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1. Introduction

In the 20th century, the extremely fast development of science led to applications in the fields of
biology, population, chemistry, medicine dynamics, social sciences, genetic engineering, economics, and
others. Many of these phenomena are modeled by delay differential equations. All these disciplines were
promoted to a higher level and discoveries were made with the help of this kind of mathematical modeling.

The neutral differential equations are the differential equations in which the delayed argument occurs
in the highest derivative of the state variable. The neutral equations appear in the modeling of the networks
containing lossless transmission lines (as in high-speed computers where the lossless transmission lines
are used to interconnect switching circuits); see [1].

Recently, an increasing interest in establishing conditions for the oscillatory behavior of different
order of differential equations has been observed; see [2-9].

It is known that determination of the signs of the derivatives of the solution is necessary and causes
a significant effect before studying the oscillation of delay differential equations. The other essential
thing is to establish relationships between derivatives of different orders, which may lead to additional
restrictions during the study. In odd-order differential equations, in some cases, it is difficult to find
relationships between derivatives of different orders, which in turn is central to the study of oscillatory
behavior. Therefore, it can very easily be observed that differential equations of odd-order received less
attention than differential equations with even-order. Additionally, most studies are concerned with
finding sufficient conditions that guarantee that every non-oscillating solution tends to zero; see [4,10-20].

In this paper, in Section 2, we offer some auxiliary lemmas that define the different cases of signs of
derivatives and the relationships between derivatives of different orders. In Section 3, we establish a set of
new criteria that ensure that there are no non-oscillating solutions in each case of derivatives separately.
In Section 4, we establish new criteria for the oscillation of all solutions of the studied equation. Finally,
in conclusion, we discuss the results and compare them to the related works.
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In detail, we investigate the oscillatory properties of solutions to the odd-order neutral equation

(=)'
(r) (O +pOxEEN" ™)) +a(0 f(x(2(1)) =0, )
where 7 is an odd natural number. Moreover, we suppose that
Hypothesis 1 (H1). a is the ratio of odd positive integers, r € C! (I, RT), p € C (Io, [0, po]) , where py is a
positive constant, T, ¢ € C' (Ip,R),q € C(Iy,[0,00)), 7' (t) >0, g (t) < t, lim} 0 (t) = 00, lim; 00 T (£) =
0, f:}o r~ 1% (0)dp = oo, q is not eventually zero on any half line L. for t. > to, and I := [ts, 00) .
Hypothesis 2 (H2). f € C (R, R) and there exists a positive constant k such that f (x) > kx*.

Next, we present the basic definitions.

Definition 1. The function z (t) := x (t) + p (t) x (T (¢)) is called the corresponding function of x, and

t
P, = [ 7V (e)do
s
is called the canonical operator.

h

derivative for all t € I. The function x is called a solution of the differential equation (Equation (1)) on I if x is

Definition 2. Let x be a real-valued function defined for all t in a real interval I, ty > to, and having a n*

o
continuous; r (z(”’n) is continuously differentiable and x satisfies (1), for all t in L.

Definition 3. A nontrivial solution x of (1) is said to be oscillatory if it has arbitrary large zeros; that is, there
exists a sequence of zeros {t,};,_o (i.e., x (ty) = 0) of x such that lim,_,e t, = co. Otherwise, it is said to be
non-oscillatory.

Notation 1. The set of all eventually positive solutions of (1) is denoted by X .

We restrict our discussion to those solutions x of (1) which satisfy sup {|x ()| : t1 < fo} > 0 for every
t; € Ir. All functional inequalities and properties, such as increasing, decreasing, positive, and so on,
are assumed to hold eventually; that is, they are satisfied for all ¢ large enough.

2. Preliminary Results

During this part of the paper, we provide auxiliary lemmas. These lemmas will be the cornerstone of
the main results.

Notation 2. For the sake of convenience, we use the following notation:

A n=2 4\ of (¢
10= Gl gy rl/("‘)(f)( !
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Py ( /47 o,t)do, WPri1 (s, t) /¢k ot)do, k=1,2,..,n—2,
and

1 for0<a<1;
P e fora > 1.

Lemma 1. ([21], Lemma 1, Lemma 2) Assume that u, v € [0,00). Then,
(u+0)* <pu@u*+o").

Lemma 2. [22] Let F € C" ([to, ), (0,00)) . Assume that F(") (t) is of fixed sign and not identically zero on I
and that there exists a t; > to such that F"=1 (£) F0) (¢) < 0 forall t > ty. If lim;_e F () # O; then for every
A € (0,1) there exists t, > ty such that

A

R

1 ‘F(’H) (t)’ fort >t

The following lemma is a well-known result; see ([20], Lemma 2.4, Lemma 2.5); also
see ([22], Lemma 2.2.1).

Lemma 3. Suppose that x € X*. Then, there exists a sufficiently large t1 > to such that, forall t > t,
z(£) >0, 2" () >0, 2"V (£) > 0and 2" () < 0.

Furthermore, there are only two cases:
P:Z'(t) >0,
or
. (_1\k (k) _ _
N: (-1)"z"(t) >0, fork=1,2,..,n—2.
Lemma 4. Suppose that x € X" and z satisfies N. Then

z(p) = 1'% (0) 2"V (@) Yu2 (p,0) &)

forp < 0.

Proof. It follows from the monotonicity of (z(" 1)) (t) that

—21=2 (o) > 2172 () — 2(2) (p) = /U 1 /2 (5) 2D (s) ds

> (@) 2"V (0) ¢ (p,0) - ®)

Integrating (3) from p to o, we have
a

—z20172) () 4+ 2172 (p) > PV () 2" D) (tT)/p ¢ (s,0)ds

and so

20173 (0) > 1% () 27V (@) 9y (o, 0) . @
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Integrating (4) n — 3 times from p to o, we get

2(p) = % (02" (o) 2 (p, ).

The proof is complete. [

Lemma 5. Suppose that x € X and z satisfies P. If py < 1, g is non-decreasing and

- Z(n—l) (t) a
w(t).-é(t)r(t)(z(g(t))> , ®)
then 5
w' (1) < 5 ((:))w (1) =38 (t)O () —ad (t) n (1) W T/* (1), (6)

where 5 € C! (Iy, (0,00)).

Proof. Assume that x € X"and z satisfies P. Then, there exists a t; > t such that x (t) > 0, x (7 (t)) > 0
and x(g(t)) > Ofort € I;. Since z(t) > x(t) and 2’ () > 0, it follows from the Definition 1 that
x(£) > (1 —p(t))z(t). Thus, (1) becomes

(r (8) (2" (1)) t) f(x(g(£))) < —kq (£) x* (g ()
)

—4( ) x
—kq (£) (1= p (g (1)" =" (g (1)) )

Using Lemma 2 with F = z/, we obtain for every A € (0,1),

IA I

(n—2)12' (£) > A" 220D (p)
which with the fact that z(") <0 gives

2 (8(1) 2 G igs 202V (3(0) 2 5 gms F 0 (), ®

Hence, from (5), (7) and (8), we get

w(t) = o (t)w(t)+5(t) <r <Z(H)) ) " —5(t) (r (Z(H)) )<t) ’

o (t) z¢ (g (1)) 2+ (g (1)) az' (g (1) g (t)
o (t) aA ne , Z(nfl) (i’) a+1
< J(t)w(t)—é(t)e)(t) ) Hrt)g" 2 (g (1) ( AC10) )
< Sww-swem -w @y ()
The proof is complete. [
Lemma 6. Suppose that x € X*. If
() >1 >0, )

then

o /

(0D @+ B (r (0)") (r ) +kQ(0) = (30 <. (10)

0
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Moreover, if (9) holds and
!/
(571 ) =8 >0, an
then

(810 (1’ (Z(”—l))a) (g—1 (t)) + gzi) (1’ (z(ﬂ—l))a) (g—l (T (ﬂ)))l + ;IEQZ () 2 (t) <0. (12)

Proof. Let x € X ™. Then, there exists a t; > tg such that x (t) > 0, x (7 (t)) > 0and x (g (¢)) > Ofort € L.
From (1), we get
1 aN /!
- (n—1) "
(1) (’ (Z ) ) (T(8) +kq (T (£) x* (g (T (£))) <0, (13)

Combining (1) and (13) and taking into account that v’ () > 7, we obtain

(r(z0= D)) () + Zg (r(2)") (x () +ka (02 (5. (1) +kpfa (x () x* (3 (x (1)) <0 (14)

This implies that
(9 04 B (r (20) ) (000 401 () (= (g (1) + b (5 (£ () <0,

T

Using Lemma 1, we obtain

(<r<z<“>>“> (H)+ pg (r(z" 1)) @ <t>>) + ;le () ((x (g (1) + pox (g (T (D))" < 0.

From the definition of z, it is easy to conclude that

(i 0+ 28 (r (2 0) ) e )+ E@i 02 g ) <0

0

Next, from (1), we get

(g_ll(t))/ (1” (Z(nfl))uc)’ (g,1 (t)) +kg (gfl (t)) ~ () <0 (15)
and
M (r ()Y (s (r0) +ka (57 (r (1) = (x (1) <. (16)

Using (15) and (16) and taking into account (9) and (11), we obtain
S () (s w) + g’o’go (r () (57 e ) +ka (57 () = 1
+kq (g7 (x (1)) ¥ (z (1) <. (17)

By replacing (14) with (17), this part of proof is similar to that of the previous case and so we
omitit. [J
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3. Nonexistence Criteria of Non-Oscillatory Solutions

At the beginning of this section, we define the following classes:

Notation 3. The set of all positive solutions of (1) whose corresponding function z satisfies P or N is denoted by
X3 or X3, respectively.

Now, we create various criteria that ensure that there are no positive solutions of (1) whose
corresponding function satisfies P.

Theorem 1. If
(18)

then X, is an empty class.

Proof. Assume the contrary that x € X},. Then, there exists a t; > t; such that x (£) > 0, x (7 (t)) > 0 and
x (g (t)) > 0fort € I;. Using Lemma 5 with ¢ (f) := 1, we arrive at

w' (t) < =0 (t) —an (1) V% (t) < 0.

By integrating the last inequality from ¢ to co, we find

w(®) 261 +a [ 1(@)w 1 (o)de. (19)
This implies that
0lf) 514 & /wv(e) '/ (o) (Zf@)mm do. (20)
10 O (t) Ji O (o)

From (19), we note that w () > © (t). Thus, we have

B = infg((? > 1. 1)

Taking into account (18) and (21), (20) becomes

~—

or

1+1/a
p oo 1, o« (P ,
a+1 " a+1 a+1\a+1

which contradicts the expected value of B > 1 and « > 0; therefore, the proof is complete. [

Now, let {Sy (t)}5_, be a sequence of continuous functions defined as follows: Sy (t) = © (t) and

Sin (£) = So (1) + zx/tm 7 (0) SV (0)do, m = 0,1, .. (22)

By using the definition of {S (t)},,_,, we can infer more new criteria as follows:
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Theorem 2. If
¢ (0)©(0)dg = oo, (23)

to

then X3 is an empty class, where

¢ (t) :== exp (/tf ar (0) S3/* (o) de) :

Proof. Assume the contrary that x € X},. Then, there exists a t; > t( such that x (£) > 0, x (7 (t)) > 0 and
x (g (t)) > 0for t € I. From Theorem 1, we have that (19) holds. By induction, using (19), it is easy to
see that the sequence {S,, (t)};,_, is non-decreasing and w (t) > S, (t). Thus the sequence {S; (£)};_,
converges to S (t). By the Lebesgue monotone convergence theorem and letting m — oo in (22), we get

S() =So(t)+a [ 1(0) ST (o) do

which with S (t) > S, (t), gives

S'(H) = —O()—ayn(e)s* (o)
< —O(t) —an(0)S(0)Si/* (o),
and so
S () + (w1 () S3/* (@) S (o) < O (1).
Thus, we get that
9(H)S" () +9(t) (rxn (€) Su/* (e)) S(e) = —¢ (1O ()

(9(H)S(1) < —@(HO(t). (24)

Integrating (24) from t;to t, we obtain

(S <9t)S() ~ [ 90O (0)de

ty

However, letting f — oo and using (23), the above inequality yields ¢ () S (f) — —oco, which
contradicts the fact that ¢ (f) S (¢) is nonnegative. The proof is complete. [

Theorem 3. If there exist some A € (0,1) and Sy, (t) such that

: L a(n—1) ((n_l)!>lx
hrtxls;lpr (t)g (t) Sm (t) > , (25)

then X\ is an empty class.
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Proof. Assume the contrary that x € X};. Using Lemma 2 and taking into account the fact that 2= (1)
is non-increasing, we find

2(g(t) > (fl)g (120D (g (1)

> A 0,

for A € (0,1). Then, from definition of w (¢) with § (t) = 1, we have
11 (2@ L 1 (A
w(t) r(t)\z-D@)) “r)\ (n-1!) "’

(n—1)N*" 1 e 1 am—
( 5 ) ng( 1)(t)w(f)ng( 1)(t)5m(t)/

which contradicts (25). The proof is complete. [

and so

Corollary 1. If there exist some A € (0,1) such that

limsup—— (5" (t))“/tw@(g) do > <(” ;1)!>“, 26)

t—oo T (t)

then X3 is an empty class.

Proof. Letting m = 0 in Theorem 3, we get (26). O

Next, by using comparison principles, we will create various criteria that ensure that there are no
positive solutions of (1) whose corresponding function satisfies N.

Theorem 4. If the first-order advanced inequality

kTO
T + Py

G (1) + QY2 (g(H),HG (v (1) <0, 27)

then X3, is an empty class.

Proof. Assume the contrary that x € Xt and z satisfy N. Then, there exists a t; > ty such that x (t) >0,
x(t(t)) >0and x(g(t)) > 0fort € I;. From Lemmas 4 and 6, we arrive at (2) and (10), respectively.
Now from (2), we get

z2(g(0) = (1) 2"V (1) a2 (g (1) 1) (28)
which, by virtue of (10) yields that

/

0= () 0+ 2 (1 (0 0) ) (e ) ke (07 () (200 Ona g 0,0) " @)

0

Now, set .
G(1) = (D)) () + 20
T

(v (z<"*1>)”‘) (z (1)) > 0. (30)



Mathematics 2020, 8, 937 9of 15

Using the fact that r (t) (z"~1) (t)) is non-increasing, we obtain

G(t) <r(t(t)) (z(nfl) (t (f)))a <1 + P%>

T

or equivalently,

n— o T —
PO EY ) > - jpgc(T ). (31)

Using (31) in (29), we see that G is a positive solution of the inequality

Q04 (30,06 (1 () <0

G (t)+
®) T + Py

This a contradiction, and thus the proof is complete. [
Theorem 5. If there exists a function ¢ (t) € C (Ip, (0,00)) satisfying
gty <o), (1) <t (32)

and the first-order delay equation

k T0

G (¢
”+m+%

Qi) 2 (2(1),0(1) G (v (#(1)) =0 (33)
is oscillatory, then X3, is an empty class.

Proof. Assume the contrary that x € Xt and z satisfy N. Then, there exists a t; > ty such that x (t) > 0,
x(t(t)) > 0and x(g(t)) > O fort € I;. From Lemma 4 and Lemma 6, we arrive at (2) and (10),
respectively. Now from (2), we get

z(g(t) =/ (0 (1) 2"V (9 (1)) pu2 (g (1), B (1)) (34)

By replacing (28) with (34) and proceeding as in proof of Theorem 4, we arrive at G (defined as in (30))
which is a positive solution of the inequality

k”L’O
T+ Pg

G' (1) + Qi) 2 (2(1),0(1)G (v (1)) 0.

In view of ([23], Theorem 1), we have that (33) also has a positive solution, a contradiction. Thus, the
proof is complete. [J

Corollary 2. If there exists a function ¢ (t) € C (Ip, (0, 00)) satisfying (32) and

t T()‘I'Pg

lim inf Q1 () Yn_2(g(t),8(t))de >

t=oo Jr-1(8(t) ekty ’ (35)

then X3, is an empty class.

Proof. By using Theorem 2 in [15], conditions (35) imply that (33) is oscillatory. O
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Theorem 6. Assume that f (x (g (t))) := x* (t) and p (t) < R (t). If there exists a function § € C* (I, (0,00))
satisfying

0 () >0, 0(t)>t, T (9”—1 (t)) <t (36)
and the first-order delay equation
W' () + Bya () w (r (9"71 (t))) =0 (37)
is oscillatory, then Xj; is an empty class, where 0™~ (t) := 6 (6" 2(t)), 0° (t) := 6 (t),
1 [} 1/« 00
Ro)i= (5 [ M @), Ru()= [ Rus (@)de
r(t) Ji Jt

R(t) := exp <— /rt(t) Ry—2(0) dQ) ’
1
t

m)= (i [ 00 (R0 - @) ae) i 5= [ 10100

form=1,2,..,.n—2.

Proof. Assume the contrary that x € Xt and z satisfy N. Then, there exists a t; > ty such that x (f) > 0,
x (Tt (t)) > 0and x (g (t)) > 0 for t € I;. Tt is easy to notice that limy 0o z/) = 0 for j = 1,2,...,n — 2 and

lim¢ o0 7 (t) (z("’l) (t))a = 0. Hence, by integrating (1) from f to co, we obtain

o

) (20 0) = [Ta@x @de< [ ki) (o) de

< 20 [ kde

and hence

0 1/a
Z(n=1) (t) < z(t) (1’(10 /t kg (o) dg) =z(t)Ro ().

Integrating the last inequality n — 2 times from ¢ to oo, we obtain

—Z () <z(H Ru2 (H).

Thus, we get

for u < v. From the definition of z, we have

x(t) >z () —p(t)z (T (1)

Y
/N
A
—~
—
~
\
S
—~
=
~——
N
—~
,-‘(
—~
=

which with (1) yields
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Integrating the last inequality from f to 0 (f), we arrive at

1/a

00 2 (s [0 (R -p@) = (o) o)
= (v (01)) By (1)

Integrating the last inequality n — 2 times from f to 6 (¢), we get

v

2 (1) +z (T (0" (1)) Baa(t) <.

If we set

w () = /tmz (v (6 (®)) Bua(t) >0,

then w is a positive solution of the inequality w’ (t) + By—2 (t) w (t (0”71 (#))) < 0. In view of ([23],
Theorem 1), we have that (37) also has a positive solution, a contradiction. The proof is complete. O

Corollary 3. Assume that f (x (g (t))) := x* (t) and p (t) < R (t). If there exists a function 8 € C' (I, (0,0))
satisfying (36) and

.. f 1
h{gglf (0 1(1) By—2(0)do > o (38)

then X, is an empty class, where the functions R, 0" and B,,_, are defined as in Theorem 6.

Proof. By using Theorem 2 in [15], condition (38) implies that (37) is oscillatory. [

4. Asymptotic and Oscillatory Properties
Theorem 7. Each non-oscillatory solution of (1) tends to zero if
1i /Q < 1 /oo ( )d >1/‘X (39)
m — =00
o Ji \ 7 o J; qi¢)dae

and one of the conditions (18) or (26) is fulfilled.

Proof. Let x be a non-oscillatory solution of (1). Without loss of generality, we assume that x € X.
From Lemma 3, we have only two cases for z. Each of the conditions (18) or (26) contradicts that z fulfills P.
Now, we suppose that z satisfies N. Since z (t) > 0 and z’ (t) < 0, we get thatz — c as t — oo, where ¢ > 0.
Suppose that ¢ > 0. Then, for every € > 0, there existsa T > fg such thatc < z(t) < c+eforallt > T.
By sete < (1 —p) (c/p), we get that

x(t) = z(t) = p(H)x(t(t)) > c = pz(t(t))
> M(c+e) > Mz(t),

where M = (c — p(c+¢€)) / (c +€) > 0. Thus, integrating from ¢ to co, we have

r(1) (=00 (1)

Y

k[ a5 (g o) de>kn [ q(e)2" (g(e))de

kM*z"* (t) /t q(¢)de > kM"c" /t q(e)de

v
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or
1/«

27D (1) > kMY Me <1t) /tooq (0) dQ>

r

By integrating from ¢ to ¢, we find

1/«

2012 (1) < 202 (o) — K M /tQ (r(lt) /tmq (0) dg)

Taking the limit of both sides as t — co and using (39), we get that z("=2) (t) — —co as t — co. But,
z"~2 is a negative increasing function, this a contradiction. Therefore, lim;_, z(t) = 0, which implies that
lim;_e0 x(t) = 0. The proof is complete. [

In the following, based on the fact that there are only two cases for the corresponding function z,
we infer new criteria for oscillation of all solutions of the Equation (1). In each of the following theorems,
we refer to two conditions through which it is possible to exclude the existence of solutions in X or X3
Thus, we rule out the existence of non-oscillatory solutions.

Theorem 8. Assume that (18) or (26) holds. If there exists a function ¥ () € C (Iy, (0, 00)) satisfying (32) and the
first-order delay Equation (33) is oscillatory, then every solution of (1) is oscillatory.

Theorem 9. Assume that f (x (g (t))) := x*(t), p(t) < R(t) and (18) hold. If there exists a function 6 €
C! (Iy, (0,00)) satisfying (36) and the first-order delay Equation (37) is oscillatory, then every solution of (1) is
oscillatory, where the functions R, 8"~ and B,,_, are defined as in Theorem 6.

Corollary 4. Assume that (18) or (26) holds. If there exists a function 0 (t) € C (Ip, (0,00)) satisfying (32)
and (35), then every solution of (1) is oscillatory.

Corollary 5. Assume that f (x (g (t))) := x* (t), p (t) < R (t) and (18) (or (26)) hold. If there exists a function
6 € C! (Iy, (0,00)) satisfying (36) and (38), then every solution of (1) is oscillatory, where the functions R, 6"~
and B,,_, are defined as in Theorem 6.

Example 1. Consider the third-order neutral differential equation

(et + pox (h)")") + 282 (g01) = 0, (40)

where po, To, g0 € (0,1) and go > 0. From (40), we note that n = 3, p (t) := po, T (t) := Tot, q (t) := qo/t>**1,
g (t) := got and r () = 1. It is easy to verify that

1
1O =g ) =m-p0) g, Qi(1) = g0/,

Pl = (1=5), P1(s,t) =5 (= 1)

and

1 1
Q(t) = 2510 (1—po)* roh
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Thus, the condition (18) becomes:

1 o a+1
1—po)* > — ( —— .
q0 (1 —po) >g§"‘ <1+“>
The condition (26) simplifies to
a0+l
1—po)" > ——-.
q0 (1 —po) Regl

By choosing O (t) := (g0 + 10) (t/2), where go < 1, the condition (35) extends to

20 2TO 204110 + Pg
T0 — In——— >2 _
q0 (T0 — 80) p——— py

Using Corollary 4, Equation (40) is oscillatory if

1 2“ lX+1 2206-’1—1 T + 14 2T -1
go > max { —_ m (1 ) / (o pga) (ln 0 ) (41)
80 (1—po) +a ety (o — Qo) g0+ T

e Eoegy (, o )
’ n .
g%“ (1 — PO)D‘ ety (TO — gO)Za 20+

or

qo > max{

Next, ifwe set g (t) :=t,0 (t) := yt, v > Land py < T4\, then the condition (38) becomes

-3
Ve (a_ ) (r=1 1 1
9o (To P0> (2m) 1/ In (72T0 -

where A = (qo /Za)l/“. When go = 1, by using Corollary 5, Equation (40) is oscillatory if

1 20\ 20 (y—1)*
> T , x Z 42
o max{(l—m) (i%%) e (& — po)* (in1/72) 2

go > max w2t 20 (y = 1)3a .
(1—po)" e (i — po)'x (In1/927)"

or

5. Conclusions

When studying the oscillatory behavior of solutions of differential equations with odd-order, it is
customary to find conditions that ensure solutions are either oscillatory or tend to zero. Dzurina et al. [5]
and Vidhyaa et al. [24] established criteria for the oscillation of all solutions of a third-order linear and
half-linear neutral differential equation, respectively. As an extension and also an improvement of these
results, we obtained new oscillation criteria for the odd-order non-linear neutral Equation (1).

If we consider the third order differential equation

1 1 " qo . 1 _
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From Example 1 in [5], Equation (43) is oscillatory if g9 > 120. However, by using our criterion (41),
we get that (43) is oscillatory if g9 > 111.11. Moreover, we consider the equation

(x () + %x (;))m + %x“ () = 0. (44)

From Example 3 in [24], by choosing 8 = 4/3 Equation (44) is oscillatory if g9 > 4. However, if we
choose v = 4/3, then our criterion (42) becomes gy > 2, and hence (44) is oscillatory. Thus, our results
improve the results in [5,24]. In the future, we can try to study the advanced odd-order differential
equations by the same approach.
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