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Abstract: In this paper we study the time-fractional wave equation of order 1 < v < 2 and give a
probabilistic interpretation of its solution. In the case 0 < v < 1, d = 1, the solution can be interpreted
as a time-changed Brownian motion, while for 1 < v < 2 it coincides with the density of a symmetric
stable process of order 2/v. We give here an interpretation of the fractional wave equation for d > 1
in terms of laws of stable 4 —dimensional processes. We give a hint at the case of a fractional wave
equation for v > 2 and also at space-time fractional wave equations.
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1. Introduction

In this paper we study in detail the solution of the time-fractional equation

u &%
E M ®

for 1 < v < 2 under the initial conditions

u(x,0) = d(x)
@)
ur(x,0) = 0.
The time-fractional derivative is hereafter understood in the Caputo sense:
’u 1 Eom M—v—1
W—mfoat—mu(x,s)(t—s) ds m—1<v<m. 3)
We first prove that the Fourier transform of the solution of the Cauchy problem (1) and (2) is
U1 vat) = UML) = Eya(=¢ly]P) )
where
P R 5
Ev,l(x)—k;om x € ©)

is the one-parameter Mittag-Leffler function, first introduced in [1]. The representation of (4) as a
contour integral on the Hankel path H,

v—1

1 e’w
Eua(~nIP) = 5 | ©)

—————dw
Jn, o+ B

Mathematics 2020, 8, 874; d0i:10.3390/math8060874 www.mdpi.com/journal/mathematics


http://www.mdpi.com/journal/mathematics
http://www.mdpi.com
http://dx.doi.org/10.3390/math8060874
http://www.mdpi.com/journal/mathematics
https://www.mdpi.com/2227-7390/8/6/874?type=check_update&version=2

Mathematics 2020, 8, 874 2of 14

permits us to obtain a representation of (6) as

@)

sin v / 0o g1tz |
m  Jo 22 +2zVcosmv+1
n 1 [eCZ/VW|2/ut€f7r/u n oI/ ey

Eva(=|lv|*#) =

Some details about the representation (6) and the Hankel path can be found in [2]. Ford =1,
1 < v < 2 the inversion of (7) is presented in [3] with the conclusion that the solution of (1) is the
distribution of a stable symmetric process of order 2/v.

We here show that ford > 1,1 < v < 2 the solution can be expressed in terms of the law of a d—
dimensional stable process S, (t) with a suitable choice of the measure I appearing in

Eoi1Su(t) _ gt Jyr-1 Iy (1—isign(ys) tan 3 )T(ds) ®)

In particular, for T uniform on the upper and lower hemispheres of S*~1 = {s € RY : ||s|| = 1},
we prove that (8) yields the characteristic functions in square brackets of Formula (7). We give also the
explicit forms of u(x, t) of the solution of (1) in terms of Bessel functions J4 _, (p||x||), which for d = 1

2

can be reduced to Fujita’s result. Some results concerning wave equations of fractional type can be
found, e.g., in [4].
2. The Fractional Wave Equation

In this note we present some relationship between stable processes (and their inverses) with
fractional equations. Stable processes are studied in depth in the monograph [5]. Some simple and
well known results state that a symmetric stable process S, (f),0 < & < 2 with characteristic function

el 7Se(t) — o=l 7yeER,t>0 ©)

has distribution p.(x,t), x € R,t > 0, satisfying the fractional equation

dop  0o*
E - a‘x‘“p (10)
where al |a is the Riesz fractional derivative usually defined as
0 _ 1 am e fy)
e ) = A —a) cos(ma/2) dam / oyt mol<a<m (1D
with Fourier transform
+o00
/ e [x | x)dx = ‘7| / lryxf (12)

For the d-dimensional isotropic stable process S,(t) =  (Si(t),...,S%(t)) with
characteristic function,
Eelr5i®) = o=t 4 e Re ¢ >0 (13)

The corresponding probability law pu(x1,...,x4,t) = pa(x, t) satisfies the equation

ap _ %
i —(=0)"p (14)

where —(—A)" is the fractional Laplacian defined as the operator such that
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30f14
() = Gz foue I )

f € Dom((—A)%) (15)

where f(7) is the Fourier transform of a function f(x),x € R? and the domain of the operator
Dom((—A)*) is

Don((~8)) = { € Lh(R") s [ 1P+ ) dy < o

(on this point see for example [6]). The connection between fractional operators and stochastic processes

is explored, e.g., in [7]. A detailed comparison of the several possible definitions of the fractional
Laplacian can be found in [8]. For the time-fractional equation (see [9]),

T2 O<v<2,xeR, t>0

(16)

we have that the solution of the Cauchy problem is explicitly given by

1 |x]
u(x, t) = ez V-v2i-vy2 <—)

17
prey (17)
where L
ad X
W, g(x) = —_— a>—-1,b>0x€eR
wp(x) k;) T(ak + B)

is the Wright function. The d—dimensional counterpart of (16) is

%:czAu O<v<2,xeRit>0

u(x,0) = 6(x) (18)

ui(x,0) =0.

Some details about time-fractional derivatives can be found in [10]. For 0 < v < 1 the solution
of (18) corresponds to the distribution of the vector process

B(Ly,(t), t>0 (19)
where B(t) = (Bi(t),...,By(t)) is the d—dimensional Brownian motion and L, (t) is the inverse of the
stable subordinator H, (t) (see [11]).

In the more general case

9P — —2(-A)Pu  0<v<20<a<lxeR,t>0
u(x,0) = 5(x)
ut(x,0) =0

(20)

The solution of the Cauchy problem (20) is the probability density of the process

Sa(Ly(t)), t>0 (21)
where S*(t) = (SL(t),...,S%(t)) is an isotropic stable process (see [11]). We here consider the case

where in (18) and (20) the order of the fractional derivativeis 1 < v < 2.We start first with (18) and
observe that the Laplace—Fourier transform of the solution 1, (x, t) is
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o0 . . /\V—l
—At iyx —
e e tu(x, t)dx = ———— 22
Joe fdmutnnar = 5 )
and the Fourier transform reads
[ e ut ) dx = B (=) @)

The Mittag-Leffler function E, 1(—c?||7||?t") can be represented as a contour integral on the

Hankel path as
1 eWepv—1
2 2 —
Eyp(=c7l[7[7t") = 271 /I_Ia w’ + tc2 ||y |]2 dw (24)

where Ha is the contour in the complex plane represented in Figure 1.

- /\

\R

Figure 1. Hankel path in the complex plane.

The representation (24) is a consequence of the integral representation of the inverse of the

Gamma function
1 1

- = w,,—V
Tw) ~ 27 /Hue w™"dw.

The integral in (24) can be developed by inserting a ring of radius € < R.

The contour C is composed by the circumferences Cg and C, with two segments joining Re™"

with ee™" and Re'™™ with ee'”™, and is run counterclockwise. See Figure 2.

1 eV’ !
5= / — s dw (25)
27 Jo w¥ 4 tve? |||
we perform the transformation w" = z?" for 2m — 1 < v < 2m.
The contour of Figure 2 after the transformation w" = z>" takes the form shown in Figure 3.

Reiﬂ/

ee'’™ €

ee—lﬂ'
REN

Figure 2. Representation of the contour C.

In order to evaluate

C
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_ i
/ inv € e 2m

Figure 3. Representation of the contour C’, with R’ = R2w and €/ = en.

Therefore, the horizontal segments of Figure 2 are rotated by an angle of amplitude £7rv/2m
and the radii are subject to contraction or dilation according to the value of v. The integral on C’ thus
obtained from (25) is

2m/v _
s ZZm 1

W, V—1
1 / eYw _ 2m (26)

27t Je o+ 0@y 2 T 2t Jo g p

The integral on the right side of (26) can be evaluated by means of the Cauchy residue theorem.

The function
ezz”’/V ZZm -1

has 2m poles at points z; = o ( 2||’y||2t1’)2m for 0 < k < 2m — 1. It is easy to show that the
residues of (27) at the poles z; are given by

2m/v om—1 ZZm/v
. ez e’k
L e M LA T 29
Thus the integral (26) can be written as
1 2m—1 m/v .
o [ f@dz= 5 Y A where z = ¢ (||t (29)
k=0

By adding the contribution of the segments (Re~*",ee ") and (Re'™, ee'™) for R — co and € — 0
we obtain

. 0o =1 ,—tze?V|y|?/V Zm 1 2ms 2m/v
Fua(—cpfer) = ST [ 2 2L @

For m = 1 we must distinguish the cases 0 < v < 1 where

Vfle*tZCZ/VH’YHZ/v

1 o
E ) ZtV _ sin 7T1// 31
(=P = === | e % S
and 1 < v < 2, where
i 0o =1 ,—tzc¥V|y |2V
E 2 ztv _ SlnT[V/ e 32
n(=SP) = == | e 32)

4 1 [ecz/vH'YHZ/Vtein/V T eCZ/vH,YHZ/ute—in/v

In order to simplify the formulas involved in the analysis we take c = 1.
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For m = 2 we have the subcases 2 < v < 3and 3 < v < 4. In the first case the contour integral
of Figure 3 involves two poles and thus yields two additional terms in the representation of the
Mittag-Leffler function (32). In the second case we have the contribution of four poles in the contour
integral of Figure 3, so that for 3 < v < 4

Ev(=2[lv[2)

sinmry [ zv-le=tze
===/ (33)

T z2V 4 27V cos v + 1

‘2/vt6i37f/4v |2/vtgi57r/4v |2/vt€i77r/4v

el

+1[JNMW”“+AWI 4 el
v

The contours for 2 < v < 3and 3 < v < 4 are depicted below (Figure 4).

Zz. . Zl Zzo .Zl
23" 2z Z3 %4
2<v <3 I<v<4

Figure 4. Representation of the contour C’ for m = 2. The dots indicate the poles of f(z).

The substantial difference between the cases 1 < v < 2 and v > 2 is that in the first case we
have that R(e*"/) is negative and the contribution of the poles correspond to the characteristic
function of stable processes, whereas for 2 < v < 3, R(e//") and R(e”7"/V) are positive and thus are
not characteristic functions of random variables. Let us now concentrate our attention on the integrals
in Equations (31) and (32) (which is also true in the general case for v > 2). If we write

sinzry [zl

T /0 z2V 4 2zVcos v + 1
sinsry o et MY

v /0 w? +2wcos v + 1 @
Sha P
)

(34)

dw
0 (w+ cos V)2 + sin? v

— EeitH’YHZ/VWl/V

where W is a non-negative r.v. with density

i d
f(w):smm/ @ — w>0,0<v<li
v (w + cos 7tv)2 + sin® 7tv

Note that for 1 < v < 2 the function (2) is negative on (0,c0). We note also that the r.v.
Wy, 0 < v < 1 with density

sin 7tv wv1
P(W, d dw =
(Wy € dw)/dw 7 14+ w2 4+ 2wV cos tv w=>0 (35)

appearing in (35) has the same distribution as the ratio of two independent stable subordinators of
degree 0 < v < 1.
We now give the inverse Fourier transform of (34) for0 <v < 1,d = 1.
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1>
polet) = 5 [ ePE(—02H)dy (36)
1 o . osinmy (o gV—letr?
—— X dzdy = (¢
Zane s /0 22 42z cosmv+1 ) (b7

_ 1 /°° i sin 7ty /°° e Vw12 dw dr.
27T J oo T Jo w4 2yt 4 2tV2wY cos TV

2
7

= w)

We start by evaluating the following integral

1 . tv,),z

/ o ivx dy

27T J—oo w2V 4 12V 4 2tV 21V cos TV

_ 1 /oo efix'y’t’v/z,),lz

27ttV/2 | oo Y% + 292wV cos v + w2
1 /oo efixy(w/t)"/2 ,Y2 dy

27t(wt)?/2 J -0 1+ y* + 272 cos v

1 o0 —ivAAN2
27t (wt)?/2 J -0 1+ y* + 272 cos v

/

dy

where A = (w/t)"/?x.
We must now evaluate the integral of

Z?.e—izA

f(z)

= eC
z4 +222cos v + 1 z

on a suitable contour Cg. The four roots of z* + 2z% cos mv +1 = 0 are
_ o imvogr oy v
z1=¢ Z =sin 5 —icos 5
7T . .
2 = —sin ¥ +icos
v s Tt . .
z3=e€'"277'7 = —sin ¥ —icos &

_ v 4T . .
zg=e "2 =sin & +icos &

and are located in C as in Figure 5, because 1 < v < 2.

Z3 Z1
L[] [ ]
—R — R
L] L[]
Zn Za
@_—

Figure 5. Integration contour for x > 0.

We observe that e =24 = g=i(utiv)x(w/0)"? — coAg=iud for x > 0 and v < 0, the curvilinear integral
on the half-circle Re’?, 0 < 6 < 7 tends to zero as R — oo. By the residue theorem we thus have

- f(z)dz = —2mi(Rz, + Rz,) (37)

The minus sign is due to the fact that the contour in Figure 5 is run clockwise.
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The residues R;, and R;, have the following values

P TTV inv/2 _ v —inv/2
i eAe ) eAe

e

e
RZ4 -

_— 38
4 sin 7Tv (38)

RZ - — .
2 4 sin 7tv

and thus

/ f(z)dz = —% (e—i%eAf’i"L'/z . el’%yﬁy‘mﬂ) )
Cr sin 71

T o . [TV LT
= AT gin (— —I—Asm—)
sin 7Tv 2 2

For x < 0, the integration of f(z) must be performed on the contour of Figure 6 and
- f(z)dz = —2mi(R;, + Ry;) (40)
R

the sign being in this case positive because the path is run counterclockwise.

Figure 6. Integration contour for x < 0.

The residues in this case are

: _ Apimv/2 s _ A,—inv/2
lmf/Ze Ae e 17'[1//26 Ae

e
RZ3:_

Rzl -

4 sin Tv 4 sin 7tv

The integral (40), therefore, takes the form

27ti i iy i —inv
/ f(z)dz = Tsiny siri”m/ (el”"/ze_A‘" 12 _ pmimv/2,=Ae /2) (41)
JCR

T o, [TV LTV
= ¢ AT gin (— —Asm—)
sin 7tv 2 2

In conclusion we have that

(42)

© —ixy(w/t)V/2 2
|t s
—oo 1+ 9%+ 292 cos v
— — T e|X|COS%(W/t)V/2 Sil’l ﬂ+|x| (ﬂ)%sinﬂ .
sin 7tv 2 t

We now consider the integration with respect to w in (36). This leads to the evaluation of the
following integral
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o0 / y
— _ l - / e*luw%*le‘x‘cos%(%)l/z sin ﬂ + ‘x‘ (g) Sln ﬂ dw
2mt2 Jo 2 t 2

1 ® b 2av-1 2, 2. o TV %
=— / e (wit) sl Sppi—letlxlcos T gin (7+w|x|sm7) dw
0 v

1 [® _, ,.q sinmv T lxlcos Z(w/t)/2 . ( TV (u})% . TV

— - : i @ ) d 4

2n/o © Y w2 | sinm” sin|\ 5 Flxl(F) sing )| e @9)
%

-
TTvt2
1 e

—tw? w (T TV
=—— et pwlxlcos 5 gin (——I—w|x\sm—) dw
v Jo 2 2

The last step of (43) can be developed as follows

1 R v v (v s TV - (v sV d
- eftuﬂ/ ew|x\c057 [el(7+zu|x|sm7) _671(7+w\x\5m7)} 771) (44)
v Jo 21
_ 6171’1//2 /oo efth/Vew‘x|gi7rv/2 dw + 6717'(1//2 /oo eftw2/vew|x‘e—fm'/2 dw
2irtv Jo 2itv Jo
We evaluate the first integral in (44) by taking the contour integral of the function
f(z) _ eitZZ/v+‘x‘Zeim/2 zc C
along the path Cr depicted in Figure 7.
— R
o_ v
2772
\ /
Cr
Figure 7. Path Cy corresponding to the change of variables z’ = ¢/ (1=")z in the first integral of (44).
By the Cauchy theorem we have that
R ; 0 PTGV T TV
/ f(z)dz = / f(w)dw + / f(Re') do + / f(ze'z7'2 )27 2 dz =0 (45)
Cr 0 C R
The integral on the arc C tends to zero because
. . 0 2 v
\/cfuzeﬂ) d@\ < [IFREN 0= [, ntRF cos FlrReon(®+ ) g (46)

2

Sincerr >0+ > T asf ¢ ((1721’) ”,0), the exponent of the second factor of (46) is negative as
well as the first one because cos(26/v) for 0 ranging in the same interval.

We thus conclude that (46) converges to zero as R — oo and thus (45) yields

. . 2/v
© 2/ i ® r 7)5(261%71%) +i|x|z
/ et prlle dw:/ e'2"ze = g, (47)
0 0
L [ 2/vint/v
— je—i% ez|x\zetz e dz

0

In order to evaluate the second integral of (44) we integrate

f(Z) _ eftzz/vﬂx‘zg—im/z zc (C
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along the contour of Figure 8.

MR

10 of 14

e

Figure 8. Path Cy corresponding to the change of variables 2/ = ¢/

R

2(v=1)z in the second integral of (44).

By performing the same steps as above we obtain

. . 2/v LTV T .
® 2/ - ® —t(zel%_l%) +lx|ze' 2 7272
/ et prvlxle dw:/ ez "l2e 1+ dz (48)
0 JO
Lm0 2/v —int/v
— il / e z\x\zetz e dz
0
in view of (47) and (48) the integral (44) becomes
B 1 /oo ei\x\zetzy”em/v dz — 1 /ooefi|x\zet22/”e*iﬂ/" dz
2ntv Jo 2rtv Jo
1 Ll 2/v imt/v 1 0 i _\2/v,—int/v
_ -3 / €1|x|zetz e dz — 5 / ez|x\z€t( z)*/Ve dz
7TV Jo TV J -0
_ 1 /+OO €i|x‘zet‘z‘2/ue%sig‘nz dz
21V J -0
1 +oo ; 2 —i—7,Tsi nz
_ _ / 671\x|zet|z\ve Ve 4
21V J -0
From (32), d = 1, we conclude that
1 te —iyx 24V 49
po(x,t) = 27 ) e Eya(=y7t")dy ( )
1 +oo : v —’.Tt[si +oo ; v iT7,Tsi o +oo i v,—illfsi n
-5 {_/ =il gty Ve 7 sien d7+/ iyt Ve mdwF/ X7t VI g
v —o0 J—c0 —o0
1

Foo . , _img
- / gty /e T g
271V J oo

v ,— T sion 2 g ioi Ty . .. .
Remark 1. The function h(y,2) = etV 2em VIR gtV cos T (1—isignytan ) s the characteristic function
of a stable random variable of order 1 < 2/v < 2 with symmetry parameter p = 1. Many details about
the properties of such densities can be found in [12]. The function p» (x,t) = 5 j;o e~ h(y,2/v)dy is

unimodal with a positive maximal point and is such that [3° p2 (x,t) = dx = v/2. Analogously, the function

h(vy, —2/v) is the characteristic function of a negatively skewed random variable. This implies that the function
pv can be seen as the superposition of the densities of stable random variables with index p = £1, conditional to

be respectively positive or negative.

3. The Multidimensional Case for1 < v < 2

The Cauchy problem
’u _ vd 2%u
o T Hj=1 asz

u(x,0) = §(x)
u;(x,0) = 0.

xeRL, >0
(50)
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has solution with Fourier transform

/]Rd eV u(x,t)dx = Ey 1 (—||v[[*#") (51)

sin 7tv /°° 2otz
T Jo z242zvcosmv+ 1

dz + 1 [EH'YHZ/”EW/V + eH,YHZ/utefirr/v
v

as shown in the analysis presented above. Thus, the solution to the Cauchy problem (50) reads

u(x, t) = (2;)51 /Rd e iTx (52)

; 0 v—1,—tz|y|?/" . .
5 J sV / . z'" e dz + 1 |:eH,yH2/t/tez7r/v 4 elIPete zn/v:| dy
t  Jo z+2zVcosmv+1 v

We must therefore evaluate the following three d—dimensional integrals, the first one being a
function of z.

vy — 2/v in. 2/v it /v . 2/vy,—int/v
/ emirxetn?zg,, / e irxellr P e g, / e irxel P e g (53)
R¢ R4 R4

Since the three integrals (53) are substantially similar, we restrict ourselves to the evaluation of
the first one. In spherical coordinates we have that

. 2
/R ) e itz (54)

00 i1 T T 27T ) i )
:/0 0 dp/o d61---/0 ded,2/0 dgsin8 2. - sin6;_,

« e—ip(xd sinfy---sinfy_, sinp+x4_q1 sin 6y - sinf;_, cos p+---+xy sin 61 cos O, +x cos Bl)e—tpz/”z

d
o o 0T ol
(pllx[])2

The last step is the hyperspherical integral

—iyd xiy;
e == dyg . dyy (55)
{r7a L 1i=0?}

T T 27
:/ d61---/ 05 [ dgsingi2...sinf, ,
0 0 0
> e—ip(xd sinfy---sinf_, sin¢+x,_1sinby---sinb;_, cos p+---—+xp sin B cos H+x1 cos 0)
d
(270)2 ]y 4 (ollx11)
d_
(pllxlz "

which is proven in detail in [13], Formula (2.151).
By inserting (54) into (52) we have that
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d

1 e, (202 e (ellx[)
u(x, t) = , / a—1 2 _ d (56)
(2" Jo (pllxl)%?
sin 7tv o Zv_le_tPZ/VZ 1 2/vy,im/v 2/Vy,—int/v
X d - [ o~/ te o0/ Vte }
{ T /0 z2V 4 2zV cos v + 1 2l te
1 /°° d
= — a7 | Paq(elxlD)de
@m) |t o T E
sinmtv [ vale,tPZ/VZ 1 2/v,im/v 2/Vp,—im/v
% d - |: 0~/ te 0/ Vte }
{ s /0 22V + 22V cos v + 1 e te
Note that the integral in z after the change of variable z¥ = z’ becomes
. 0 _tp2/v /v oS .
sin 7tv / i etz dz — 1/ ot/ V2l [1 sin 7tv _ } dz 57)
v Jo z%+2zcosmv+1 v Jo 7T (z — cos 7tv)? + sin® 7tv
since 1 < v < 2 the function . )
sin v
z) = 58
&) 7 (z — cos mtv)2 + sin? v (58)
has the form shown in Figure 9.
Z = CoS 7TV Z = Cos 7TV
l<v<3 S<v<2
Figure 9. Plot of the function f given in (58).
In conclusion
1 [ —1 S<cv<2
- / f(z)dz = 2 : (59)
v Jo -1 -+ v 1<v< 5-

We recall now the definition of an a—stable d—dimensional process 5*(t) = (S{(t),...,S5(t)),
0<a <2

Its characteristic function has the following form [14]

—t [oa—1 |7-s|*(1—isign(y-s) tan Z)T'(ds)+iy-p
Reirsi(t) — J€ °F N ? foa# (60)
ot Jsa—1 lys|(1=iZsign(y-s)log(y-s))T(ds)+iv-n
where y € RY, T is a finite measure on the sphere S9! = {s € R? : ||s|| = 1}.
Since |y -s|| = ||vlllls||cos®@ = |7/ cosf, where s € S%1 so that ||s| = 1.

Furthermore sign (y - s) = signcosf. We can assume 7 oriented through the north pole of S4!
and thus 0 can be viewed as the latitude of vector s, as shown in Figure 10.
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Figure 10. Domain of integration in (60), upon suitable rotation of the axis of the sphere.

We take the case 1 < a < 2 and rewrite the characteristic function as

—t][7[|* fga-1 cos® 6(cos % —isign(cos ) sin ) LG +iv-p

Eei7~5“(t) — cos 5+ (61)

otV %0 fua_1 cos® e~ T TENOOT(ds) i

1
cos 5t
For simplicity we assume d = 3 and suppose that I' is a uniformly distributed measure on the

upper hemisphere of the unit sphere. Thus

where 0% =

I'(ds) = s;ﬂ dodp 0<0< g 0<¢<2m (62)

with sign(cos 0) = 1. For u = 0 the integral in (61) becomes

e
27T

“singdpdd — o [P sinfeosto [ dg = 63
/Szcos sin 6 d¢df = o /0 sin 6 cos /0 cp—(x_’_l (63)

The characteristic function (61) turns out to be

_;ma
S Y L tnwv ki tHWHV -if v
coszf’x a+1 — |cos = ‘ _ |c05 3 ‘

:l

Sinceax =2/vand 1 <v < 2,wehave 7r > 7/v > 71/2 50 cos “ = cos 7 is negative.
If T is distributed on the lower hemisphere sign(cosf) = —1, and in the same way we have that
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The situation in the space S~1, d > 3 is quite similar with the integral in (61) evaluated in
hyperspherical coordinates.
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