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Abstract: Using the operator £ defined by Carlson and Shaffer, we defined a new subclass of
analytic functions ML (A; ¢) defined by a subordination relation to the shell shaped function §(z) =
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we gave upper bound for the Fekete-Szegé functional and for the Hankel determinant of order two
for f € MLL(A; ).
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1. Introduction

Let 7 (D) be the class of functions which are analytic in the open unit disk D := {z € C: |z| < 1},
and also let A be the subset of 7 (D) comprising of functions

f(z)=z+ ianz”,zeD. (1)
n=2

Let fi(z) = ¥ a,;z" (i = 1,2) which are analytic in D), then the well-known Hadamard (or convolution)
=0

n=
product of f1 and f; is given by

(fixfo)(z) ==Y apia,,2", z €D.
n=0

For two functions f, g € H(D), we say that f is subordinate to g, denoted by f < g, if there exists a
Schwarz function ¢ € H(D) with [9(z)| < 1,z € D, and ¢(0) = 0, such that f(z) = g(9(z)) for all
z € . In particular, if g is univalent in ID, then the following equivalence relationship holds true:

f(z) <8(z) = f(0) =¢(0) and f(D) C g(D).

Let P be the well-known class of Carathéodory functions that is a set of functions ¢ € H (D) with
the power series expansion
¢(z) =1+ piz+p®+...,z€D, )
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and such that Re¢(z) > 0 for all z € D.
For the function f € A of the form (1), Noonan and Thomas [1] defined g-th Hankel determinant as

an ap+1 -+ Apig-1
Hon(f) = ﬂn:+1 Iln:+2 ﬂn:rq (p=1,qneN:={1,23,...}).
an—&-.q—l ﬂn;q . . an+.2q72
In particular,
Hoa(f) = Zl o2 | = maz — ﬂ% = 4as —ﬂ%r and Hao(f) = a2 | = d2a4 — ﬂ%-
2 4as as dy

It is well-known (see Duren [2]) that, if f is given by (1) and is univalent in D, then H, 1 (f) <1
occurs, and this result is sharp. The determinant H,, has also been measured by many authors.
For example, the rate of growth of H,,(f) as n — oo for functions f € A with bounded boundary
was determined. In [3], it has been shown, a fraction of two bounded analytic functions with its
Laurent series around the origin having integral coefficients, is rational. The Hankel determinant
of meromorphic functions, (see [4]), and various properties of these determinants can be found
in [5]). In 1966, the Hankel determinant of areally mean p-valent functions, univalent functions,
and starlike functions were extensively studied by Pommerenke [6]. Lately, several authors have
investigated #; 1 of innumerable subclasses of univalent and multivalent functions and, for more
details on Hankel determinants, one may refer [1,6-14]. For 7 C A, a problem of finding a sharp
(best possible) upper bound of |a3 — p a3| for the subclass T is generally called Fekete—Szeg6 problem
for the subclass 7, where ji is a real or a complex number. There are some well known subclasses of
univalent functions, such that the starlike functions, convex functions, and close-to-convex functions,
for which the problem of finding sharp upper bounds for the functional |a3 — a%‘ was completely
solved (see [15-18]). For the family of analytic functions R := {f € A : Ref'(z) > 0, z € D},
Janteng et al. [19] have found the sharp upper bound to [H,2(f)|. For initial work on the class R,
one may refer to the article of MacGregor [20].

The concept of shell-like domains gained importance in the recent times and it was introduced
by Sokét and Paprocki [21]. Recently, for (z) = z + V1 + z2, Raina and Sokét [22] have widely
studied and found some coefficient inequalities for f € S*() if it satisfies the subordination
condition that zf'(z) / f(z) < ¥(z), and these results are further improved by Soké6t and Thomas [23],
the Fekete-Szegt inequality for f € C(y) were obtained and, in view of the Alexander result between
the class S*(¢) and C(y), the Fekete-Szeg6 inequality for functions in S*(y) were also obtained.
The function (z) := z + V1 + z2 maps the unit disc D onto a shell shaped region on the right half
plane, and it is analytic and univalent on ID. The range ¢(ID) is symmetric respecting the real axis and
(z) is a function with positive real part in D, with ¢(0) = ¢/(0) = 1. Moreover, it is a starlike domain
with respect to the point ¢(0) = 1 (see [24]), such as Figure 1 shows.

Definition 1. [22] Let f € A be normalized by f(0) = f'(0) — 1 = 0 in the unit disc D. We denote by S* (1)
the class of analytic functions and satisfying the condition that

Z}(;S) <z+ V1422 =9(2),

where the branch of the square root is chosen to be the principal one that is (0) = 1.
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Figure 1. The image of D under ¢(z) = V1 + 22 + z.
Now, we recall the Carlson—Shaffer operator [25] L : A — A defined by
Lif(z) :=P(a,c;z) * f(z), z€ D, 3)

where

®(a,c;z) := Z Egn 2"l = Z pn 2", z €D,
n=0 n n=0

(aeC,ceC\2Zy, Zy :=={...,-2,-1,0}),

is the incomplete beta function, and (t), denotes the Pochhammer symbol (or the shifted factorial) defined
in terms of the Gamma function by

(B = T(f+”)_{ HE+1)(E42)...(t+n—1), if neN,

rie )1, if n=0.

For f € Ais given by (1) and by (3), one can get the Carlson and Shaffer operator

Lif(z):=z+ ) @ 241 = 2 Y pnap1z", zED )
n=1 (C)” n=1
where (@)
a
(Pn = (C)n/ ne N/ (5)
and

z2(Lif(2)) = alit f(z) = (a—1)Lf(2), z €D

Remark 1. Next, we will emphasize a few special cases of the operator L(a, c), as follows:
(i) Lof(2) = f(2);
(i) L2 (2) = 2f'(2);
(i) £3f (2) = 2f'(2) + 322" (2);
(iv) LI f(z) = D"f(z) =
derivative of f [26];

(v) L5 5f(z) =2 Q%f(z), 0 < & < 1 is the well-known Owa-Srivastava fractional differential
operator of f [27].

z

m * f(z), m € Z, m > —1 is the well-known Ruscheweyh

Motivated by the articles of Raina and Sokét [22], Sokét and Thomas [23], Dziok and Raina [28],
and Raina et al. [29], using the concept of subordination and the linear operator L{, we define a
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new subclass of A denoted by ML{(A; ¢). For this subclass, we obtained coefficient inequalities,
Fekete-Szeg0 inequality, and upper bound for the Hankel determinant |H(2)]|.
We define a new subclass M LZ(A; ) of A as below:

Definition 2. For 0 < A <1, let MLL(A; ), witha € Cand c € C\ Z,, denote the subclass of functions
f € A that satisfies the subordination condition

z (Lif(2)) / _
A= ML) Faz St VITZ =¢0), ©)

where the branch of the square root is chosen to be the principal one that is (0) = 1.
In the following remark, we prove that M LZ(A; ¢) is non-empty.
Remark 2. Ifwe define the function f : D — C by f(z) = z + az?, « € C, a simple computation yields to

Z(ﬁ?f(z)>/ 1424z

an
= = , where A := —
(1-A)Laf(z)+ Az  1+(1—-A)Az e

Considering the circular transformation

1+2Az
‘P)\(z) - — m, YAS ]D),
with 0 < A <1, and assuming that 0 < A < 1/2, we obtain that ¥  maps the unit disc D onto the open disc
that is symmetric respecting the real axes connecting the points ¥ (—1) and ¥ (1).
Ifa = ﬁ, then A =1/4,and for A =1, A = 0,and A = 1/2, using the MAPLE™ software we get the
next images of D by Y, like in the Figure 2:

(@) The images of ¥1(e'?) and y(el?) (b) The images of ¥y (e'?) and y(e'?) (c) The images of ¥1,(e'?) and (e?)
Figure 2. The images of ¥ (e!) and y(el?), 0 € [0,271).

These show that ¥, (D) C (D), which is ¥, (z) < ¢(z) for some values of A € [0,1] that is f €
MLE(A; ), whenever & = é,for A=1A=0,and A = 1/2. It follows that there exist values of the
parameters a € C,c € C\ Zy, and A € [0,1], such that MLL(A; ) # .

Now, by suitably specializing the parameter A, we define the new subclasses of ML?(A; ) as
remarked below:
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Remark 3. (i) For A = 0, let MLX(0,v) =: SLL(Y) denote the subclass of A, the members of which are
given by (1) and satisfy the subordination condition

(fj:j:((z) <z+ \/14-7

(ii) For A =1, let MLI(1,¢) =: RL () denote the subclass of A, members of which are of the form (1)
and if it satisfy the condition

(Lof(2) < z+V1+22
(iii) For the special case for a = c, let ML(A; ¢) := MLL(A; ), members of which are given by (1) and
satisfy the subordination
zf'(z)

A= Nf@) Az <z4+ V1422

In the all of the above subordinations, and throughout the whole paper, the branch of the square
root is chosen at the principal one, which is (0) =1,anda € C,c € C\ Z, .

Using the techniques of Libera and Zlotkiewicz [11] and Koepf [17], combined with the help of
MAPLE™ software, we find Fekete-Szeg6 inequality and Hankel determinant for the function of the
class MLE(A; ).

2. Preliminaries
To establish our main results, we recall the followings lemmas. The first lemma is the well-known

Carathéodory’s lemma (see also [30] Corollary 2.3):

Lemma 1. [31] If p € P and given by (2), then |py| < 2, for all k > 1, and the result is best possible for
1 + pz
$1(z) = el =

The next lemma gives us a majorant for the coefficients of the functions of the class P, and more
details may be found in [32] (Lemma 1):

Lemma 2. [33] Let ¢ € P be given by (2). Then,
‘pz—vpﬂ <2max{1;|2v — 1|}, wherev € C. (7)
The result is sharp for the functions given by

14 p%2?

1+ pz .
—_—, and (P ( ) m, with ’p‘ =1.

$1(z) = 1=z

Lemma 3. [32] (Lemma 1 and Remark, pp. 162-163) If ¢ given by (2) is a member of the class P, then
—4v+2, if v<O,

lpr —vp?| << 2, if 0<v<1, (8)
4v -2, if v>1.

When v < 0 or v > 1, the equality holds if and only if ¢ is 1 i—

. . o 1422
then equality holds if and only if ¢ is T

1 n\1+z 1 y\1-z
$3(z) <2+2>1Z+(2 2)1+Z,0_;7_1,

z . .
 or one of its rotations. If 0 < v < 1,

or one of its rotations. If v = 0, the equality holds if and only if
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or one of its rotations. If v = 1, the equality holds if and only if ¢ is the reciprocal of one of the functions such
that the equality holds in the case of v = 0.
Although the above upper bound is sharp, when 0 < v < 1, it can be improved as follows:

. 1
[p2—opd| +olmP <2, if 0<v<s, ©)
and .
2= v+ (1 —v)lpP <2 f z<v<t. (10)
We also need the following result:
Lemma 4. [33] Let ¢ € P given by (2). Then,
_1lre 2
P2=5 [Pl + (4 - Pl) x} / (11)
and ,
pa=g [Pr2(4=p}) pa— (4= p}) P +2 (4= 1}) 1= )] (12)

for some complex numbers x, z satisfying |x| < 1and |z| < 1.

3. Coefficient Bounds and Fekete-Szeg6 Inequality

In our first result, we will determine coefficient bounds for f € MLZ(A; ), and this tends to
solve the Fekete-Szeg6 problem for the subclass M LZ(A; ).

Theorem 1. If f € MLL(A; ¢) and is of the form (1), then
|az| <

lag| < |—==

lag| < | ==

Proof. If f € MLL(A; ¢), from (6), it follows that there exists a function w € H (D) with w(0) = 0 and
lw(z)| <1,z € D, such that

z(Lif(2) _
Tt e = Ye@) =0 +\/1+2), zeD, (13)
Define the function ¢ by
¢(z) = i—zwugi :1+P12+p222+p323+..., zeD,
which is
wz = 2B -1 cp, (14)

pz)+1 °

and, since w € ‘H (D) with w(0) = 0 and |w(z)| < 1,z € D, it follows that ¢ € P.
Substituting the function w from (14) on the right-hand side of (13) and simplifying, we get

p(z) -1\  p(z) -1 _  pi P2 PR\ o (P3 PiP2\ 3
\/1+<¢<z>+1> +4’(Z)+11+22+<2_8 Z+(5-HP)F e zeD a9
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and, by using (4), the left-hand side of (13) will be

z(L(a,0)f(2))'
A= ANL(a,0f () iz~ LT+ Mgzt 2+ M) gaas + (A2 = 1)pla] 22
+ [(3 + A)@3ag + (A% + A = 3)@rpoaraz + (A3 — A2 — A + 1)go‘;’aﬂ 2+...,z€D, (16)

where ¢, n € N, is given by (5).
Hence, replacing (15) and (16) in (13) and comparing the coefficients of z, z? and 23, we get

P1

Cc
2=+ A {17)
()2 1 S 3A-1
SR ONeEwyl Lancrwy i K (18)
()3 1 { A2 +40 —1 422 30 —1 3}
= L M 2 3. 19
4= 260 1P e e P s yee 0l (19
Thus, from Lemma 1, we have
C
< |2 ——
o] < ‘a‘ 14+ A7
(c)2 1 30—-1 ,
< | <= - -
9l <\ 220 |2 aa P
and, according to Lemma 2, it follows that
(c)2 A=3
< | Sl =
ol < | ez | A | )
and
(s 1 [ _ B3A%+4r -1 402 -3\ — ] 20)
Y260 P T 20 et (1+A)(2+A)p1

Replacing the values of py and p3 given by the relations (11) and (12) in (20), respectively, and, denoting
p = p1, we get

ag =

(C) 1 3A2 A +4 2A2 A +3
e 26 [8(1+)‘)(2+)\)p3_2(1+A)(2+/\) (4=9) b

_i (4 — pz) px® + % (4 - pz) (1- xz)Z} ,

for some complex numbers x and z, with |[x| < 1 and |z| < 1. Using the triangle’s inequality and
substituting |x| = y, we get

()3 1

B3A2—A+4 5 [2A2+ A +3]
o8l < G aE Ay (

sirme+n” 202

~r*)py

1 2y, 2 1 2 2
—|—4(4 p)py —|—2<4 p)(l y) F(py), (0<p<2,0<y<l).
Now, we will find the maximum of the function F(p, y) on the closed rectangle [0,2] x [0,1]. Denoting

BAZ-A+4 5 2AHA+3] 1 2\ o
RSN IS (1+/\)(2+A)(4 ) ey g (4=r) by

) (-9,

H(py) =
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and using the MAPLE™ software for the following code

[> H :=(3*%172-1+4)*p~3/(8* (1+1) *(2+1)) -
(2%172+1-3) * (-p~2+4) *p*y/ (2% (1+1) * (2+1))

- 1/4%(-p~2+4) *pxy+1/2x (-p~2+4) * (-y~2+1) ;

[> maximize(H, p=0 .. 2, y=0 .. 1, location);

we get

max (2, (3*172-1+4)/((1+1)*(2+1))),
{[{p=2}, (3%172-1+4)/((1+1)*(2+1))],
[{p=0, y=0}, 21}

that is
max (H(py) < (p) € (0,2 [01)) = max {25 A4
and 3A2—A+4
2 =H(0,0), Sy =H(2,y).
A simple computation shows that 2 > M whenever A > 0; therefore,

(1+AM)(2+A)
max{H(p,t): (p,t) € [0,2] x [0,1]} =2 = H(0,0),

which implies that

—_

max (F(p,y) : (py) € [0,2) % 01} = {5 s = FO,0),

a)3

and the proof of our theorem is complete. [

Theorem 2. If f € MLZ(A; ¢) is of the form (1), then, for any p € C, we have

[(c)a] 1 {1; [(A=3)1+A)a(c+1)+2u(2+A)c(a+1)| }

- <
‘“3 iz ‘— 2(1+A)2Ja(c+1)]

Proof. If f € MLZ(A; ) is of the form (1), from (17) and (18), we get

g = 1 @ )
BTER T2 (a), (p2=9i).

where

BA=1)(A+1Da(c+1) +2u(2+ A)c(a+1)

4(1+A)%a(c+1) ’
Taking the modules for the both sides of the above relation, with the aid of the inequality (7) of
Lemma 2, we easily get the required estimate. [

Vv =

For a = ¢, the above theorem reduces to the following special case:

Corollary 1. If f € ML(A; ¢) is given by (1) then, for any u € C, we have

‘ ﬂaz‘SHmax{l |(/\_3)(12‘(:/Bj\')57/‘(2+/\)}'
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Remark 4. If f € ML(A; ) is given by (1) then, for the special case yu = 1, we get

) CAZ+1 ) 1
‘a3—a2 max  1; FARS -2+

1
B
T2+A

If we take y € R in Theorem 2, we get the next special case:

Theorem 3. 1. If the function f € MLL(A; ) is given by (1), ZE; i 3 > 0and p € R, then
a(c+1)3=A)(A+1) —2uc(a+1)2+A) |(c)2 .
2a(c+1)(A+ 122+ A) (| T F=0
‘ag,—ya%‘g H% E;;i if 0 <u<dy,
alc+1)(A=3)(A+1)+2uc(a+1)(2+A) |(c)2 .
2a(c+ 1) (A+1)2(2+A) (@, Frzo

where BA-1)(A+1)a(c+1)

2(24 A7) c(a+1)
2. Furthermore, if 61 < u < d3, then

(A+1)(A+5)a(c+1)

o= = 22+A) cla+1)

and 6y =

o BA=D(A+Dalc+1) +2u(2+A)e(a+1) 2 o [(c)2] 1
If(53 < u < &y, then
oo A +5)ale+1) —2u2+A)c(a+1) 5 [(c)a] 1
a5 — a3 + 22 Ae(a 1) SN TONPE U
where
P A+1)B—=A)a(c+1)
2T U224 A) clat+1)
These results are sharp.
Proof. If f € MLZ(A; ¢) is given by (1), from (17) and (18), we get
R S S ) RGN
az —pa; = 22+ A7) (a)2 (PZ VP1) ’ (23)
where
y BA=1)(A+1)a(c+1)+2u2+A)c(a+1)  3A-1 n 2+A c(a+1)
- 41+ A2a(c+1) Tai+a)  Faa T A2aler1)

From the assumptions, using the second above equality, it follows that v € R. We have

a(c+1)(A=3)(A+1)+2uc(a+1)(2+A)

dv-2= a(c+1)(A+1)2 !

v > 1lis equivalent to u > J,, and v < 0 is equivalent to u < 4.
Then, taking the modules for both sides of the above equality, with the aid of the inequality (8) of
Lemma 3, we obtain the first estimates of Theorem 3.
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For the proof of the second part, first we see that 0 < v < 1/2is equivalent to d; < u < d3. Using
the relations (23) and (17), and then applying the inequality (9) of Lemma 3, we get

|as — pa3| + (p — 61)|a3| = |az — paz| + |p — 61| |a3| =
(c)2

1 2 2 L |(c)
- _ < = |2
2(2+)\) |:|p2 Uﬂ1| +V|p1|:| —= 2+/\

4

(a)2

which represents the required inequality (21).
Furthermore, we easily check that 1/2 < v < 1is equivalent to d3 < y < ;. From the relations
(23) and (17), and then applying the inequality (10) of Lemma 3, we obtain

(a)2

a3 — paz| + (6, — p)|a3| = |as — pa3| + 62 — p||a3| =

1 (c) 1 |(c)
357 || [Ip2 = vl + = wlpl] < 3 |52

7

which is the inequality (21).
To prove that the bounds are sharp, we define the functions F, and G;, 0 < 7 < 1, respectively,
with F,(0) = 0 = F;(0) — 1and G, (0) = 0 = G;(0) — 1 by

2(LiFy(2)  (z(z+7)
(1—/\)£?11-"7,7(z)+)tz _l’b< 147z )’

and

2(LeGy(z) 2(z+1)
(1 —/\)E{;’Gnﬂ(z) Tz Y (_ 1+7nz > ’

respectively. Clearly, Ky, (z) := (z"71), F;, G, € MLI(A;¢). In addition, we write Ky, (z) =
Ky(z) =z+ V1422

If p < 61 or p > &, then the equality holds if and only if f is Ky or one of its rotations. When
81 < § < &y, then the equality holds if and only if f is Ky, (z) = z? + V1 + z* or one of its rotations.
If 4 = 61, then the equality holds if and only if f is F; or one of its rotations. If 4 = &, then the equality
holds if and only if f is G, or one of its rotations. [J

4. Hankel Determinant Result for f € MLZ(A; 9)
The next result deals with an upper bound of H»( f) for the subclass MLZ(A; ¢):

Theorem 4. If f € MLI(A; ¢) is given by (1) and

then 2\
2 c 2 1
fors—d| = () s =)

Proof. If f € ML!(A; ), using a similar proof like in the proof of Theorem 1, from (17), (18), and (19),
we get
axay — @3 = kapi + kapipa + kspips + kaps,
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where

_c(e)3 4A? —3)1 —1 )2 30 -1
" a(a)332(1+A)2(3+A)(2+A) (a ) 2+/\) ( (1+A)> '
30—1 <(c)2)2 c(0)s 302447 —1

a

82+ A)2(1+A) \(a) W 41+A)224+M)(B+A)
c(c)s

a(a);41+A)(3+A)
_ ()2 1
= [((h) FIPEwE

Using the relations (11) and (12) of Lemma 4, we get

D =

’a2a4 - a%‘ = (26)

’AP%+B(4—P%)XP% {k (4-41) - };P}(‘l p1>x+kpl(4 p) (1= 1x2) =

with |x| <1, |z| <1, and

1
642+ A2+ ARG A)

[ S(AA2 =30 —1) (24 A) (a)2 + (—205(a)22 - (c)zz) PERE (—6Os(a)22 +3 (a)zz) 22
( 22> +9(c)2”) A +325(a)3 — 27 ()2’
Bi— %(k2+k3+k4)

(—4(a)22+(c)22) /\3—|—(—103() o) ) (zs( )22—9(c)22))\+125(11)22—9(c)22
16(1+A)2(B+A) 2+ 1) (a)?

A= (4k1 +2ky + ks +ky) =

222))3. Since ¢ € P, it follows that ¢ (¢~?3'8P1z) € P, hence we may assume without loss
3

of generality that p := p; > 0, and, according to Lemma 1, it follows that p € [0,2]. Now, using the
triangle’s inequality in (26) and substituting |x| = t, we get

where s =

LA 2\2 2, lks| 2 2) 2
‘ﬂ2ﬂ4*a3‘ < |A|p* +|B| (4 p )p b+ (4fp) P+r (4fp )t
8l (s 0 =apn, 0<p<a0<i<)
Next, we will find maximum of G(p, t) on the closed rectangle [0,2] x [0, 1]. Using the MAPLE™

software for the following code, where we denoted C := k4 and D1 = E := k3,

[>G :=abs(A)*p~4+abs(B) *(-p~2+4) *p~2*t+1/4*abs (C)* (-p~2+4) ~2*t~2
+1/4*abs (D1) *p~2% (-p~2+4) *t~2+1/2*abs (E) *px (-p~2+4) * (-t ~2+1) ;
[> maximize(G, p=0 .. 2, t=0 .. 1, location);

max (16*abs(A), 4*abs(C)),
{[{p=2}, 16%abs(A)], [{p=0, t=1}, 4*abs(C)]}

or

max(161Al, 4ICl), {[{p=2}, 16l1Al]1, [{p=0, t=1}, 4ICI1},
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which is
max {G(p,t): (p,t) €10,2] x [0,1]} = max{16|A|;4|C|},

and
16|A| = G(2,1), 4|C| = G(0,1).

We will prove that, under our assumption we have 4|C| > 16|A|, and therefore

max{G(p,t): (p,t) €[0,2] x [0,1]} = 4|C| =4 |ks| = G(0,1). (27)
S OF _ (02}’ . . .
Letting o := (@) and f := Ok from (24), it follows that & > B > 0. A simple computation
3 2
shows that
4A =4ky +2ky + k3 + kg = aM — BN,
where
5(1—A) (A —3)?
M = >0, A 1 d N:= .
SAT eI Gy = el an 61+ M2+ V)]
Since

_aM—BN  10a(1—A)(2+A) — B(A—3)2(3+A)
B 4 N 64(1+A)2(2+A)2(3+A)
then A < 0 if and only if the inequality 10a(1 — A)(2 4+ A) — B(A —3)2(3+A) < 0 holds for all
A € [0,1]. This last inequality is equivalent to

A

, A€0,1],

a  (c+1) (A—3)2(A+3)
B (“+1)§ = 0A+2)(1—A) t(A), A €[0,1],

27
and a simple computation shows that t(A) > ¢(0) = 20 forallt € [0,1]. Therefore, the above inequality

holds whenever the assumption (24) is satisfied, hence A < 0. Since C < 0, we have

5(1—A
16|A| — 4|C| = —16A +4C — —a2(3+/\)((1 +A))2(2+)\)
(A-3) B 1 all — BV
Par e e Perar T AT AR
with
U:=10(A—1)(A+2) <0, A€ [0,1], and V:= (3A—1)(A+3)(A+5).
Since

U—-V=-3\3-13A2-27A —-5<0, A €[0,1],

we have U < V.

If A € [0,1/3], then V < 0, and using the inequality « > B > 0, we get all — BV < 0. If A €
[1/3,1], then V > 0, and, because U < 0, &, B > 0, it follows that all — BV < 0.

Therefore, for all A € [0,1], we have 16|A| < 4|C|. Since (27) was proved, the upper bound
of G(p,t) on the closed rectangle [0,2] x [0,1] is attained at p = 0 and t = 1, which implies the
inequality (25). O

Remark 5. By suitably specializing the parameter A, one can deduce the above results for the subclasses of
SLLA; ), and RLL(A; ¢), which are defined, respectively, in Remark 3 (i) and (ii). Furthermore, by taking
a = c, we can easily state the result for the function class ML(A, ) given in Remark 3 (iii). The details
involved may be left as an exercise for the interested reader.
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