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Abstract: In this work, by using an integral identity together with the Holder-Iscan inequality
we establish several new inequalities for n-times differentiable convex and concave mappings.
Furthermore, various applications for some special means as arithmetic, geometric, and logarithmic
are given.
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1. Introduction

Definition 1. A function f : I C R — R is said to be convex if the inequality

S+ A =ty) <tf (x) + (1 =6)f (y)
is valid for all x,y € I and t € [0,1]. If this inequality reverses, then f is said to be concave on interval I # .

The above is a well known definition in the literature. Convexity theory has been appeared
as a powerful technique to study a wide class of unrelated problems in pure and applied sciences
(see, for example [1-4]). Recently, in the literature many researchers contributed their research
on n-times differentiable functions on several kinds of convexities (see, for example [1-3,5-8])
and the references within these papers.

The classical Hermite-Hadamard inequality provides estimates of the mean value of a continuous
convex or concave function.

Definition 2. f: 1 C R — R be a concave function on the interval I of real numbers and a,b € I witha < b.

The inequality ) . . )
f@+f® < f(x)dng(a; )
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is known in the literature as a Hermite—Hadamard's inequality for convex functions. Both inequalities holds if f
is concave.

Hadamard'’s type inequalities for convex or concave functions has received the attention of
the many researchers in recent years due to their remarkable variety of refinements and generalizations
(see, for example see [1-3,5-7,9-12]).

A refinement of Holder integral inequality better approach than Holder integral inequality can be
given as follows:

Theorem 1 (H6lder-Iscan Integral Inequality [13]). Let p > 1and % + % = 1. If f and g are real functions
defined on interval [a, b] and if |f|V, |g|T are integrable functions on interval [a, b then

[ sl < ,jia{(/[lb<b—x>|f<x>|”dx);(/ﬂh<b—x>|g<x>|qu);
([ earwra) ([e-oswrs)
( ) (U

In this paper, by using the HolderIscan integral inequality (better approach than Holder integral
inequality) and together with an integral identity, we present a rather generalization of Hadamard
type inequalities for functions whose derivative is absolute value at the certain power are convex
and concave.

Let 0 < a < b, and throughout this paper we will use

Aab) = 2°
G(a,b) = Vab
Lap) — (Hi—art ' b, peR 1,0
p(ﬂ/) = ((P“‘l)(b_a)) , a# , P E ,P#*,

for the arithmetic, geometric, generalized logarithmic mean, respectively.

2. Main Results

We will use the following Lemma to obtain our main results.

Lemma 1 ([8]). Let f : I € R — R be n-times differentiable mapping on I° for n € Nand f) € L [a,b],
where a,b € I° with a < b, we have the identity

n—1 (k) k+1 _ ¢(k) ak+1 n+1 rb

where an empty sum is understood to be nil.
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Theorem 2. Forn € N;let f : I C (0,00) — R be n-times differentiable function on I° and a,b € 1° with
a<b. Iff") € L[a,b] and ] £

-1 (k) (p)pk+1 — f(0) (g) gk 1
Z(‘”k(f e ) [ e

{ [bL20, )~ L b)) A (2] )" 0 ) \q)

[y -aen)’ at (@] 2] w)), @

! for g > 1 is convex on interval [a, ], then the following inequality holds

( ;a)é

1,1
wherep—kqfl.

Proof. If ’ £ ’q for g > 1is convex on interval [a, b], then by using Lemma 1, the Holder-Iscan integral
inequality and from the following inequality

el = | (=53]

a

we have

n—1 () (k41 _ £(k) () k+1
(1) (f (b)b (+k+ 1f)! (a)ak+ )_ abf(x)dx

IN
S|
oy
| |~

AN
7N
a\
<

—~

fayl

\

o)

2
=

IS

=

N~~~
==
=~
:\
<
=
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=
SN—
=¥
2

—

=

N—

-
[
=
"
-

Ll (/ab(b—x)xnpdx>; (/ub(b—x) [’;:Z )|+ =
it ([ emea) ([feai-
- B (55 (o - o] 4 Gl

1 Z‘f(”)(b)‘q)}.

IN

+ (L8 —aL(a )] 47 (|5

This completes the proof of Theorem 2. []

Corollary 1. Under the conditions of Theorem 2 for n = 1 we have the following inequality:

N G
< (1) om0 {przen -] 4 21

LN

1))

+ [L;jj}(a b) — aL;j(a,b)]%A% (yf’(a)
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Proposition 1. Let a,b € (0,00) witha < b, q > 1and m,n € Nwith m > n, then we have

1
o - m, k 1 /1\14 1
binle:0) m+1k;) + ) s -1 <<3) (b—a)i !
1
X { [bLZ;(a,b) — LZZE } p % (za(m*n)q’b(mfn)q) 3
1 1y
(g - atgian] af ()
where
mm—1)..m—-n+1), m>n
P(Ti’l, 1’1) = Tl!, =
L n=0.

m

Proof. Under the assumption of the Proposition 1, let f(x) = x™, x € (0,0). Then
‘f(”)(x)} = [P(m,n)xm*”}q
is convex on (0, c0) and the result follows directly from Theorem 2. [

Example 1. Ifwe take m = 2,n =1, p = q = 2 in the inequality (3), then we have the following inequality:

24(¢8) +ab) < L ([A(300) + 6 )] 4 (227))°
+([a(a30) + G2 (a,b)| A (a2,2b2>)%} .

Proposition 2. Let a,b € (0,00) witha < b, q > 1and n € N, then we have

1 < (;) % (b—a)i ! { [bL35(a,b) — Lyt (a, )] P oAb (201, 577)
- [Lﬁzﬂ (a,b) — aLyh(a, b)} ’ A (a=",20719) } : (4)
Proof. Under the assumption of the Proposition 2, let f(x) = Inx, x € (0, 0). Then
[ = (-1’
is convex on (0, c0) and the result follows directly from Theorem 2. O

Example 2. If we take n = 1, p = q = 2 in the inequality (4), then we have the following inequality:

Proposition 3. Let a,b € (0,00) witha < b, q > 1and m € (—o0,0] U [1,00)\ {—29, —q}, then we have
1
m 1 a 1_ l 1
mil(a b) < <;> "b—ayi ! { {bL;’i(a,b) ~ L0 (a b)} P AT (24", b™)

+ L (a,b) —aLl(a, b)ﬁ g (am,Zb’”)}. )
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Proof. Under the assumption of the Proposition 3, let f(x) = miﬂx%H, x € (0,00). Then

£/ ()] = 2"
is convex on (0, c0) and the result follows directly from Corollary 1. [

Example 3. If we take m = 2, p = q = 2 in the inequality (5), then we have the following inequality:
1 LA
2 12 2 < 2 12 2 2 32
24 (20) + G2 ab) < o {[4(30) + G2 a b)) A (202 12)
+| At (a,20%) } .

Theorem 3. Forn € N;let f : I C (0,00) — R be n-times differentiable function on I° and a,b € 1° with
a<b. If f" € Lia,b] and ’f(”>

- f(k)(b)bk+1 ak+1
I ( e RN

=

A (a2,3b2) +G2 (a,b)]

[a,b] , then the following inequality holds

SO

k=
1
—LZZI%@ b) + (a+b)Lyi 1 (a,0) — abLif(a,b)] | ©
2 1
)| [L213(a,b) — 261007 (a,b) + L3 a, )]
1
[L;gﬁ< ,b) = 2413711 (a,0) + a® Lyl (a, )| '
2 1 ’
[ —Lnii3(a,b) + (a+ b)LL T (a,b) — abLyd(a, )]

1,1 _
where;%-ﬁ—l.
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Proof. Since ’ £ 7 for g > 1is convex on interval [a, b], by using Lemma 1 and the Holder-iscan
integral inequality, we obtain the following inequality:

n-1 (k) () pk+1 yak+1
Z<1>k(f Al ) NS

k=0
< % g 1.x" f(")(x)‘dx
< nl!bia{(/ab(b_x)dx);(/ab(b_x)an f(”)(X)]qu);
(ffeas) ([ f<n><x>iqu>*}
< rf!biu{(_/ub ) (‘f —a’/ ”deJrW/ab(bx)zandx)q

1

q

-1—(/1 X —a) dx) (’f a’/ a)? ”qu+W/ab(x—a)(b—x)x”qu)

i )| L@ + 4 D)L e b) - abLi(a,b)]
nlz% —l—‘f(")(u)

q 2 1
| [Lnii5a,b) = 26100 (a,b) + b2L3] (a, )|

S

2 1
" a)’ [~Lnii3(a,b) + (a -+ b)LyT 1 (a,b) — abLyj (a, b

) ( ‘ f<n>(b)"7 [ngjﬁ( a,b) — 2Ly} (a,b) + a?Lyd (a, b)] '
\f 1) J

This completes the proof of Theorem 3, after a little simplifications. [J

Remark 1. In [8], Maden et al. obtained the following inequality using Holder inequality and similar proof
method of Theorem 3.

n—1 () (p)bk+1 — FK) (q)ak+]
Z<—1>k<f o L ) IS

<L) [Lti @, b) — aLida,b)] + |F (@) [Li(a,b) — L1 a,0)]}

The inequality (6) gives better results than the inequality (7). Indeed, using the inequality
(P +yN) /2 < ((x+y) /2)", x,y >0, 0 < A < 1 by simple calculation we get

x| < (b-a)h @)

= =

1 ‘ f [ L2 (a,b) + (a+ b)L)T" (a,b) — abLyi(a, b)} 7
2\ || L, b) — 261307 a,b) + 2Ly (a,b)]
q n
B SO @) [Lni 3, 0) = 2011 (a,b) + 2Ly (a, 1)
£ @) [~L3830,6) + (a + D)LY (a,b) — abLyd (a,b)]

-

= (=

< S {\f b)|" [Lar e, b) — aLii(a,b)] + | ) @) [eL3d(a,b) — L33 (a,0)] }

24

which shows that the inequality (6) gives better results than the inequality (7).
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Corollary 2. Under the conditions of Theorem 3 for n = 1, we have the following inequality:
b)b — f(a)a 1 P
‘ﬂ>b5> SR EYLVA
1

- (1)%(17_“);_2 (,ff(b)w [~LT13(a,) + (a + b)L] 11 (a,b) — abLi(a, )] )q

2 +1f @) LT 15(a,b) — 26L] 1 (,b) + 1L (a,b)

q+1

F )" [LI5(a,b) - 2aL1 ] (a,b) +a*L](a,b) | g
FIF@7 [~L13(a,) + (a+b)LIT (a,b) — abLi(a,b)]

Proposition 4. Let a,b € (0,00) witha < b, q > 1and m,n € N with m > n, then we have

< Plmn) (1>; (b—a)r !

m
Lm(a,b) n! 2

N (=D P(m, k)
(m+1) kg;) ThE 1]

1
( plm—n)q [_ngﬁ(a,b) +(a+b)LyT 1 (ab) —abLZZ(a,b)} )"

S alm=n) [L”W(a, b) —2bLM" (a,b) + b2y (a, b)}

ng+2 ng+1

1

_ 2 1 1

N p(m—n)q [ngjz(a, b) —2aL,17) (a,b) + a*Lyf (a, b)} !
+a(m—n)q [_LntPrZ (a, b) + (a + b)anJrl (a, b) — ElbLZZ({Z, b)} '

ng+2 ng+1
where
mm—1)..(m—n+1), m>n
P(m,n) = n!, m=n
1, n=0.

Proof. Under the assumption of the Proposition 4, let f(x) = x™, x € (0,0). Then
@) = [Pom,mam ]
is convex on (0, 00) and the result follows directly from Theorem 3, respectively. [0

Proposition 5. Let a,b € (0,00) witha < b, q > 1and n € N, then we have

1
(b—a)i 2 ( p—ma [_ngﬁ@,b) +(a+b)LyT (e, b) — abng(a,b)} ) /

) b (L2530, b) ~ 26120 0, ) + 1L )]

1 <

==

ng+1

1
+( b (L2720, ) — 2L (0,0) + 2L a,b)| )‘7
_"_

@ [~Lhti2(a,b) + (a+ b)LLTT (a,b) — abLyd(a, )|

Proof. Under the assumption of the Proposition 5, let f(x) = Inx, x € (0, c0). Then

‘q =[(n—1)x"]"

£ ()

is convex on (0, c0) and the result follows directly from Theorem 3. [
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Proposition 6. Let a,b € (0,00) witha < b, q > 1and m € (—o0,0] U [1,00)\ {—24, —q}, we have

m 1 _
Ly < 05
2

~—

==

(bm[ L 13(@b) + (a-+ D)LTL(a,b) — ablL(a,b)] );

+a™ [LZiz(a,b) 2bLZE(a b)+b2LZ(a,b)}

) ( b [LZE(&! b) —2aL{ 1} (a,b) +a*Li(a, b)} )q
+am b)}

[ LZI;(LI b) + (a +b)LZI} (a,b) — abLi(a

Proof. The result follows directly from Corollary 2 for the function

f(x) = mj—qx?;+1’ x € (0,00).

This completes the proof of Proposition. [J

Corollary 3. For m = 1 from Proposition 6, we obtain the following inequality:

ey

111 = 1 q+2

1

14 b—a ?_1 2 1

L wb) < (2){[ LT3 (a,b) — LT (a b) + bLY(a,b)]
P

1
+ [Lgii(a b) + LIT1(a,b) — aLi(a, b)} "}

Theorem 4. Forn € N;let f : I C (0,00) — R be n-times differentiable function on 1° and a,b € I° with
a<bIff € Llab) and |f0)]'

n—1 (k) (pYpF+1 — k+1
Z(_l)k <f () (k+1 > /f

(b—a)1 ‘f(n) (aTHJ)‘ {(ban(a b) — anrl(a b))% (an+1(a b) — QLZ§+1(ﬂ,b)>;},

n! np+1

for g > 1is concave on [a, b] , then the following inequality holds

1,1
wherep+q—1.

q
Proof. Since the function ‘ f (")‘ for 4 > 1 is concave on interval [a,b], with respect to
Hermite-Hadamard integral inequality, we get

./a'b f(n)(X)‘qug (b—a) ‘f(”) (a;b) 9

and thus we have

i [ ofas [ e < oo (20

bia/ (x—a) | ()| dx < (b —a ‘f <”;Lb>q

7

similarly
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Using Lemma 1 and the Holder-Iscan integral inequality, we obtain

n—1 (k) (p\pk+1 _ Yak+1
o ()

= Lbia{([,b@—x)x””dxy(/f(b—x)\ﬂ")(x)\"dxf
* (/b (x=a) X””dx>; ( / "x-a) ]f<"><x>\"dx) ‘l’}
< dte{ (Lo (oo (2]

- (/b (x—a)x””dx>; ((b—a)2 ) (”;b) q)}’}

_ 7 |f (52| {(bL%(a,b) L7, b)>% + (Lyii(a,b) — aLif(a, b))

==

|

n! "PH np+1
This completes the proof of Theorem 4. [

Corollary 4. Under the conditions of the Theorem 4 for n = 1, we have the following inequality:

‘f(b)z :f:(a)a - L /ah Fx)dx
i <”72Lb> {(bLﬁ(a,b) LZE(Q b)) (in(a b) —aLb(a, b))

Proposition 7. Let a,b € (0,00) witha < b, q > 1and m,n € Nwith m > n, then we have

==

S (b_a)l/q

i

—1 k
L™ (a,b) P(m, k) 1]

(m+1)
P

. Plmm (b_a)$< “’)m "{(bLﬁz(a,w L a b))%+(L"”“(a b) ~ aLyp(a,b))

==

b

n! 2 np+1 np+1
where
mm—1)..(m—n+1), m>n
P(m,n) = n!, m=n
1, n=20.

Proof. Under the assumption of the Proposition 7, let f(x) = x™, x € (0,00). Then
‘f(")(x)) = [P(m,n)xm*"}"

is convex on (0, c0) and the result follows directly from the Theorem 4. [J
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Proposition 8. Let a,b € (0,00) witha < b, q > 1and n € N, then we have

1
1 < (b—a)i A" (a,b) {(bL"p(a b))~ L) (a, b)) (ngﬁ(a b) —aLih " (a, b)) d }
Proof. Under the assumption of the Proposition 8, let f(x) = Inx, x € (0, c0). Then

)| = (1= 1)

“7
is convex on (0, c0) and the result follows directly from the Theorem 4. [J

Proposition 9. Let a,b € (0,00) witha < b, q > 1and m € [0,1], we have

m +1

Li(ab) < (b_a)éA’?(a,b){(bLz(a,b) L, b)) (ng}(a b) —alLl)(a, b))

==

i

Proof. Under the assumption of the Proposition 9, let f(x) = m'i X7 i xe (0,00). Then

f ()| =
is concave on (0, ) and the result follows directly from the Corollary 4. [

3. Conclusions

By using an integral identity together with the Holder-Iscan integral inequality (which is a better
approach than Holder integral inequality), we obtain several new inequalities for n-times differentiable
convex and concave mappings. We would like to emphasize that some new integral inequalities can
be obtained by using a similar method to different types of convex functions.
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