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Abstract

:

This paper presents a fuzzy approach for ranking discrete alternatives in multi-attribute decision-making under uncertainty. Linguistic variables approximated by fuzzy numbers were applied for facilitating the making of pairwise comparison by the decision maker in determining the alternative performance and attribute importance using fuzzy extent analysis. The resultant fuzzy assessments were aggregated using the simple additive utility method for calculating the fuzzy utility of each alternative across all the attributes. An ideal solution-based procedure was developed for comparing and ranking these fuzzy utilities, leading to the determination of the overall ranking of all the discrete multi-attribute alternatives. An example is provided that shows the proposed approach is effective and efficient in solving the multi-attribute decision making problem under uncertainty, due to the simplicity and comprehensibility of the underlying concept and the efficiency and effectiveness of the computation involved.
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1. Introduction


Multi-attribute decision making problems are often present in real-world settings, in which discrete alternatives must be assessed by the decision maker to determine their overall rankings, with respect to multiple, usually conflicting, attributes under uncertainty [1,2,3,4,5]. To effectively solve this problem, subjective assessments usually have to be made to evaluate the alternative performance and attribute importance in a given situation [6,7]. These subjective assessments must then be aggregated in a computationally efficient manner to evaluate the overall performance of each alternative across all the attributes. This leads to the determination of the overall ranking of all the discrete multi-attribute alternatives under uncertainty [8,9,10,11].



Uncertainty is always present in human decision making in the real world [12,13,14,15,16]. This uncertainty does not only take the form of randomness that is usually dealt with using the probability theory [12,17]. Other forms of uncertainties such as inexactness, subjectiveness, vagueness, and imprecision are often present [12]. This is due to the existence of (a) incomplete information, (b) subjective assessments, (c) conflicting evidences, and (d) too much information in the decision-making process [12,18]. As a result, the process of human decision making often becomes complex and challenging [8,12,19]. To effectively deal with such uncertainties in human decision making, the fuzzy sets theory [20] has been widely used [8,12,21].



There exists a large amount of literature in multi-attribute decision making. Numerous approaches have been developed for solving various practical problems of different kinds in the real world [12,21,22,23,24], dating back to the fundamental work of Bellman and Zadeh [18]. Many successful applications of these approaches in solving specific real-world problems under different circumstances have been reported in literature [1,3,5,12]. There are, however, still several issues and concerns that are present on how multi-attribute decision making problems can be better solved, including (a) the challenge of using crisp numbers to express the subjective assessment of the decision maker in the decision making process [6,14], (b) the sophistication of using fuzzy numbers to represent the subjective and imprecise assessment of the decision maker [1], and (c) the computation effort required to efficiently calculate the performance index value of each alternative across all the attributes [1,16]. As a result, the development of effective approaches, capable of adequately solving the problem of multi-attribute decision making under uncertainty, is not only desirable but also necessary [4,12,17].



This paper presents a fuzzy approach for ranking discrete multi-attribute alternatives in multi-attribute decision-making under uncertainty. To better tackle the uncertainty inherent in the human decision-making process while effectively reducing the cognitive demand on the decision maker, linguistic variables approximated by fuzzy numbers were applied to facilitate the making of pairwise comparison [6] in determining the alternative performance and attribute importance using fuzzy extent analysis [25]. To appropriately aggregate the resultant fuzzy assessments, the simple additive utility method based on the utility theory [22,26] was adopted for calculating the fuzzy utility of each alternative across all the attributes. To avoid the unreliable and often complex process of comparing and ranking fuzzy utilities [6], an ideal solution-based procedure using the concept of the degree of dominance [27] was developed for comparing these fuzzy utilities, leading to determination of the overall ranking of the discrete multi-attribute alternatives across all the attributes. An example is provided to demonstrate the applicability of the fuzzy approach for solving the multi-attribute decision making problem under uncertainty in the real world. The result shows that the proposed approach is attractive in solving multi-attribute decision making problems under uncertainty, due to the simplicity and comprehensibility of the underlying concept and the efficiency and effectiveness of the computation involved.



The remaining sections in this article are organized as follows. Section 2 presents a brief review of the related literature, including multi-attribute decision-making and uncertainty modeling, to justify the need for this study. This paves the way for the development of a fuzzy approach to solve the multi-attribute decision making problem under uncertainty in Section 3. In Section 4, a real-life example is provided, followed by the conclusion in Section 5, in which the limitation of this study and the future research were discussed.




2. Multi-Attribute Decision Making under Uncertainty


A multi-attribute decision making problem usually consists of a set of available alternatives {Ai, i = 1, 2, …, n}. These alternatives must be compared with respect to multiple, usually conflicting attributes {Cj, j = 1, 2, …, m} to determine their overall rankings with respect to all the attributes in a given situation [9,22]. Based on the classical utility theory [22,26], the alternative performance with respect to each attribute and the attribute importance against the overall objective of the problem must be subjectively assessed before aggregating these subjective assessments together to determine the overall performance of each alternative across all the attributes in a given situation [12]. This leads to the determination of the overall ranking of the discrete multi-attribute alternatives for facilitating the decision-making process in real situations.



Mathematically, the alternative performance with respect to each attribute can be represented as xij (i = 1, 2, …, n; j = 1, 2, …, m) [12]. This leads to the determination of a decision matrix for the given multi-attribute decision making problem as follows:


   X  =        x  11        x  12       … .      x  1 m          x  21        x  22       … .      x  2 m                   x      n 1                 x      n 2             … .                 … .     x       n m         ,  



(1)




where xij is the performance assessment of alternative Ai, with respect to attribute Cj.



In a similar manner, the attribute importance, with respect to the overall objective of the multi-attribute decision making problem, can be assessed subjectively by the decision maker. This results in the determination of the attribute weighting, given as:


W = (w1, w2, …, wm),



(2)




where wj (j = 1, 2, …, m) is the weighting of the attribute Cj.



With the subjective assessments given above, a utility function is often implicitly or explicitly defined to aggregate these subjective assessments to produce an overall performance index value for each alternative across all the attributes [12,26]. This leads to the determination of the overall ranking of all the discrete alternatives across all the attributes in a given situation.



Subjectively assessing the performance of alternatives and the importance of attributes in real situations in a precise manner by the decision maker is difficult, if not impossible, in multi-attribute decision making [1,12,26,27]. This is due to the existence of uncertainties, in terms of the subjectiveness and imprecision inherent in human decision-making [2,27,28,29]. As a result, classical multi-attribute decision making approaches [22] are unsatisfactory in solving multi-attribute decision making problems under uncertainty [12]. This is due to their inability to effectively tackle such subjective and imprecise information in multi-attribute decision making [7,9,10,24]. To adequately resolve this difficulty, the fuzzy sets theory [20] has been widely used.



Bellman and Zadeh [18] are the first ones to apply the fuzzy sets theory [16] in their pioneering work to address the decision-making problem under uncertainty. This led to numerous approaches that were developed to solve multi-attribute decision making problems under uncertainty in the literature [2,12,13,15]. A comprehensive review of the related literature shows that four distinct types of approaches were developed in the literature for solving the multi-attribute decision making problem under uncertainty including (a) fuzzy ranking approaches [30], (b) fuzzy analytic hierarchy process approaches [4,31], (c) defuzzification-based approaches [6], and (d) fuzzy outranking approaches [12]. As discussed above, such existing approaches were not totally satisfactory for solving multi-attribute decision making problems under uncertainty, due to various issues and concerns present [1,6,12,17,20,32].



Multi-attribute decision making processes usually consist of three phases, including (a) assessing the alternative performance with respect to each attribute and evaluating the attribute importance with respect to the overall objective of the problem, (b) aggregating the assessments on the performance of alternatives and the importance of attributes for each alternative across all the attributes, and (c) selecting or ranking all the available alternatives based on the aggregated performance index value for each alternative across all the attributes [12,13]. It is common in real situations that the decision maker must subjectively assess the alternative performance and the attribute importance in multi-attribute decision making [17,23].



It is cognitively demanding on the decision maker to make subjective assessments on alternative performance and attribute importance in a precise manner in multi-attribute decision making [4,25]. To effectively reduce the cognitive burden on the decision maker in the subjective evaluation process, linguistic variables are often used to facilitate the making of subjective assessments on alternative performance and attribute importance in the decision-making process [6,10,12].



A linguistic variable is usually characterized by a quintuple (x, T(x), X, G, M) [12]. X is the name of the variable. T(x) denotes the term-set of x, that is, the set of terms of linguistic values of x, with each value being a fuzzy variable denoted generically by x and ranging over a universe of discourse X, which is associated with the base variable x. The variable G is a syntactic rule, usually in a grammatical form, for generating the term, X, of value x. M is a semantic rule for associating with each X its meaning, M(x), which is a fuzzy subset of X. The base variable could also be vector-valued [9].



Linguistic variables are effective for approximating the subjective assessments of the decision maker in decision making in a fuzzy environment [3,12,14] and for describing complex phenomena which are hard to define precisely [4,12]. They form the basis for approximate reasoning in fuzzy decision making and fuzzy controlling [12]. The motivation for using linguistic variables rather than real numbers is that the linguistic characterizations of subjective assessments of the decision maker are, in general, less specific than numerical ones [12]. Traditionally, these linguistic variables are often represented in real numbers in classical multi-attribute decision making [22]. Such representation provides the decision maker with a convenient way to quantify the subjective assessments of the decision maker in decision making.



There are many criticisms about the appropriateness of real number representation in expressing the subjective assessment of the decision maker in multi-attribute decision making under uncertainty [6,18]. This is because real numbers cannot be realistically used to reflect the preference of the decision maker in evaluating the alternative performance and attribute importance. It is often difficult, if not impossible, to use such real numbers to express their subjective assessments, even if the decision maker knows the problem well [4].



To facilitate the making of subjective assessments in multi-attribute decision making under uncertainty, the technique of pairwise comparison [6,30] is adopted for assessing the alternative performance and attribute importance. To adequately tackle the uncertainty in human decision making, linguistic variables approximated by fuzzy numbers are applied to express the pairwise comparison assessment of the decision maker [4,25]. Table 1 presents the linguistic variables and their fuzzy number approximations for facilitating the making of pairwise comparison assessments in multi-attribute decision-making under uncertainty.




3. A Fuzzy Approach


Comparing and ranking discrete multi-attribute alternatives under uncertainty is complex and challenging [2,12]. Existing approaches are not totally satisfactory due to various issues and concerns, as discussed above [1,6,12]. To better address such issues and concerns in real world situations, this section presents a fuzzy approach for solving the multi-attribute decision-making problem under uncertainty. Several dominant concepts in fuzzy decision making, including pairwise comparison [6,30], fuzzy extent analysis [25], idea solutions [1,6,22,28], and degree of dominance [29,32], have been effectively combined in the development of the fuzzy approach for ranking the discrete multi-attribute alternatives under uncertainty.



To effectively reduce the cognitive demand on the decision maker in making the subjective assessments in human decision making, the fuzzy approach starts with assessing the alternative performance with respect to each attribute and the attribute importance against the overall objective of the problem, using the technique of pairwise comparison [6,25]. To better tackle the uncertainty in the pairwise comparison process, linguistic variables approximated by fuzzy numbers, defined as in Table 1, are used to express the subjective assessment of the decision maker in the evaluation process. As a result, m + 1 pairwise comparison matrices can be produced, in which m is the number of attributes, given as follows:


   C j    or       W       =              a  11    −                         a  12    −                  …                      a  1 k    −         a  21    −                         a  22    −                  …                      a  2 k    −        …                   …               …                 …            a  k 1    −                     a  k 2    −                …                        a  k k    −      .  



(3)







Fuzzy extent analysis combines the concept of extent analysis with the degree of possibility to calculate the weight from the fuzzy comparison matrices [25]. With the application of fuzzy extent analysis on (3) [4,25], the performance of each alternative (Ai) against each attribute Cj (j = 1, 2, …, m), denoted as xij, and the attribute importance represented as wj (j = 1, 2, …, m) can be determined as


       x  i j         or          w j  =     ∑  s = 1  k      a  l s    −        ∑  l = 1  k     ∑  s = 1  k      a  l s    −        ,    



(4)




where i = 1, 2, …, n; j = 1, 2, …, m; and k = m or n, depending on whether the reciprocal assessment matrix is for evaluating the alternative performance or attribute importance in a given situation.



Utility is a measure of desirability or satisfaction of the decision maker in a given situation [26]. It is related to the quantitative representation of the qualitative preference of the decision maker in subjectively assessing the performance of two alternatives in a given situation [12,26]. The use of such a concept in multi-attribute decision-making under uncertainty, provides the decision maker with a uniform scale to compare and rank discrete alternatives across all the attributes. This leads to the development of an additive utility function in multi-attribute decision-making for calculating the overall performance utility of each alternative across all the attributes [12,26].



Based on the simple additive utility function, commonly used in multi-attribute decision-making [16,17,22], the overall performance utility of each alternative across all the attributes can be calculated through aggregating the fuzzy assessments on alternative performance and attribute importance from (3) and (4), given as follows:


      U (  A i  ) =   ∑  j = 1  m    w j   x  i j     .  



(5)







U(Ai) (i = 1, 2, …, n) represents how well alternative Ai satisfies the decision maker’s overall objective, with respect to the multiple, usually conflicting, attributes in the decision-making situation. The higher the utility of the alternative is, the more preferred the alternative [22].



When crisp numbers are used to represent the utilities of these alternatives, as in (5), comparing and ranking the discrete multi-attribute alternatives is simple and straightforward [18]. With the use of linguistic variables approximated by fuzzy numbers shown as in Table 1, the alternative utilities determined as in (5) are not crisp numbers but fuzzy utilities [22,24]. Due to the overlap between fuzzy utilities, commonly existent in real situations, comparing and ranking these fuzzy utilities to determine their overall rankings is not a trivial task [24,29,33].



Numerous procedures have been developed to compare and rank fuzzy utilities in the literature [12,24,29]. A comprehensive review of these ranking procedures shows that four groups of procedures can be identified in the literature, including (a) independent ranking, (b) reference-based ranking, (c) pairwise comparison-based ranking, and (d) linguistic approximation [22]. These ranking procedures have been developed from different perspectives, with numerous applications for solving various practical problems in real world settings [12,29,33].



The ranking procedures as discussed above are not totally satisfactory in comparing and ranking fuzzy utilities in multi-attribute decision-making under uncertainty [12,26,33,34]. There are various shortcomings in applying these procedures to compare and rank fuzzy utilities in decision making in a fuzzy environment. Some ranking procedures, for example, lack discrimination in differentiating similar fuzzy numbers [33,34]. Other ranking procedures are sophisticated and often computationally very demanding [31]. Furthermore, inconsistent and often counter-intuitive ranking outcomes are often produced under circumstances. This makes the decision-making process, through comparing and ranking fuzzy utilities, complex and challenging [6,12,26].



To adequately address the shortcomings of existing ranking procedures as above, a new ranking procedure is proposed in this section. Such a novel ranking procedure adopts the concept of ideal solutions [18,35], in terms of the fuzzy maximum and the fuzzy minimum [26] and the degree of dominance [29], for comparing and ranking these fuzzy utilities from (5). The use of this procedure can produce more consistent ranking outcomes in multi-attribute decision making under uncertainty due to the simplicity and comprehensibility of the underlying concept and the efficiency in computation involved in the decision-making process.



The proposed ranking procedure is based on the concept of idea solutions that are commonly used in multi-attribute decision making [18,22,28]. With the adoption of such a concept in multi-attribute decision making under uncertainty, the ideal solution, including the positive ideal solution and the negative ideal solution, must be determined first [35]. In this situation, the positive (negative) ideal solution represents the best (worst) possible value of each alternative, with respect to each attribute in the multi-attribute decision making problem [35].



Following this concept in developing the proposed procedure in ranking fuzzy utilities, the positive ideal solution and the negative ideal solution based on the available fuzzy utilities of the discrete alternatives from (5) can be determined as follows:


       U +  =   (  u  min   ,      u  max   ,      u  max   )  



(6)






       U −  =   (  u  min   ,      u  min   ,      u  max   ) ,  



(7)




where umin and umax are the minimum and the maximum of the support of all the fuzzy utilities respectively in (5), represented as follows:


       u  min   = min   ∪  i = 1  m   sup (   U (  A i  ) )  



(8)






       u  max   = max   ∪  i = 1  m   sup (   U (  A i  ) )  



(9)







The concept of the degree of dominance is often used in traditional mathematics to compare two real numbers to determine how much bigger one real number is compared to the other with simple computation [28]. This concept is popular for developing various approaches and procedures in decision making and in fuzzy number ranking [12,28]. This is because the concept is simple to understand and efficient for computation [22].



Extending such a concept to the comparison of two fuzzy numbers, the degree of dominance that the positive ideal solution, defined as in (6), is on the fuzzy utility U(Ai) of alternative Ai (i = 1, 2, …, n) from (5) can then be calculated as:


   d i +  = d (  U +  − U (  A i  ) ) =    ∫   u  min      u  max       D  max − i   ( α )   d α    ,  



(10)




where


   D  max − i   =  U +  −  A i  = { ( z ,  μ  D     max − i     ( z ) ) , z ∈ R }  



(11)




and the membership function of Dmax-i is defined using fuzzy mathematics [9] as


   μ   D  max − i     ( z ) =   sup     z =  x i  −  x j    ( min (  μ   U +    (  x i  ) ,      μ   A i    (  x j  ) ) ,            x i  ,  x j  ∈ R ) .  



(12)







Following the same process as above, the degree of dominance that each fuzzy utility U(Ai) of alternative Ai (i = 1, 2, …, n) from (5) has on the negative ideal solution, defined as in (7), can be determined as follows:


   d i +  = d (  U +  − U (  A i  ) ) =    ∫   u  min      u  max       D  max − i   ( α )   d α    ,  



(13)




where


   D  max − i   =  U +  −  A i  = { ( z ,  μ  D     max − i     ( z ) ) , z ∈ R } ,  



(14)




where the membership function of Di-min is determined using fuzzy mathematics [9] by


   μ   D  i − min     ( z ) =   sup     z =  x i  −  x j    ( min (  μ   U −    (  x i  ) ,      μ   A i    (  x j  ) ) ,            x i  ,  x j  ∈ R ) .  



(15)







The overall ranking of discrete alternatives across all the attributes can be determined by comparing and ranking the resulting fuzzy utilities, U(Ai), from (5). Based on the ideal solution concept [28], the overall performance of each alternative across all the attributes can be calculated by simultaneously considering the degree of dominance between the fuzzy utility of alternatives, the positive ideal solution, and the negative ideal solution [12,22,28,36,37,38]. This leads to the calculation of an overall performance index value for each alternative Ai (i = 1, 2, …, n) across all the attributes Cj (j = 1, 2, …, m) as:


   P i  =     (  d i −  )  2      (  d i +  )  2  +   (  d i −  )  2    .  



(16)







Based the overall performance index value as shown above, an alternative Ai (i = 1, 2, …, n) is preferred if it has a larger index value [30,37]. This is consistent with the underlying principle of using the ideal solution concept, in which an alternative is preferred if it is closer to the positive ideal solution, while being farther away from the negative ideal solution at the same time [30,31,37]. This further shows that the underlying concept in the developed fuzzy approach is simple and comprehensible.



To better understand the proposed fuzzy approach above for ranking multi-attribute discrete alternatives, a flow diagram describing how the multi-attribute decision making process using the developed fuzzy approach works is depicted in Figure 1 as follows.




4. An Example


Multi-attribute decision making under uncertainty is about selecting or ranking discrete alternatives against multiple, usually conflicting, attributes in specific decision-making situations [6,12]. It is widely used in various practical areas, including project selection [10,26], supplier chain evaluation [7], and supplier selection [16], just to name a few. To demonstrate the applicability of the proposed fuzzy approach for solving multi-attribute decision-making problems under uncertainty, an example of assessing three candidates for promotion in a university department is presented in this section. There are three candidates (A1, A2, and A3) in a university department in the promotion round for consideration. After comprehensive consultation across the department, three attributes were identified, including research and scholarship (C1), teaching and learning (C2), and leadership and community services (C3). The three candidates must be evaluated with respect to these three attributes to determine their overall ranking for promotion in this situation.



The situation described above is a typical problem of multi-attribute decision making under uncertainty. Based on the discussion in Section 3, with respect to the development of the fuzzy approach, linguistic variables defined as in Table 1 can be used for facilitating the making of the pairwise comparison by the decision maker to assess the candidate’s performance and attribute importance in this situation. As a result, a pairwise comparison matrix for the attribute importance can be determined as follows:


  w =      M   L    V H      H   M   H      V L    L   M      .  











Following the definition of these linguistic variables, as defined in Table 1, the pairwise comparison matrix for the attribute importance can be expressed as follows:


  w =         3 ,   5 ,   7         1 ,   3 ,   5         7 ,   9 ,   9           5 ,   7 ,   9         3 ,   5 ,   7         5 ,   7 ,   9           1 ,   1 ,   3         1 ,   1 ,   3         3 ,   5 ,   7         .  











Applying the fuzzy extent analysis to the pairwise comparison matrix above, based on (4), the importance of the attributes with respect to the overall objective of the problem, presented as in (2), can be calculated as follows:


W = ((0.14, 0.29,0.66), (0.08, 0.24, 0.59), (0.24, 0.47, 0.93)).











Following the same pairwise comparison procedure as above, the performance of each candidate with respect to each attribute can be assessed using the linguistic variable defined in Table 1, with their fuzzy number approximations. This leads to the determination of three fuzzy pairwise comparison matrices, as follows:


    C 1  =         3 ,   5 ,   7         5 ,   7 ,   9         7 ,   9 ,   9           1 ,   3 ,   5         3 ,   5 ,   7         5 ,   7 ,   9           1 ,   1 ,   3         1 ,   3 ,   5         3 ,   5 ,   7             C 2  =         3 ,   5 ,   7         1 ,   3 ,   5         1 ,   1 ,   3           5 ,   7 ,   9         3 ,   5 ,   7         5 ,   7 ,   9           7 ,   9 ,   9         1 ,   3 ,   5         3 ,   5 ,   7             C 3  =         3 ,   5 ,   7         1 ,   1 ,   3         5 ,   7 ,   9           7 ,   9 ,   9         3 ,   5 ,   7         5 ,   7 ,   9           1 ,   3 ,   5         1 ,   3 ,   5         3 ,   5 ,   7           











Applying the fuzzy extent analysis on these three pairwise matrices as in (4), the candidate performance with respect to each attribute can be calculated. This leads to the determination of the decision matrix expressed as in (1) for the multi-attribute decision making problem as follows:


  X =         0.08 ,   0.20 ,   0.52         0.14 ,   0.33 ,   0.72         0.24 ,   0.47 ,   0.92           0.24 ,   0.47 ,   0.93         0.08 ,   0.24 ,   0.59         0.14 ,   0.29 ,   0.67           0.17 ,   0.38 ,   0.79         0.08 ,   0.20 ,   0.52         0.21 ,   0.42 ,   0.86          











With the use of the additive utility function as in (5), the overall fuzzy utility of each candidate across all the attributes can be calculated, given as follows:


U(A1) = (0.080, 0.358, 1.633), U(A2) = (0.074, 0.330, 1.585), U(A3) = (0.081, 0.356, 1.628)











Following the proposed fuzzy approach, these fuzzy utilities must be compared to determine the overall ranking of the three candidates for promotion. Using the proposed procedure for ranking these fuzzy utilities, the positive ideal solution and the negative ideal solution can be calculated with respect to (6) to (9) as follows:


U+ = (0.074, 1.633, 1.633), U− = (0.074, 0.074, 1.633)











Based on the positive ideal solution and the negative ideal solution shown above, the degree of dominance of the positive ideal solution on each fuzzy utility and the degree of dominance of each fuzzy utility on the negative ideal solution can be calculated by (10) to (15). Consequently, the overall performance index value for each candidate across all the attributes can be determined by (16). Table 2 shows a summary of the calculation result.



Analysis of Table 2 above shows that the overall ranking of the three candidates is in the form of A1 > A3 > A2. Obviously, candidate A1 is the best choice in this situation, as it has the largest overall performance index value across all the attributes.



To demonstrate the advantages of the proposed fuzzy approach for solving the problem of multi-attribute decision making under uncertainty, a comparable approach based on the combination of the analytic hierarchy process [30] and the simple additive utility method [22,26] was adopted to solve the problem of ranking the three candidates with respect to the three attributes in this situation. This leads to the same ranking of the three candidates with respect to the three attributes in this situation. The use of the proposed fuzzy approach, however, shows several distinct merits for solving the problem of multi-attribute decision making under uncertainty. The proposed fuzzy approach, for example, is cognitively less demanding on the decision making on the subjective assessment in determining the candidate performance and the attribute importance. The adoption of linguistic variables is much easier than the use of crisp ratios for expressing the pairwise comparison assessment of the decision maker. The application of the ideal solution concept together with the degree of dominance in comparing the resultant fuzzy utilities avoided the shortcomings of existing ranking procedures in comparing and ranking fuzzy numbers [35]. Furthermore, the use of triangular fuzzy numbers in approximating linguistic variables makes the process of determining the overall performance of each alternative across all the attributes efficient due to the computation required. This shows that the proposed approach is attractive for solving the problem of multi-attribute decision making under uncertainty due to the advantages above.



With the development of the fuzzy approach for solving the problem of multi=attribute decision making under uncertainty, sensitivity analysis can be carried out by changing the assessments of the decision maker in the pairwise comparison process [12]. Such analysis can help explore the relationship between the overall linking of the discrete alternatives and the subjective assessments of the decision maker in specific situations. This is helpful when the decision maker does not understand the problem well at the beginning and solves the multi-attribute decision making problem under uncertainty. Through exploring the inter- and intra-relationships between the rankings of alternatives and the subjective assessments of the decision maker on alternative performance and attribute importance, the decision maker can learn to understand themselves and the problem. This can lead to better decisions being made in real situations.




5. Conclusions


Comparing and ranking discrete alternatives with respect to multiple, usually conflicting, attributes under uncertainty is often complex and challenging in real-world settings [6,22]. Existing approaches for adequately addressing such problems are not totally satisfactory in the literature. In this paper, a fuzzy approach is presented to effectively solve the problem of multi-attribute decision making under uncertainty. To reduce the cognitive demand on the decision maker in the decision-making process, the technique of pairwise comparison [6,30] was adopted to evaluate the alternative performance and attribute importance in a given situation. To facilitate the making of subjective assessments by the decision maker, linguistic variables approximated by fuzzy numbers were used to express the subjective assessment [6,12]. To avoid the complex and often unreliable process of comparing and ranking fuzzy utilities [33], a novel ranking procedure was developed based on the concept of ideal solutions [6] and the degree of dominance [27]. As a result, effective decisions can be made when comparing and ranking discrete alternatives against multiple, often conflicting, attributes under uncertainty. The applicability of the proposed fuzzy approach for solving the problem of multi-attribute decision making under uncertainty was demonstrated through the presentation of an example in the real-world setting.



There are several limitations in the development of this fuzzy approach for solving multi-attribute decision making problems under uncertainty in this study. The proposed fuzzy approach, for example, has not considered a decision-making situation in which multiple decision makers are present [7,14,36,38]. The uncertainty in terms of subjectiveness and imprecision in multi-attribute decision making can also be tackled using other types of fuzzy numbers, including the hesitant fuzzy numbers [2,15,18,39]. Furthermore, more real-world applications need to be identified to better show the applicability of the fuzzy approach in solving the general multi-attribute decision making problem under uncertainty [12]. All these limitations can be handled in future research in this area.







Author Contributions


L.L. was responsible for reviewing the relevant literature and carrying out the relevant calculation. She was also involved in writing up the draft. H.D. was responsible for the development of the fuzzy approach for multi-attribute decision making under uncertainty. He has revised the final draft before submission. All authors have read and agreed to the published version of the manuscript.




Funding


This research received no external funding.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Deng, H. Multicriteria analysis for benchmarking sustainability development. Benchmarking 2015, 22, 791–807. [Google Scholar] [CrossRef]

	



Li, Z.; Wei, G.; Gao, H. Methods for multiple attribute decision making with interval-valued pythagorean fuzzy information. Mathematics 2018, 6, 228. [Google Scholar] [CrossRef]

	



Wibowo, S.; Deng, H. A fuzzy rule-based approach for screening international distribution centres. Comput. Math. Appl. 2012, 64, 1084–1092. [Google Scholar] [CrossRef]

	



Deng, H.; Duan, S.X.; Jie, D.; Fu, J. An efficiency-based approach for selecting electronic markets in sustainable electronic business: A SME’s perspective. Sustainability 2019, 11, 1858. [Google Scholar] [CrossRef]

	



Qian, M.; Wang, Y.; Xu, W.; Deng, H. An improved TOPSIS approach for the competitiveness analysis of provincial information resource industries in China. Expert Syst. 2019, 36, e12407. [Google Scholar] [CrossRef]

	



Deng, H. Multicriteria analysis with fuzzy pairwise comparison. Int. J. Approx. Reason. 1999, 21, 215–231. [Google Scholar] [CrossRef]

	



Deng, H.; Luo, F.; Wibowo, S. Multi-criteria group decision making for green supply chain management under uncertainty. Sustainability 2018, 10, 3150. [Google Scholar] [CrossRef]

	



Deng, H.; Yeh, C.H. Simulation-based evaluation of defuzzification-based approaches to fuzzy multiattribute decision making. IEEE Trans. Syst. Man Cybern. 2006, 36, 968–977. [Google Scholar] [CrossRef]

	



He, X.; Deng, H. An area-based approach to ranking fuzzy numbers in fuzzy decision making. J. Comput. Inf. Syst. 2011, 7, 3333–3342. [Google Scholar]

	



Zou, A.; Duan, S.; Deng, H. Multi-criteria decision making for evaluating and selecting information systems projects: A sustainability perspective. Sustainability 2019, 11, 347. [Google Scholar] [CrossRef]

	



Yeh, C.H.; Deng, H.; Wibowo, S.; Xu, Y. Fuzzy multicriteria decision support for information systems project selection. Int. J. Fuzzy Syst. 2010, 12, 170–174. [Google Scholar]

	



Chen, S.J.; Hwang, C.L. Fuzzy Multiple Atribute Decision Making; Springer: New York, NY, USA, 1992. [Google Scholar]

	



Deng, H. Developments in fuzzy multicriteria analysis. Fuzzy Inf. Eng. 2009, 1, 109–115. [Google Scholar] [CrossRef]

	



Wibowo, S.; Deng, H. Consensus-based decision support for multicriteria group decision making. Comput. Ind. Eng. 2013, 66, 625–633. [Google Scholar] [CrossRef]

	



Chen, H.; Xu, G.; Yang, P. Multi-attribute decision-making approach based on dual hesitant fuzzy information measures and their applications. Mathematics 2019, 7, 786. [Google Scholar] [CrossRef]

	



Wang, C.N.; Yang, C.Y.; Cheng, H.C. Fuzzy multi-criteria decision-making model for supplier evaluation and selection in a wind power plant project. Mathematics 2019, 7, 417. [Google Scholar] [CrossRef]

	



Yeh, C.H.; Deng, H.; Chang, Y.H. Fuzzy multicriteria analysis for performance evaluation of bus companies. Eur. J. Oper. Res. 2000, 126, 1–15. [Google Scholar] [CrossRef]

	



Wang, Z. A representable uninorm based intuitionistic fuzzy analytic hierarchy process. IEEE Trans. Fuzzy Syst. 2019, 40, 1–15. [Google Scholar] [CrossRef]

	



Bellman, R.E.; Zadeh, L.A. Decision making in a fuzzy environment. Manag. Sci. 1970, 17, 141–164. [Google Scholar] [CrossRef]

	



Zadeh, L.A. Fuzzy sets. Inf. Control 1965, 8, 338–353. [Google Scholar] [CrossRef]

	



Wibowo, S.; Deng, H. Multi-criteria group decision making for evaluating the performance of e-waste recycling programs under uncertainty. Waste Manag. 2015, 40, 127–135. [Google Scholar] [CrossRef]

	



Hwang, C.L.; Yoon, K. Multiple Attribute Decision Making—Methods and Applications: A State-of-the-Art Survey; Springer: New York, NY, USA, 1981. [Google Scholar]

	



Tan, C.; Deng, H.; Cao, Y. A multi-criteria group decision making procedure using interval-valued intuitionistic fuzzy sets. J. Comput. Inf. Syst. 2011, 6, 855–863. [Google Scholar]

	



Khan, M.J.; Kumam, P.; Deebani, W.; Kumam, W.; Shah, Z. Distance and similarity measures for spherical fuzzy sets and their applications in selecting mega projects. Mathematics 2020, 8, 519. [Google Scholar] [CrossRef]

	



Chang, D.Y. Applications of the extent analysis method on fuzzy AHP. Eur. J. Oper. Res. 1996, 95, 649–655. [Google Scholar] [CrossRef]

	



Fishburn, P.C. Utility Theory for Decision Making; Wiley: New York, NY, USA, 1964. [Google Scholar]

	



Deng, H. Comparing and ranking fuzzy numbers using ideal Solutions. Appl. Math. Model. 2014, 58, 1638–1646. [Google Scholar] [CrossRef]

	



Deng, H.; Wibowo, S. Intelligent decision support for evaluating and selecting information systems projects. Eng. Lett. 2008, 16, 412–418. [Google Scholar]

	



Yeh, C.H.; Deng, H. A practical approach to fuzzy utilities comparison in fuzzy multicriteria analysis. Int. J. Approx. Reason. 2004, 35, 179–194. [Google Scholar] [CrossRef]

	



Saaty, T.L. Decision Making for Leaders; RWS Publications: New York, NY, USA, 1995. [Google Scholar]

	



Moslem, S.; Ghorbanzadeh, O.; Blaschke, T.; Duleba, S. Analysing stakeholder consensus for a sustainable transport development decision by the fuzzy AHP and Interval AHP. Sustainability 2019, 11, 3271. [Google Scholar] [CrossRef]

	



Wibowo, S.; Deng, H.; Xu, W. A fuzzy approach to evaluating the performance of cloud services. J. Algorithms 2016, 9, 1–11. [Google Scholar]

	



Bortolan, G.; Degani, P. A review of some methods for ranking fuzzy subsets. Fuzzy Sets Syst. 1985, 15, 1–19. [Google Scholar] [CrossRef]

	



Deng, H. A discriminative analysis of approaches to ranking fuzzy numbers in fuzzy decision making. In Proceedings of the 4th IEEE International Conference on Fuzzy Systems and Knowledge Discovery, Haikou, China, 24–27 August 2007. [Google Scholar]

	



Deng, H.; Yeh, C.H.; Willis, R.J. Inter-company comparison using modified TOPSIS with objective weights. Comput. Oper. Res. 2000, 27, 963–973. [Google Scholar] [CrossRef]

	



Kahraman, C.; Onar, S.C.; Oztaysi, B. Fuzzy multicriteria decision making: A literature review. Int. J. Comput. Intell. 2015, 8, 637–666. [Google Scholar] [CrossRef]

	



Duan, S.; Deng, H.; Luo, F. An integrated approach for identifying the efficiency-oriented drivers of electronic markets in electronic business. J. Enterp. Inf. Manag. 2019, 32, 60–74. [Google Scholar] [CrossRef]

	



Wibowo, S.; Deng, H. Intelligent decision support for effectively evaluating and selecting ships under uncertainty in marine transportation. Expert Syst. Appl. 2012, 39, 6911–6920. [Google Scholar] [CrossRef]

	



Wang, H.; Pan, X.; Yan, J.; Yao, J.; He, S. A projection-based regret theory method for multi-attribute decision making under interval type-2 fuzzy sets environment. Inf. Sci. 2020, 512, 108–122. [Google Scholar] [CrossRef]








[image: Mathematics 08 00945 g001 550] 





Figure 1. The flow chart for the proposed fuzzy approach. 
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Table 1. Linguistic variables and their fuzzy number approximations.
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	Linguistic Variables
	Fuzzy Numbers





	Very Low (VL)
	(1, 1, 3)



	Low (L)
	(1, 3, 5)



	Medium (M)
	(3, 5, 7)



	High (H)
	(5, 7. 9)



	Very High (VH)
	(7, 9, 9)
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Table 2. An overview of the ranking of the candidates.
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	Candidates
	     d i +     
	     d i −     
	     P i      





	A1
	0.423
	0.097
	0.050



	A2
	0.450
	0.069
	0.023



	A3
	0.425
	0.094
	0.047
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