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Abstract: We extend the study of orientable hypersurfaces in a Sasakian manifold initiated
by Watanabe. The Reeb vector field & of the Sasakian manifold induces a vector field &7 on
the hypersurface, namely the tangential component of ¢ to hypersurface, and it also gives a smooth
function p on the hypersurface, which is the projection of the Reeb vector field on the unit normal.
First, we find volume estimates for a compact orientable hypersurface and then we use them to find
an upper bound of the first nonzero eigenvalue of the Laplace operator on the hypersurface, showing
that if the equality holds then the hypersurface is isometric to a certain sphere. Also, we use a bound
on the energy of the vector field Vp on a compact orientable hypersurface in a Sasakian manifold
in order to find another geometric condition (in terms of mean curvature and integral curves of ¢ Ty
under which the hypersurface is isometric to a sphere. Finally, we study compact orientable
hypersurfaces with constant mean curvature in a Sasakian manifold and find a sharp upper bound
on the first nonzero eigenvalue of the Laplace operator on the hypersurface. In particular, we show
that this upper bound is attained if and only if the hypersurface is isometric to a sphere, provided
that the Ricci curvature of the hypersurface along Vp has a certain lower bound.
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1. Introduction

It is well known that Sasakian manifolds are considered the odd dimensional analogue of
Kéhlerian manifolds and therefore Sasakian space forms can be regarded as the counterpart of
complex space forms [1]. One of the important branches of differential geometry is the submanifold
theory and here some very challenging topics come from the geometry of submanifolds in real,
complex and Sasakian space forms. In this setting, in many studies, a key role is played by the Gauss,
Codazzi and Ricci Equations for submanifolds, as these take a manageable form. The differential
geometry of hypersurfaces in a complex space form has been widely studied over the years
(see, e.g., [2-11]), but though Sasakian manifolds are very important due to their elegant geometry
(see the excellent monograph [12]) as well as their important applications in theoretical physics
(see [13] and the references therein), not as many studies have been realized for hypersurfaces in
a Sasakian ambient space. In this context, a well known result is that of Watanabe (cf. [14]), who used
the Obata’s differential Equation (cf. [15,16]) in order to prove that a complete and connected totally
umbilical hypersurface of a (21 + 1)-dimensional Sasakian manifold of constant mean curvature H is

isometric with a sphere of radius 1-1+H2 in the Euclidean space. This study of Watanabe is further
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carried out in [17], where the author found two much stronger theorems that give sufficient conditions
for a hypersurface in a Sasakian manifold to be isometric to a sphere.

Given an orientable hypersurface M of a (21 + 1)-dimensional Sasakian manifold M (¢, ¢, 7, 8)
with unit normal vector field N and shape operator A, then there are two vector fields &' and t
naturally defined on the hypersurface M. More exactly, &' is the tangential component of the Reeb
vector field ¢ to M, while t is defined by ¢ (N) = —t. Recall that the study of real hypersurfaces
of complex and Sasakian space forms become more convenient, owing to a simpler form of Gauss
Equation for expression of curvature tensor field of hypersurface and also due to a handy form of
Codazzi Equation, which is lacking in the study of hypersurfaces of a general Sasakian manifold.

In this paper, we show that focussing on the investigation of hypersurfaces in general Sasakian
manifolds, this deficiency can be compensated by the power of the Reeb field. In Section 2, we derive
basic formulae for an orientable hypersurface M of a (2n + 1)-dimensional Sasakian manifold
M (9,&,1,8). In Section 3, we find an estimate of volume for a compact orientable hypersurface
M and use it together with an additional condition, namely the vector field ¢' is a principal
direction, to find an upper bound for the first nonzero eigenvalue A; of the Laplace operator on
M. Also, we show that if the eigenvalue A; attains this upper bound, then M is isometric to a sphere
(cf. Theorems 1 and 2). Moreover, in the same section, we find other special conditions on a compact
orientable hypersurface M that assure both constancy of the mean curvature H and the isometry of M
with a certain sphere (cf. Theorem 3).

In Section 4, we use an upper bound for the energy of the gradient vector field Vp
and the condition that the mean curvature H of the compact orientable hypersurface M
in a (2n + 1)-dimensional Sasakian manifold is constant along the integral curves of ¢ in order
to show that in this case, H is also a constant and M is isometric with a sphere S?"(r) with radius

r= \/ﬁ (cf. Theorem 4). Finally, in the last section of the paper, we study hypersurfaces of constant

mean curvature H, also known as CMC-hypersurfaces, in a (21 + 1)-dimensional Sasakian manifold
M (¢,E,1,8). We prove that on a compact orientable CMC-hypersurface M, if &' is a principal direction
with constant principal curvature y, then necessarily H = . We show that for a compact orientable
CMC-hypersurface M with AZT = u¢’, the first nonzero eigenvalue A; of the Laplace operator satisfies
A1 < 2n (1 + H?) and the equality case holds for a certain hypersurface if and only if M is isometric to

the sphere S ( \/117) (cf. Theorem 5).

2. Preliminaries

Let M (¢,&,1,8) be a (2n+ 1)-dimensional Sasakian manifold and V be the Riemannian
connection on M. Then we have (cf. [1,12]):

P* (X)==-X+3(X)E, @()=0, noe=0, g(X,&)=n(X), )
g(e(X),9(Y))=g(X,Y)—n(X)n(Y), 2)
(Vo) (X,Y)=g(X,Y)E—n(Y)X, Vxé=—¢X, ®)

forall X,Y € X(M), where X (M) is the Lie algebra of smooth vector fields on M, while the covariant
derivative Vg of ¢ is defined by

(Vo) (X,Y) = Vxo (Y) = ¢ (VxY).

We denote by R, Ric, Q the curvature tensor field, the Ricci tensor field and the Ricci operator of
the Sasakian manifold M (¢, ¢, 7,g). Then, for all X,Y € X (M), we have (cf. [1]):

R(X,Y)E=n(V)X —5(X)Y, Q(¢) =2n¢, (4)
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where Ricci operator Qisa symmetric operator related to Ricci tensor Ric by [18]
Ric (X,Y) =g (Q(X),Y).
Recall that for all vector fields X, Y orthogonal to ¢, we have
Ric (¢ (X), ¢ (Y)) = Ric (X, Y). ©)

Let M be an orientable hypersurface of a (21 + 1)-dimensional Sasakian manifold M (¢, &, 1, g)
with unit normal vector field N and shape operator A. Then we have the Gauss and Weingarten
formulae (cf. [19])

YuV=VuV+g(AU, V)N, VyN=-AU, UV e X(M), (6)

where we denote by the same letter g the induced metric on M and by V the Riemannian connection
on M. Clearly, X' (M) is the Lie algebra of smooth vector fields on M.

Please note that owing to skew-symmetry of the operator ¢, ¢ (N) is orthogonal to N and we get
a smooth vector field t € X' (M), defined by ¢ (N) = —t. Let « be smooth 1-form on hypersurface M
dual to t, thatis, a(U) = g (t,U), U € X(M). Also, we define an operator F : X (M) — X (M) by
F(U) = [p(U)]" - the tangential component of ¢(U) to the hypersurface M. Then we have

e(U) =FU)+a(U)N, Ue X (M) (7)

and it is easy to see that F is a skew-symmetric operator.
Now, define a smooth function p on the hypersurface M by p = ¢ (¢, N). Then we have

¢=¢&"+pN, @®

where ¢T € X (M) is the tangential component of the Reeb vector field & We denote by B the smooth
1-form on M dual to &7, i.e, B(U) = g(&T,U). Then using ¢ (N) = —t and Equations (1), (2), (7)
and (8), it follows that

[ e ©
F(t)=—pe", F(&T) =pt, (10)
F2(U) = —U + a(U)t + B(U)ET, (11)
and
g(F(U),F(V))=gUUV)—al)a(V)-pU)BV), UV eX(M). (12)

Also, using Equations (3), (6), (8) and ¢ (N) = —t, we conclude
Vut=pU+F(AU), Vyu&l =—F(U)+pAU, Vp=—-Af" —t (13)

(VE)(U,V) =g (U, V)T —B(V)U +a (V) AU — g (AU, V), (14)

where Vp is the gradient of the function p and the covariant derivative VF of F is given by
(VF)(U,V)=VyF(V)—-F(VyV),

for U,V € X(M).
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Please note that F is skew-symmetric and A symmetric, we have tr (F o A) = 0 and using first
two equations in Equation (13), we conclude that

divt = 2np, divéT = 2npH, (15)

where H is the mean curvature of the hypersurface M given by 2nH = trA. Thus, if M is a compact
hypersurface of a (21 4+ 1)-dimensional Sasakian manifold M (¢, &, 77, ¢), Equation (15) leads to

/sz, ./pH:O. (16)
M M

If A1 is the first nonzero eigenvalue of the Laplace operator A acting on smooth functions on M,
then using first Equation in (16) we get

J1vel? = [ 2 (17)
M M

Using Equation (6), we have

R(U, V)N =—(VA)(U,V)+ (VA)(v,U), UV eX(M). (18)
Moreover, the curvature tensor R of the hypersurface M is given by

R(U, V)W = [R(U, V)W] [t g (AV,W) AU — g (AU, W) AV. (19)
Choosing a local orthonormal frame {ej, ..., €2, } on the hypersurface and using Equation (19),

we get the following expression for the Ricci tensor Ric of the hypersurface M

2n
Ric(U,V) =2nHg (AU, V) — g (AU, AV) + Y R(e;, U; V, ¢;).

i=1
Observe that 5
n
Y R(e;, U;V,¢;) = Ric(U, V) = R(N,U; V,N)
i=1

and consequently, we conclude
Ric(U,V) =2nHg (AU, V) — g (AU, AV) + Ric(U, V) — R(N,U; V,N). (20)

Also, note that on an orientable hypersurface M of a (21 + 1)-dimensional Sasakian manifold
M (¢,& 1,8) there are two globally defined orthogonal vector fields ¢', t and they span a plane section
of the tangent bundle of M. Thus, we have the sectional curvature K (¢7,t) given by

R(¢T tt,e")
K(eTt)=—2""> 7/, (21)
( ) I1ET] (18]

Lemma 1. Let M be a compact orientable hypersurface of a (2n + 1)-dimensional Sasakian manifold

M (¢,&,1,8). Then
/ g(4zh,e") =2n / Hp?.
M M
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Proof. Observe that Equation ¢(N) = —t and (1) imply that g (t,¢T) = 0. Thus, using Equation (13),
we have

& (p) = —g (4c"¢"). 22)
Also, using Equation (15), we have
div (pCT) = &' (o) +pdivg"
= ¢ (p) +2nHp%.

Integrating this Equation and using Equation (22), we get the desired result. [

Lemma 2. Let M be a compact orientable hypersurface of a (2n + 1)-dimensional Sasakian manifold

M (9,&,n,8). Then
/g(AgT,t) - / [(2n+ 1) 1]

M M

Proof. Observe that Equation (13) gives
to) = —g(Ach )~ It
(]
Using this in div (pt) = t (p) + pdivt and equation (15), we get
div (pt) = —g (AgT,t) = (1 p?) +2np?.
Integrating above Equation, we obtain the result. [J

3. Volume and First Eigenvalue Estimates

In this section, first we find the volume estimate for a compact hypersurface M of
a (2n + 1)-dimensional Sasakian manifold M (¢, &, 7, ¢) and use it to find an upper bound for the first
nonzero eigenvalue A of the Laplace operator A acting on smooth functions of hypersurface M under
the assumption that &7 is a principal direction.

Theorem 1. The volume V(M) of a compact orientable hypersurface M of a (2n + 1)-dimensional Sasakian
manifold M (¢, &, 1, g) satisfies

V(M) < / [(4n+1—/\1)p2—|— HA@THZ} ,
M

where A1 is the first nonzero eigenvalue of the Laplace operator on M.
Proof. Using Equation (9) and (13), we have
2
IVel? = [|agT|| + e +2¢ (ac”¢)
2
- HA@TH +(1—p?) +2g (4g").
Integrating above Equation and using Lemma 2, we get

/IVp|2=/[—1+(4n+1)p2+HAng.
M M



Mathematics 2020, 8, 877 60of 17

Using inequality (17), we derive
2
M /pz < / [—1 + (4n+1)p? + | 4g” }
M M
and this gives the required estimate. [J

Now, suppose that the vector field ¢” is a principal direction of the hypersurface M with constant
principal curvature y, that is, AZT = u¢’. Then it turns out that t is also a principal direction as seen
in the following.

Lemma 3. If M is a connected orientable hypersurface of a (2n + 1)-dimensional Sasakian manifold
M (¢,&1,8) and AZT = ugT for a constant u, then At = ut.

Proof. Suppose AT = u¢T holds for a constant y. Then the last Equation in (13), gives Vp = —u¢’ —t,
and using first two Equations in (13), we derive the following expression for the Hessian operator A,
of the function p

Ap (U) = —p [=F(U) + pAU] = [oU + F (AU)],

that is,
Ap (U) = —p (AU + U) 4+ uF(U) — F(AU), V € X(M). (23)

Note the Hessian operator A, is symmetric and thus, using above equation, we conclude that
2ug (F(U),V) =g (F(AU) + AF(U),V), U,V e X(M),

that is,
2uF(U) = F(AU)+ AF(U) U,V e X(M). (24)

Taking U = &7 in above equation and using Equation (10), we get
2upt = upt + pAt,

that is
p (At —put) =0. (25)

If p = 0, then Equation (9) implies that both &7, t are unit vector fields and as ¢ (N) = —t,
we get ¢ (E7,t) = —¢ (&, ¢ (N)) = 0. Also, as p = 0, Equation (13) implies ¢’ = —t and taking
the inner product with t gives |t = 0 a contradiction to the fact that t is a unit vector field (under
the assumption p = 0). Hence p # 0 on M. Whereas M is connected and p # 0, Equation (25) implies
At=put. O

Now, we shall prove the main results of this section.

Theorem 2. Let M be a compact and connected orientable hypersurface of a (2n + 1)-dimensional Sasakian
manifold M (@, &,14,). If AET = u&T for a constant y and the squared length of shape operator is bounded
above by 2nc for a constant ¢, 0 < ¢ < 1, then the first nonzero eigenvalue Ay of Laplace operator on M satisfies

)\1347’1‘.‘1-&

Moreover, if equality holds, then M is isometric to the sphere S*" ( 11+ - ).
H
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Proof. Suppose M is a compact and connected orientable hypersurface satisfying A¢T = u¢’ for
a constant y and ||A||* < 2#nc, for a constant ¢, 0 < ¢ < 1. Then by Lemma 3, we have At = ut.
Now, define operators I' and ¥ by

I'=FoA+AoF, Y=FoA—-AoF.
Then it follows that I is skew-symmetric and ¥ is symmetric with ##¥ = 0 and we have

F(AU) = = [[(U) +¥(U)], U e X(M),

N —

and . .
2 2 2
IEoAll"= 21"+ 7 [[¥11°, (26)

where we have used tr (I o ¥) = 0. Using Equation (24) (which holds for A¢T = u¢&T), we conclude
2uF =T. (27)

Please note that for a local orthonormal frame {ej, ..., 2, } on M, using Equation (12) we have

2n
I = ;g(F(ei),F(ei))

= an ||| - pe?
= 2n—2(1-p?),

where we have used Equation (9). Thus, the above Equation and (27) give
1
S ITI2 =220 = 14 02). 28)

Also, using Equation (12) we have

|FoA|* = fz”lgw (Aer), F (Ae) = A~ g~ |1 ae?
= [|A|* = 21(1 - p?). (29)
Combining Equations (26), (28) and (29), we conclude
A = 2 + 3 ¥,

that is,
2_ 1A]* : kil (30)
T 4 ‘

On the other hand, Theorem 1 in our setting implies
V(M) < / [(an+1- )02 +42 (1-97)].
M
Thus, using Equation (30) in above inequality, we conclude

2
v < [ |ane1-an e S (a - ] i)

M
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Using next ||A||? < 2nc, we get

9
V(M) S/ (4n+1—/\1—c)p2+c—(18f)||‘l’||2] /
M
that is, )
(a—ovm) < [an+1-r-a - [ L e, a1
M M

However, the above inequality implies

(1—c)V(M)§(4n+l—)\1—c)/p2
M

and as 1 — ¢ > 0, we conclude (4n+1— Ay —¢) > 0, that proves A} <4n+1—c.
If the equality A; = 41 + 1 — ¢ holds, then inequality (31) implies ¢ = 1 and (1 — p?) |'¥||* = 0.
If (1—p?) = 0, then p = +1 together with first equation in (16) gives a contradiction. Hence on
connected M, we get¥ = 0,i.e,, Fo A = AoF, and consequently I' = 2F o A. Then Equation (27),
gives uF (U) = F (AU), i.e., F (AU — uU) = 0. Operating F in this last equation and using (11) ,
we conclude
AU — pU = a (AU — pl) t+ B (AU — pU) &7, U € X(M). (32)

On the other hand, it is easy to see that At = ut implies
a (AU —pU) = g (AU — pU, t) = pg(U, t) — pg(U, 1) = 0.

Similarly, we obtain g (AU — ulU) = 0 and consequently Equation (32), gives AU = ul,
U € X(M). Hence, M is totally umbilical hypersurface of the Sasakian manifold M (¢, &, 7, ¢) with
i ; 2n 1
constant mean curvature  and therefore isometric to the sphere §2 ( \/W) (cf. [14]). O
In the next result, we use a bound on the squared length of the operator ¥ to find conditions on
a complete and connected hypersurface of a Sasakian manifold to be isometric to a certain sphere.

Theorem 3. Let M be a complete and connected orientable hypersurface of a (2n + 1)-dimensional Sasakian
manifold M (¢, &,1,8) with mean curvature H. If AZT = u&' for a constant y and the squared length of
operator ¥ satisfies

[¥]7 <8 (5 —42),

then H is a constant and M is isometric to the sphere 2" ( 11H2 ).

Proof. Since, AZT = uZ’, by Lemma 3, we have At = ut. Now, using Equation (30), we have
2 2, 1 2
[AI" = 2np” + 2 ¥]17,

that is,
2 1 g2
AP —2nH? = L %> —2n (H2 = p22) .

Now;, using the bound on '¥||%, we conclude || A||* — 2nH? < 0. However, Schwartz’s inequality
implies || A||> — 2nH? > 0 and thus we have the equality ||A||* = 2nH2, which holds if and only if

A=HI, (33)
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where [ stands for the identity operator. Please note that in view of Equation (33), we have AZT = H¢T,
and the hypothesis A¢T = u¢’, we conclude

(H-w¢" =o. (34)

If ¢T = 0, then by Equation (9), we get p?> = 1 and consequently, t = 0. In this case, Equation (11)
implies F2 = —I. Now, using the second Equations in (13) and (33), we have F(U) = pHU.
Combining the above relation with F2 = —[ we get H? = —1, hence a contradiction. Therefore,
as M is connected, Equation (34) implies H = y, that is, H is a constant. Thus, by Equation (33),
we see that M is a totally umbilical hypersurface of constant mean curvature H and consequently it is

isometric to the sphere S ( 1~1%H2 ). O

4. A Bound on Energy of a Vector Field

Recall that on a compact Riemannian manifold (M, g), the energy of a smooth vector field u on
M is defined by
1
=5 [ Il
M

In this section, we use a bound on the energy of the vector field Vp on a compact orientable
hypersurface M to find another condition under which M is isometric to a sphere.

Theorem 4. Let M be a compact and connected orientable hypersurface of a (2n + 1)-dimensional Sasakian
manifold M (@, ¢,1,g) with unit normal N, mean curvature H and sectional curvature K(&T,t) > 0. If
the energy of V p satisfies

E(Vp) < / [nHz—f—;Ric(N,N) 02

and H is constant along the integral curves of &1, then H is a constant and M is isometric to the sphere

S (Trim):

Proof. As the mean curvature H is constant along the integral curves of ¢’, we have

Zg( (C ez) ei) =0, (35)

where {e, ..., ez, } is a local orthonormal frame on M. Now, using both Equations (18) and (35), we get

ig((vz‘l)(a, )61)+2g( e, & Ne,)zo.

As {e, ..., 2y, N} is local orthonormal frame on M and A is a symmetric operator, above equation

takes the form
2n

g(&", Y (VA) (e;,e1)) + Ric(¢T,N) = 0. (36)

i=1

However, taking into account (4), we derive

Ric(g",N) Ric(§ —pN,N)
= Ric(¢,N) — pRic(N, N)

= 2np — pRic(N,N).
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Thus, Equation (36) takes the form
2n -
g(&", Y (VA) (ei,e;)) +2np — pRic(N,N) = 0. (37)
i=1
We use now the second equation in (13), to compute
2n 2n
div (Ag") = Y g (—F (e;) + pAe;, Aci) + (&7, ) (VA) (ei,1)).
i=1 i=1
Using tr (F o A) = 0 in above Equation, we conclude
T 2 T
div (Ag") = p | A> +3(E", Y (VA) (eser),
i=1

which in view of Equation (37) implies
div (AgT) = p||A|]? + pRic(N, N) — 2np. (38)
Now, using Equation (13) in (38), we get
div (pAgT) = - HAgTHZ -2 (t.A¢") + 0?1 AIP + pRic(N, N) — 2np?.
Integrating above equation and using Lemma 2, we conclude

/ {— HA@THZ +1— (4n+1) 0> + o2 ||A|> + p*Ric(N, N)] =0. (39)
M

Now, using again (13), we obtain
2
IVel? = AT+ 11el> + 2 (& 42T).
Integrating above equation and using ||t||* = 1 — p? and Lemma 2, we get

[-|aeT" = [ [an+ 12 = 1= 19017
M

M

Inserting next the above Equation in (39), we get

[er1arr = [[Ivel? - p*Rie(N,N)]
M M

= 2E(Vp) - /92W(N, N),
M

that is,
/p2 (I14]? —2nH?) = 2E (V) - /p2 [2nH? + Ric(N, N)|. (40)
M M

If the energy E (Vp) satisfies the given condition in hypothesis, then Equation (40) reads

/Pz (IIAH2 —2nH2) <0. (41)
M
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Using Schwartz’s inequality || A||* > 2rnH? in inequality (41), we conclude
o* (14|~ 2nH2) =o. (42)

If p = 0, then {¢7,t} is an orthonormal set globally defined on M and equations in (13) take
the form
Vuel = —F(U), Vyt=F(AU), AT =-t (43)

Also, the two equations of (10) imply F (t) = 0 and F (¢7) = 0 and thus using Equation (43), we get
V' =0, Vert =0, Vit = F (At).
Thus, we compute
R, )t =V F (At),

and consequently,

K(gT’t) = R(gT/t;trgT)
- g(Vng(At),§T>

= &g (F(ar), &) g (F(At), Vere)
= 0,

which is contrary to the hypothesis. Hence, p # 0 and due to the fact that M is connected, it follows
that Equation (42) implies || A |? = 2nH? and this inequality holds if and only if

A= HI. (44)

Now, we proceed to show that H is a constant. In view of Equation (44), the equations in (13)
change to
Vut=pU+ HF(U), Vyuél = -F(U)+pHU, Vp=-Hf —t

Using the above Equations, we compute the Hessian operator A, (U) = VyVp and get
the following

Ay (U) = — (1 +H2) pU — U (H) .

Please note that A, is symmetric, and as such the above equation gives
u(Hyg (¢ v) =v(Hg (g u), wvexm

Choosing V = ¢T in the above equation and using hypothesis that H is constant along the integral
curves of &1, we get

U (H) HQ’THz —0. 45)

If ||§TH2 = 0, we derive p = +1, which gives a contradiction to the integral formula (16).
Hence, as M is connected, Equation (45) implies U (H) = 0, U € X (M). Therefore, H is a constant
and by Equation (44) we get that M is a totally umbilical hypersurface of constant mean curvature H.

Consequently, we deduce that M is isometric to 2 lin ).

Recall that the odd dimensional unit sphere $2**1 viewed as a hypersurface of the complex space
C"*! admits a standard Sasakian structure (¢,&,7,g) (see [1] for details). As a particular case of
the above theorem, we have the following result.
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Corollary 1. Let M be a compact and connected orientable hypersurface of the unit sphere S>"+1 with unit
normal N, mean curvature H and sectional curvature K(&T,t) > 0. If the energy of Vp satisfies

E(Vp) < n/ (1+ 1)
M

and H is constant along the integral curves of &1, then H is a constant and M is isometric to the sphere

S ( \/ﬁ) Moreover, the converse holds.

Proof. For the unit sphere $2"*! with unit normal N, we have Ric (N,N) = 2n and the bound
on E (Vp) in the Theorem 4 becomes as in this statement. Therefore, M is isometric to the sphere
s2n ( \/&?) Conversely, if M is isometric to the small sphere s2n ( 1 T ), then it is totally umbilical
hypersurface of constant mean curvature H, i.e., A = HI. In this situation, Equation (13) implies Vp =
—H¢gT — t. Thus, using Equation (15), we infer Ap = —2n (1+ H?) p, i.e,, pAp = —2n (1+ H?) p°.
Integrating this equation by parts, we get

E(Vp) =5 [I9plP=n [ (1+17) 0%
M M

Hence, all the conditions in the statement are met. [

5. CMC-Hypersurfaces

In this section, we study compact and connected oriented hypersurfaces of constant mean
curvature (briefly CMC-hypersurfaces) of a Sasakian manifold. It is interesting to note that on compact
orientable CMC hypersurfaces, if ¢! is a principal direction, then AZT = H¢' holds, where H is
the constant mean curvature. We also find a sharp upper bound for the first nonzero eigenvalue of
the Laplace operator on compact and orientable CMC-hypersurfaces with & a principal direction.

Lemma 4. Let M be compact and connected orientable hypersurface of constant mean curvature H of a (2n +
1)-dimensional Sasakian manifold M (¢, &,1,8). If A¢" = u¢” for a constant y, then H = y holds.

Proof. Using Lemma 1 and Lemma 2, we have

y}\{(l—pz)—ZnH/pz

M
and
/ [(2n+1)p2-1] =0.
M
These two equations imply
/(2n +1)pp® = (2nH + p) /pz,
M M
that is,

2 (H — 1) /p2 ~ 0. (46)
M

If p = 0, then Equation (9) implies that the set {¢7, t} is an orthonormal set. However, the last
equation in (13) and A¢' = u¢T, gives u¢’ = —t. Taking the inner product in this last equation, gives
|t]|> = 0 a contradiction. Hence, p # 0 and consequently, Equation (46) confirms that H = . [
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Theorem 5. Let M be compact and connected orientable hypersurface of constant mean curvature H of
a (2n + 1)-dimensional Sasakian manifold M (@, &,1,8) and A = u&’ for a constant y. Then the first
nonzero eigenvalue A1 of the Laplace operator on M satisfies

A < 2n(14 H?).

Moreover, the equality holds if and only if M is isometric to the sphere S*" \/117)’ provided that the Ricci
curvature of the hypersurface satisfies

Ric (Vp,Vp) > (2n = 1) (1+ H2) | Vp|*. (47)
Proof. By Lemma 4, we have H = y and then Theorem 1 implies

V(M) g/{(4n+1—A1)p2+H2(1—p2)},
M

thatis
(1- H)V(M) < (4n+1—H2—A1)/p2. (48)
M

Also, as AZ' = u¢’, we have g (A¢',t) = 0 and Lemma 2 implies
V(M) = 2n+1) /pz.
M

Inserting this equation in inequality (48), we conclude
(M =20 (1+F2)] /p2 <o.
M

Now, using the argument given in the proof of Lemma 4, we see that p # 0. Hence, from above
inequality, we conclude A < 21 (1+ H?).

Suppose now the equality A; = 2n(1+ H?) is valid and that inequality (47) holds.
Using A& = u&T and u = H in last Equation of (13), we have

Vp=—-H —t (49)
Using Equations (15) and (49) and Ap = div (Vp), we get
Ap = —2n(1+ H?)p = —Aqp. (50)
Also, using (13) and (49), we can compute the Hessian operator A, as
Ay (U) = —H (—F (U) + pAU) — (pU + F (AU))

or
Ay, (U) =—p(HA+I)(U)+F(HI-A)U), uex(Mm). (51)
Please note that for a local orthonormal frame {ey, ..., €2, } on M, owing to symmetry of operator

(HA + I) and skew-symmetry of operator F (HI — A), we have

2n

;g«HA +1) (e;), F (HI — A) (¢;)) = 0.
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Thus, Equation (51) gives
2
146" = P IHA+1|* + [|F (HI — A)||*. (52)

On the other hand, it is clear that Equation (2) implies HF(LI)H2 = HLI||2 —a(U)? - B(U)>
Observe that

2n 2n
Z « (He; — Ae,')2 = Zg (He; — Ae;, t)2
i=1 i=1
= H?||t||* — 2Hg (t, At) + || At]|>.

We know that A¢t = u¢T implies At = ut (cf. Lemma 3) and that H = . Consequently, the above
equation gives
2n

Y« (He; — Ae;)* = 0.
i=1

Similarly, we get

Zﬁ (He; — AeZ =0,
and we conclude
2 2
IF(HI - A)|* = [[HI - A
= 2H*+ || A|* - 4nH?
= ||A|*-2nH2.
Thus, Equation (52) gives
2
4] = 2 (F2 | A|]> + 20+ 4nH2) + (|| A[]* = 2nH2) (53)

Now, using Equation (50) and above Equation, we conclude

|46l = 5, (a0 = o2 (H2JIAIP +2n +4n?) + (||| - 2nH?)
—2n (14202 + HY) 7,
that is, )
14] = 5. (80)* = p*H? (IAIP = 2nH2) + (4] — 2nH2).

Thus, we have
1
[40]* = 5= (ap)* = (1+ p2H?) (|| AI° —2nE2) . (54)

On the other hand, from the Bochner’s formula
. 2 2
/ {ch (Vo, Vo) + || Ap]|” = (Ap) } =0,
M
we derive immediately

[ 140l = 5 007 =

M

[ n- 1 — Ric (Vp, Vp)} .

z\
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Using now (50) and (54) in above equation, we get
2
/(1 +?H?) ([l AP —2nH?) = /2n(2n —1) (14 12) 2
M M
- / Ric (Vp, Vp). (55)
M

On the other hand, it is obvious that Equation (50) implies pAp = —2n(1 + H?)p? and integrating
this equation by parts, we conclude

JIvel? =2n(1+ 1) [ g2
M M
Using this equation in (55), we get

/(1 +?H2) (|| AP - 2nH?) = / (21— 1) (14 H2) | Vol — Ric (Vp, Vp)] -
M M

Using inequality (47) in above equation, we conclude

/(1 +0?H2) (||| - 20H?) <0
M

and in view of Schwartz’s inequality ||A|? > 2nH2, the integrand in above inequality is non-negative.
Hence, we derive
(1+p?H?) (|| A]” — 2nH?) =0,

that is, || A||* — 2nH2 = 0, which implies the equality in the Schwartz’s inequality. However, this holds
if and only if A = HI. Thus M is a totally umbilical hypersurface of constant mean curvature H and

this proves that M is isometric to the sphere S ( \/ﬁ)

The converse statement follows trivially since if we suppose that M is isometric to S \/per),

then it is well known that the first nonzero eigenvalue A; of the Laplace operator is given by
M=2n(1+H?). O

As an immediate consequence of Theorem 5, we have the following result for hypersurfaces of
the unit sphere S?"*1.

Corollary 2. Let M be a compact and connected orientable hypersurface of constant mean curvature H of
the unit sphere S"*1 such that AZ* = ug” for a constant y. Then the first nonzero eigenvalue Ay of the Laplace
operator on M satisfies

A < 2n(14 H?).

Moreover, the equality holds if and only if M is isometric to the sphere 2 1iH2 ).

Remark 1. Next, we would like to point out the existence of hypersurfaces which satisfy the condition that
the tangential component of the Reeb vector field to the hypersurface is a principal direction, providing two
non-trivial examples.

First, we consider the unit sphere S?"*! C R?'*2 equipped with the standard Sasakian structure
(9,8, 1,8) [1]. We shall write

sl — {(u1/”2/--~/u2n+lru2n+2) € R |lu| = 1}
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and let us denote by | the canonical complex structure on R>'*2 defined as

J (U1, u,u3, g, ..., Upyi1, Uopgo) = (—Uo, U1, —Ug, U3, ..., —Udpt2, Udyt1)

and by N = (uy, ..., up,42) the unit normal vector field to §2"+1 Then it is known that the Reeb vector
field on S?"*1 is given by & = —]N, that is,

(’: - (uZI —Ut,...y, u21’l+2/ _u2n+1) 7

1 is the 1-form dual to ¢ with respect to the induced metric ¢ (by the Euclidean metric on R¥"*2), while
¢(X)=]X-5(X)N, Xe X (52”+1). Now, consider

2n+1
m42 . 2 _ 2 _
M= {(ul,uz,...,u2n+1,u2n+2) ERMZ Y up =P uppgn = \/102,0<c<1}
i=1

Then M is a hypersurface of $2**! with unit normal

V1—¢? V1—¢?
N = <— c Ui, oo, — Uzp+1,C (56)
Therefore, we have
1
c=g(N)= —Man+
and it gives
1
T=¢-oN=2C+ ZHanN,
that is,
T V1—¢2 V1—¢? v1i—¢z ,
¢ = |- —z ka1, M - g2l U2 = U 0 (57)

Let A be the shape operator and V be the Riemannian connection on $2**1 and D be the Euclidean
connection on R%**2, Then using (56), we have

- Vi=& Vi=&
_AgT = VCTN = DgTN - <_ c éT (u]) AL C él’T (u2n+1) /0 .
which on using (57), gives
JT =2
Y 716 <.

Hence, ¢T is principal direction with constant principal curvature @ > 0 and we derive that
M provides us a first example of hypersurface satisfying the condition that the tangential component
of the Reeb vector field to the hypersurface is a principal direction.

Similarly, one can show that the hypersurface $?* of the Sasakian manifold R>**1 (¢,&,1,¢)
gives another example of hypersurface with such a property. Recall that if (x;,y;,z),i = 1,...,n,
are the coordinates on R?"*1, then the Sasakian structure (¢, &,7,¢) on R>"*1 is given by [1]

0 4; O n
/ d 1 igi 1¢ i2 i2]?
o= —d; 0‘ 0 ,é’:z&,nzi dz—Zydx ,g:17®77+12{(dx)+(dy)}
0 y o0 =1 =



Mathematics 2020, 8, 877 17 of 17

Author Contributions: Conceptualization and methodology, H.A., S.D. and N.B.T.; formal analysis, G.-E.V.;
writing original draft preparation, H.A. and G.-E.V.; writing-review and editing, S.D. and G.-E.V,; supervision,
S.D. and G.-E.V; project administration, H.A. and N.B.T; and funding acquisition, N.B.T. All authors have read
and agreed to the published version of the manuscript.

Funding: The authors extend their appreciations to the Deanship of Scientific Research King Saud University for
funding this work through research group no (RG-1440-142).

Conflicts of Interest: The authors declare no conflicts of interest.

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Blair, D.E. Riemannian Geometry of Contact and Symplectic Manifolds, 2nd ed.; Birkhduser: Boston, MA, USA, 2010.
Adachi T.; Kameda M.; Maeda, S. Geometric meaning of Sasakian space forms from the view point of
submanifold theory. Kodai Math. |. 2010, 33, 383-397. [CrossRef]

Bejancu A.; Deshmukh, S. Real hypersurfaces of CP" with non-negative Ricci curvature. Proc. Am. Math. Soc.
1996, 124, 269-274. [CrossRef]

Deshmukh, S. Real hypersurfaces in a Euclidean complex space form. Quart. J. Math. 2007, 58, 303-307.
[CrossRef]

Deshmukh, S. Real hypersurfaces of a complex space form. Monatsh. Math. 2012, 166, 93-106. [CrossRef]
Kaimakamis, G.; Panagiotidou, K.; Pérez, ].D. Derivatives of the operator $ A — A¢ on a real hypersurface in
non-flat complex space forms. Bull. Malays. Math. Sci. Soc. 2020, 43, 267-282. [CrossRef]

Kimura, M.; Maeda, S. On real hypersurface of a complex projective space. Math. Z. 1989, 202, 299-312.
[CrossRef]

Maeda, S.; Tanabe, H.; Udagawa, S. Generating curves of minimal ruled real hypersurfaces in a nonflat
complex space form. Canad. Math. Bull. 2019, 62, 383-392. [CrossRef]

Niebergall, R.; Ryan, PJ. Real hypersurfaces in complex space forms. In Tight and Taut Submanifolds; Cecil, T.E.,
Chern, S.S., Eds.; Cambridge University Press: New York, NY, USA, 1998; pp. 233-305.

Sasahara, T. Ricci curvature of real hypersurfaces in non-flat complex space forms. Mediterr. J. Math. 2018,
15, 12. [CrossRef]

Wang, Y. Cyclic 7-parallel shape and Ricci operators on real hypersurfaces in two-dimensional nonflat
complex space forms. Pacific . Math. 2019, 302, 335-352. [CrossRef]

Boyer C.; Galicki, K. Sasakian Geometry; Oxford Mathematical Monographs; Oxford University Press:
Oxford, NY, USA, 2008.

Slesar, V.; Visinescu, M.; Vilcu, G.E. Toric data, Killing forms and complete integrability of geodesics in
Sasaki-Einstein spaces YP4. Ann. Phys. 2015, 361, 548-562. [CrossRef]

Watanabe, Y. Totally umbilical surfaces in normal contact Riemannian manifold. Kodai Math. Sem. Rep. 1967,
19, 474-487. [CrossRef]

Obata, M. Conformal transformations of Riemannian manifolds. J. Diff. Geom. 1970, 4, 311-333. [CrossRef]
Obata, M. The conjectures about conformal transformations. J. Diff. Geom. 1971, 6, 247-258. [CrossRef]
Yamaguchi, S. On hypersurfaces in Sasakian manifolds. Kodai Math. Sem. Rep. 1969, 21, 64-72. [CrossRef]
Chen B.-Y. Pseudo-Riemannian Geometry, é-Invariants and Applications; World Scientific: Hackensack, NJ,
USA, 2011.

Besse, A.L. Einstein Manifolds; Springer: Berlin/Heidelberg, Germany, 1987.

@ (© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.2996/kmj/1288962549
http://dx.doi.org/10.1090/S0002-9939-96-02886-9
http://dx.doi.org/10.1093/qmath/ham015
http://dx.doi.org/10.1007/s00605-010-0269-x
http://dx.doi.org/10.1007/s40840-018-0679-9
http://dx.doi.org/10.1007/BF01159962
http://dx.doi.org/10.4153/CMB-2018-032-6
http://dx.doi.org/10.1007/s00009-018-1183-z
http://dx.doi.org/10.2140/pjm.2019.302.335
http://dx.doi.org/10.1016/j.aop.2015.07.016
http://dx.doi.org/10.2996/kmj/1138845504
http://dx.doi.org/10.4310/jdg/1214429505
http://dx.doi.org/10.4310/jdg/1214430407
http://dx.doi.org/10.2996/kmj/1138845831
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminaries
	Volume and First Eigenvalue Estimates
	A Bound on Energy of a Vector Field
	CMC-Hypersurfaces
	References

