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1. Introduction

Neggers and Kim [1] introduced the notion of a B-algebra, and investigated several properties.
They established the fundamental homomorphism theorem of B-algebras in [2]. Jun et al. [3] defined
the notion of fuzzy B-algebra. Kim et al. [4] constructed a quotient B-algebra by using a fuzzy normal
B-algebra. Cho and Kim [1,5] discussed B-algebras related to quasigroups.

Fuzzy sets, which were introduced by Zadeh [6] introduced the notion of a fuzzy set, and as an
extension of fuzzy set, Zhang [7] introduced the notion of bipolar fuzzy sets. Bipolar fuzzy information
was applied to many (algebraic) structures, e.g., I'-semihypergroups (see [8]) and (ordered) semigroups
(see [9-12]).

Chen et al. [13] introduced an m-polar fuzzy set which is an extension of bipolar fuzzy set. It has
been applied to decision making problem (see [14]) and graph theory (see [15]). Takallo et al. [16]
introduced the notion of multipolar fuzzy p-ideals of BCI-algebras, and discussed on several kinds of
fuzzy p-ideals. Al-Masarwah and Ahmad [17] introduced the notion of m-polar («, B)-fuzzy ideals
in BCK/BClI-algebras which is a generalization of fuzzy ideals discussed on BCK/BCI-algebras.
Kang et al. [18] studied on k-polar intuitionistic fuzzy subalgebras and a (closed) k-polar intuitionistic
fuzzy ideal in BCK/BCl-algebras.

In this paper, we introduce the notion of an m-polar fuzzy (normal) subalgebra in B-algebras,
and we characterize m-polar fuzzy (normal) subalgebras of B-algebras. The concept of an m-polar
intuitionistic fuzzy (normal) subalgebra in a B-algebra will be discussed. Given a m-polar fuzzy set,
we construct a simple m-polar fuzzy set and obtain some properties on m-polar intuitionistic fuzzy
subalgebras of B-algebras.
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2. Preliminaries

A non-empty set U with a constant 0 is said to be a B-algebra [1] if there exists a binary operation
“x” such that

(Bl) xxx =0,
(B2) xx0=ux,
(B) (xxy)xz=xx(z*x(0x*y))

for any x,y,z in U. We define a binary relation “ <" on U by x < y if and only if x x y = 0.

Proposition 1 ([1,5]). If (U, *,0) is a B-algebra, then
(i) xxy=x=*zimpliesy =z,

(i) ifxxy=0,thenx=y,

(iii) ifOxx=0xy, thenx =y,

(iv) 0% (0xx)=x,

W) xx(y#z) = (x%(0%2))xy

forall x,y,z € U.

Let U be a B-algebra. A non-empty subset S of U is said to be a subalgebra of U if x xy € S
for any x,y € S. A non-empty subset N of U is said to be a normal if (x xa) = (y*b) € N for any
x*y,a%b € N. Itis known that any normal subset N of a B-algebra U is a subalgebra of U, but the
converse need not be true in general [2].

By an m-polar fuzzy set on a set U (see [13]), we mean a function 2 : U — [0,1]". The membership
value of every element x € U is denoted by

Ux) = (o)), (mod)(x), -, (muo (),

where 77; : [0,1)™ — [0, 1] is the i-th projection foralli =1,2,--- ,m.
Given an m-polar fuzzy set on a set U, we consider the sets

U@t :={xecU|l(x)>f}, and L({;7) := {x e U | U(x) <7}

which are called an m-polar upper(resp., lower) set of Z.

3. m-Polar Fuzzy (Normal) Subalgebras

Let U be a B-algebra unless otherwise specified.
Definition 1. An m-polar fuzzy set £ on U is called an m-polar fuzzy subalgebra of U if it satisfies

(Va,y € U)(L(x + y) > inf{2(x), (y)}), 1)

that is, (7t; 0 0) (x * y) > inf{(7; 0 ) (x), (7r; 0 2) ()}, )

forallx,ycUandi=1,---,m.
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Example 1. Let U := {0,1,2,3} be a set B-algebra with the following Table 1.

“

Table 1. Cayley table for the binary operation “*”.

* 0 1 2 3
0 0 2 1 3
1 1 0 3 2
2 2 3 0 1
3 3 1 2 0

Then (U, ,0) is a B-algebra [2]. If ¥ is a 5-polar fuzzy set on U defined by

, 0.7,0.6,0.8,06,0.9) if x € {0,3},
7:u— 0,1, (
= 01 x = { (0.3,0.5,0.6,0.2,05) if x € {1,2},

then it is easy to see that (2,11) is a 5-polar fuzzy subalgebra of U.

Theorem 1. Given an m-polar fuzzy set ¥ over U, the followings are equivalent:

(i) 2 isan m-polar fuzzy subalgebra of U,
(ii)  The m-polar upper level set U(;F) of ? is a subalgebra of U for all t € [0,1]™ with U(?;1) # @.

Proof. Let ? be an m-polar fuzzy subalgebra of U. If x,y € U(Z; ) forevery f € [0,1)" with U(?; ) # @,
then (71; 0 )(x) > t; and (71; 0 £)(y) > t;. It follows from (2) that

(i 0 D) (x xy) > inf{(m; 0 D) (x), (mi 0 D) ()} 2 1,

forallx,y € Uandi=1,2,--- ,m. This shows thatx x y € U(@; £). Therefore U(@; f) is a subalgebra
of U.

Conversely, assume that (ii) is true. Let a,b € U such that Z(a + b) < inf{Z(a),?(b)}. If we take
f:= inf{Z(a),2(b)}, then a,b € U(Z;1). Since U(Z;1) is a subalgebra of U, we have a xb € U(Z;1).
It shows that /(a xb) > | = inf{#(a),?(b)}, a contradiction. Thus #(x * y) > inf{?(x),Z(y)} for all
x,y € U, i.e., ! is an m-polar fuzzy subalgebra of U. [J

For any m-polar fuzzy set  over U, we define a fuzzy set * of U by

U - 0,1, x — l(x) ifxe q(é;t),
0 otherwise,

where 0 = (0,---,0) € [0,1)". We call 7* a simple m-polar fuzzy set of U.

Theorem 2. Let { be an m-polar fuzzy subalgebra of U. Then the simple m-polar fuzzy set I* of U is also an
m-polar fuzzy subalgebra of U.

Proof. Let 7 be an m-polar fuzzy subalgebra of U. Then an m-polar upper level set U(Z; f) of 7 is a
subalgebra of U for any f € [0,1]" with U(Z;f) # @, by Theorem 1. Given x,y € U, if x,y € U(; 1),
then x x y € U(Z;1). Thus

U(xxy) = Uxxy) > inf{l(x), Uy)} = inf{T* (x), " ()}

If x ¢ UT) ory ¢ ULT), then #*(x) = 0 or /*(y) = 0. It follows that *(x xy) >
inf{#*(x),2*(y)}. This shows that /* is an m-polar fuzzy subalgebra of U. [
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Definition 2. An m-polar fuzzy set  on U is said to be an m-polar fuzzy normal over U if it satisfies

(Vx,y,a,b € U)(2((x xa) * (y* b)) > inf{(x*y),L(axb)}), (3)

ie. ,(miol)((xxa)* (yxb)) >inf{(rm;00)(x xy), (m;00)(axb)}, 4)

forall x,y,a,b € Uandi = 1,--- ,m. An m-polar fuzzy set ¥ on U is called an m-polar fuzzy normal
subalgebra of U if it satisfies (1) and (3).

Proposition 2. Every m-polar fuzzy normal over U is an m-polar fuzzy normal subalgebra of U.

Proof. Setting y := 0,b := 0 and a := y in (4), we have (7; 0 )((x * y) * (0% 0)) > inf{(7r; 0 ) (x *
0),(rr;02)(y*0)} forall x,y € Uand i = 1,--- ,m. Using (B2) and (B1), we get (7; 0 2)(x xy) >
inf{(7; 0 2)(x), (r; 0 )(y)} forall x,y € Uand i =1,-- - ,m. Hence ? is an m-polar fuzzy subalgebra
of U. Therefore ? is an m-polar fuzzy normal subalgebra of U. [

The converse of Proposition 2 may not be true in general (see the following example).
Example 2. Let X = {0,1,2,3,4,5} be a set with the following Table 2 .

Table 2. Cayley table for the binary operation “x”.

* 0 1 2 3 4 5
0 0 2 1 3 4 5
1 1 0 2 4 5 3
2 2 1 0 5 3 4
3 3 4 5 0 2 1
4 4 5 3 1 0 2
5 5 3 4 2 1 0

Then (U, *,0) is a B-algebra [2]. Let ? be a 5-polar fuzzy set on U defined by

(0.7,0.6,0.8,0.6,0.9) if x =0,
?:U—10,1°, x—{ (04,05,0.7,04,0.6) if x =5,
(0.3,0.3,0.6,0.2,0.5) if x € {1,2,3,4}.

It is easy to see that 0 is a 5-polar fuzzy subalgebra of U, but not a 5-polar fuzzy normal over U, since
3= (mol)(1) = (mol)(1%3)* (4%2)) # inf{(mp00)(1%4),(m0?)(3%2)} = inf{(my 0

0
?)(5), (0 2)(5)} = inf{0.5,0.5} = 0.5.

Let 7y and 7y be m-polar fuzzy sets over B-algebras U and V, respectively. The #-product of Iy
and 2y is defined to be an m-polar fuzzy set Pyuny on U x V in which
Tupy - UxV = [0,1)", (x,y) — min{?y(x),?y(y)} for any (x,y) € U x V,

that is,

~ A

(7 0 Lupv) (x,y) = min{(75; 0 2y) (x), (11: 0 Ly ) (y) },

forany (xv,y) e Ux Vandi=1,---m.
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Theorem 3. For any B-algebras U and V, let 7y and 7y be m-polar fuzzy subalgebras of U and V, respectively.
Then the ¥ -product Py ny of Ly and Py is also an m-polar fuzzy subalgebra of U x V.

Proof. Since (U x V,®,(0,0)) is a B-algebra, for any (x,y), (a,b) € U x V, we have

tunv((x,y) @ (a,b)) = Lypv(x *a,y *b)
=min{ly(x * a), by (y * b)} > min{inf{?;(x), Zi;(a)},inf{ 2y (y), 2y (D)} }
— inf{min{Zy (x), by ()}, min{Zu(a), Iy (8)}}
=inf{?ynv(x,v), lurv(a,b)}

This shows that 77,y is an m-polar fuzzy subalgebra of U x V. [

Example 3. Suppose that U := {0,1,2,3} is a B-algebra discussed in Example 1. Let V := {0,4,5,6} be a

“oor

set with a binary operation “x” as in Table 3.

Table 3. Cayley table for the binary operation “*”.

* 0 4 5 6
0 0 6 5 4
4 4 0 6 5
5 5 1 0 6
6 6 5 4 0

Then it is easy to see that (V,,0) is a B-algebra, and U x V = {(0,0), (0,4), (0,5), (0,6),(1,0),
(1,4),(1,5),(1,6),(2,0),(1,4),(2,5),(2,6),(3,0),(3,4),(3,5),(3,6) } is also a B-algebra. Define 5-polar
fuzzy sets Py and Py on U and V, respectively, as follows:

(0.7,0.6,0.8,0.6,0.9) if x € {0,3}

Uy 1]°
fu U= 0Py = { (02,0.4,05,0.1,03) if x € {1,2},

(0.8,0.7,0.8,0.7,0.8) if x € {0,5}

by V—=1[0,1P, y—
\% [ 4 } 'Y { (03,05,06/02/05) if x € {4’6}’

Then #y; and 2y are 5-polar fuzzy subalgebras of U and V, respectively. Moreover, the £ n-product Py ny of
Uy and Dy is a 5-polar fuzzy subalgebra of U x V.

4. m-Polar Intuitionistic Fuzzy (Normal) Subalgebras

Definition 3. A multipolar intuitionistic fuzzy set with finite degree m (briefly, m-polar intuitionistic fuzzy

set) over U is a mapping
(0,7) : U — [0,1]" x [0,1]™, x = (0(x),771(x))

where 0 : U — [0,1)™ and riv : U — [0,1]™ are m-polar fuzzy sets over a universe set U satisfying the condition:

forallx € U, ie,

forallx e Uandi=1,--- ,m.
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Given an m-polar intuitionistic fuzzy set (7, 71) over a universe set U, we consider the following
two sets:
U@;t):={xeu|l(x)>ftand L(i;f) := {x € U | I(x) < 7}
where f = (t1,ty, - ,tm),? = (r1,72, -+ ,rm) € [0,1]™, that is,

ta, e, (7t o@)(x) >ty }, and
r1, (7_[2 © rh)(x) < 2, (7_[111 o ﬁ”l)(.X) < rm}l
which are called an m-polar upper (resp. lower) set of (Z,1i1). It is clear that U(Z;f) = N, U(Z;F)
/ i

and L(#;#) = N, L(ri; 7)! where U(%;)' = {x € U|(m; 0 2)(x) > t;} and L(1#;#)' = {x € U|(m; 0
m)(x) <rj}foralli=1,---,m.

Definition 4. An m-polar intuitionistic fuzzy set (,1) over U is said to be an m-polar intuitionistic fuzzy
subalgebra of U if it satisfies

(vx,y € U) (2 y) 2 inf{0(x), W)}, sl y) < sup{m(x),m(y)}), )
that is,
(i 0 2)(x +y) > inf{(7; 0 1) (x), (i 0 D) (y)}, (7 0 10)(x % y) < sup{(7; o 1it) (x), (i 0 1) (y)} ()
forallx,y c Uandi=1,2,--- ,m.
Proposition 3. Every m-polar intuitionistic fuzzy subalgebra (2, 1) of U satisfies the following conditions:

(Vx € U)(2(0) = I(x), m(0)

IN

m(x)). @)
Proof. It can be easily proved if we puty := xin (5). O

Example 4. Let U = {0,1,2,3} be a B-algebra as in Example 1. Let (2, 1) be a 5-polar intuitionistic fuzzy set
on U defined by

(L) : U — [0,1]° x [0,1)°,

((0.6,0.3), (0.67,0.25), (0.7,0.15), (0.63,0.2), (0.8,0.18)) if x =0,
x— < ((0.4,05),(0.5,0.4),(0.6,0.3),(0.3,0.4), (0.7,0.29)) if x =23,
((0.3,0.6), (0.4,0.5), (0.5,0.4), (0.2,0.7), (0.4,0.5)) if x € {1,2}.

Then we can see that (¥, 1it) is a 5-polar intuitionistic fuzzy subalgebra of U,

Proposition 4. Given an m-polar intuitionistic fuzzy subalgebra (¥, 1) of U, the followings are equivalent:

(i) (vxeu) (Ux) =20), n(x)=m0)),
(@) (VxyeU) (Uy) < Uxxy), mly) = im(xey)),
that is, (7; 0 2) (y) < (m;0 ) (x % y), (7 o) (y) > (rryot)(xxy) forallx,y € Uandi=1,--- ,m.

Proof. Assume that /(x) = 7(0) and #(x) = 11(0) for any x € U. Using (7) and (6), we have

(i 0 )(y) =inf{ (71 0 2)(0), (75 0 ) (y) } = inf{ (i 0 V) (x), (mi 0 D) (y)} < (750 0)(x ¥ y) and
(75; 0 11t) (y) = sup{ (77; 0 111) (0), (75 0 1it) (y) } = sup{(75; o 10) (x), (75 0 1it) (y) } = (75; 0 1) (x % y)
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forallx,yce Uandi=1,---,m

Conversely, assume that (ii) is valid. Taking y := 0 in (ii), and by using (B2), we obtain (7z; o
7)(0) < (7;02)(x %0) = (71;02)(x) and #1(0) > 1f1(x % 0) = ri(x). It follows from (7) that (77; 0 ) (x) =
(71,0 2)(0) and (7; 0 1i1)(x) = (m;0)(0) foralli = 1,---,m, ie., /(x) = £(0) and #:(x) = 0. This
completes the proof. [

Given an m-polar intuitionistic fuzzy set (7, 1) over U and (,7) € (0,1)™ x [0,1)", we consider
the sets P(m)(ll) = {x e Ull(x)+f>1}and Pj ) (U) := {x € U|n(x) +# < 1}. Then P(z,;)(U) =
ﬂ?’zlp(@/f)(ll)’ and P(,M)(U) = ﬂ?’zlp(,m)(ll)l, where P(@,E)(U)’ ={x e U|(mo @)(x) +t > 1} and
Py (U)":= {x € U|(mjorir(x) +r; <1} foralli=1,--- ,m

Theorem 4. Let (?,1i1) be an m-polar intuitionistic fuzzy set over U. Then the followings are equivalent:
()  (2,1m) is an m-polar intutionistic fuzzy subalgebra of U,

(ii)  The sets Py (U) and Py, 3y (U) are subalgebras of U for all (,7) € (0,1]™ x [0,1)™ with Pay u) #
D # Pz (U).

Proof. Let x,y € P(Z,f)(u) = m;.":lp(@f)(u) and let a,b € P;(U) = m;?;lpw)(u)i. Then (7; 0
D(x)+t; >1,(mol)(y) +t; > 1,(mom)(a)+r; < 1and (mjom)(b) +r; < 1foralli=1,--- ,m
It follows from (6) that

(770 0) (x5 y) + 1 = inf{ (70.2) (x), (7:0.2) ()
=inf{(7; 0 0)(x) + tl,( ol
(7t o i) (a % b) + r; <sup{(7; o 1it)(a), (77; o 1it) (b
=sup{(7; o )(ﬂ)+7u( j ©

b+
)(y )+t}>1 and
)} +ri

1) (b) +ri} <1

foralli =1,---,m. Hence xxy € P, (U) = m;';lp(@f)(u)i and ax b € Py (U) = NI P s (U)7
Therefore Pj; 3 (U) and P ) (U) are subalgebras of U for all (,7) € (0,1]™ x [0,1)™ with Pay (u) #
@ # Pz (U). A o )

Conversely, let a,b € U be such that £(a xb) < inf{l(a),l(b)}. Then l(axb)+f < 1 <
inf{?(a),?(b)} + f for some f € (0,1]™. It follf)ws thata,b € Py (U), which impliesa x b € Pay u
since Pp (U) is a subalgebra of U. Hence /(a * b) + f > 1, which is a contradiction. If 71(c * d) >
sup{ri(c),1(d)} for some c,d € U, then #it(c x d) + 7 > 1 > sup{si(c),#1(d)} + 7 for some 7 € [0,1)™.
Hence ¢,d € P 7. Since P; ) is a subalgebra of U, we obtain c xd € Py z), i.e., 1it(c xd) + 7 < 1.
This is a contradiction. This shows that (Z, 1) is an m-polar intuitionistic fuzzy subalgebra of U. [

Theorem 5. An m-polar intuitionistic fuzzy set (2, 1) over U is an m-polar intuitionistic fuzzy subalgebra of
U if and only if ? and i° are m-polar fuzzy subalgebras of U, where i€ =1 — 11, i.e., (7r; o) = 1 — (71; 0 171)
foralli=1,---,m

Proof. Assume that (7, ) is an m-polar intuitionistic fuzzy subalgebra of U. Then 7 is an m-polar
fuzzy subalgebra of U. If x,y € U, then

(miom) (xxy) = 1—(monm)(x*y)

1 —sup{(7t; o 1) (x), (77; o 1i) (y

inf{1 — (7; o 1i1) (x )1—( iom)(y)}
)

= inf{(m;om)(x),(mjom)(y)}, for all i=1,---,m.

v

Thus 7€ is an m-polar fuzzy subalgebra of U.
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Conversely, assume that 7 and 7i° are m-polar fuzzy subalgebras of U. For any a,b € U, we have

1—(mom)(axb) = (mom)(axb)

inf{ (75; o 1it)" (a), (71 0 1) (b) }
inf{1— (m;om)(a),1— (m;om)(b)}
1 —sup{(7t; o) (a), (7t; o 1) (b) },

that is, (71; 0 1it) (a * b) < sup{(7; o 1t)(a), (7t; o 1it) (b)} foralli = 1,--- ,m. Hence (Z,1it) is an m-polar
intuitionistic fuzzy subalgebra of U. O

v

Corollary 1. Let (?,11) be an m-polar intuitionistic fuzzy set over U. Then (2, 1) is an m-polar intuitionistic
fuzzy subalgebra of U if and only if the necessary operator O(2,1%1) = (Z,0°) and the possibility operator
O (2, 1i) = (€, 1) are m-polar intuitionistic fuzzy subalgebras of U.

Theorem 6. Let I be a subset of U and let (¥, 111) be an m-polar intuitionistic fuzzy set on U defined by

1 ifxel

U —1[0,1)", x—< A
I 01", {0 otherwise,

A 0 ifxel
my: U — [0/ 1]m’ X = { 1 otherwise

Then (21, 1011) is an m-polar intuitionistic fuzzy subalgebra of U if and only if I is a subalgebra of U.
Proof. Straightforward. [

Theorem 7. If (2, 1f1) is an m-polar intuitionistic fuzzy set over U, then the followings are equivalent:

() (2,10 is an m-polar intuitionistic fuzzy su tbalgebra of U,
(ii)  the m-polar upper and lower level sets U(?; 1) and L(1i1; ?) of (,1it) are subalgebras of U for all (£,7) €
[0,1]™ x [0, 1]™ with U(L; f) # @ # L(1m; 7).

Proof. Assume (7;171) is an m-polar intuitionistic fuzzy subalgebra of U. Let x,,4,b € U be such that
x,y € U(Z;f) and a,b € L(ii;7) for all (£,#) € [0,1]" x [0,1]™. Then (7t; 0 2)(x) > t;, (1; 0 0)(y) >
ti, (mry o 1it)(a) < r;and (7r; 0 1i1)(b) < riforalli =1,--- ,m. It follows from (6) that (77; 0 ?)(x * y) >
inf{(7; 0 0)(x), (i 0 £)(y)} > t; and (71; 0 1) (a % b) < sup{(7m; o 1it)(a), (71; o M) (b)} < r; for all
i=1,---,m. Hencexxy € U(Zf)and ax b € L(ii; 7). Therefore U(Z; ) and L(1i1; ?) are subalgebras
of U.
Conversely, suppose that (ii) is valid. Let a,b € X be such that #(a x b) < inf{?(a),?(b)} or i1(a

b) > sup{ri(a),m(b)}. We take f := inf{?(a),?(b)} and 7 := sup{si(a),n(b)}. Thena,b € U(Z;})
ora,b € L(1i; 7). Since U(?;f) and L(1; 7) are subalgebras of U, we obtain that either a x b € U(?; 1)
oraxb € L(ii;#). Hence either 2(a xb) > t = inf{l(a),?(b)} or ri(axb) < # = sup{smi(a),m(b)},
which lead to a contradiction. Thus #(x * y) > inf{?(x), #(y)} and 7iz(x * y) < sup{rii(x),m(y)} for all
x,y € U. Therefore (?,171) is an m-polar intuitionistic fuzzy subalgebra of U. [J

N)
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Given an m-polar intuitionistic fuzzy set (¢, i) over U, we define an m-polar intuitionistic fuzzy
set (¢*,m*) over U by

if x € U(0;F),
otherwise,

de U = [0,1]M, x4 O X € LOLT),
1 otherwise,

where 0 = (0,---,0)and 1 = (1,---,1) € [0,1]™.

Theorem 8. If (2, 11) is an m-polar intuitionistic fuzzy subalgebra of a B-algebra U, then so is (0*, m*).

Proof. If (7,1) is an m-polar intuitionistic fuzzy subalgebra of U, then m-polar upper and lower level
sets U(Z;f) and L(i; #) of (Z,1i1) are subalgebras of U for all f,7 € [0,1)" with U(Z;1) # @ # L(1ir; 7)
by applying Theorem 7. Let x,y € X. If x,y € U(?; ), then x x y € U(Z; ). Thus

P (xry) =1 > inf{2(x), )} = inf{0" (x), 2" ()}

f)ory ¢ U(Z;1), then 2*(x) = 0 or 2*(y) = 0. Hence 2*(x x y) > inf{0*(x), 2" (y)}.
11;7), then x x y € L(f; 7). Thus

If x ¢ U(l;
Now, if x,y € L(

m* (x#y) =0 < sup{r(x),1(y)} = sup{m*(x),m*(y)}.

If x ¢ L(ri;7) ory ¢ L(#;7), then m*(x) = 1 or m*(y) = 1. Hence we have

e (x y) < 1 = sup{ni* (x), mi* (y) }.

Therefore (7*,m*) is an m-polar intutionistic fuzzy subalgebra of U. Also #*(x) + ir*(x) < 1
for all x € U, i.e., (7m;00*)(x) 4 (myom*)(x) < 1forallx € Uandi = 1,--- ,m. We proved the
theorem. 0O

Definition 5. An m-polar intuitionistic fuzzy set (,1) over U is said to be an m-polar intuitionistic fuzzy
normal over U if it satisfies: for any x,y,a,b € U,

@((x xa)x (yxb)) > inf{@(x *y),@(a «Db)}, m((xxa)*(y*b)) <sup{m(xxy),maxb)}, (8)
that is,

(70 0)((x % a)x(y * b)) > inf{(7; 0 V) (x % y), (1r; 0 ) (a x b)} and ©)
(75 0 1it)((x @) * (y * b)) < sup{(7; o) (x +y), (75 o 1it) (a + b) }

forall x,y,a,b € Uandi=1,2,--- ,m. An m-polar intutionistic fuzzy set (@, 1) over U is called an m-polar
intuitionistic fuzzy normal subalgebra of X if it satisfies conditions (5) and (8).

Example 5. Consider a B-algebra U = {0,1,2,3} as in Example 1. Let (2, 1) be a 5-polar intuitionistic fuzzy
set on U given by

(Z10n) - U — [0,1]° x [0,1]°,

((0.7,0.2), (0.6,0.3), (0.8,0.1), (0.5,0.3), (0.4,0.4)) if x € {0,3},
((0.3,0.6), (0.4,0.5), (0.6,0.3), (0.2,0.4), (0.3,0.6)) if x € {1,2}.
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It is easy to see that (?,17) is a 5-polar intuitionistic fuzzy normal over U.

Proposition 5. Every m-polar intuitionistic fuzzy normal over U is an m-polar intuitionistic fuzzy normal
subalgebra of U.

Proof. Ifwelety := 0,b := 0and a := yin (9), then we have (77; 0 ) ((x *y) * (0%0)) > inf{(7r; 0 ) (x *
0), (7 o@)(y* 0)} and (7r; 011) ((x * y) % (0% 0)) < sup{(7r;0)(x*0), (7r;0r)(y*0)} forallx,y € U
andi=1,---,m. By applying (B2) and (B1), we obtain (7; 0 ) (x * y) > inf{(m o ?)(x), (i 0 0)(y)}
and (7; 0 m)(x xy) < sup{(m;om)(x),(mjom)(y)} forallx,y € Uandi=1,---,m. It follows that
(2,1) is an m-polar intuitionistic fuzzy subalgebra of U. Therefore (7, it) is an m- polar intuitionistic
fuzzy normal subalgebra of U. [

The following example shows that the converse of Proposition 5 need not be true in general.

Example 6. Consider a B-algebra U := {0,1,2,3,4,5} as in Example 2. Let (@, 1) be a 5-polar intuitionistic
fuzzy set on U given by

(Zain) - U — [0,1]° x [0,1]°,

[
((0.6,0.2), (0.6,0.2), (0.7,0.25), (0.7,0.1), (0.7,0.28)) if x =0,
x—{ ((0.4,05),(05,0.3),(0.6,0.3),(0.3,0.4),(0.6,0.39)) if x =5,
((0.3,0.6), (0.4,0.5), (0.5,0.4),(0.2,0.7), (0.4,05)) if x € {1,2,3,4}.

It is easy to check that (2,1 ) is a 5-polar intuitionistic fuzzy subalgebra of U, but not an m-polar fuzzy
normal over U, since 0.4 = (1 0 )( ) = (0 0)((1%3) % (4%2)) # inf{(mp0?)(1%4),(mp0?)(3%2)} =
inf{ (712 0 2)(5), (112 0 2)(5)} = inf{0.5,0.5} = 0.5 and/or 0.5 = (7 0 1#1)(1) = (712 0 101) ((1 % 3) * (4 *
2)) £ sup{(m o1i1)(1x4), (mp01)(3%2)} = sup{(mp 0 1) (5), (72 0 111)(5)} = sup{0.3,0.3} = 0.3.

Theorem 9. If (?,1i1) is an m-polar intuitionistic fuzzy set over U, then the followings are equivalent:

()  (2,1m) is an m-polar intuitionistic fuzzy normal subalgebra of U,
(ii) the m-polar upper and lower level sets U (?;F) and L(ri; #) of (¢, 1) are normals of U for all (£,7) €
[0,1)™ x [0,1]™ with U(L;F) # @ # L(1i; 7).

Proof. Suppose that (7,77) is an m-polar intuitionistic fuzzy normal subalgebra of U. Let x,,4,b € X
be such that x x y,a x b € U(Z;f) and x * y,a x b € L(1i; #) for all (£;7) € [0,1]™ x [0,1]™ with U(Z; ) #
@ # L(1i; 7). Then (70 0)(x % y) > t;, (0 £)(ax b) > t;, (7 0 1ft) (x % y) < rjand (71; 0 i) (a x b) < r;
foralli=1,---,m. It follows from (9) that

(i 0 0)((x % a) * (y * b)) > inf{(m; 0 0)(x *y), (m; 0 {)(axb)} > t;,
(x5 a) # (y 5 b)) < sup {7y 0.) (x5 ), (7 0 ) (a b)) < 7,

foralli =1,2,---,m. Hence (x *a) * (y xb) € U(;f) and (x % a) * (y * b) € L(1i1; 7). Therefore, U(?; f)
and L(1i1; 7) are normal over U. Thus U(?;f) and L(#; 7) are normals of U.

Conversely, suppose that the m-polar upper and lower level sets U(Z; ) and L(i; #) of (2, 1)
are normals of U for all (f,7) € [0,1]" x [0,1]™ with U(Z;f) # @ # L(i;#). Now, assume that
there exist x,y,a,b € X such that Z((x % a) x (y b)) < 1nf{£(x x1y), 0(axb)} orm((x*a)* (y*b)) >
sup{mi(x * y),m(a xb)}. If we take f := inf{l(x *y),Z(a*b)} and 7 := sup{s(x * y),Mm(a xb)},
then x xy,axb € U(;f) or x xy,a b € L(1i; 7). Since U(Z;1) and L(ri1; 7) are normals of U, we have
(xxa)x(y*b) € U(L;F)or (x*a)* (y+b) € L(1; 7). Hence 2((x*a) * (y+b)) > inf{?(x*y),?(axb)}
or i((x*a) * (y * b)) < sup{7i(x x y),1(a x b)}, which lead to a contradiction. Thus Z((x % a) * (y *
b)) < inf{l(x xy),2(a*b)} and i((x * a) * (y * b)) > sup{m(x *y),(a*b)} for any x,y,a,b € U.
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Therefore (,1i1) is an m-polar fuzzy normal over U. By Proposition 5, (7, i) is an m-polar intuitionistic
fuzzy normal subalgebra of U. [

Proposition 6. Let an m-polar intuitionistic fuzzy set (?, 1) over U be an m-polar fuzzy normal subalgebra over
U. Then ?(x xy) = 2(y * x) and ii(x x y) = m(y * x) forall x,y € U, i.e., (m; 0 0)(x xy) = (71; 0 1) (y * x)
and (7t o) (x xy) = (mjom)(y*x) forallx,y e Uandi=1,--- ,m.

Proof. Let x,y € U. By (B1) and (B2), we have
(miol)(xxy) = (miol)((x*y)*(x*x))
inf{ (7r; 0 2)(x % x), (7 0 ) (y % x)}

inf{(7r; 0 2)(0), (rr; 0 ) (y % x)}
(71 0 8) (y * x)

v

foralli = 1,---,m. Interchanging x with y, we obtain (71; 0 2)(y * x) = (71; 0 ?)(x * y) for all
i=1,--,m.
By (B1) and (B2), we have

(miom)(xxy) = (mom)((xx*y)*(x*x))

sup{(7t; o rit) (x * x), (7r; 0 1f1) (y * x) }
sup{(7; 0 1)(0), (7 o 1it) (y * x) }
(71 0 1f) (y * x)

I IA

foralli = 1,---,m. Interchanging x with y, we obtain (77; o i) (y % x) = (71; 0 m)(x * y) for all
i=1,---,m. 0O

Proposition 7. Let (¥, 1) be an m-polar intuitionistic fuzzy normal subalgebra of a B-algebra U. Then the set
Uiy = {x € U|(x) = 2(0),1m(x) = 1(0)} is a normal subalgebra of U.

Proof. We show that U(@,m) is a normal over U. Leta,b,x,y € U be such that x xy € U(@,m) and
axbe U(z,m). Then (7; 0 @)(x xy) = (71 o@)(O) = (m; o@)(a xb) and (71; 0 11)(x xy) = (71;0101)(0) =
(rrjom)(a*b) foralli=1,---,m. Since (¢,11) is an m-polar intuitionistic fuzzy normal subalgebra
of U, we have (70 2)((x *a) * (y x b)) > inf{(7r; 0 £)(x * y), (7r; 0 2)(a ¥ b)} = (71; 0 £)(0) and (71; o
1) ((xxa)x(y=*b)) < sup{(mom)(x*y), (mjon)(axb)} = (m;om)(0)foralli=1,---,m. By using
(7), we obtain that (71,0 £)((x *a) * (y * b)) = (71; 0 £)(0) and (7r; 0 112) ((x % a) * (y * b)) = (77; 0 17)(0)
foralli=1,---,m. Hence (x*a)  (y*b) € U j,)- By Proposition 5, U ;) is a normal subalgebra of
U. This completes the proof. O

5. Conclusions

In this paper, we applied the notions of an m-polar fuzzy set and an m-polar intuitionistic fuzzy
set to subalgebras and normals in B-algebras. We introduced the notion of an m-polar fuzzy (normal)
subalgebra in a B-algebra and investigated some related some properties. We obtained an equivalent
condition for an m-polar fuzzy set ? over U ? to be an m-polar fuzzy subalgebra of U, and we showed
that the #,-product Zi;,y of m-polar fuzzy subalgebras 7 and ?y is also an m-polar fuzzy subalgebra
of U x V. We found equivalent conditions for an m-polar intuitionistic fuzzy set (?, 1) over U to be an
m-polar intutionistic fuzzy subalgebra of U. Moreover, we showed that an m-polar intuitionistic fuzzy
set (2,11) over U to be an m-polar intuitionistic fuzzy (normal) subalgebra of U. Given an m-polar
fuzzy set, we constructed a simple m-polar fuzzy set and discussed on m-polar intuitionistic fuzzy



Mathematics 2020, 8, 907 12 of 12

subalgebras of B-algebras. The purpose of our research in future is to continue to think about these
things and construct new concepts in several general algebraic structures.

The results of this research will be expanded to several algebraic structures, such as groups,

BE-algebras, BF-algebras, and d-algebras.
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