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Abstract: We work on special divisor classes on blow-ups F, ; of Hirzebruch surfaces over the field of
complex numbers, and extend fundamental properties of special divisor classes on del Pezzo surfaces
parallel to analogous ones on surfaces F, ;. We also consider special divisor classes on surfaces F,
with respect to monoidal transformations and explain the tie-ups among them contrast to the special
divisor classes on del Pezzo surfaces. In particular, the fundamental properties of quartic rational
divisor classes on surfaces F,, are studied, and we obtain interwinded relationships among rulings,
exceptional systems and quartic rational divisor classes along with monoidal transformations.

We also obtain the effectiveness for the rational divisor classes on E, , with positivity condition.
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1. Introduction

In this article, we work over the field of complex numbers. Algebraic surfaces birational to the
projective plane are rational surfaces. When a rational surface has no (—1)-curve, the rational surface
is either a projective plane or a Hirzebruch surface. According to the blow-up/down of (—1)-curves,
it is natural to expect analogies between the studies of blown-up projective planes and the blown-up
Hirzebruch surfaces [1-3]. For del Pezzo surfaces, (—1)-curves are rational and the configuration
of (—1)-curves are closely related to the vertices of Gosset polytopes [4,5]. Moreover, the rational
divisor classes D on del Pezzo surfaces with D?> = 0, —1 are fundamental objects and it turns out that
these are also understood by the symmetry of Gosset polytopes. Therefore, we introduce rational
divisor classes on Hirzebruch surfaces and study the fundamental properties along the symmetry of
Gosset polytopes.

A del Pezzo surface is a smooth irreducible surface S, such that the anticanonical divisor class —Kg,
is ample. Each del Pezzo surface can be constructed by blowing up P? at r points (0 < r < 8) in a
general position unless it is P! x P!(for this case 1 < r <7 we get S, 1). For each k € Z, we consider
rational divisor classes D with D? = k.

S(k) = {D € Pic(S,) | D2 =k, —Ksy-Dzk—IrZ}.
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For k = —2,—1,0,1, we call the rational divisor classes as special divisor classes denoted by
another notations.

L, == S,(~1) = {I € Pic(S,) ‘ 12=-1,1 Kg, = —1} (lines),
M, := S,(0) = {m € Pic(S,) ’ m? =0, m- Kg, = —2} (rulings),

1) = {e € Pic(S;) ’ e =1, e-Ks, = —3} (exceptional systems).

We call a special divisor class in Sy(—2) = R, as a root d. We define a reflection ¢; on KSL, in
Pic(S;) by
04(D) :=D+ (D -d)d for D € Kg,

and the reflections given by roots generate the Weyl group W(S,) = E, for each 3 < r < 8 where the
extended list of E, contains E3 = A1 X Ay, E4 = A4 and E5 = Ds. This reflection ¢ on KSL, CPic(Sy)
can be extended to a map of Pic(S,). Moreover, since the reflection o, preserves the intersection - and
Ks,, the Weyl group W(S,) acts on each subset of Pic(S;) consisting of divisor classes D satisfying
D-Ks, = a, D?> = B for fixed integers a and f. Thus, there is a natural representation of W(S,) on S, (k).

A line | is a special divisor class in S;(—1) = L, including a smooth rational curve embedded
by a linear system | — Kg, | as a projective line. For 3 < r < 8, the set L, of lines in Pic(S,) is finite,
and the Weyl group E, is its symmetry group. Moreover, L, is bijective to the set of vertices in a
Gosset polytope (r — 4),1, a r-dimensional semiregular polytope of the Coxeter group E,, discovered
by Gosset. In particular, the set of 27-lines on Sy is bijective to the set of vertices of a Gosset polytope
271, and Coxeter [6] used the bijection to study the geometry of 2;. The bijection between the set of
vertices in (r — 4)p1 and the set L, of lines is applied in many different research fields [7]. In particular,
the classical approach to the configurations of lines on del Pezzo surfaces can be found in the study
of Du Val [8], and recently applications of the configurations of lines via representation theory are
studied by Manivel [9].

A ruling m with m?> = 0, Ks, - m = —2in §,(0) = M, is a divisor class in Pic(S,) which gives a
fibration of S, over P!. Since a ruling in S, consists of a sum of two lines, the quadratic relations are
related to rulings. Batyrev and Popov [10] conjectured that generators of Cox ring of S, for4 <r <38
have quadratic relations. There are several partial results [11-15] to work for the conjecture of Batyrev
and Popov which is finally proved in [16,17]. Moreover, the first author [4] showed that rulings in M,
correspond to (r — 1)-crosspolytopes of the polytope (r — 4),1, and studied more in [5].

An exceptional system e with e = 1, Ks, -e = —3in S,(1) = &, is a divisor class in Pic(S,) whose
linear system gives a regular map from S, to P2. For Sg, each linear system with the above conditions
contains a twisted cubic curve. In fact, there is a correspondence between exceptional systems in S, (1)
and (r — 1)-simplexes of the polytope (r —4)1 [4]. These divisor classes play an important role in the
first author’s works [4,5].

By using the special divisor classes defined above, we can derive more relations on top of the
bijection between vertices in (r —4),; and lines in Pic(S;). In [4], the first author showed that the convex
hull of L, in Pic(S,) is the Gosset polytope (r — 4),; and extends the bijection to correspondences
between special divisor classes (resp. skew m-lines 1 < m < r, rulings, and exceptional systems) in
Pic(Sy) and faces (resp. (m — 1)-simplexes 1 < m < r, crosspolytope facets, and (r — 1)-simplex facets)
in (r —4)1. Moreover, in [5] the configurations of lines are studied according to the combinatorial
data of the polytope (r —4),; along the above correspondences between basic divisor classes and faces
in the Gosset polytopes.

As an extension of the studies of special divisor classes on a del Pezzo surface, we consider the
blow-ups of Hirzebruch surfaces. Let F, be a Hirzebruch surface Ppi (Op1 © Op1(p)), p > 0 which is
a rational ruled surface considered as a P!-fibration over P! containing a special section, which is
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a (—p)-curve. The Hirzebruch surfaces have only one ruling except for Fy = P! x P1. For p # 1,
a Hirzebruch surface F, is a relatively minimal rational surface which is not the projective plane P2.
In particular, F is a blow-up of the projective plane P? at one point. As a del Pezzo surface is a
blown-up surface of P?, we consider rational surfaces F, , given by blowing up of Hirzebruch surfaces
F, at r points in general position according to the study on del Pezzo surfaces.

Definition 1 ([18], Definition 2.1). Distinct points p1, p2, ..., pr on E, are in general position if a point p;
foreach j = 1,2,...,r is not in the special section on E, for p # 0 and there are no two points p;,, pj, for
j1 #j2 € {1,2,...,r} in a same fiber of a P'-fibration over P1.

For p = 0, Ky, with r > 1 is considered as a blown-up S, 1 of a projective plane P? at r + 1 points
in general position. We define Fyo = F as P! x P!. For p=1,F,withr > 0is also a blown-up S,1.
When p # 1, a blown-up Hirzebruch surface F, ; has a relative minimal rational surface F,.

As a positivity condition of a del Pezzo surface came from an ampleness of the anticanonical
divisor class, we need a positive self intersection number of the canonical divisor class on a surface Fp,,
(ie., K%w > 0). The positivity of K2  implies that the intersection matrix of the orthogonal complement
of Kg,, is negative definite by Hodge index theorem.

As our approach to a blow-up of a Hirzebruch surface is relatively new, in Section 2.1 we discuss
about non-negative dimensions of linear systems of some divisor classes D in the Picard group of
a blown-up Hirzebruch surface F,, such that D? = k, Kg,, - D = — (k+2) for an integer k > —1.
We obtain a criterion of the effectiveness for the divisor class D as follows.

Theorem 1 (Theorem 2). For integers 0 <r <8, p > 0and k > —1, each divisor class D in PiC(Fp,r) such
that D? = k, Kg,, - D = —k — 2 is effective, and the dimension of the linear system |D| is greater than or equal
tok + 1.

Then, we extend the results [4] for del Pezzo surfaces to roots, lines, rulings and exceptional
systems for blown-up Hirzebruch surfaces. We provide correspondences in [19] that are compatible
with the Weyl group W(F,,,) = E, 1 between special divisor classes in the Picard group Pic(F,,) and
subpolytopes of a Gosset polytope (r — 3)71.

In this article, we focus on explaining relations among roots, lines, rulings and exceptional systems
on each surface F,, with respect to monoidal transformations. These relations for roots and lines
via monoidal transformations are obtained as straightforward comparisons, but rulings on F,, 7 and
exceptional systems on F, , involve nontrivial issues. To resolve these issues, we consider quartic
rational divisor classes, skew a-lines and sextic divisor classes. In particular, we show that sextics
D?=10, D- Kg,, = —6 on E, ¢ consist of two E7 Weyl orbits and use them to understand exceptional
systems on F, ¢ via monoidal transformations.

2. Rational Divisor Classes on Blown-Up Hirzebruch Surfaces

The Picard group of a Hirzebruch surface F, (p > 0) is generated by a class f representing a fiber
and the class s of the special section of a P!-fibration over P!, namely, Pic(F,) = Zf @ Zs, where f> =0,
f-s=1ands? = —p. As Hirzebruch surfaces are ruled, all the fibers are isomorphic and numerically
equivalent. The canonical divisor class Kp, is given as Kp, = (—p —2)f — 2s. For further detail, see ([3]
Chapter III).

In this section, we consider rational surfaces F,, obtained by the blow-up of E, at r points in
general position. Then F, , has a natural fibration ¢, : F,, — P! and its general fiber is f € Pic(F, ).
We consider a rational divisor class D € S, (k) as an element of

Pic(E,,) = Zf ® Zs © Zey @ - - - © Zey,
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namely, D = af +bs + )/, x;e; for some a,b and x; € Z , where ¢; is the i-th exceptional divisor class
onkE, ;.
We define rational divisor classes on Fy ;.

Definition 2. For k € Z, the Sy, (k) is a set of rational divisor classes on E, . with self intersection number
k defined as

Sy (k) = {D € Pic(F,,) | D? =k K, - D = — (k+2) }

In [19], the authors introduced the following special divisor classes (roots, lines, rulings, and
exceptional systems) on F, , as an extension of study on special divisor classes on del Pezzo surfaces.
It was naturally obtained that the parallel study on F, ; to the one on correspondences between special
divisor classes on del Pezzo surfaces and subpolytopes of Gosset polytopes.

Ry; = Spr(~2) = {d € Pic(F,,) | d* = ~2,d-Kg,, =0 } (roots),
Ly i=Spr(=1) = {1 € Pic(F,,) |1 =1-Kg,, = ~1} (tines),
M, = S5,.(0) = {m € Pic(E,,) ’ m?=0,m- Kg,, = -2 } (rulings),
Epri=8pr(1) = {e € Pic(E,,) ’ 2=1,e- Kg,, = 73} (exceptional systems).
We also add one more rational divisor classes to our attention.

Qpri=38pr(2) = {q € Pic(F, ;) ‘ 7> =2,q-Kg,, = —4 } (quartic rational).

When we fix a fibration ¢, : F,, — P! and its general fiber f € Pic(F, ), for each subset B of
Pic(F,,), we define B and B™ by

BY:=BnN{D € Pic(F,,) |D-f=0} and
Bt :=BN{D €Pic(F,,) |[D-f#0}.

Note that we often omit the subscript p, r (e.g., denote E, ; as F) if there is no confusion.

2.1. Linear Systems of Special Divisor Classes

For0 <r <8and p > 0, if k > —1 then we verify that there is a linearly equivalent effective
divisor class for each rational divisor class D = af + bs + }_I_; x;¢; € Sp,r (k).

Lemma 1. When 1 < r < 8 and p > 0, each rational divisor class af + bs + Y|, x;e; in Sp,,(k), k >
—1, satisfies a, b € Z" (= NU {0}). Moreover, a is positive if 1 <r <7,k >0, p > 1, and b is positive if
k> 0.

Proof. From D? = kand D-Kg = (af +bs+YI_; xie;))((=2—p)f —2s+ YI_; e;) = —k — 2, we induce
T r

pb*+ Y x7 =2ab—kand (—2+p)b— Y xi+k+2=2a (1)
i=1 i=1

By combining these equations, we have

r 2
i(r—8)b2+(k+2)b—k:Z(xi+g> > 0. 2)
i=1

Whenl <r <7and k > —1, we getb > —1. Moreover, if k > 0, then b > 0. When r = 8 and
k > —1, we also obtain b > 0 because (k +2)b > k and there isno D withb = —1and k = —1.
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We consider the following cases to concludea > 0. (i) If k > 0, p > 0and b > 0, then a > 0 by
Equation (1). (ii) If k > 0, p > 0 and b = 0, then there is the only divisor class D = f in S, ,(0) so that
a=0.({i)Ifk=-1,p>0and b > 0, then a > 0 since Equation (1) implies 2ab > —1. (iv) If k = —1,
p > 0and b = 0, then there are the divisor classes ¢;, f — ¢; for somei € {1,---,r} so thata > 0.

One can easily obtain a is positiveif k > 0and p > 1in (i). O

Remark 1. When r = 0and p > 0, we also obtaina > 0and b > 0 for k > —1.
Remark 2. For1<r <7,k > —1landp > 0, the number of elements of Sy, (k) is finite by (2) in Lemma 1.

Now, we consider the effectiveness of rational divisor classes in Sp,r(k) when0<r<8,p>0
and k > —1 as follows.

Theorem 2. For integers 0 < r < 8, p > 0and k > —1, each rational divisor class D € Sp,r(k) is effective
and the dimension of the corresponding linear system |D)| is greater than or equal to k + 1.

Proof. When 1 < r < 8 we have

H? (F,Ox(D)) = H’ (F, Of (K¢ — D))

c H° (F, Ok (KF — Z xiel))
iel-

for D =af +bs+ Y ; xje; by Lemma 1, where I_ is the set of i such that x; < 0for1 <i <r.
We assume that x; < 0 for some i and consider

—0

0 — Of (KF) — OF (KF — 2 xiei> — OF <KF — 2 Xi€i>

icl el

HO (F, OF (KF — Z xiei>>
el

= H0 — Z x;e;, OF (KF - Z xiei>

i€l icl

—Yiel_ Xiéi

to get

— Yier_ Xiei
Here the first equality is obtained from
h° (F, Op (Kg)) = h' (F, Op (Kg)) =0

which is given by the fact F is birational to a Hirzebruch surface, and the second equality is
deduced from

HO — Z Xié;, OF (KF - Z xiei>

iel_ icl

— Yiel_ X

) } O
—Xje;

= @ HO (—xiei, OF (KF - Z Xi€i>

icl iel
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since x;(1 — x;) < O for all i € I_. Therefore, we obtain
H? (F,0p(D)) =0,

and moreover,
W (F, O§(D)) ' (F, Or(D)) = x (Or(D)) = x (Op) + 5 (D> ~ K¢ - D) =k+2.

It implies h° (F, Op(D)) > k +2. When r = 0, we obtain u = af + bs witha > 0and b > 0 by
Remark 1 if it exists. Hence each special divisor class u € Sp,r(k) for0<r <8 p>0andk > —1
is effective. [

Remark 3. Lahyane showed in ([20] Lemma 2.2) that every line is effective on a smooth rational surface such
that the anticanonical divisor class —K is nef. It implies an effectiveness of a line in Ly, for p = 0,1, 2 with
r =0,1,...,7 under Jiang’s stronger definition, ([21] Remark 7.1), than Definition 1. Because Jiang [21]
provided under the definition, ([21] Remark 7.1), that —Kg, , is nef for 0 < r < 7 in Example 7.1 when p = 0,1,
and in Theorem 7.2 when p = 2.

Lahyane and Harbourne gave an effectiveness criterion for a line on a smooth rational surface with K* > 0
in ([22] Lemma 3.2). Their result contains the effectiveness of lines in Ly, for 0 < r < 8 which is a part of
Theorem 2.

3. Positivity Condition of the Canonical Divisor Classes

In this section we extend the study on special divisor classes on del Pezzo surfaces in [4,5] to
analogous ones of blown-up Hirzebruch surfaces. Corresponding issues on special divisor classes on
Hirzebruch surfaces via Weyl action to related divisors on del Pezzo surfaces are explained in [19].

From now on, we focus on the blow-up E,, of a Hirzebruch surface E,atr points in general
position only for r = 1,2, ...,7, so that we have the positivity condition,

K§, =8—1>0.

Due to this condition, the intersection matrix of the orthogonal complement of Kg,, in Pic(Ep,) is
negative definite by Hodge index theorem.

The Picard group Pic(F, ;) is generated by a general fiber f and the special p-section s (i.e.,
(—p)-curve) of a fibration over P!, and r exceptional curves ¢;, i = 1,2,...,7 on E,, over F,. As we
know from Remark 2, each of Ry, Ly s, Mpr, Epr and Q) , has a finite number of elements. As Lemma
1, by solving the corresponding systems of integer equations

r T
k:D2:2ab—b2p—2xiz, k+2=—Kg, D= 2-p)b+2a+) x
i=1 i=1

0 LO

for k = —2,-1,0,1,2, we obtain the following tables. We also apply the similar procedure to R, L;, ,,

M%rr,gg,r and Q%/,.
Remark 4. The numerical data in the Tables 1 and 2 are independent of p because each of them presents the
cardinal of the orbit(s) given by Weyl group whose nature is determined by r in Section 3.2.
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Table 1. Numbers of elements of Ry, s, Ly,r, Mp s, Epr, Qp -

r 1 2 3 4 5 6 7
R,, 2 8 20 40 72 126 240
L, 3 6 10 16 27 56 240
My, 2 3 5 10 27 126 2160
Epy 1 2 5 16 72 576 17,520

pr 1 3 10 40 216 2072 82,560

Table 2. Numbers of elements of R(r),,r, Lg/,, Mg/r, Sglr,Q%,.

r 1 2 3 4 5 6 7
RO, 0 4 12 24 40 60 84
L), 2 4 6 8 10 12 14
My, 1.1 1 1 1 1 1
55 , 00 0 0 0 0 0
Q®, 00 0 0 0 0 0

3.1. Monoidal Transformations

From Tables 1 and 2, we derive interesting relationships among R;,"’r, L;’/,,
with monoidal transformations described in below.

We consider the birational morphism ¢y, : E, 11,41 — F, 11, given by the blow-up of a point x in
F,.1,, which is not in the (p + 1)-section (i.e., —(p + 1)-curve), to an exceptional divisor class e, 1
on F,1,,1. Here, we observe that f — e, is also a line on F, 1,1 satisfying (f —e,,1) -e,41 = 1.
In fact, for any line [ and ruling " with f’- I = 0 on a blown-up Hirzebruch surface F, , f' — [ is also
a line satisfying (f’ — ) -1 = 1. From this choice of (—1)-curve f — ¢, 1, we get another birational
morphism ¢, : F, 1,11 — F,r given by blowing down f — e, 1. Here, since (f —¢,11)-s =f-s=1,
the exceptional curve f — ¢, 1 is blown down to a point y in the p-section in F, ;. We denote ¢;; and
¢; as total transforms induced from ¢, and ¢, respectively.

The above is depicted as the following diagram (Figure 1). This diagram is extended not only
infinitely up but also infinitely to the right.

M), and &£, along

on(f)  on(f —eri1) f

f —€rq1

Phs (5) (Ph s

Epir i1
€ri1

Pv

Po.(f)  9o.lern)

Po,(s)
E)

Figure 1. Monoidal transformations.

Moreover, we can make the following diagram (Figure 2) for p = 1,2,3,... from the above
elementary transformation.
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{ i { 4 {
FE «— K1 «— By «— - +— Bg «— By
{ { { { {
E «— B1 «— BBy «— - — Eg < By
{ { { { 4
(R R S A
P2 +— P2 +— P3 «+— - +—— P2 +— P2

Figure 2. Chain of monoidal transformations.

Here, P2 is r-th blow-up of the projective plane P? at r points in general position.

3.2. Root Systems and Weyl Groups

8 of 26

When p = 1, since the blown-up Hirzebruch surfaces F; , can be considered as del Pezzo surfaces
S;11, the numerical data in Tables 1 and 2 match with those of del Pezzo surfaces in [4]. Furthermore,
as those special divisor classes on the del Pezzo surfaces S, ; = F; , are identified as orbits of Weyl
groups given by the root spaces in [4], we can also obtain the parallel results for the special divisor
classes on F, , by considering the root system on F, , and the corresponding E-type Weyl group action.

Here, we introduce the simple roots of root systems on F, , so that we can see the corresponding
Weyl group is E-type. Further study on F, , along the Weyl action and corresponding Gosset polytopes

was dealt in [19].

Once we have the positivity condition K%p _ > 0, the inner product given by the intersection on

L
Pic(F,,) induces a negative definite metric on (ZKFW> in Pic(F, ;) where each root defines a natural

L
reflection. To define reflections on (ZKFPJ in Pic(E,,), we consider a root system

R, = {d € Pic(F,,) | #* = =2, d - Kg,, = 0},

with simple roots

d():el—Ez
dy =2+
dy=f—e1—e if p is even,

di=e 1—¢€,3<i<r

(Note that we have only dg, d1,d, when r = 2)
dy=f—e1—e

d=01frs—e if p is odd
d,-:ei,l—e,-,Zgigr

corresponding to Coxeter-Dynkin diagram of type E,;1, r > 2 (Figure 3).

dq dp ds dy dy

Figure 3. Coxeter—Dynkin diagram of type E, 1, r > 2.
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1
Since each element d in Ry, ; defines a reflection 0; on (ZKFW) in Pic (Fp,,) ,

1L
0a(D):= D+ (D-d)d for D € (ZKg,, )",

the corresponding Weyl group W (E,,) is E, 1 where 2 < r < 7. If we add the orthogonality condition
to f, then the corresponding Weyl group will be D,_1-type, where each root system is determined by
di-f =1andd; - f = 0. The similar consideration for del Pezzo surfaces can be found in [18,23,24]
with an orthogonality condition to the fixed fiber class.

4. Special Divisor Classes and Monoidal Transformations

In this section we deal with a relation among rulings, exceptional systems and quartic rational
divisor classes on E, , via monoidal transformations. We require the positivity condition of

2 _
Kg, =8~-r,

and so r is to be an integer 1,2, -- ,6 or 7.

To characterize special divisor classes D via monoidal transformations, we consider the
intersection between a line and D since the birational maps ¢, and ¢, are defined by the choices
of (—1)-curves contained in special divisor classes lines. Then, we identify the subset of special
divisor classes with a fixed intersection by other special divisor classes or certain rational divisor
classes. For roots and lines, the tie-ups of special divisors with others are obtained by straightforward
comparisons via monoidal transformations. We need to resolve nontrivial issues involved for rulings
and the exceptional systems on F, 7. For rulings on F, 7, we use skew a-lines which are given by
Iy +--- 41, where [y, ..., I, are disjoint lines. For the exceptional systems, we consider sextic divisor
classes on F, ¢ and their orbit structures induced by E; Weyl group. Then the rational quartic divisor
classes appear to characterize the exceptional systems via monoidal transformations.

We note that M, = M}, U{f}, and we remark that £,, = &, (resp. Q;, = Q) because
each exceptional system ¢ (resp. quartic rational divisor class g) satisfies f - ¢ > 0 (resp. f - g > 0) by
Lemma 1. Thus, it is rather natural for us to consider My, £y and Q,, instead of M}, £, and Q}} .
4.1. Lines and Monoidal Transformations

4.1.1. Intersection Between Lines

For any two lines / and I’ on F, ;, by Hodge index theorem and Kl%,, >0, we have

2
KB (1+1) < (Kg, 14K, 1)

and we obtain
—1<1 1 < g2 41

Therefore, the possible intersection numbers between lines are given as

—1,0,1forr <5
1-1' = -1,0,1,2 forr =6
-1,0,1,2,3forr =7

4.1.2. Lines Via Monoidal Transformations

+

According to the list of intersections of lines, we describe L P11
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Theorem 3. For0 <r <6,

+ M+ :
Lo = ( )U( f ( P+ ) €r+1) UHp+1,r41
= ¢, < ) U ( " ( ) - €r+1)) UVerl,rJrlr
where
Hpi1p41 = Vpyip41 =D forr < 4,
Hpi16 = {—Kg,,16 — 66}  Vpi16 = {*KF;,W) -f+ 36} ,
Hyr17 = {97 (0= Ke,.,,) =27 | T€ Lpyag } U {~2Kg,.,, —er),

Vpry = {% ( KFM) —2(f—e) |T€ Lm} U {—21<FPH,7 —f+e7}.

Proof. We consider the map ¢, induced by a line f — e, .

For each line [ in the set Lp 14100 F,11,r+1, we consider the following cases according to the
intersection I - (f — e,11).

(Case1)I-(f —epr1) =0 forr <6

Such [ corresponds to a line ¢y, (I) on E, , with ¢y, (1) - ¢o, (f) =1 - f # 0. Thus we have

{letii,nll-(f-e) =0} =5 (L},).

(Case2)!-(f —err1) =1 forr <6
Such I can be written as ¢; (D) — (f — e,41) with a divisor class D on F, , satisfying

D?=¢:(D)?=(+f—e41)?=0,
DK, = ¢3(D) - ¢} (K,,)
— (l +f - er+1) ’ (KFpH,H—l —f—|-€r+1) =2

Thus D is a ruling on E,, with D - ¢ (f) = ¢5(D) - f = (I+f —e41) - f=1-f #0and

{teLii - (F=em) =1} = ¢ (M) = (f —ersa).

(Case3)!-(f —er41) =2 forr=5,6
Such I can be written as ¢ (D) — 2(f — e,11) with D satisfying

D? = g3(D)? = (I+2f —2e141)* = 3,
DK, = ¢3(D) - ¢; (K, )

= (l + 2f - zeT’Jrl) : (KFp+1,r+1 - f + eVJrl) = 3.

Moreover, D - ¢, (f) = ¢3(D) - f = (I +2f —2¢,41) - f = 1- f 0.

When r = 5, —Kg, ; is the only divisor class on F, 5 satisfying the above conditions. Thus

{l €L 61 (f —eo) :2} — {c/);j(—KFpﬁ) —2(f—e6)}

= {—KF,,H/ﬁ —f+ 36} Vp+1,6-

When r = 6, such D corresponds to a line Ton FeviaD = I— KFM. Therefore

{tevi li-(F-e =2} ={¢s (T-Kn,, ) —2(f =) [ T€ Lps }.
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(Case4)!-(f —err1) =3 forr=6
Such I can be written as ¢ (D) — 3(f — e7) with D satisfying

D? = ¢5(D)* = (I +3f —3e7)> = 8,
DK, = $5(D) - 9; (K, )
=(l—|—3f—3e7)-( Fyi17 f+e7) —4.

Moreover, D - ¢, (f) = ¢5(D) - f = (1+3f —3e7)- f=1-f #0.

In fact, —2Kg, , is the only divisor class on F, ¢ with the above conditions. Thus, we have

{l €L 11 (f—er) = 3} - {4;; (—ZKFW) —3(f - 67)} - {—ZKFPW —f+e7} ,
and we conclude
Vpiig = {50 = Kn,) —2(f —er) [ T€ Ly f U{ 2K, — f+er}.
By applying a similar process for [ - e, 1, we derive the equality for ¢, and obtain
Hpi16 = {_KFHM - 66} ,
Hyp7 = {81 = Ka,p) =207 | T€ Lyyag } U {-2Kg,,, —er}.

O

Remark 5. Comparing Tables 1 and 2, we get

44 = (L5 o] = (L] + M5 | + [ Vgl = 17426 41,

=L 6 = p+15'+‘Mp+15’+‘HP+16|_17+26+1
26 =Lt ,|= ‘+‘M ’+| 17| = 44+125 457,
226 = L;+17 = p+16‘+‘Mp+16‘+‘HP+17‘_44+125+57

4.2. Roots and Monoidal Transformations

4.2.1. Intersection between a Line and A Root
For any two roots d and d’ on F,,,, by Hodge index theorem and K%p . >0, we have
2 2 2 _
K3, (d+d)" < (Kg, -d=Kg, d') =0,

Thus we obtain
—2<d-d <2.

For aline / and a root d on F,, ,, we have
2
K%W (1+d)* < (Kg,, - | £ Kg,, -d)* =1

and it implies
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Thus, the possible intersection numbers between lines and roots are given as

.d— —1,0,1forr <6
)] -2,-1,0,1,2 forr=7

4.2.2. Roots Via Monoidal Transformations I

+

According to the list of intersections of lines and roots, we describe R 141

Theorem 4. For0 <r <6,

R;_+1,r+1 = (PZ (R;+1,r) U ((PZ (L;_Jrl’r) — €y+1) U (*(]7; (L;_Jrl,r) + €r+1) UHPJFL,,JA
=95 (R, ) U (95 (L) = (F —ers) ) U (=05 (L5)) + (f = ers1)) U Vs,

where
Hpi1r41 = Vpy1p41 =@ forr <5,

Hyp7 = {i (KFPH; + 67) } ,

Vo7 = {ﬁ: (KFp+l,7 +f- 87) } .

Proof. We consider the map ¢, given by a line e, 1.
For each root d in the set R; 14100 F,11,-+1, we consider the following cases according to the
intersection d - e, 1.
(Casel)d-e,41 =0 forr <6
Such d corresponds to a root ¢, (d) on K, , with ¢y, (d) - ¢y, (f) = d - f # 0. Thus
{d € R;+1,r+1 |d-erp1 = 0} = ¢y (R;r-&-l,r) .

(Case2)+d-e, 41 =1 forr <6
Such +d can be written as ¢; (D) — e,11 with D satisfying

D? = ¢;(D)?* = (£d +e,41)* = —1,
D- KFp+l,r = (PZ (D) : 4)Z (KFp+1,r)
= (£d +er41) - (KFp+1,r+1 - €,+1) =-1L

Thus D is aline on F,, 1, with D - ¢y, (f) = ¢;(D) - f = (£d +er41) - f = £d - f # 0, and so

{deri,, ol xd e =1} == (¢ (Lh,) —enn).

(Case3)+d-e,,1 =2 forr=6
Such +d can be written as ¢; (D) — 2e7 with D satisfying

D? = ¢;(D)* = (£d +2¢7)* =2,
D- KFp+1,6 = ¢Z(D) ‘PZ (KFp+1,6)

= (+d+2¢7) - (Kg,.,, —e7) = =2,
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Moreover, D - ¢, (f) = ¢,(D) - f = (£d +2e7) - f = £d - f # 0. In fact, —K, , . is the only

possible D on F, 1 6 with the above conditions. Thus +d = ¢;, (—KFP +1/6) —2e7 = —KFP — ey, and

+1,7

Hp+1,7 = {:I: (KFp+1,7 + 87) } .
By applying a similar process for d - (f — e,,1), we derive the equality for ¢, and obtain
VP+1,7 = {i (KFpHV +f- €7> } .
O
Remark 6. Comparing Tables 1 and 2, we obtain

156 = )R*

_ + + -
F’*”’ o ‘Rpﬂb‘ +2 ‘Lp+1,6‘ + !Hp+l,7‘ =66+ 88+2,
156 — ‘R;r+1,7’ = ‘R;ﬁ‘ +2‘L;’6’ +|Vys1y| = 66+88+2.

4.2.3. Roots Via Monoidal Transformations Ii

For a root d and a ruling f" on F,, ,, we have

2
K%W (d+f)" < (Kg, -d£Kg, - f) =4
and it implies
2 2
—sy 1S fd<gh 41
Thus, the possible intersection numbers between rulings and roots are given as
0,£1forr <5

f-d= 0,+1,£2 forr =6
0,+1,4+2,43 forr=7

We observe that a root d on F, 11,41 with d - f # 0 cannot satisfy both d - ¢,;1 = 0and d - (f —
e,+1) = 0. Moreover, we obtain another version of Theorem 4 as follows.

Theorem 5. For0 <r <6,

+ _ 4 (R : +\

R =% (Rp+l,r) U ¢y (Rp,r) UApitrtt,

where

Ap+1,?’+1 =Q fO?’ r<4,

Apr16 =\ E (KR — f > }

Apr7 = 1E(9;(1) — Kg,,, — f) ‘ le L(;);+1,6}

= {i (4);(1) - KFp+1,7 _f> ‘ le L2,6}

Proof. We consider the following cases according to the intersection numbers d - e, for roots 4 in the
set R;+1,r+l on E,,1,,1. Note thatd - f # 0.

(Casel)d-e,11 =0(andd- (f —er41) #0) forr <6
Such d corresponds to a root ¢y, (d) on E, 1, with ¢y, (d) - ¢y, (f) = d - f # 0. Thus we have

{d ER) i ld 1 =0,d (f—er1) # 0} = ¢ (R;rﬂ,r) '
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(Case2)td-e,p 1 =1landd- (f —e41) =0forr <6
By applying Theorem 4, as in (Case 1) we get

{deR;H,HM-erH £0,d-(f—eri1) :o} = ¢ (R;,).

Moreover, whenr = 6, if d -e; = £2, thend - (f —ey) = + (KFp+1,7 + e7> - (f —ey) = 0 by the
(Case 3) in the proof of Theorem 4. Therefore, for ¥ = 6 we also get

{deRp+1r+1|d'er+l #0,d-(f —er1) :0} = ¢, (R;,r)'

(Case3) £d-e,41 =1land £d - (f —e,11) = 1 for r < 6 (By Theorem 4, there are no other cases.)
Here,
d-f =d-(f—ep41)+d-e,41 =+E2sinced- f #0.

Whenr < 4,since |d- f| <1, Apiip1 = @.

When r = 5 or 6, there are possible cases (d - e,11,d - (f —ey11)) = (1,1) or (—1, —1). For the case
(d-ery1,d- (f —er41)) = (1,1), the root d can be written as ¢} (D) — f — e, for a divisor class D on
F, 1, with ¢ (D) - (f — e;+1) = 2. Moreover, D satisfies

= ¢5(D)? = (d+ f +e,41)° =3,
D.KF p+1r (PZ(D) (Ph ( p+1r)

( f+ei’+1) : (KFP+1,V+1 - er+1) = _3

=%

If r =5, such a divisor class D on F, 1 5 must be —KFp .15+ Therefore,

d= ‘PZ (_KFp+1,5> —f—e= _KFp+1,6 -f

If r = 6, such a divisor class D on F, 1 corresponds to a line l on F, 1 via D = _KFp e T

I satisfying ¢ (1) - f = ¢}, (D + KFp+1,6> - f = 0. Thus, we have

d = 4);; (_KFp+1/6 + l) - f —e7 = qbZ (l) - KFp+l,7 - f’

where ¢ (I) with I € L 1,6 is a line on F)117. By applying a similar procedure to the case (d - e,41,d -
(f —erq1)) = (-1 ) we conclude

Aptie = {j: (_KFp+1,6 _f)} and Ap 17 = {:I: (472 (1) - KFp+1,7 - f) ‘ le L2+1,6 } :
Similarly, by applying ¢, for A, 17 we obtain
Apinz = {& (95() = Knp, — f) [ 1€ 106
O
Remark 7. Comparing Tables 1 and 2, we have

66 = Ry 1] = |Rifyy | + Ryls| + [Apeas] =32 +32+2,

156 = R}y 7| = Ry 6] + |Rys| + 1 4p417] = 66+ 66+ 24
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4.3. Rulings and Monoidal Transformations

4.3.1. Intersection between a Line and A Ruling

For a line ! and a ruling m on F; ;, the possible intersection numbers between lines and rulings are
given by the following lemma.

Lemma 2. The possible intersection numbers between lines and rulings are given as
0,1forr <4
l-m= 0,1,2 forr =5,6 . 3)
0,1,2,3,4forr =7
Proof. For aline / and a ruling m on E,,, we have

K%p,r (1+m)* < (K, -1£Kg,, -m)?

and it impiles

1 1 9 1
—m—§§l~m§2(84)+7.

Thus, the possible intersection numbers between lines and rulings are given as

0,1forr <4
l-m= 0,1,2 forr =5,6
—1<I-m<5 forr=7

For r = 7, by applying the Hodge inequality to get m - I = 5 (resp. —1), there is a constant
nwith m +1 = nKg,, (resp. m — I = nKg,,). Since Kg,, - (m +1) = =3 (resp. Kg,, - (m—1) = —1),
the constant 7 is equal to —3 (resp. —1). But m? = (—3Kg,, — 1)2 = 2 (resp. m> = (—Kg,, + 1)? =2)
which is impossible since m? = 0. [

4.3.2. Rulings Via Monoidal Transformations

Now, we consider monoidal transformations for M, 1,11 given by lines f —¢,,1 and ¢,;1 on
Fy11,+1. According to Lemma 2, the case r = 6 (i.e., the case M, ;1 7) involves more nontrivial issues
than the others so that we deal with them after the next theorem for the cases 0 < r < 5.

Theorem 6. For a fixed line e, 1 on B, 1,11, 0 <r <5,

Mp+l,r+1 = gbl;k (Mp+1,r) U (‘PZ (5p+1,r) - er+1) U Hp+l,r+l
= ¢, (MP/T> U (4’; (EW) —(f- €r+1)) U Vos1,r41,

where
Hp+l,r+1 = Vp+1,r+1 = @ fOI’ r S 3,

HP+1r5 = {7KF;:+1/5 - 85} ’ VP+1,5 = {7KFp+1,5 - (f - 65) } ’

Hpi16 = o5 (Lpt15) — I

Vpi16 = 05 (Lps) — Kg,.,, — (f —es).
Proof. We consider the map ¢, induced by a line ¢, 1 on E,;1,11.

For each ruling m in the set My 11,41 on F, 11,41, the intersection number m - ¢, 1 may vary as in
Lemma 2, and we check the following cases.

(Casel)m-e,41 =0 forr <5
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Such ruling m corresponds to a ruling ¢, (1) on F, ;1 . Thus we have
{meMppi,q [m-e 1 =0} =¢p (Mpya,)-

(Case2)ym-e,41 =1 forr <5
Such ruling m can be written as ¢;;(D) — e, 1 with a divisor class D on F, 11, satisfying

D? = g1(D) = (m +ey1 Y = 1,
D : KFP+1,V = 4);;(D) ' (PZ (KFp+1,r)
= (m+em1)- (KFp+1,r+1 - er+1) =3

Thus the divisor class D on F, 1 , is an exceptional system on F, ;1 ,, and we get

{meMpiy,p1|m e =1} =¢; (Eprryr) — erp1-

(Case3)m-e,.q1 =2 forr=4,5
Such ruling m can be written as ¢} (D) — 2e,,1 with a divisor class D on F, 1 , satisfying

D? = ¢;(D)? = (m+2e,.1)* = 4,
D-. KFerlyr = 472 (D) ’ (PZ (KFp+1,r)

= (m+2e41)- (KFp+1,r+1 —er1) = —4

When r = 4, —Kg,,, is the only divisor class on F,1 4 satisfying the above conditions for D.
Thus we have

{meMyp5 |m-es=2}= {¢Z (_KFp+1,4> —2e5}

= {—KF,,H,S - 65} = Hpi15.

When r = 5, such D corresponds to a line I on Fyi15viaD = I— KFp +15- Therefore

{m S Mp_t'_l,é | m-eq = 2} = {QDZ (Z“* KFp+l,5) — 2eg ’ le Lp+1,5}

= ¢y (Lp+15) — Kp,.15 — 6 = Hpr16.

Similarly, by considering a line f —¢,41 on F,11,41 and ¢, we also derive the equality for
¢y including

Vp+15 = {7KFP+1,5 -f+ 65} ’
Vp+1,6 = 4’: (Lp,S) - KF,;+1,6 - (f - ‘36)-
O
Remark 8. Comparing Tables 1 and 2, we get

27 = [Mpi15] = [Mpy1a| +|Epsra] + |Hpsrs] =10+ 16+ 1,
27 = [Mpi15] = [Mpa| + |Epa| + |Vpsa5 =10+16+1,
126 = |Mpi16| = [Mpss| + |Eps15] + |Hpsr6] =27 +72+27,
126 = [Myii6| = [Mps| 4+ |Eps| + | Vpsa6| = 27 +72+27.
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4.3.3. Skew A-Lines on F,,
In the following, we need to define skew 2-lines, skew 3-lines, and skew r-lines on | A divisor
class D in Pic(E, ) is called a skew a-line if it can be written as a sum of disjoint lines on E, ;, namely,

D=lL+---+4 l,wherel;, i=1,...,a, arelinesoan,rwithli-lj:Ofori;éj.

Remark 9. We use a term of a skew a-line on E,, even if the disjoint a-lines are not really skew because we
follow the ([4] Section 5) and ([19] Section 2.3).

Note that for each skew a-line, the choice of disjoint lines representing the skew a-line is unique
up to permutation (see [4,19]). We denote the set of skew a-lines on F, , as

Ly, :={D € Pic(F,,) | Disaskew a-lineonE,, }.
In [4,19], we know that L , is bijectively related to 2 — 1 simplexes in corresponding a Gosset
polytope ( — 3)y;. In particular, skew 2-lines wa (resp. skew 3-lines L;,é) is bijectively related to edges
(resp. 2-simplexes) of a Gosset polytope 3,1, and so ‘szb’ = 756 (resp. ‘L;,e‘ = 4032). We can also get

‘L% 5’ = 216. Moreover, each skew a-line D satisfies D> = —g and D - KFp,r = —a, and the converse is

also true for a = 2,3 by checking the numbers of divisor classes D satisfying equations in the below
(Table 3).

Table 3. Number of D with D? = —gand D - Kg,, = —a.

a Fp,z Fp,3 Fp,4 Fp,5 Fp,6 Fp,7

2 6 30 80 216 756 6720
3 2 30 160 720 4032 60,480

Thus we obtain the following lemma which is also known to hold true for del Pezzo surfaces ([4]
Theorem 5.2).

Lemma 3. For a = 2,3, a divisor class D on E, , with D?=—aand D - KFW = —ais a skew a-line on Fy ;.

4.3.4. Rulings on E, 1 7 Via Monoidal Transformations

Now we consider r = 6, i.e. F,117.

Theorem 7. For a fixed line e7 on F, 17, we have

Myi17 = ¢ (Mpe1) U (6 (Spsas) —e7) O (97 (Lias) = Keyy — €7)
O (5 (Ep416) = Kiyonr —27) U (07 (Mpin6) = 2K, —2¢7)
= 95 (M) U (95 (Eps) = (F =) U (95 (L35) = Kgyyip = (F = 1)
O (5 (Ep6) = Keyar —2(F —€7)) U (45 (Mpg) —2Kg,.,, —2(f —e7)) -

Proof. We consider the map ¢, induced by a line 7 on E, 1 7.
For each ruling m in the set M, 117 on F, 17, m - ¢, 1 may vary as in Lemma 2, and we check the

following cases.
As in Theorem 6, the cases m - e; = 0 and m - e; = 1 are given as

{meMpp7 [m-ez =0} = ¢;(Mpi16)
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and
{meMppz [m-e7 =1} = ¢j(Epr1p) —e7
respectively.
(Casem - ey = 2)
Again as in Theorem 6, such ruling m can be written as ¢; (D) — 2e7 with D satisfying
D? = ¢;(D)? = (m +2e7)* = 4,
D- KFp+1,6 = ¢, (D) - ¢y (KFp+1,6)
= (m+2e7) (Kg,,,, —e7) = —4
Since (D + Ky, ) - Kg,,, = —2 and (D + K, 15)? = —2, by Lemma 3 the divisor class D +
K, , is bijectively related to a skew 2-line on F, 1 6, namely in L% 416+ Thus we have

{meMy 17 [m-e;=2}
- {4;;; (11 Tl — KFMG) — 27 | 1,1 € Ly 16 withly -1, = 0}

g% 2
- (Ph (Lp+1,6) - KFp+1,7 —e7.

(Casem - ey = 3)

As the above, a ruling m with m - e; = 3 can be written as ¢; (D) — 3e7 with a divisor class D on
F, 116 satisfying D> = 9 and D - K, ,, . = —5. Since (D + K, ;) - Kg,,,, = —3and (D +Kg,,()* =
1, the divisor class D + K, ; is bijectively related to an exceptional system on E, 6. Therefore,
we obtain

{meMyi; |m-e; =3}
= {cp;‘l (e — KFp+1,6) — 3ey | e€&piip }
=5y (Epr16) — Kg,,,, — 2e7.
(Casem -e7 = 4)
A ruling m with m - e = 4 can be written as ¢;; (D) — 4ey with a divisor class D on F, 1 ¢ satisfying

D?>=16and DK, ,, = —6. Since (D + 2K, , ) - K,,,, = —2and (D + 2K, .)* = 0, the divisor
class D + 2K, , , is bijectively related to a ruling on F, 1 ¢ so that we have

+1,6)

{m S Mp+1,7 | m- ey :4}
= {4),’: (m — 2KFp+l,6) —4ey | m e Mp+1,6}
= (PZ (MP+1’6) — 2KFp+l,7 — 2e7.
Similarly, we derive the equality for ¢,. O
Remark 10. Comparing Tables 1 and 2, we obtain
2160 = |[M,17]|

= [Mpi] + €1l + [Liris| + [Epirs] + Mgl

= [Mps| + |Eps| + ’Li,e‘ +[Epe| + [Mps|

=126 + 576 + 756 + 576 + 126.
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4.4. Exceptional Systems and Monoidal Transformations

We introduce sextic divisor classes to appear on the way to monoidal transformations for
exceptional systems on E, ;. We also study basic properties of these divisor classes. The properties
are not crucial to understand the monoidal transformations for exceptional systems, but since these
divisor classes were not considered beforehand, we study their properties for the sake of completeness.

4.4.1. Sextic Divisor Classes on F, ¢

To study monoidal transformations for exceptional systems on F, 7, we need to introduce a sextic
divisor class D via the anti-canonical degree with respect to the canonical divisor class Kg,; on F, ¢
which is given by D? =10, D - Kg,, = —6 and its set is denoted as

Spe = { D € Pic(F,) | D =10, DK, = —6}.

Either direct computation or by applying Lattice theory to (D + 3K, ) - Kg,, = 0 and (D +
3K, )2 = —8, we obtain |Sp,6| = 4158. By considering Weyl action of E7, we know that there are more
than one orbit in S ¢. To characterize elements of each orbit we introduce

1

®(D) := 3

(D + KF%)

for each D in S . In the following, by checking that ®(D) is in Pic(F, ) or not, we identify each orbit
in Sp,6-

Now we prove that S, 6 consists of two orbits of E7 action.

(1) (Orbit I) We consider a subset of S, ¢ given as

Spe(l) = {Zm — Kg,; € Pic(Fy6) | m is a ruling on Fp,6} CSpe

which consists of 126 elements. The E7-Weyl group preserves K, ; and transitively acts on the set M,

of rulings on E, ¢. Thus it forms a single orbit. Note that ®(2m — KFM) = % ((Zm — Kpr) + KFM) =
m € Pic(E, ). Moreover, we conclude that the set of such divisor classes is bijectively related to the set
of rulings on F, s which contains 126 elements, and we obtain the following lemma.

Lemma 4. For a sextic divisor class D in Sy 6, ®(D) is in Pic(E, ) if and only if (D) is a ruling.

(2) (Orbit IT)

As in [4,19], each exceptional system e on F, ¢ corresponds to a 6-simplex consisting of a skew
7-linely + 1+ -+ 17 via3e + KFp,é =1+ I+ -+ Iy. For each line /; in the skew 7-line, we consider
a divisor class

e+1;— KFPA’)

2
which satisfies (e +1; — KF;»G) -Kg,, = —6and (e +1; - Kpp/é) = 10. We define a subset of Pic(F, )

Sp,6(II) = {e +1; — KFP/E' S PiC(pr)

e is an exceptional system on F, ¢,
3€+KFp/6 =h+bh+---+1Iy

Indeed, this is an orbit, since E7-Weyl group acts trivially on Kg, ; and transitively on the set of
exceptional systems, and the isotropy group acts transitively on the skew 7-lines.

Lemma 5. For each e + I; — K, in Spe(I1), (e + I; — K, ) is not in Pic(Fy6) and e + 1; — K, , is
uniquely determined.
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Proof. Since ®(e +I; — Kg,,) - I; = (eél") =1 @+l - Kg, ) is not in Pic(Fy).

To show e + [; — KFp,é is uniquely determined, we consider two pairs, (e,/;) and (é,fi), of an
exceptional system and a line which satisfy e + [; = &+ I;. Without losing the generality, we may
assume e # ¢and I; # I;.

First of all, we observe ; is not related to the exceptional system ¢ via a skew 7-line [y + 1 + - - - +1;
(e l; # T] forallj € {1,2,...,7}). Indeed, suppose that [; = f] for some j. We have [; - [; = 0 and
;- =0since l; # I; and 3¢ + Kg,, = Iy + 1+ - +1Iy. It gives a contradictionby —1 = I; - (e + ;) =
l; - (E—I—INZ-) = 0. Thus J; isnotoneofl}-infl +h+- -+

Since [; is not related to the exceptional system é via a skew 7-line [; + I + - - - + I, we have

I; - (3E+KFP,6) —L-(h+h+--+L)>0.

Indeed, the possible intersection number among two lines I,1” is > —1, and I’ = I” when
I"-1" = —1 (See Section 4.1.1). Observe that a skew 7-line consists of 7-lines whose 7 is the maximum ¢
for which there exists a t-skew line (See ([4] Table 2 and Theorem 5.1) and [19]). So any line which is
not in the skew 7-line I; + 1, + - - - + I must have a positive intersection number with the skew 7-line.

Thus ;- & > 0. Ttimplies 0 < I; - [; = ;- (I; + e — &) = —1 — I; - ¢ < —2 which is impossible.

Hence e +I; — K, ; is uniquely determined. [

By applying Lemma 5, we conclude the subset Sy, 6(II) consists of 7 x 576 elements. Since 126 +
7 x 576 = |Sp6|, these two forms, S,6(I) and S,6(II), are disjoint orbits of the set Spg of
sextic divisors.

In summary we have

Proposition 1.
Spe = {Zm — Kg,, € Pic(Fy6) [misa ruling}

U {e +1; — Kg,; € Pic(Fyg)

(i.e. Sp/é = Sp/é(l) U Sp,6(11)) .

e is an exceptional system on Fy ¢,
36+KFP,6 =h+b+---+1y

Moreover, for each D in Sy, D is in Sp (1) iff ©(D) is in Pic(Ey ), and D is in S 6(11) iff P(D) is
not in Pic(Fy ).

4.4.2. Intersection between a Line and an Exceptional System
For a line I and an exceptional system e on E, ;, the possible intersection numbers between lines
and exceptional systems are given by the following lemma.

Lemma 6. The possible intersection numbers between lines and exceptional systems are given as

0,1forr=1,2,3

0,1,2 forr =4,5

0,1,2,3 forr=6
-1,0,1,2,3,4,5,6,7 forr =7

4)

Proof. For a line / and an exceptional system e on F,, ,, we have

Ki (1+e)* < (Kg, -1+ Kg, -¢)’
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and it implies
2 8
—55 Sle< g5

Thus, the possible intersection numbers between lines and exceptional systems are given as

0,1forr=1,2,3

0,1,2 forr =4,5
—-1<l-e<4 forr=6
—2<l-e<8 forr=7

l-e=

For r = 6, by applying Hodge inequality to get [ - ¢ = 4 (resp. —1), there is a constant n with
e+1=nKg,, (resp.e — I = nKg, ). Since Kg,, - (¢ + 1) = —4 (resp. K, - (¢ — ) = —2), the constant
n is equal to —2 (resp. —1). But ¢? = (—2Kg,, — 1)2 = 3 (resp. ¢* = (—Kg,, + )2 = 3) which is
impossible since ¢? = 1.

For r = 7, as the above, to get [ -¢ = 8 (resp. [ -e = —2), e+ = ”KFW (resp.e—1 = nKFW)
for some constant n. Since Kg,, - (¢ +1) = —4 (resp. Kg,, - (¢ —I) = —2), the constant n is equal to
—4 (resp. —2). But e? = (—4Kg,, — 1)2 =7 (resp. ¢ = (—2Kg,, + 1)? = 7)) which is impossible since
=1 0

4.4.3. Exceptional Systems Via Monoidal Transformations

Now, we consider monoidal transformations for £,,1,,1 given by lines f —e¢,,1 and ¢,,1 on
Fyr+1. According to Lemma 6, the case r = 6 (i.e., the case £, 1,7) involves more nontrivial issues than
the others so that we deal with them after the following theorem for the cases 0 < r <5.

Theorem 8. For a fixed line e, 1 on Fyy1,41, 0 <1 <5,

Epvirr1 = O (Eprrr) U(eh (Qpr1r) —eri1) UHpy111
=5 (Epr) U (95 (Qpr) = (f —€r41)) U Va1,

where
Hp+1,r+1 = Vp+1,r+1 =@ forr <2,

Hpy14 = {—KF,,H,A1 - 84} V14 = {_KFp+1,4 -(f- 64)},
Hpy15 = ¢ (Lpr14a) — Kg,,i5 — 05,
Vpi1s5 =5 (Lpa) — Kg,,,5 — (f —es5),

Hpi16 = <¢Z <L§+1,5> —Kg, 16— 36) U (4’Z (Ep+15) = Kp,ops — 266) ,

VP+1,6 = (‘PZ <L%7,5> - KFp+1,6 - (f - e6)> U (‘P; (5},/5) - KFp+l,6 - Z(f - 66)) .

Proof. We consider the map ¢, induced from a line e, 1 on F, 1,41

For each exceptional system e in the set £, 1,41 on F, 1,41, the intersection number e - ¢, 1 may
vary as in Lemma 6, and we check the following cases according to them.

(Casel)e-e,,1 =0 forr <5

An exceptional system e on F,,1with e-e,;1 = 0 corresponds to an exceptional system
¢n,(e) on E,,q,. Thus we have

{fec i le-e1 =0} = ¢ (Eprir)-

(Case2)e-e,4.1 =1 forr <5
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Such exceptional system e can be written as ¢;; (D) — ¢, 1 with a divisor class D on E, |1, satisfying

DZ

#i(D)? = (e+er1)? =2,
D'KFp+1,r ¢, (D) - (Ph( p+1))

= (e+eq41)- (KFp+1,r+1 - er+1) =—4

Therefore, the divisor class D is a quartic rational divisor class on F, 1 ,, and so

{e€&piirle-e1 =1} =¢; (Qpr1r) —ers1.

(Case3)e-e,41 =2 forr=3,4
Such e can be written as ¢} (D) — 2e,,1 with D satisfying

= (6 + 267‘+1) : (KFp+1,r+1 - er+l) = 5.

Whenr =3, —Kg,,  , is the only divisor class on Fy 1 3 satisfying the above conditions for D. Thus

{e€c&priale-ea=2} = {4’2 (_KF,,+1,3) —264}

{ Kg, 14 — 4}:Hp+1,4-

When r = 4, such D corresponds to a line I on Fyi14viaD = I— KFp 14 Therefore

{e S gp+15 ‘ e-e5 = 2} { (l KFp+1,4) — 2e;5 | TE LP+1,4}
= ¢5 (Lpy14) — Ky, s —es = Hpi15.
(Case4)e-eg=20r3
(i) An exceptional system e on F, 1 ¢ with e - ¢ = 2 can be written as ¢ (D) — 2e¢ with a divisor
class D on Fy.15 satisfying D> = 5 and D - K,,,; = —5. Since (D + K, ;) - Kg,,,5 = —2 and

(D+Kg, ,)? = —2, the divisor class D + Kg, ,, 5 is bijectively related to a skew 2-line L%,s by Lemma 3.
Thus we have

{665;,_;,.1/6 |€'€6:2}
= {gb;; <l1 +1 _KFP+1:5) — 2eq ‘ L, e LP+1,5 withl; - = 0}

* 2
= ¢ (Lp+l,5) Kg 16 €6

(ii) An exceptional system e on F,, 1 ¢ with e - e = 3 can be written as ¢;;(D) — 3es with a divisor
class D on F, 5 satisfying D? = 10 and D - Kg —6. Since (D + KFp+1,5) +Kg,,,; = —3 and

P15 +15
(D + Kg, ., ;)2 = 1, the divisor class D + Kg, ,, 5 is bijectively related to an exceptional system on F, ;1 5.

Therefore, we obtain

{e€ e le-e6=3}
= {(p;: (6 — KFp+1,5) — 386 | e e Ep+1,5}

= (PZ (€p+l,5) - KFp+1,6 — 2es.
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Similarly, we derive the equality for ¢, and obtain

Vp+1,4 = {_KFp+1,4 - f+ 34}/
Vpi1s = ¢5 (Lpa) — Kr, 5 — (f —e3),

Vpt1,6 = (47; (Lf;,s) —Kg,,6 = (f 66)) U (4’3 (Ep5) = Kryq —2(f — 66)) :

O

Remark 11. When we consider skew 2-lines on E, 1 5 and F, 5, we have the following data in Tables 1 and 2.

16 = [Eps14] = |Epr1a| + [Qpers| + [Hpr1a
= [Epa| +1Qpa| + |Vpr14| =5+10+1,
72 = |Epi15| = |Eprral +|Qprra| + [Hpr15]
= |€pal +|Qpal + [Vpi15] = 16+ 40 + 16,
576 = |Epr16] = |Ept15] + | Qpr15] + |Hprie
= ’5;,4-1,5’ + ‘Qp+1,5’ + ‘L§+1,5
— 724216 +216+72,
= |€psl +1Qps| + [Vpi1e
=|&p5| + | Qps| + ‘L%IS‘ + |€ps
=724216+216472.

+|Ep+15]

576 = |Epi16

4.4.4. Exceptional Systems of £, 17 Via Monoidal Transformations

We deal with the case r = 6 (i.e., the case £, 117) as follows. In this case we use sextic divisor
classes to describe exceptional systems via monoidal transformations.

Theorem 9. For a fixed line e; on F, 17,

Epi17 = O (Epr16) U (94 (Qpr1s) —e7) UHpy17
=5 (Eps) U (95 (Qps) — (f —€7)) U Vpirz,

where

HP+1/7 = {7KFp+1,7 + 2e7 } U <¢Z (L:;+1,6> - KFp+1/7 - 67>

O (¢ (Spers) = 3e7) U (] (L316) — 2K, —2¢7)
0 (7 (Qpi16) = 5Ke, 17 ) U (01 (Epris) —5Kg,.0r —e7)
0 {-5Kg,.,, —2¢ },
Vpsrz = {~Keop +2(F —e7) U (03 (L35) — Keop = (F =)
O (3 (Spe) =3(f —en) U (3 (L}s) = 2Kp,.0, —2(f —e7)

0 (45 (Qps) = 5Kn,.1 ) U (5 (€p6) = 5K, 1, = (F —e7)
U {—5KFP+1,7 —2(f—¢7) } .

Proof. We consider the map ¢, induced by a line e on E, 1 7.
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For each exceptional system e in the set £,,17 on F, 17, ¢ - ¢,11 may vary as in Lemma 6, and we
check each caseofe-e7 = —1,0,---,7
As in Theorem 8, the cases e - e; = 0 and e - ey = 1 are given as

{e€ &z le-ez=0} =5(Epire)

and
{ec &y le-er =1} =¢;(Qpire) —e7
respectively.
(Casee-e; = —1)
An exceptional system ¢ on F, 17 with e - e; = —1 can be written as ¢; (D) + e7 with a divisor
class D on F, 1 ¢ satisfying D?>=2and D- Kg,,,, = —2. The divisor class — K, , is the only class

with the given condition for D. Thus, we have

{€€5p+1,7 ‘6-67:—1}

{‘Ph ( +16) te7 } {_KFp+1,7 + 2e7 } :
(Casee-ey =2)

An exceptional system e on F, ;1 7 satisfying e - ez = 2 can be written as ¢;; (D) — 2e7 with a divisor
class D on F, 16 satisfying D> = 5and D - Kg,,,; = —5. By applying Lemma 3 to (D + K, ;) -
Kg,,,, = —3and (D + K, ,, ,)? = —3, the divisor class D + Kg, ,, , is bijectively related to a skew 3-line
of L;,é on F,116. Thus, we obtain

{865;,_;,.1/7 |6'67:2}

= {4’?[ (Zl +h+l3— KFP+116) —2¢7 with [; - l]‘ =0,i#]

hlol3 € Lyig }

* 3
= ¢y (Lp+1,6) Kg,.,, —e7.

(Casee-ey =3)

An exceptional system e on F,, ;1 7 satisfying e - e; = 3 can be written as ¢;;(D) — 3e7 with a divisor
class D on F, 11 ¢ satisfying D?=10and D - KFp 1 = —6 which is a sextic divisor in S 16 on F, 116
(See Section 4.4.1). Thus, we obtain

{ec &y le-e7 =3} =¢; (Spr16) — 3e7.

(Casee-ey =4)
An exceptional system e on F, ;1 7 with e - e = 4 can be written as ¢;, (D) — 4ey with a divisor class
D on F, 11 ¢ satisfying D*=17and D- K¢, ,, = —7. By applying Lemma 3 to (D+ 2KFP+1,6) “Kg, ;6 =
—3 and (D + 2Kg "y ,)? = —3, the divisor class D + 2K, is bijectively related to a skew 3-line of
6 on F, 1. Thus, we obtain

{665;,.,.1,7 |€-€7=4}

= {4);; (ll +lh+13— 2KFp+1,6) — 4ey

li,I2,13 € Lpi16
with ;- 1; = 0, i # j

— g (Lp » 6) — 2Ky, — 2¢7.

(Casee-ey =5)
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Such exceptional system e can be written as ¢ (D) — 5e7 with a divisor class D on E, 1 ¢ satisfying
D?>=26and D - K, , = —8. Since (D + 5K, ) - Kg,,,, = 2and (D + 5K, ;)* = —4, the divisor
class D + 5K, ,, ; is bijectively related to a quartic rational divisor class on F, .1 ¢. Therefore, we have

{6 € 5P+1,7 | e-ey :5}
= {QDZ (q - 5KFP+1,6> —5e7 | q € Qp+l,6}
= ¢ (Qpr16) —5Kg,. -
(Casee-ey = 6)
Such exceptional system e can be written as ¢ (D) — 6e; with a divisor class D on E, |1 4 satisfying

D?=37and D - Kg,,,, = —9. Since (D +5Kg,,, ) - Kg,,,, = 1 and (D + 51<Fpﬂ,6)2 = —3, the divisor
class D + 5K, ; corresponds an exceptional system on Fy; 6. Therefore, we have

{e S Ep+1/7 |€-€7 :6}
= {(PZ (e — 5KFp+1,6) — bey ’ ec gp+1,6}
= ¢ (5P+1,6) - 5KFp+1,7 —e7.

(Casee-e; =7)

An exceptional system e on E, 1 7 with e - e; = 7 can be written as ¢; (D) — 7e7 with a divisor
class D on E, 1 satisfying D? =50 and D - Kg,,,, = —10. Since (D+ 5KFp+1,6> -Kg,,,, = 0and
(D + 5KE, is the only class with the given condition. Thus, we
have

+1,6)2 = 0, the divisor class —5 KFp

{e€&piry e e7=7) = {¢;; (—5KF,,+1,6) — 7e, } - {—5I<FP+L7 —2¢, } .

Similarly, we obtain the equality for V},117. O

+1,6

Remark 12. We use Table 2 with skew 3-lines on F, 16 (resp. Ey ) and sextic divisor classes on F, 16 (resp.
Fy,6) to obtain the following.

|Ep11,7| = 17520,

Ept1,6| (resp. |Epp|) = 576,
‘L?J+l,6‘ (resp. ‘L??b‘) = 4032,

(resp. |Qp6|) = 2072,
Spi16| (resp.|S,e|) = 4158.

Qpi16

17520 = | 17] = [{ =K., + 267} + [Epsnel + | Qprne] + [L116
+[Epr16] + ‘{_5KFp+1,y —2e7 }‘
- H_KFPHJ +2(f —e7) H + ’517/6

3
L]+ 1@l +[Epsl + [{~5Ke,.0, ~2(f ) ||
=1+ 576 42072 + 4032 + 4158 + 4032 + 2072 4 576 + 1.

+[Spi16]

+ ‘L2+1,6 +1Qpr1s6

+[Qpel + ‘Lzb‘ + [Spl
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