindrical with flat base, spherical and conical. Indenters with sharp tips (conical and pyramidal) are
convenient for studying the objects that do not have a pronounced flat surface (such as some biological
objects [10]) or with surfaces containing large numbers of artifacts or defects. Sharp indenters also
help to avoid some disadvantages of the spherical indenters such as indentation depth-dependent
pile-up effect [11]. Conical and pyramidal indenters are also more convenient for measurement of local
properties in smaller areas than spherical ones.
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Most modern nanoindentation systems are equipped with software that allows operators to
interpret experimental results. This software is built upon the methods based on the mathematical
models that use solutions of classical contact problems for isotropic homogeneous materials. In such
a manner Oliver and Pharr proposed [12] and then modernized [13] the method for calculating
the indentation hardness (Meyer hardness) and Young’s modulus of homogeneous materials using
the Sneddon’s solution for an axisymmetric indenter [14]. This method underlies the standards for
measuring the mechanical properties of materials [15]. Despite the significant influence of plastic
deformation this method is widely used for analysis of elastic behavior of materials using indentation
experiments by pyramidal (Berkovich) indenter. To analyze the results of experiments using a spherical
indenter, Field and Swain [16] developed a method that uses the Hertz solution for the indentation of a
spherical punch into a homogeneous half-space. The methods above give the possibility to evaluate
elastic moduli of bulk materials. In some cases, with their help the elastic properties of coatings can be
determined. For this purpose, it is recommended to carry out indentation with depths not exceeding
10% of the coating thickness [17], and some specific ratios of the mechanical properties of the coating
and the substrate must be fulfilled [18-20]. However, these methods may radically underestimate or
overestimate the unknown values of the characteristics in case of a sufficiently large difference between
the elastic moduli of the coating and the substrate. It should also be taken into account that during the
investigation of thin coatings, the recommended indentation depth may turn out to be comparable
with the height of defects or roughness. This possibility entails high measurement errors or even an
inability to conduct the experiment.

More and more areas of modern industry require usage of inhomogeneous coatings: healthcare for
the production of implants [21], electronics for the manufacture of sensors [22], mechanical engineering
for hardening of steel constructions [23], energetics for protecting the blades of steam turbines [24] and
others. To study the properties of such coatings, as well as thin films and homogeneous coatings in the
case of a significant difference in the properties of the coating and the substrate, one has to resort to the
methods based on mathematical models using solutions of contact problems for solids with coatings.

Usually the solution of such problems is reduced to the solution of singular integral equations [25-27].
The solution of such equations can be constructed using various methods: the regular [28] and
the singular [29] asymptotic methods, the Wiener-Hopf method [30-32], the method of orthogonal
polynomials [33], the collocation method [34-38] and the bilateral asymptotic method [39]. Direct
numerical methods, such as the finite element method [40,41], are also used to solve contact problems.

The bilateral asymptotic method is based on the idea of a multi-parameter approximation of a
kernel transform of an integral equation by a ratio of two polynomials of even degrees. This method
gives the possibility to obtain an effective solution for coatings of any thickness in an analytical form,
which was demonstrated earlier: for torsion [42] and indentation [43,44]. However, construction of a
multi-parameter approximation requires costly numerical calculations and constant monitoring of
their accuracy, which can cause difficulties in engineering surveys. The present study is devoted to
the possibility of constructing a solution of the contact problem of the conical indentation using the
bilateral asymptotic method with the one-parameter approximation. Such an approach allows one to
obtain an approximate solution of the problem in an explicit analytical form, while simplifying the
scheme of numerical calculations as much as possible. The work continues the studies initiated by the
authors on the development of simplified solutions of the contact indentation problem [45,46].

The same problem of conical indentation as in [43,44] is studied in the present paper. However,
contrary to the results in [43,44], the present paper is devoted to the possibility of constructing a
solution in its simplest possible analytical form. For that purpose, one-parameter approximation
of the kernel transform is used in a form of ratio of two quadratic functions. It leads to significant
simplification of the expressions for the contact pressure, indentation force, stiffness and contact area
in comparison with the general case in which the multiparametric approximation is used in the form
of a ratio of two polynomials. This approach was used in [45,46] for the indentation by a spherical and
circular punches. The main advantages of the present simplified approach are the following:
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e  The solution of the problem is constructed in an explicit analytical form;
e  The dependence of the only parameter of approximation from the elastic parameters is obtained;
e  Numerical calculations become much faster and require much less attention from a specialist.

All these advantages are important for engineering analysis. One-to-one correspondence between
the only “non-physical” parameter of the approximated solution and the related elastic moduli of
the coating is obtained which is very convenient for the inverse analysis of the nanoindentation
experiments. Besides, this paper tries to answer the following question: for what values of geometrical
and elastic parameters of the problem can the classical Sneddon’s solution for homogeneous half-space
be used without sufficient loss of accuracy? Special attention is paid to the analysis of the accuracy of
the simplified solution of the problem in different ranges of parameters of the problem.

2. Materials and Methods

A non-deformable conical indenter with the angular opening 2« is pressed into the surface of the
elastic half-space with a coating of thickness H (Figure 1). Under the normally applied force P, the
indenter is displaced into the surface of the coating by the depth o, while the radius of the contact area
is a. Friction forces between the indenter and the half-space are assumed to be absent. A cylindrical
coordinate system (1, ¢, z) is associated with the half-space; the z axis is normal to the coating surface
z = 0 and passes through the center of the indenter.

z
P

z=0 7

20, ©
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Y d z=-H

\ EQV@\

Figure 1. The scheme of the contact problem.

Young’s modulus and Poisson’s ratio of the half-space vary with depth according to the
continuously differentiable laws independent of each other:

{E(C) z),v(©) (z)} , —H<z<0;

E, v} =
£l E(S),v(s) = consty, —c0o <z < —-H

)

Hereinafter, index (c) corresponds to the coating, index (s)—to the substrate. The boundary
conditions on the surface of the half-space have the form:

UZ:O, 1’>1,
z=0:7,=0, 2)
w=-3+rx, r<li

We consider complete adhesion on the coating—substrate interface:

2= -H:19 =19, 619 = 6 € = ) 4 = 4 3)



Mathematics 2020, 8, 983 4 of 14

Following notations are used above: » =’ /a is the dimensionless radial coordinate; x = a cot(«)
is the contact depth; 1, uo; are the components of the stress tensor; 1, w are the displacements along
the r and z axis. Let us also notate the normal contact stresses as:

Ozl,—0 = —P(T)/f <1 4)

Classical continuity condition of the contact stresses at the boundary of the contact area
is considered:

p(1) =0 ©)

The stresses and the displacements vanish at r — o and z — —o0.
Using the integral transformations technique, the problem is reduced [44] to the following
integral equation:

1 0o
ur\, (ut (6—rx)
[ ptor [ Lon( 5 (5 far =2y 252, v ©
Ef,;) = E(0)/ (1 - vz(O)) is effective elastic modulus of the surface of the coating, L(u) is the

kernel transform of the integral equation, A = H/a is the main geometrical parameter of the problem.
The scheme of calculation of the kernel transform and analysis of its properties is studied in detail
in [47,48].

To solve the problem, let us use the approximated analytical method [39], which allows us to
obtain a solution effective for any value of A. For this purpose, we approximate the function L(u) by
the expression:

Nou? 4 Af

L) ~ L) = [ [ S,
1.11 u? + B:

Aj, BieC (7)

We construct the approximation of the kernel transform to satisfy following Ly(0) = L(0). Let us
introduce the parameter determining the relative elastic properties of the coating in comparison with
the substrate:

(s)
E (s)
E
Bt B = —— ®)
Eos 1-(v¥)
In addition, it was established earlier [48] that the following relation is satisfied.
Ln(0) = L(0) = B~ )

Using the approximation in Equation (7) the solution of the integral Equation (6) is constructed [44]
in the following analytical form:

p(l”) = Phom(r)PO(r)/ P = PhomPo (10)

where phom(7), Phom are the solution of the contact problem for the homogeneous half-space without
a coating, while po(r), P are the dimensionless functions describing the contribution of the coating
presence into the solution. These functions have the following form:

(s) (s)
E”/ cot(a) maE . x
Prom (1) = —L——arccosh(~), Prom = —2 )
N, (CiZy(r, AN") + DiZe(r, AN
=1 12
Po(r) + ; arccosh(r1) (12)
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N
_ Cipli _A A} Dif A of A A
Po=1+2A ;[Ai (1, e >\)+Ai(Ai+F( 2l 7\))] (13)
F(A,B,x) = Acosh(x) + Bsinh(x) (14)
1 (..
h(At), cosh(At
Zioa(r,A) = {sinh(Af),cosh(Ab)} (15)
fs.)
r 12 -2

The constants C; and D; (i =1, ..., N) are determined from the solution of the following system of
linear algebraic equations:

N , 1 O GiF(Ai B, Aid™Y) + DiF(By, A, AdTY) 4

D; i
- — = — 16
ZAZ B2 B,% ; AI.Z—B% By (16)

The relationship between the indentation depth and the radius of the contact area is determined
by the formula:

Tta cot(
b= 5hom60/ 5hom = T(/ =1+ Z (Cu Dlr _) (17)

Another important for application characteristic is the indentation stiffness. It is defined as the
following derivative: S = dP/dd. This function is often used [12] for the analysis of the nanoindentation
experiments. Taking into account Equations (13) and (17), the following expression for S is obtained:

S = SnomS0, Shom = 24EL, Sp = ==

(18)

This value is measured from the indentation experiment as the angle of inclination of the tangent
to the unloading curve at a point corresponding to the maximum pressing force.

Let us consider the case N = 1. Then the approximation of the kernel transform has the form:

24 a2
u-+ A
L(u)  ———, A€eR 19
) ~ g (19)

Such a simplification makes it possible to solve the system of Equation (16) explicitly. Thus,

expressions for pg, Py, 8 are sufficiently simplified:

_oBte1 (VB-R(VBLANT) 4
Po (7’) =1+ arccosh(r‘l) F(l, \/E, A}\_l) Zs(?"/ X) + Zc(?’

22%(B~! — 1)(cosh(AAT) - 1)(AN" VB + 1)
A?F(1, VB, AN )

?\([3_1 - 1)(cosh(A?\_1) — 1) VB
AF(1, VB,AN7)

The expression of Equation (12), and, as the consequence, all expressions for Sy, Py, 8 for any N,
are asymptotically exact for large and small values of A. For intermediate values of A, the error of the
solution depends on the accuracy of the kernel transform approximation.

An important remark should be made. Expressions py(r), Py, 8y and Sy describe the ratio of
the indentation force, depth and stiffness observed for the coated half-space to the ones for the
homogeneous non-coated half-space. The homogeneous half-space is assumed to have elastic moduli
similar to the substrate. We also assume that the contact radius is the same during the comparison,

>

, é)] (20)

(21)

Po=1+

So=1+ (22)

i.e., a = apom (While indentation force and depth are different). Comparison of the results for the
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coated and non-coated half-spaces for the same values of the applied indentation force can be easily
done using the relationship between the P, 6, S and a. Such a comparison is more convenient for
engineering applications. Let us introduce relative variables ap, 5p and Sp which corresponds to the
comparison between the quantities for the coated and non-coated half-spaces made for the same value
of the indentation force (i.e., P = Pyom). Using Equations (13), (17) and (18), the following expressions
are obtained:

a 1 do(A)

(M) = Ahom |P=Ppo, N PO()\)’ %A = PO()\)' Sp(N) = So(A)

(23)

3. Results and Discussion
Let us consider homogeneous coatings and assume that the Poisson’s ratios of the coating and the

substrate are equal. Then, kernel transform L(u) has the form:

age* — 4(Bo + Vo) Boue® — v1 B3

L =
. ((v3 +1)Bo + V3 +4(Bo + vo)u?)Boe? + viB]

(24)

where g =B -1, vo=4(1-v), vi =3—-4v, a9 = vlﬁ% —|—v%([30 +1).

Figure 2 shows the dependence of the only parameter A of a simplified (N = 1) approximation
(Equation (19)) on a relative Young’s modulus: 3 = ES) / ES‘) = E®)/E( for different values of the
Poisson’s ratio. It is seen that the value of the Poisson’s ratio slightly affects the value of A (in a
considered region: 0.2 < v < 0.4). Accordingly, we only consider the case when v(¢) = v(*) = 0.33.
Figure 3 illustrates the dependence of the maximum error of the simplified approximation on f3.
The approximation error was calculated by the formula:

Ap(u) = '1 _L -100% (25)

0.5

0 T T T 1
0.01 0.1 1 10 B 100

Figure 2. Dependence of a parameter A of the simplified approximation of the kernel transform on a
relative Young’s modulus B for v = v(©).

If the values of the Poisson’s ratio of the coating and substrate are different but still in the region
0.2 < v £ 0.4 then the kernel transform will slightly change from the considered case and all the results
below will be similar.

Let us consider a set of homogeneous coatings for which 3 = 0.1, 0.2, 0.5, 2, 5 and 10. For these
coating—substrate systems one-parameter approximations demonstrate the following errors: 18.6,
11.8, 4.24, 4.3, 12.6 and 20.7% correspondingly. At the same time the errors of multi-parameter
approximations do not exceed 0.2% (the number of members of multiparameter approximations is in
the 17 < N < 21 range).
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Figures 46 illustrate the dimensionless radius of the contact area, indentation depth and stiffness
ap, dp, Sp related to the similar values for the non-coated homogeneous half-space with the elastic
moduli similar to the substrate. The comparison is made for equal indentations forces, i.e., P = Ppom.
These expressions are defined in Equation (23) and are the functions of parameter A.

0-r T T T

10 B 100

Figure 3. Graphs of a maximum relative error max(Ay (#)) of the simplified approximation of the kernel

transform versus relative elastic parameter (3.

0.01 0.1 1

10,
— P01 — p=2
V5 B=02 == B=5
— p=05 — B=10
\7
e
aP]_ = 5
1]
\2
R
\5
1] _
10493 1072 107" 10° 't A 10

Figure 4. Relative contact radius ap for the homogeneous coatings calculated with N >> 1 (solid lines)
and N =1 (dashed lines).

70 -
— =01 — p=2

V51 B=0.2 == B=5
— =0.5 — B=10

5.

SPI_ =

R

\2

4]

i

V10,3 1072 107" 10" 10" 10> A 10’

Figure 5. Relative indentation depth dp for the homogeneous coatings calculated with N >> 1
(solid lines) and N = 1 (dashed lines).
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T T T T T 1

-3 - -
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Figure 6. Relative indentation stiffness Sp for the homogeneous coatings calculated with N>>1
(solid line) and N =1 (dashed line).

These graphs facilitate an understanding, firstly, of how the presence of a coating affects the
indentation stiffness, depth and contact radius and, secondly, of how to estimate the error of the
simplified formulas. For A—0 all these expressions tend to 1, because the solution is asymptotically
exact and, obviously, this case describes the non-coated half-space. The case when A—oco also describe
the homogeneous half-space but with the elastic properties similar to the coating.

As we compare the expressions in Equation (23) with the ones for the half-space with elastic
properties of the substrate, then expressions Sp, ap, dp tends towards different values depending on the
value of V/B. In fact, ap — VB, 6p = VB, Sp = 1/ VB as A—co. It is the consequence of the fact that
a, 5 and P depend on the square root of the effective elastic modulus.

In addition, the graphs help to evaluate the range of values of the parameter A for which a
significant effect of the presence of coating on these quantities can be observed. For example, for 3 = 10,
the presence of a coating at more than 10% changes the indentation stiffness in the range 0.12 < A < 4.2,
for p = 2 this range is 0.56 < A < 2.2. The greater the value of 3 differs from 1, the wider this range.
For 3 > 1, as 3 increases, this range broadens toward lower A values. It means that outside this region
the classical solution for a homogeneous half-space can be used with the error not exceeding 10%.
This fact, in particular, leads to the following conclusion: while measuring the Young’s modulus of a
coating in the case when its modulus is significantly different from the one of the substrate, the standard
recommendation—to conduct indentation at a depth not exceeding 10% of the coating thickness—may
not be accurate and the indentation depth should be significantly less.

To analyze the accuracy of the simplified expressions of Sp, ap, 5p let us compare these values to
the ones obtained using the most accurate approximations of the kernel transform. The relative error is
introduced by the following formulas:

{a,S,8}n=

-100% (26)

As an example of the relative error distribution, the dependence of A, on parameter A for 3 = 0.5
is presented on the Figure 7. All other characteristics Ay, g5 for any  look pretty similar.
They look like three hills standing together. These hills correspond to three ranges of values of
A: (=00,)0), (Ao, A1), (A1, o). The values of A\g and A; (different for A,, As and As) were obtained to

satisfy: A{a,S,b}()\O) = A{a,S,b}()\l) =0.
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N t
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Figure 7. Graph of the relative error A, of a simplified expression ap versus relative coating thickness A
for 3 =0.5.

Tables 1-3 contain the values of Ag, A; and maximum values of Ay, 5 5) in these three ranges. Tables
show that the error of the simplified expressions for Sp, ap, dp is 2—4 times lower than the error of
the one-parametric approximation of the kernel transform by the expression in Equation (19). It is
also seen, that the maximum error observed in a single region can be much smaller than the total
maximum error.

Table 1. Maximum relative error Ag of the simplified expression Sp in different ranges of A.

=01 p=02 Pp=05 p=2 =5 p=10

Ao 0.28 0.36 0.5 0.52 0.38 0.31

M 6.8 3.3 1.85 1.65 2.6 4.7

max Ag, % 1.68 1.49 0.95 1.64 5.08 8.99
—00<A<Ag

max Ag, % 6.42 2.98 0.56 0.46 2.28 4.58
Ag<A<Aq

max Ag, % 0.49 0.88 0.62 0.43 0.38 0.18
A1<A<oo

Table 2. Maximum relative error A, of the simplified expression ap in different ranges of A.

=01 p=02 pB=05 =2 B=5 =10

Ao 0.09 0.14 0.22 0.25 0.21 0.18

A 0.9 0.88 0.84 0.95 1.15 1.35

max Ay, % 1.42 1.35 0.95 1.69 5.06 8.62
—o0<A<Ag

max A, % 7.23 411 1.17 1.11 3.7 6.39
Ao<A<h;

max A, % 4.56 3.11 1.21 0.72 0.94 0.82
A <A<co

Table 3. Maximum relative error Ad of the simplified expression dp in different ranges of A.

p=01 B=02 B=05 p=2 B=5 B=10
Ao 0.27 0.36 0.5 0.52 0.39 0.31
A 6.2 3.3 1.88 1.7 2.6 4.7
max_ Ag, % 1.71 1.51 0.96 1.61 49 8.5
—00<A<A o
max Ag, % 6.03 2.89 0.55 0.46 2.33 4.8
Ap<A<Aq
max Ag, % 0.49 0.89 0.62 0.43 0.38 0.18
A1<A<oo

In a similar way let us introduce the relative error function for the distribution of the contact stresses:

Ap(r,\) = ll -

p(r)N—1
p r)N>>1

-100%

(27)
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Maximum values of Ap(r, A) are 37.01, 15.46, 3.72, 4.42, 13.46 and 23.65% for the homogeneous
coatings with = 0.1, 0.2, 0.5, 2, 5 and 10, respectively. It is seen that the maximum error of the
simplified distribution of the contact stresses can be higher than the error of the approximation of the
kernel transform but still is of the same order of magnitude.

Figures 8 and 9 contain a 3D plot of A,(r,A) for 0.0001 < A < 100 (logarithmic scale is used) and 0
<r<1for 3 =0.5 (lower maximum error) and 3 = 0.1 (higher maximum error). It is seen that the error
is concentrated in several regions. The shapes of these regions are very similar, but the distribution of
the error is different. For 3 = 0.5, the error is distributed over all regions much more uniformly than
for = 0.1. The maximum of error is observed in the similar narrow elongated region, located mainly
in the range 0.1 <A <1 (for = 0.1, this region is beyond the scope of this range for the small values of
7). The maximum error for 3 = 0.1 in this region is four times higher than the maximum values in
other regions (where its value does not exceed 10%). For 3 = 0.5 the error is only 30% higher than the
maximum of other regions. It is seen that for large values of A expression A,(r, A) uniformly tends to
0 for all ¥ as A—oo. For small A, the error also tends to 0, but not uniformly. For any small A narrow
regions in the vicinity of r = 0 and r = 1 are observed, where the error is sufficiently larger than outside.
With a decrease of A, these regions become narrower.

1.00
r

3.740

3.273

— 2.805

2.337

1.870

— 1.402

0.25 - 0.935
0.467

0.000

4 -3 -2 0 1 1g(h)

Figure 8. The relative error A, (r,A) of the simplified distribution of the contact stresses for § = 0.5 in %.

1.00

37.50
r 32.91
0.75 28.13
23.44

0.50 18.75
14.06

0.25 9.375
4,688

0 0.000

-4 3 2 ( -1 0 1 1g(h)

Figure 9. The relative error Ay(r,A) of the simplified distribution of the contact stresses for = 0.1 in %.

Figure 10 illustrates the distribution of the relative contact pressure given by the expressions
in Equations (12) and (20) for the coatings with 3 = 0.5 and 3 = 2. Good agreement for all relative
thicknesses of the coating is observed between the simplified solution and a much more accurate
solution for N >> 1.
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0 0.25 0.50 075 7 1 0 0.25 0.50 075 r 1

Figure 10. Relative contact pressure for the coatings of different relative thickness A calculated with
N >> 1 (solid lines) and N =1 (dotted lines): (a) § =0.5; (b) f = 2.

It should be also pointed out that, for the vast majority of real combinations of coating and
substrate materials, parameter {3 lies in the range 0.3 < 3 < 3. The cases of 3 = 0.2 or 3 = 5 correspond
to a combination of one of the softest and hardest metals, like aluminum (Al) and tungsten (W).
Such combinations are rare in practice.

4. Conclusions

The main result of this paper consists in the construction of an explicit analytical solution for
the conical indentation contact problem in the simplest possible form, suitable for analysis of the
indentation experiments of coated materials, e.g., for evaluation of the Young’s modulus of a thin
coating. The detailed analysis of the ranges of geometrical and elastic parameters, for which the
presence of the coating sufficiently influences the contact characteristics, was provided. These results
enable the evaluation of whether the classical Sneddon’s solution is suitable for analysis of elastic
properties from indentation experiments or more complicated models taking into account both coating
and substrate responses should be used.

The error of the simplified solution was also analyzed in detail. The analysis showed high
accuracy of the simplified expressions for the relations between the indentation stiffness, force, depth
and contact radius for any value of relative thickness of the coating even in a case when the elastic
moduli of the coating and substrate differ at an order of magnitude. The simplified distribution of the
contact stresses demonstrated high accuracy for a relatively small ratio of the elastic moduli of the
coating and substrate. If the ratio of the elastic moduli is high (3 > 3), then the simplified distribution
of the contact stresses may be inaccurate in a range 0.1 < A <1 and for smaller A in the small vicinities
of the center and boundary of the contact area.

Besides nanoindentation, the solution could also be applied to other engineering backgrounds,
such as, for example, high-speed railway systems [49,50].
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