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1. Introduction

Since the white noise theory initiated by Hida [1] as an infinite dimensional distribution theory,
it has been extensively studied by many authors [2-8] (and references cited therein) with many
applications to wide research fields, stochastic analysis, quantum field theory, mathematical physics,
mathematical finance and etc. The white noise theory is based on a Gelfand triple:

(E) C (L?) c (E)*.

On the other hand, recently, the generalized Mehler semigroup as the transition semigroup of the
infinite dimensional (Hilbert or Banach space valued) Ornstein—Uhlenbeck process described by the
Langevin equation:

dXy = AXedt + CdM;

has been studied successfully by many authors [9-12] (see also [13-16]) and references cited therein.
Here { M} >0 is an infinite dimensional noise process and A and C are certain operators on the infinite
dimensional space. In fact, the authors [12] studied systematically the generalized Mehler semigroup
for cylindrical Wiener process { M };>o and then in [17], the authors generalized to the case of Lévy
process { M };>. Furthermore, in [13,14], the authors studied the generalized Mehler semigroups and
Langevin type equations with different noise processes. Recently, in [18], the author studied covariant
generalized Mehler semigroup, and in [19], the authors studied time inhomogeneous generalized
Mehler semigroup. For more details of the theory of Ornstein—Uhlenbeck operators and semigroups,
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we refer the reader to [20] (see also [21]) which includes major recent achievements and open questions,
and in which the generalized Mehler semigroups are briefly discussed.

The objective of this paper is twofold: the first one is to study the generalized Mehler semigroup
on the space (E) of the test white noise functionals with its explicit form in terms of the generalized
Fourier-Gauss transform. From the representation of the generalized Mehler semigroup, we investigate
a characterization of the unitarity of the generalized Mehler semigroup. The second objective is to
study a white noise Langevin (type) equation:

dd; = W*q)tdt + th(n),

where 2% € L((E)*, (E)*) is the infinitesimal generator of an equicontinuous semigroup and Wt(")
is the n-th time-derivative of Gaussian white noise which is considered as a highly singular noise
process. Specially, we are interested in the case of Z* which is the infinitesimal generator of the adjoint
of the generalized Mehler semigroup (see the Equation (16)). Recently, in [22], the author studied an
evolution equation associated with the integer power of the Gross Laplacian Ag. We note that the
Gross Laplacian Ag is a special case of the generator of the generalized Mehler semigroup.

As main results of this paper, we provide a representation of the generalized Mehler semigroup
in terms of the generalized Fourier-Gauss transform on the space of the test white noise functionals,
and then by applying the properties of the generalized Fourier-Gauss transform, we have an explicit
form of the infinitesimal generator of the generalized Mehler semigroup, which is a perturbation of
the Ornstein—Uhlenbeck generator. By duality, we study the generalized Fourier-Mehler transform
and its infinitesimal generator, which induce the dual semigroup of the generalized Mehler semigroup
and its infinitesimal generator, and then as application we investigate the unique weak solution of the
Langevin type stochastic evolution equations with very singular noise forcing terms (see Theorem 9).

This paper is organized as follows. In Section 2, we recall basic notions for Gaussian space and
(Gaussian) white noise functionals. In Section 3, we invite the general theory for white noise operators
which is necessary for our main study. In particular, we review the generalized Fourier-Gauss
and Fourier-Mehler transforms on white noise functionals. In Section 4, we study the generalized
Mehler semigroups on (test) white noise functionals with their representations in terms of generalized
Fourier-Gauss transform, and explicit forms of the infinitesimal generators of the generalized Mehler
semigroups in terms of the conservation operators and the generalized Gross Laplacian. As the
last result of Section 4, we investigate a characterization of the unitarity of the generalized Mehler
semigroup. In Section 5, we consider the white noise integrals of white noise operator processes as
integrands against with the highly singular noise processes (n-th time-derivatives of white noise).
In Section 6, we investigate the unique existence of a weak solution of Langevin (type) white noise
evolution equation for white noise distribution whose explicit solution is represented by the adjoint of
the generalized Mehler semigroup.

2. White Noise Functionals

Let H be a separable Hilbert space and let A be a positive, selfadjoint operator in H. Suppose
that there exist a complete orthonormal basis {e,}°° ; for H and an increasing sequence {A, };>_; of
positive real numbers with A; > 1 such that

(A1) foralln € N, Ae,, = Ayey,
(A2) A~!lis of Hilbert-Schmidt type, i.e.

[e0]
1A s = Yo A2 < oo

n=1

For each p € R, we define a norm | - |, by
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Clp :=1APElo, C€H,

where | - |g is the Hilbertian norm on H, and for each p > 0, put E, = {¢ € H : |{|, < o} and

E ,= H' the completion of H with respect to the norm | - |,. Then for each p € R, E, becomes
a Hilbert space with the Hilbertian norm | - |, and by identifying H* (strong dual space) with H,
we have a chain of Hilbert spaces:

- CE,CE,CH=ZH"CE ,CE 4C---

forany 0 < p < g, where E_, and E, are topologically isomorphic. Then by taking the projective limit
space of E, and the inductive limit space of E_j, we have a Gelfand triple:

projimE, =: EC H C E* 2indlimE_, 1)

p—00 p—

where from the condition (A2), E becomes a countably Hilbert nuclear space.

Example 1. As a prototype of the Gelfand triple given as in (1), we consider the Hilbert space H = L?(R, dt)
of square integrable complex-valued functions of R with respect to the Lebesgue measure and the harmonic
oscillator A = —% + 2 + 1 (see [7,8]). Then the projective limit space E coincides with the Schwartz space
S(R) of rapidly decreasing C®-functions and E* coincides with the space S’ (R) of tempered distributions and
then we have

S(R)=ECH=IL*R)CE"=8(R),
which will be used for the concrete construction of Brownian motion and its higher-order time derivatives.

By the Bochner-Minlos theorem, we see that there exists a probability measure y, called the
standard Gaussian measure, on E such that

/ Sy (x) = e 368, g e,
Ex

where E}, is the real nuclear space such that E = Ej +iE and (-, -) is the canonical complex-bilinear
form on E* x E. Note that the inner product on the Hilbert space H is given by (-, -). The probability
space (E}, p) is called a standard Gaussian space and we put (L?) := L?(Ej, 1) the space of square
integrable complex-valued (Gaussian) random variables.

By the celebrated Wiener-Ito-Segal isomorphism, (L?) is unitarily isomorphic to the (Boson) Fock
space I'(H) defined by

I'(H) = {<P = (fa)io: fu € H", 9§ := i ntlfulf < 00}/

n=0

where H9" is the n-fold symmetric tensor product of H and | - |o is the Hilbertian norm on H &n again.
Note that the Wiener-It6-Segal (unitary) isomorphism between (L?) and I'(H) is determined by the
following correspondence:

f(H) S ¢p = (1[@’,. . j!n,. . ) PR (PC(X) = e<xr§>7%<§r€> c (L2), ZEE, )

where ¢ is called an exponential vector (or coherent vector) associated with { € E. The second
quantization I'(A) of A is defined in T'(H) by
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T(A)p:= (A" fu)o o, ¢ = (fu)neo € T(H), ®)

see (5).

From the (Boson) Fock space I'(H) and the positive, selfadjoint operator I'(A) in T'(H), by using
the arguments used to construct the Gelfand triple given as in (1), we construct a chain of (Boson)
Fock spaces:

-CTI(Ey) CT(H)=T(H)" CT(E-p) C---
for any p > 0, and by taking the projective and inductive limit spaces, we have the Gelfand triple:

projlimI'(E,) =: (E) CT(H) C (E)* 2indlimT(E_,), 4)

p*)OO p—o0

and then (E) becomes again a countably Hilbert nuclear space (see [4,7,8]). Then from the Gelfand
triple (4), by using the Wiener-It6-Segal unitary isomorphism, we have the Gelfand triple of Gaussian
white noise functionals:

(E) € (L%) C (E),

which is referred as to the Hida-Kubo-Takenaka space [6].
For each p € R, the Hilbertian norm onT'(E, ) is denoted by || - ||, and givenby || - ||, = [T (A?) - [lo,
ie, foreach ¢ = (fu)5-o € ['(Ep),
lglls = 3 n!lful3-
n=0
The canonical complex-bilinear form on (E)* x (E) is denoted by ((-, -)) and then for each

® = (F,) € (E)*and ¢ = (fu) € (E), we have

<@¢»=ifﬂ%ﬁ%

Note that {¢z : { € E} spans a dense subspace of (E). Therefore, every ® € (E)* is uniquely
determined by the function S® : E — C defined as

S0(8) = (® ¢¢)), C€E

which is called the S-transform of ®. In fact, for each ® € (E)* and F := S®, we can easily see that

(S1) foreach ¢,y € E, themap C > z — F(¢ +z#) € Cis entire holomorphic,
(S82) there exist constants K,c > 0 and p > 0 such that

[F@)| < Kexp (c2f;), E<E.

The converse is also true as given in the next theorem, which is called the analytic characterization
theorem for S-transform.

Theorem 1 ([23]). A complex-valued function F on E is the S-transform of an element in (E)* if and only if F
satisfies the conditions (S1) and (S2).

Remark 1. Theorem 1 is originally from [23] and the proof of Theorem 1 in [23] had an essential gap and then
the gap has been corrected later (see [24]). For a corrected proof of Theorem 1, we refer to [7,8] (see also [24]).
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3. White Noise Operators

For locally convex spaces X and 2), the space of all continuous linear operators from X into ) is
denoted by £(X,9)). A continuous linear operator & € L((E), (E)*) is called a white noise operator
(or a generalized operator).

As an operator version of the S-transform, the symbol & : E x E — C of white noise operator
E € L((E), (E)*) is defined by

E@&n) = (E¢e dy)), EneEE

Then since the exponential vectors span a dense subspace of (E), every white noise operator
E € L((E), (E)*) is uniquely determined by the operator symbol Z. In fact, for each & € L((E), (E)*)

~

and © = &, we can easily see that
(®1) foreach¢;,n; € E (i =1,2), the function
CxC> (zw)— O(81 + 282, +wrn) €C

is entire holomorphic,
(®2) thereexist K,c > 0and p > 0 such that

©(&n)| < Kexpe (g +11), &nek.

Furthermore, if & € £((E), (E)), then ® = E satisfies the following condition:

(©2') forany p > 0and € > 0, there exist constants K > 0 and 4 > 0 such that

O )| < Kexpe (|e2,g+1n12,), &neE.

The converse is also true as given in the next theorem, which is called the analytic characterization
theorem for operator symbol.

Theorem 2 ([25,26]). A complex-valued function ® on E x E is the symbol of an operator & € L((E), (E)*) if
and only if © satisfies the conditions (©1) and (©2). Moreover, ® is the symbol of an operator & € L((E), (E))
if and only if © satisfies the conditions (©1) and (©2').

Throughout this paper, for a white noise operator E € L((E), (E)*), the adjoint operator of E with
respect to the canonical complex-bilinear form ((-, -)) is denoted by Z*. Then for each & € L((E), (E)*),
we have E* € L((E), (E)*) and for any ¢, ¢ € (E),

(B¢, ¥) = (B¢, ¢) -

Example 2. Let S € L(E, E*) be given.
(1) Consider a function ®; : E x E — C defined by

©1(& ) = (S¢, &) e, &neE.

Then we can easily check that ©y satisfies the conditions (©1) and (©2') and then by Theorem 2, there exists
a unique white noise operator, denoted by Ag(S) and called the generalized Gross Laplacian (see [27]),
in L((E), (E)) such that A/G\(S) = ©. In fact, the generalized Gross Laplacian Ag(S) is uniquely determined
by the action on exponential vectors:
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Ac(S)ps = (S¢, &) ¢z, G E€E.

In particular, for S = I (the identity operator), Ag(I) is called the Gross Laplacian and denoted by Ag. For the
adjoint operator of Ag(S), we write A5(S) := Ag(S)*.
(2) Consider a function ©, : E x E — C defined by

@y (& 1) = (S&, y)el®m, &y eE.

Then we can easily check that © satisfies the conditions (©1) and (©2) and then by Theorem 2, there exists a
unique white noise operator, denoted by A(S) and called the conservation operator (see [8,271), in L((E), (E)*)

—

such that A(S) = ©,. Furthermore, if S € L(E,E), then we can see that A(S) € L((E),(E)).
In fact, if S € L(E,E) is an equicontinuous generator (see Section 4 or [28]), then for the equicontinuous
semigroup {e'>}cg generated by S, the conservation operator A(S) is uniquely determined by the action on
exponential vectors:

d
A(S)¢§ = %¢E€S§ 0/ (: S EI
€=

see [29]. Then we have A(S)* = A(S*).

Example 3. Let S € L(E, E*) be given. Then the second quantization T'(S) of S (see (3)) is defined by

[e)

I(S)¢:= (5®nfn)n:o' ¢ = (fn)y=o € (E). )
ThenT(S) € L((E), (E)*) and we have
L(S)(En) =0, gy ek,
see [8,27]. Therefore, the second quantization I'(S) is uniquely determined by the action on exponential vectors:
[(S)pe = ¢sz, T €E.

From the definition, we see that T'(S)* = T'(S*). Furthermore, if S € L(E,E), then we see that T'(S) €
L((E), (E))-

Example 4. Let K € L(E,E*) and S € L(E, E) be given.
(1) Consider a function @3 : E x E — C defined by

®3(€/77) — 6<KC,§>+<S§,T7>, 6,17 c E.

Then we can check that ©j satisfies the conditions (©1) and (©2'). Therefore, by Theorem 2, there exists a
unique white noise operator, denoted by Gy s and called the generalized Fourier—Gauss transform (see [7,27]),
in L((E),(E)) such that Q/K\S = O3. In fact, the generalized Fourier-Gauss transform G s is uniquely
determined by the action on exponential vectors:

Gxspr = eKe8¢ss, ZeE,

and so we have

Grs = T(S)e’st) € L((E), (E)).
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(2) The adjoint operator of Gk s with respect to ((-, -)), denoted by Fk s, i.e., Fx,s = Gy 5 and called the
generalized Fourier—-Mehler transform (see [7,271), belongs to L((E)*, (E)*). Then we have
Fis(&n) =elKpm+Sen &y cF,
and
Fis = *T(5%) € L((E)*, (E)").

4. Generalized Mehler Semigroup

Let {S/}t>0 and {T; };>0 be families of continuous linear operators on Ey. For each { € E,
we define

Pge(x) = [ gc(Six+Tiy) du(y).

In fact, from (2), we obtain that
e (Six + Try) = ST+ Y, 8 —3(8,6) — e<T2‘yré>+%<(5?SH)€/C>¢Srg(x)

— o Tt@]"(st)e%AG(SfSr—I)(Pg(x).

Therefore, since u is a Gaussian measure, we obtain that

Pige(x) = [ e (Six+Ty) dp(y)

-

(St)e%AG(S?‘Sz*I)e%<Tt§,Tz€>¢C(x)
(St)e%AG(T;FTt+S?St_I)4)§(x), ®)

eI du(y) ) T(S,)e 059 g (1)
R
=T
=T
and so we have
P = r(5t>e%AG(T;th+s;st71)/ @)

which holds on the linear spans of exponential vectors. By applying the analytic characterization
theorem (see Theorem 2) for operator symbol, we can easily see that the operator given in the right hand
side of (7) is a continuous linear operator from (E) into itself, i.e., F(St)e%AG(T;FTﬁS?Sf_I) € L((E),(E))
(see Example 4). Hence motivated by the above discussion, we have the following definition.

Definition 1. Let {S} };>0 and {T} }1>0 be families of continuous linear operators on E*. For each t > 0, put
P = F(St)e%AG(T;‘T,-&-S;*St—I) (8)
as an element of L((E), (E)).
On the other hand, from Examples 3 and 4, for any ¢ € E, we obtain that
eAG(T)F(S)% = e<5*T55'5>4>5§ = r(s)eAc(S*TS)%,
which implies that

26D (S) = T(8)etc(57T9), ©9)
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Therefore, from (9), we obtain that
PtPS — F(St)e%AG(T;ﬁTt+S;‘St71)r(SS)E%AG(T;TS‘FS:SSfI)
_ F(St)F(SS)E%AG(S;‘(Tt*Tf-i-S;‘St—I)SS)E%AG(TS*TS-&-S;‘SS—I)

_ r(stss)E%AG(S;‘(Tt*Tt+St*St)Ss+T;‘Tgfl)‘
Hence we have the following characterization of semigroup property.

Proposition 1. Let {S; };>0 and {T} };>0 be families of continuous linear operators on Ey. Suppose that
{St}t>0 is a one-parameter semigroup. Then {P;}>o is a one-parameter semigroup if and only if the
following property:

ST/ TiSs + TiTs = T Trss (10)
holds.

Remark 2. A general result for a characterization of the semigroup property of {P¢}s>o can be found in
Proposition 2.2 of [12]. In particular, a characterization of the semigroup property of {P;}s>o for a general
Gaussian case on Hilbert space can be found in Proposition 4.1 of [12]. Furthermore, a definition of a generalized
Mehler semigroup can be found in Definition 2.4 of [12].

In (6), we used the fact that for any ¢ € E,

/ e<let§>d‘u(y) — e%<Ttéth§> e e%(Tt*ngré>, t 2 0
Ep

On the other hand, by applying the Bochner-Minlos theorem, there exists a unique Gaussian
measure y; with the covariance operator T} T; such that

/ W)y (y) = e 2 TS >0,
E

*
R

Since the Gaussian measure y on Ep, is symmetric, from (6) we have

Pge(x) = [ e (Six+Ty) dp(y)

= /Eﬁi e (Six+y) dpe(y), (11)
and so from the continuities of P; and the integral transform given as in the right hand side of (11),
we see that
PO = [ 9 (Six—v) dulw), g€ (B)
see §2 of [12].

Definition 2. Let {S] }>0 and {T} }>0 be families of continuous linear operators on Ey, such that {S;}>0
is a one-parameter semigroup. Then the one-parameter family { Pt }1> defined as in (8) is called a generalized
Mehler semigroup (associated with {S} }+>o and {T} }1>0) if {S} }=0 and {T} } >0 satisfy the equality given
as in (10).
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Remark 3. Let S* € L(E*, E*) be given. Then S* is said to be real if S* (Ef;) C Ef. Consider the generalized
Mehler semigroup {P; }¢>¢ given by

00 ST+ Tiw) duty) = P (a) = (T()e2 T35 gy ) (3 (12)

for & € E. If we consider Py as the left hand side of (12), then the exponential vector ¢ is defined on Ey and
so we have to consider the families {S} }1>0 C L(E*, E*) and {T} };>0 C L(E*, E*) which are real. However,
if we consider P; as the right hand side of (12), then we do not need such restriction. Throughout this paper,
we consider the generalized Mehler semigroup { P } >0 defined as the right hand side of (12).

Remark 4. In (8), if St and Ty satisfy that T} Ty + S;S¢ —1 = 0, ie., Ty = (I — S;‘St)l/z, then we have
Py = I'(St) and so in this case, {P;}>o becomes the Ornstein—Uhlenbeck semigroup and then we have the
Mehler’s formula of the Ornstein—Uhlenbeck semigroup (or second quantization) in the infinite dimensional case:

(S00c() = Pigelx) = [, 95 (Six-+/T=SiSuy) dutw), (13)
which can be found in Theorem 6.1.1 of [2] (see also Theorem 4.5 of [16]).

Lemma 1. Let {S; };>0 and {T; }+>0 be families of continuous linear operators on Eg,. Suppose that {S;}>0
is a strongly continuous semigroup and the map t — T;T; € L(E, E*) is differentiable at 0. Then {P;}+>
given as in (8) is a generalized Mehler semigroup if and only if

t
T/ T, = / S:VSsds, (14)
0

where V = %Tt* T; o

Proof. Suppose that {P;};>0 is a generalized Mehler semigroup. For notational convenience, put
V() =TT, t>0.

Then from (10), by taking s = t = 0, we have 2V (0) = V(0), and so V(0) = 0. Furthermore,
we obtain that

v (1)

— Jim 205

ox (1
dt h—0 =5t (V(0) s,

from which we have (14). The proof of the converse is straightforward. [

Remark 5. A similar explicit form of T; Ty for the generalized Mehler semigroup { P; } >0 for a general Gaussian
case on a Hilbert space can be found in Proposition 4.3 of [12].

Example 5. Let b € Cand S; = e for t > 0. Then from (14), we have

t 1 (,2bt
Tth=</62b5ds>V:{2b<e 1>V’ b#0,
0

Vt, b= O/

where V € L(E, E*) is a given operator, and so we have

L * _ 14 2bt
Ki:=T/T; +S'S; I—<2b—|—1>(e 1).

Therefore, we have
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P =T(Sp)e2tK) = Gy g, >0,
where G p be a generalized Fourier—Gauss transform (see [27,30], and also Example 4).

Let X be a barrelled locally convex Hausdorff space whose topology is generated by a family of
seminorms {| - |} ,em,. An operator S € L(X, X) is called an equicontinuous generator if for any
r > 0, the family {(rS)" /n!}$>_ is equicontinuous, i.e., for any p € Ny, there exist C > 0 and g € Ny
such that | ((rS)"/n!) x|, < C|x|; for all x € X (see [8,28]). For such equicontinuous generator S,
we can prove that the series

e = Z —'(rS)”

converges strongly on X, and then {¢*° },<c becomes a holomorphic one-parameter subgroup of GL(X)
(the general linear group on X).

Let {Sf}t>0 C L(E*, E*) be a family of continuous linear operators such that {S; };>9 C L(E,E)
is an equicontinuous semigroup with the infinitesimal generator S € L(E, E). Then we obtain that

SiS— 1= /O o (5180)ds = /O S* (S* +S) Seds,
and furthermore, if the map t — T;T; € L(E, E*) is differentiable at 0, then by Lemma 1, we have
t
TiTy 4SS — 1 = / S*(V 4% +5) Suds,
0

and hence we have the following theorem for the explicit representation of the generalized
Mehler semigroup.

Theorem 3. Let {S; };>0 C L(E*, E*) and {T} }s>0 C L(E*, E*) be families of continuous linear operators.
Suppose that {S; }1>0 C L(E, E) is an equicontinuous semigroup with the infinitesimal generator S € L(E, E)
and the map t — T; Ty € L(E, E*) is differentiable at 0. Then the generalized Mehler semigroup {P; }1>o given
as in (8) has the following representation in terms of the generalized Fourier-Gauss transform:

P = F(St)e%AG(fot S§(V+S*+S)Ssd5)’ (>0

7
_ d7x
where V = 5T/ T; o’

Theorem 4. Under the assumptions given as in Theorem 3, the infinitesimal generator of the generalized Mehler
semigroup { Py} is given by A(S) + Ag(V + S* +S).

Proof. We now give a sketch of the proof. A detailed proof of this theorem is a simple modification of
the proof of Theorem 5.3.11 of [8] (also, see the proof of Theorem 4.3 of [30]). Consider the symbol of
P; and then for any ¢, # € E, we obtain that

b6 = (05 950)58) 56

7

which implies that
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d ~
Ept(érﬂ)

= B ((SF (V45" +5)51)8,8) + (S5, '7>]

3((Jo 52 (v+87+5)8:ds ) 8.8 )+ (512, 1)

t=0

xXe

t=0

= [ +s 980 + (st ) e

= << (A(S) + %AG(V +S"+ S)> Pe, cp,7>>,

from which we have the desired assertion. [

For a Gelfand triple X C K C X'*, where X = AR + iX with the real vector space AR, and for
L € L(X, X*), the complex conjugation L of L is defined by

Lx=LX, x€X,

and then for the Hermitian adjoint L' of L, we have L' = (L*) = (L)".

Theorem 5. Let {S;}i>0 C L(E, E) be an equicontinuous semigroup with the infinitesimal generator S &
L(E,E) and {T} }1>0 C L(E*, E*) be a family of continuous linear operators such that the map t — T, T} €
L(E, E*) is differentiable at 0. Suppose that for each t > 0, Sy can be extended to H such that {S;}>0 C
L(H, H) is a strongly continuous semigroup. Let {Ps };>q be the generalized Mehler semigroup defined as in
(7). Then the followings are equivalent:

(i) Foreacht > 0, P; can be extended to T'(H) as a unitary operator,
(i)  S¢isunitary and Ky := T/ Ty + 5S¢t — I =0 forall t > 0,

(i) S'=-Sand V+S+S* =0, where V = %Tt*Tt‘t:O'

Proof. (i) < (ii) We first observe that for any ¢,% € E,

(Pige, Pigy) = e (KEO-ERT) (T (STS0)pr, By )) -

Since the exponential vectors span a dense subspace of I'(H) and ¢, i are chosen arbitrarily,
P;r Py = I holds if and only if K; = 0 and SZSt = . Therefore, we have P; = F(St) and

T(SiSf) =T(S)T(ST) = PP =1
implies StS;L = I. Hence S; is unitary and K; = 0. Conversely, K; = 0 implies P; = I'(S¢) and so S; is

unitary implies that P is unitary.
(ii) < (iii) Note that, by Stone’s theorem (Theorem 10.8 in [31]), S; is unitary if and only if iS is

selfadjoint if and only if ST = —S. Moreover, we observe that
4T 4808 —1)’ — V45 +5
T =0

and

t
TiTy + 55 — 1 :/ S*(V + S* + S)Seds.
0

Hence (ii) and (iii) are equivalent. O
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Remark 6. The unitarity of the generalized Fourier—Gauss transform has been studied in [32,33] as
transform from the space of Gaussian functionals onto another space of Gaussian functionals with different
covariance operator.

5. White Noise Integrals

Let T > 0 be fixed and let ® : [0, T] — (E)* be a function. If the map [0, T] > t — S (P(¢t)) ({) is
measurable for all { € E and there exist nonnegative constants K, c > 0 and p > 0 such that

! 2
/0 1S (@(t)) (&)|dt < Kelélp

for all { € E, then by applying Theorem 13.4 of [7], we see that @ is Pettis integrable and for any ¢ € E,
we have

s([[ etar) @ = [s (@) @

forall¢ € E.

Let U* : [0,T] — L((E ) ,(E)*) and ® : [0,T] — (E)* be functions. Suppose that ®(t) is
differentiable, i.e.,, ®'(t) := ( ) exists and belongs to (E)*. If there exist nonnegative constants
K,c > 0and p > 0 such that

! 2
/o IS (U(t) (@'())) (&)]dt < KeFely

for all ¢ € E, then by the discussion above we see that U(t) (®’(t)) is Pettis integrable and

S (/OT u(t) (@'(t)) dt) (&)= /OTS (U(t) (@ (1)) (&)dt

for all ¢ € E. In such a case, we write

/T U(HdD(t) = /T u(t) (@'(1)) dt
0 “Jo '

From now on, we consider the case H := L*(R,dt) and E := S(R) the Schwartz space of
rapidly decreasing C® functions on R. Then we have E* = S’(R) the space of tempered distributions
(see Example 1).

For each t > 0, we define B; € (L?) by

B = (1)

where we used the approximation procedure to define By, i.e, since E is dense in H and 1) € H,
there exists a sequence {, }%_ ; C E such that lim;, ;e §n = 1), in H and

E [ &) = (2 &) | = [en = all,
which implies that
< 1[0t]> = hm () Cn)
exists in L2 (Ex, ). Then we can easily see that

By=0, E[B{] =0, E[BsB;] =min{s,t},
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from which we see that {B;} is a Brownian motion and it is called a realization of a Brownian motion.

Theorem 6 ([34]). Foreachn =0,1,2,-- -, the map t — (5t(n) € E_p is continuous for

By applying Theorem 6, we see that the map t — B; € (E)* is a C*°-map and we have

d . (n) _ d" (n)
B = (0 = Wi, W = ZoW = (,o"), teR. (15)

Proposition 2. Let {S;};>0 C L(E*,E*) and {T}}i>0 C L(E*, E*) be families of continuous linear
operators. Suppose that {S;}1>0 C L(E, E) is an equicontinuous semigroup with the infinitesimal generator
S € L(E,E) and the map t — T;T; € L(E,E*) is differentiable at 0. Then for the generalized Mehler

semigroup { Py }>o given as in (8) and any n € N, P}, (WS(")) is Pettis integrable over [0, t] for all t > 0.
Proof. From Theorem 3, the explicit form of the generalized Mehler semigroup { P };>¢ is given by

P = F(St)e%AG (Jo S2(v-+87+8)Sqds) (50

7

where V = %T?Tt’t:o € L(E, E*). For notational convenience, we put Q := V + S* + S € L(E,E*).

Since {S¢}+>0 is an equicontinuous semigroup with the infinitesimal generator S € L(E, E), we can
write S; = ¢!° and then we have

1 t sS* ~,sS
P=T (efs) edoc(feaesas) s g

Therefore, for any ¢ € E, we obtain that

(. () © = (7, 7))
_ (e oesan)eg) <<Ws(n), <Pe<r—s)55>>
_ e%<(' S Qe 2.8 <5S(n), e(t‘5)5;‘>

= i @ty (e=95g) " (),

On the other hand, since {S;};>¢ is an equicontinuous semigroup, by applying Lemma 2.1 of [28],
we see that for any p > 0, there exist a constant C > 0 and g > p such that

eSe| <clgly, 0<os<t,
P
where the constants C and p are depending on ¢ > 0. Hence by applying Theorem 6 and the continuity

of the differential operator on E = S(R), we see that there exist nonnegative constants K,c > 0 and
p > 0 such that

s (Prs (")) (@)] < kel

for all ¢ € E, then by the discussion above we see that P (Ws(n>) is Pettis integrable. [



Mathematics 2020, 8, 1025 14 of 19

6. Stochastic Evolution Equations

In this section, motivated by the results obtain in Section 4 (see Theorem 4), we study the following
stochastic evolution equation (for white noise distribution):

dd; = (A(s*) + %AE(V +5F 5)> Dyt +dW", 0<t<T, (16)

Dy =Y,

where ¥ € (E)* is given and Wt(”) is the n-th distributional derivative of the white noise process
{Wi}>0 (see (15)). As an abstract extension of (16), we study the stochastic evolution equation:

dd, = ' Oudt +dW", 0<t<T, 17)
Dy =Y,

where E* € L((E)*, (E)*) is a given operator.

Definition 3. A (generalized) stochastic process {®¢}>o C (E)* is called a weak solution of the stochastic
evolution Equation (17) if ®; (0 < t < T) satisfies

t
=¥+ / 2 Dds + W) (18)
0

in the weak sense in (E)* (see Definition 13.42 of [7]).

In the white noise theory, the integral equation given as in (18) can be represented by a white
noise integral equation as following:

t
@ = ‘I’+/ F(s, Dy )ds,
0
where f: [0, T] x (E)* — (E)* is a function defined by
f(s,9) =z v+ W' ¥ e (B)
In fact, we have

: m _ [ L
/E*cpsderwt :/ E*CDsds+/ AW,
0 0 0

¢ (1)
_ / (5*q>sds+dWS )ds.
0 ds

Hence as a general case, we consider the following white noise integral equation:

X(1) = X(0) + /OTf(s,X(s))ds, 0<t<T, (19)

where f is a function from [0, T] x (E)* into (E)* (see (13.74) in [7]). Then as a special case of Theorem
13.43 of [7], i.e., by taking B = 0 in Theorem 13.43 of [7], we have the following theorem.

Theorem 7. Suppose that the function f : [0, T] x (E)* — (E)* satisfies the following conditions:

(i)  for any weak measurable function X : [0, T] — (E)*, the function [0,T] > t — f(t, X(t)) € (E)* is
weak measurable,
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(ii) there exist two nonnegative functions L,p : [0, T| x E — [0, 00) satisfying that

T 5 T 5
/ L(t,&)dt < KeClr, / o(t,&)dt < kel FeE
0 0
for some constants K,c > 0 and p > 0, such that for almost all t € [0, T),

ISF(E®)(E) = SF(EF)(E)] < L(t,§)[SP(E) =S¥ ()],
ISF(E®)(E)] < p(t,¢) (1+[SP(E)]) (20)

forany ®,Y € (E)* and ¢ € E.
Then for each X(0) € (E)*, the Equation (19) has a unique weak solution X.

Proposition 3. Let V € L(E,E*). Suppose that there exists a family {T;};>0 C L(E, E) such that the map
t = T} T; is differentiable and V = %Tt* T; ' Then the stochastic evolution equation:

1
40y = SAG(V)®idt +aW)", 0<t<T, (21)
D)=V,

has a unique weak solution ®; € (E)* given by
t
®; — PFY + / Pr W™, 0<t<T, 22)
0
where { Pt} is the generalized Mehler semigroup given by
Pr=e%V), 0<t<T.
Moreover, ®; is given by
o =W £ By 4L [P (m)
=W+ BT 45 ; P AG(V)Ws ds. (23)
Proof. Consider the function f : [0, T] x (E)* — (E)* defined by
1
f(s,¥) = SA5(V)¥ + Wi ¥ e (E)*

Then we can check that the function f satisfies the conditions (i) and (ii) given as in Theorem 7.
Then by applying Theorem 7, we see the unique existence of a weak solution of (21). The explicit form
of ®@; given as in (22) can be proved by direct computation (see Theorem 8). The representation of ®;
given as in (23) is from (22) by applying integration by parts formula. [J
Remark 7. For the unique existence of weak solution of stochastic evolution equation given as in (16), it may

be not easy to apply Theorem 7. In fact, it may be not easy to check the Lipschitz and growth conditions given as
in (20) with the function f : [0, T| x (E)* — (E)* defined by

f(s,%) = <A(S*) + %AE(V S5t 5)) ¥+ WYy e (B).

Then to overcome this difficulty, we have the following general theorem for stochastic evolution equation.
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Theorem 8. Let &* € L((E)*, (E)*) be a given such that E := (E*)* € L((E), (E)) is an equicontinuous
generator with the corresponding equicontinuous, holomorphic group {e*= },cc. Suppose that for given
n € NU{0} and t > 0, there exist nonnegative constants K,c > 0 and p > 0 such that

|5 (== (W) (9)| < Keflél (24)

forall¢ € Eand 0 <s < t with 0 <t < T. Then the stochastic evolution equation of (17) has a unique weak
solution Oy € (E)* given by

—% t —%
@, = oi= ‘Y+/ T g™ o<t <T. (25)
0
Moreover, ®; is given by
@ =W 4o f~‘f+/ (=) Tr (M) g (26)

Proof. Uniqueness. If U(t) and V/(t) are weak solutions of (18), then Y (t) = U(t) — V/(¢) is a solution
of the equation:

which is equivalent to

d

Y =EY(t), Y(0)=0, 0<t<T,

from which, since E is an equicontinuous generator, we have Y(t) = 0 and so U(t) = V/(t) for all
0<t<T.

Existence. From the condition given as in (24), for each t > 0, we can see that the white
noise integral:

/te(tfs)E*dWs(”) _ /te(tfs)E* (Ws(n+1)) s
0 0

is well-defined (see the proof of Proposition 2). We now prove that ®; given as in (25) is a weak
solution of the stochastic evolution equation of (17). For any ¢ € (E), we have

(o000 = ({1, 5}« [ ({52l

for all + > 0, and so we obtain that
d e 't (n+1) (- $)Em "*1
3 (@0 o) = (¥ e=zg)) + [1((Wr, er-ozgas [ (W), g))as

A / (i )
_ <<~*q>t + W™, 90>>

which proves that ®; is a weak solution of (25). The representation of ®; given as in (26) can be
obtained by applying the integration by parts formula from (25). O
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Theorem 9. Let S € L(E, E) be an equicontinuous generator and V- € L(E, E*). Suppose that there exists
a family {T; }4>0 C L(E, E) such that the map t — T;T; is differentiable and V = %Tt*Tt‘t_O. Then the

stochastic evolution equation of (16) has a unique weak solution ®; € (E)* given by
t
O = PIY + / Pr W™, o<t<T,
J0

where {P; } >0 is the generalized Mehler semigroup associated with {S} = €'5" };>0 and {T}};>0. Moreover,
D, is given by

t 1
= W" + Py + /O P [A(s*) + SBG(V + 5+ 5) W ds.

Proof. The proof is immediate by applying Theorem 8, Proposition 2 and Theorem 4. [

Example 6. As given in Remark 4, if Sy and Ty satisfy that T; Ty + S{ St — 1 = 0, i.e.,, T = (I — S;‘St)l/z,
then { P; }>0 becomes the Ornstein-Uhlenbeck semigroup, i.e., Py = T'(St), and then from Theorem 9, the unique
weak solution of the following Langevin type white noise evolution equation:

dd; = A(S)Ddt +dW™, 0<t<T, (27)
@y =Y € (E),

where Wt(n) is the n-th distributional derivative of the white noise process { Wi }+>0, is given by

t
O =I(5)¥ + [ (st )am!”
t
_ t(”)—i-l“(S;‘)‘IUr/OF(Sf_S)A(S*)WS(")ds, 0<t<T,

where Sf = et for t > 0.

7. Conclusions

The Mehler’s formula given as in (13) provides the integral representation of the Ornstein—
Uhlenbeck semigroup (or second quantization, i.e., roughly speaking, an exponential of a conservation
operator), see Remark 4 (see also Theorem 6.1.1 of [2] and Theorem 4.5 of [16]). Then the Mehler
semigroup has been generalized within an integral form in [12] (see Definition 2.4) which is called a
generalized Mehler semigroup. As one of main results of this paper, in the converse direction of the
Mehler’s formula, we have considered the generalized Fourier-Gauss transform as an exponential form
of the generalized Mehler semigroup. From the representation of the generalized Mehler semigroup,
we investigated a characterization of the unitarity of the generalized Mehler semigroup.

The generalized Fourier—-Gauss transform induces a one-parameter semigroup (group) with the
infinitesimal generator which is a perturbation of the generator of the Ornstein—Uhlenbeck semigroup
by the generalized Gross Laplacian from which we have obtained the following result that the
infinitesimal generator of the generalized Mehler semigroup is given explicitly by the perturbation
of the conservation operator by the generalized Gross Laplacian. The generalized Fourier-Mehler
transform is defined as the adjoint operator of the generalized Fourier-Gauss transform and then,
by the duality, which is acting on the space of the generalized white noise functionals, and hence
the generalized Fourier-Mehler transform induces a one-parameter semigroup (group) with the
infinitesimal generator which is a perturbation of the conservation operator A(S) (the generator of
the Ornstein-Uhlenbeck semigroup) by the adjoint A’;(K) of the generalized Gross Laplacian Ag(K).
Hence it is very natural to consider a Langevin type stochastic evolution equation given as in (16) with
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a very singular noise forcing term of which the unique weak solution is given as in Theorem 9 which
is one of main results of this paper.

We should emphasis that our approach provides a useful tool to study the generalized Mehler
semigroup and associated Langevin type stochastic evolution equations with singular noise forcing
terms, and can be applied to study more general Langevin type equations associated with the
perturbations of Ornstein-Uhlenbeck generators.
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