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Abstract: In this work, we investigate a (3+1)-dimensional generalised Kadomtsev–Petviashvili
equation, recently introduced in the literature. We determine its group invariant solutions by employing
Lie symmetry methods and obtain elliptic, rational and logarithmic solutions. The solutions derived in
this paper are the most general since they contain elliptic functions. Finally, we derive the conserved
quantities of this equation by employing two approaches—the general multiplier approach and
Ibragimov’s theorem. The importance of conservation laws is explained in the introduction. It should
be pointed out that the investigation of higher dimensional nonlinear partial differential equations
is vital to our perception of the real world since they are more realistic models of natural and
man-made phenomena.

Keywords: (3+1)-dimensional generalised KP equation; invariant solutions; multiplier method;
Ibragimov’s conservation theorem; conserved quantities

1. Introduction

The study of nonlinear partial differential equations (NLPDEs) and their solutions has become a
subject of much interest in the past few decades. Modelling natural phenomena such as the behaviour
of water waves is often an interdisciplinary research area connecting such areas as mathematics,
physics and engineering. Along with the progress in modelling nonlinear phenomena came a myriad
of methods designed to derive the exact solutions of these models. Some of these methods are Lie
group analysis [1–5], homogeneous balance technique [6], the ansatz method [7], the Hirota bilinear
method [8], the (G′/G)-expansion technique [9,10], the Kudryashov method [11,12], the simplest
equation method [13], the Jacobi elliptic function expansion technique [14], and the F-expansion
method [15], bifurcation method [16] just to mention a few.

The (3+1)-dimensional Kadomtsev–Petviashvili (KP) equations [17]

(ut + 6uux + uxxx)x ± 3uyy ± 3uzz = 0 (1)

have their origins in the classic 1970 work of two Soviet physicists Kadomtsev and Petviashvili [18].
It models waves in scenarios where the ratio between the depth of water and the wavelength is
very small coupled with insubstantial nonlinear restoring forces. It is also a generalisation of the
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Korteweg–de Vries (KdV) equation, named after the Dutch mathematicians Korteweg and de Vries [19].
The highest order term uxxx caters for weak dispersion, while the term uux describes the nonlinearity
aspect of a wave and the last two terms of (1) describe diffractive divergence [20]. The sign “±" in the
last two terms corresponds to either positive or negative dispersion. Since then, several researchers
have studied equations of the form (1), see for instance [21–26]. Investigations into (1) have ranged
from establishing the stability of their solitons [23], determining their integrability properties [24],
Painlevé analysis [25] and deriving their exact multiple wave solutions [26]. The (3+1)-dimensional
generalised KP equation

utx + uty + 3uxuxy + 3uxxuy + uxxxy − uzz = 0 (2)

to the best of our knowledge was introduced in [27], where the Plücker relation for determinants
was used to obtain one Wronskian solution. Furthermore, in the same work, the Jacobi identity for
determinants was used to establish a Grammian solution for (2). Multiple solitons and multiple
singular solitons for Equation (2) were derived in [28] using a simplified form of Hirota’s method.
In their work, the researchers in [28] contrast their results with those obtained in [27] in terms of the
spatial variable z. Later in [29], an extra term utz, was added to (2), thus introducing a new form of the
(3+1)-dimensional generalised KP equation, which we denote here by (3+1)-D gKPe, and it reads

utx + uty + utz + 3uxuxy + 3uxxuy + uxxxy − uzz = 0. (3)

In their work [29], the authors showed that addition of the new term affects the dispersion relations
significantly. Furthermore, they applied Hirota’s direct method to determine the multiple soliton
solutions of (3). In [30], the Equation (3) was studied and exact solutions were obtained through the
use of Hirota’s bilinear method and an extended homoclinic test approach.

In this work, we seek to derive the exact solutions of the (3+1)-D gKPe (3) by making use of its Lie
point symmetries and direct integration. We will not employ adhoc methods as often is the case when
treating NLPDEs of this nature. Furthermore, we will for the first time derive the conserved quantities
of Equation (3) by invoking two approaches.

Lie group theory was discovered by a Norwegian mathematician, Marius Sophus Lie (1842–1899),
around the middle of nineteenth century. Lie perceived that the seemingly different methods for
finding exact solutions of differential equations were, in reality, all special cases of a broad integration
approach; the theory of transformation groups. This theory is an analog of Galois theory and has an
enormous impact on mathematics and mathematical physics today. It is contemplated to be one of the
most significant techniques to determine the exact solutions of differential equations [1–5].

Conservation laws are essential to our comprehension of the physical world and are considered
to be basic laws of nature, with wide application in physics, and in other fields for instance chemistry,
engineering, and so on. In classical physics, three types of such laws are conservation of energy, linear
momentum and angular momentum. Conservation laws are used in establishing the integrability of
differential equations (DEs) and are also used in determining whether the solution of a DE exists and
is unique. Moreover, one can also use conservation laws in checking the authenticity of numerical
solution methods [31–44].

We want to emphasize here that a study of higher dimensional NLPDEs is critical to our
understanding of the world around us since they are more realistic models of natural and man-made
phenomena [45].

2. Exact Solutions of the (3+1)-D gKPe

In this section, we determine the exact solutions of the (3+1)-D gKPe (3) by utilizing its Lie point
symmetries and direct integration. Roughly speaking, a Lie point symmetry of a PDE is a local group
of transformations acting on the independent and dependent variables of the PDE that maps every
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solution of the PDE to another solution of the same PDE. That is to say, it maps the solution set of the
PDE to itself.

It can be seen, using for example, MathLie package [46], that Equation (3) has a finite-dimensional
Lie subalgebra L6, which is generated by the vector fields

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 =

∂

∂y
, X4 =

∂

∂z
,

X5 = − t
∂

∂t
+ z

∂

∂x
+ z

∂

∂y
+ (2t + z)

∂

∂z
,

X6 = 15t
∂

∂t
+ 3(4t + x)

∂

∂x
+ 3(3y− 2z)

∂

∂y
− 3(4t− z)

∂

∂z

+ (4x + 4y− 3u)
∂

∂u
,

(4)

and the two infinite-dimensional subalgebras generated by

XF1 = F1(t)
∂

∂u
, XF2 = F2(t + z)

∂

∂u
, (5)

where F1 and F2 are arbitrary functions of their arguments.

2.1. Invariant Solutions under the Symmetries X1, · · · , X4

Firstly, we invoke the translation symmetries and reduce the (3+1)-D gKPe (3) to a fourth order
ordinary differential equation (ODE). Thus, using the four translation symmetries X1, X2, X3 and X4

of Equation (3), we can obtain the following invariant solution:

u(t, x, y, z) = U(p), p = γx + αy + βz− νt, (6)

where γ, α, β and ν are constants. This reduces the Equation (3) to

αγ3U′′′′ + 6αγ2U′U′′ − (αν + β2 + βν + γν)U′′ = 0. (7)

Integrating (7) once with respect to p yields

αγ3U′′′ + 3αγ2U′2 − (αν + β2 + βν + γν)U′ + K0 = 0 (8)

with K0 a constant. Now letting

U′(p) = γ φ(p), ω = −αν + β2 + βν + γν

αγ3 and K1 =
K0

αγ4 ,

Equation (8) becomes
φ′′ + 3φ2 −ωφ + K1 = 0. (9)

This ODE can be integrated easily. Multiplying (9) by φ′ and integrating once with respect to
p gives

φ′2 = −(2φ3 −ωφ2 + 2K1φ + 2K2) (10)

with K2 an integration constant. If the algebraic equation φ3 − 1
2 ωφ2 + K1φ + K2 = 0 has the roots

λ1 ≥ λ2 ≥ λ3, then we have
φ′2 = −2(φ− λ1)(φ− λ2)(φ− λ3). (11)
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Equation (11) has the well-known solution expressed in terms of the Jacobi elliptic function,
that is,

φ(p) = λ2 + (λ1 − λ2)cn2

(√
λ1 − λ3

2
p
∣∣∣M2

)
, M2 =

λ1 − λ2

λ1 − λ3
. (12)

Here cn(p|M2) is the Jacobi elliptic cosine function. Furthermore, pertinent to note is that
when M2→ 1, cn( p|M2)→ sech (p) and when M2→ 0, cn(p|M2)→ cos (p) [47]. A comparison of
Equations (9) and (10) reveals that

ω = 2(λ1 + λ2 + λ3), K1 = λ1λ2 + λ2λ3 + λ1λ3, K2 = −λ1λ2λ3.

Reverting to original variables, the solution of the (3+1)-D gKPe (3) is thus

u(t, x, y, z) =
{λ2 − (1−M2)λ1}p

M2 +
(λ1 − λ2)dn

(
A p|M2) E

(
am
(

A p|M2) |M2)
AM2

√
dn (A p|M2) 2

, (13)

where E(p|M2) is the elliptic integral of the second kind, am(p|M2) is the amplitude function,
dn(p|M2) is the delta amplitude function, cn(p|M2) is the Jacobi cosine function and A =√
(λ1 − λ3)/2 [47,48]. Figure 1 depicts the profile of solution (13) for suitable parameter values.

Figure 1. Profiles of solution (13).

Figure 1 depicts the coexistence of bright and dark solitons. It is well-known that bright soliton
profile are characterized by hyperbolic secant. The bright soliton solution usually takes a bell-shaped
figure and propagate undistorted without any change in shape for arbitrarily long distances. However,
dark soliton solutions, configured also as topological optical solitons, are given by hyperbolic tangent.

Important to note is that Equation (10) is reminiscent of the ODE obtained in the quintessential
work of Korteweg and de Vries in [49]. This ODE is associated with long waves propagating along
a rectangular canal. The ODE (10) describes stationary waves and by imposing certain constraints
such as having the fluid undisturbed at infinity, Korteweg and de Vries obtained negative and positive
solitary waves as well as cnoidal wave solutions [49,50].

2.2. Invariant Solution under the Symmetry X5

We now turn our attention to the point symmetry X5. The usual computations yield the group
invariant solution u(t, x, y, z) = U(ξ), where ξ = t(t + z). This, substituted into (3) gives the ODE

ξU′′ + U′ = 0, (14)
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whose solution is U(ξ) = C1 + C2 ln(ξ), and hence the group invariant solution of the (3+1)-D gKPe
(3) under the symmetry X5 is

u(t, x, y, z) = C1 + C2 ln {t(t + z)} (15)

with C1, C2 integration constants. The corresponding graphical representation of solution (15) is given
in Figure 2.

Figure 2. Profiles of solution (15).

The profiles portrayed in Figure 2 are typical of a grey singular soliton solution, more so the
distinctive asymptotic form observable for limt→0 u(t, x, y, z) = −∞.

2.3. Invariant Solution under the Symmetry X6

Finally, we compute the group invariant solution under X6. By following the ususal procedure
we obtain the group invariant solution

u(t, x, y, z) = t−
1
5 U(ξ)− 2

9
t +

2
3

x +
1
3

y +
1
3

z, (16)

where ξ = t−1/5(x− t). Substituting (16) into (3) and simplifying ultimately yields the second-order
ODE

ξU′′ + 2U′ = 0. (17)

Equation (17) can be solved much like Equation (14), which in turn gives the invariant solution of
the (3+1)-D gKPe (3) under the group generated by X6:

u(t, x, y, z) = C1 + C2 t1/5(x− t)−1 (18)

with C1, C2 integration constants. In Figure 3, solution (18) is depicted.

Figure 3. Profiles of solution (18).
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The density plot coupled with the two dimensional profile in Figure 3 depicts a singular
soliton-like wave with a singularity in the spatial domain at 0 ≤ x ≤ 20.

3. Conserved Quantities of the (3+1)-D gKPe

In this section, we compute the conserved quantities of the (3+1)-D gKPe (3). In our work we
use the multiplier approach and the conservation theorem due to Ibragimov to derive the conserved
quantities of (3). However, first we provide salient features on both these approaches.

3.1. Multiplier Approach

The multiplier method is one of the most robust and preferred methods for deriving conserved
quantities of DEs [4,36–41]. This method attempts to mitigate the shortcomings of Noether’s
theorem [31], which requires amongst other things, the existence of a variational principle or a
Lagrangian before the theorem can be applied. We begin by providing a concise basis of the method.

3.1.1. Preliminaries

Let G be a system of m PDEs of order k, having n independent variables x = (x1, x2, · · · , xn)

and m field variables Φ = ((Φ1, Φ2, · · · , Φm)):

G =
(

G1(x, Φ, Φ(1), Φ(2), · · · , Φ(k)), · · · , Gm(x, Φ, Φ(1), Φ(2), · · · , Φ(k))
)

, (19)

where Φ(1), Φ(2), · · · , Φ(k) denote the derivatives of Φ with respect to the variables x up to the k-th
derivative. A local conserved quantity Ti(x, Φ, Φ(1), Φ(2), · · · , Φ(l)) of system (19) is a continutity equation

DiTi|ε = 0, (20)

valid for the solution space ε of system (19).
In general, local nontrivial conserved quantities emanate from the divergence identity

Dx1 T1 + Dx2 T2 + · · ·+ Dxn Tn = Λα(x, Φ, Φ(1), Φ(2), · · · , Φ(r))G(Φ). (21)

Here, Λα(x, Φ, Φ(1), Φ(2), · · · , Φ(r)) is a series of conservation law multipiers which are dependent
on x, Φ and the derivatives of Φ, up to some arbitrary order r < k. The relationship (21) brings to
light the pre-eminent interrelation between conserved quantities Ti and multipliers Λα. A determining
condition to derive a set of multipliers Λα(x, Φ, Φ(1), Φ(2), · · · , Φ(r)) for system (19) is that

δ

δΦα
(ΛαG) = 0, α = 1, · · · , m, (22)

where δ/δΦα is the Euler–Lagrange operator given by

δ

δΦα
i
=

∂

∂Φα
i
+ ∑

s≥1
(−1)sDj1 · · ·Djs

∂

∂Φα
ij1 j2···js

, i = 1, · · · , n, α = 1, · · · , m. (23)

The condition (22) is requisite and adequate for Λ to be a multiplier. A more rigorous and detailed
treatment of the theoretical justification of the multiplier approach including proofs of the formulas
utilised in this section can be found in [33].

3.1.2. Application of the Method

In order to determine conserved quantities of Equation (3), we begin by computing the first
order multipliers

Λ = Λ(t, x, u, ux, uy, uz),
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by utilising condition (22), that is,
δ

δu
(ΛE) = 0, (24)

where
E ≡ utx + uty + utz + 3uxuxy + 3uxxuy + uxxxy − uzz = 0.

The Euler operator (23) is given by

δ

δu
=

∂

∂u
− Dx

∂

∂ux
− Dy

∂

∂uy
+ DtDx

∂

∂utx
+ DtDy

∂

∂uty
+ DtDz

∂

∂utz

+ D2
x

∂

∂uxx
+ DxDy

∂

∂uxy
+ D2

z
∂

∂uzz
+ D3

xDy
∂

∂uxxxy

and Dt, Dx, Dy and Dz are total derivative operators [4]. Expanding (24) and splitting on derivatives
of u, we obtain the following system of nine multiplier determining equations:

Λty + Λtz −Λzz = 0, Λtux = 0, Λyux = 0, Λzux = 0, Λuxux = 0,

Λx = 0, Λu = 0, Λuy = 0, Λuz = 0. (25)

The solution algorithm of system (25) is simliar to that of obtaining Lie point symmetries. However,
with the aid of Gem, a Maple based package [44], this can be expedited. We thus have the multiplier

Λ = Cux (26)

with C an integration constant. The conserved quantities of (3) are obtained via the divergence identity

DtTt + DxTx + DyTy + DzTz = EΛ,

where Tt is a conserved density and Tx, Ty, Tz are spatial fluxes [36]. Thus, after some calculations,
we obtain the following conservation law:

Tt =
1
2

ux
2 +

1
2

uy ux +
1
2

uz ux,

Tx = uux uxy + 2 ux
2uy +

1
2

uy uxxx −
1
2

uxy uxx +
1
2

uxxy ux +
1
2

uuty +
1
2

uutz

+
1
2

uuxxxy −
1
2

uuzz,

Ty = − uux uxx −
1
2

uutx −
1
2

uuxxxx,

Tz = − 1
2

uutx +
1
2

uuxz −
1
2

uz ux.

Since the derivatives of u in the multiplier (26) are of a lower order than both leading derivatives
of Equation (3), that is, utx and uxxxy, the conserved quantities derived here are low-order conservation
laws [36].

3.2. Ibragimov’s Approach

We now determine the conservation laws of (3) by applying a theorem due to Ibragimov [42,43].
As in the case of multiplier method, this theorem does not demand availability of a Lagrangian and is
established on a concept of an adjoint equation. Thus, it applies to an arbitrary differential equation,
irrespective of whether or not it comes from a variational principle.
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3.2.1. Preliminaries

The gist of Ibragimov’s method is that every infinitesimal generator is associated with a conserved
quantity, notwithstanding the absence of traditional Lagrangians which are envisaged in Noether’s
theorem [31]. Below we outline the method in detail.

Consider a system of NLPDEs (19) and its adjoint equations given by

G∗(x, Φ, Ψ, Φ(1), Ψ(1), Φ(2), Ψ(2), · · · , Φ(k), Ψ(k)) =
δ

δΦα
(ΨGβ) (27)

where δ/δΦα is the Euler–Lagrange operator (23) and m novel field variables Ψ = (Ψ1, . . . , Ψm).

Theorem 1. Consider a system of m Equations (19). The adjoint system given by (27), inherits the symmetries
of the system (19). Namely, if the system (19) admits a point transformation group with a generator X =

ξ i∂/∂t+ η∂/∂Φα, then the adjoint system (27) admits the operator X extended to the variables Ψα by the formula

Y = ξ i ∂

∂xi + ηα ∂

∂Φα
+ ηα
∗

∂

∂Ψα
(28)

with appropriately chosen ηα
∗ = ηα

∗(x, Φ, Ψ).

The functions ξ i and ηα are infinitiesimal generator coefficients dependent on x and Φ. In [43],
the coefficients ηα

∗ in (28) are given by

ηα
∗ = −

[
λα

βΨβ + ΨαDi(ξ
i)
]
, (29)

where λα
β can be computed by utilising the equation

X(Gα) = λ
β
α Gβ. (30)

We can obtain a conserved vector, for instance, for a third-order Lagrangian by applying
the formula

Ci = ξ iL+ Wα

[
∂L

∂Φα
i
− Dj

∂L
∂Φα

ij
+ DjDk

(
∂L

∂Φα
ijk

)
+ · · ·

]

+ Dj(Wα)

[
∂L

∂Φα
ij
− Dk

∂L
∂Φα

ijk
+ . . .

]
+ DjDk(Wα)

∂L
∂Φijk

+ · · · , (31)

where L is the Lagrangian of the system G and G∗ that is defined as

L = ΨαGα (32)

and Wα is the Lie characteristic function given by

Wα = ηα − ξ jΦα
j , α = 1, . . . , m. (33)

The reader is referred to [42,43] for a more comprehensive discussion of this method.
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3.2.2. Application of the Method

To begin, we define the adjoint equation of (3) as [43]

F∗ =
δ

δu
{

v(utx + uty + utz + 3uxuxy + 3uxxuy + uxxxy − uzz)
}

=

(
∂

∂u
− Dx

∂

∂ux
− Dy

∂

∂uy
+ DtDx

∂

∂utx
+ DtDy

∂

∂uty
+ DtDz

∂

∂utz

+D2
x

∂

∂uxx
+ DxDy

∂

∂uxy
+ D2

z
∂

∂uzz
+ D3

xDy
∂

∂uxxxy

){
v
(
utx + uty

+utz + 3uxuxy + 3uxxuy + uxxxy − uzz
)}

= vtx + vty + vtz + 6vxuxy + 3uxvxy + 3uyvxx + vxxxy − vzz = 0. (34)

We have introduced a new variable v = v(t, x, y, z). According to [43], the Equation (3) considered
together with its adjoint (34) has a Lagrangian L, given by

L = vF = v(utx + uty + utz + 3uxuxy + 3uxxuy + uxxxy − uzz). (35)

Notice how δL/δu = F∗ and δL/δv = F. The Lagrangian (35) is equivalent to the second
order Lagrangian

L = v(utx + uty + utz + 3uxuxy + 3uxxuy − uzz) + vxxuxy. (36)

Now, Equation (34) admits all the symmetries (4) and (5) of (3) extended to the new variable
v(t, x, y, z). That is, the generators (4) and (5) become

Y = ξ1 ∂

∂t
+ ξ2 ∂

∂x
+ ξ3 ∂

∂y
+ ξ4 ∂

∂z
+ η

∂

∂u
+ η∗

∂

∂v
(37)

with
η∗ = η∗(t, x, y, z, u, v) = −

{
λ + Dt(ξ

1) + Dx(ξ
2) + Dy(ξ

3) + Dz(ξ
4)
}

v. (38)

The parameter λ is determined by using

X′(F) = λF, (39)

where X′ is the generator (4) prolonged to all the derivatives in (3), that is,

X′ = X + ζx
∂

∂ux
+ ζy

∂

∂uy
+ ζtx

∂

∂utx
+ ζty

∂

∂uty
+ ζtz

∂

∂utz
+ ζxx

∂

∂uxx

+ ζxy
∂

∂uxy
+ ζzz

∂

∂uzz
+ ζxxxy

∂

∂uxxxy
.

(40)

Here X = ξ1 ∂/∂t + ξ2 ∂/∂x + ξ3 ∂/∂y + ξ4∂/∂z + η ∂/∂u and ξ1, · · · , ξ4, and η are functions
of (t, x, y, z, u). Furthermore, ζx, ζy, ζtx, ζty, ζtz, ζxx, ζxy, ζzz and ζxxxy are coefficient functions,
each given by the following formulae:
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ζx = Dx(η)− utDx(ξ
1)− uxDx(ξ

2)− uyDx(ξ
3)− uzDx(ξ

4),

ζy = Dy(η)− utDy(ξ
1)− uxDy(ξ

2)− uyDy(ξ
3)− uzDy(ξ

4),

ζtx = Dx(ζt)− uttDx(ξ
1)− utxDx(ξ

2)− utyDx(ξ
3)− utzDx(ξ

4),

ζty = Dy(ζt)− uttDy(ξ
1)− utxDy(ξ

2)− utyDy(ξ
3)− utzDy(ξ

4),

ζtz = Dz(ζt)− uttDz(ξ
1)− utxDz(ξ

2)− utyDz(ξ
3)− utzDz(ξ

4),

ζxx = Dx(ζx)− uxtDx(ξ
1)− uxxDx(ξ

2)− uxyDx(ξ
3)− uxzDx(ξ

4),

ζxy = Dy(ζx)− uxtDy(ξ
1)− uxxDy(ξ

2)− uxyDy(ξ
3)− uxzDy(ξ

4),

ζzz = Dz(ζx)− uztDz(ξ
1)− uzxDz(ξ

2)− uzyDz(ξ
3)− uzzDz(ξ

4),

ζxxx = Dx(ζxx)− uxxtDx(ξ
1)− uxxxDx(ξ

2)− uxxyDz(ξ
3)− uxxzDx(ξ

4),

ζxxxy = Dy(ζxxx)− uxxxtDy(ξ
1)− uxxxxDy(ξ

2)− uxxxyDy(ξ
3)− uxxxzDy(ξ

4).

(41)

See the full expansions of (41) in Appendix A. Now using Equations (3), (39) and (40) we compute
the values of the parameter λ corresponding to each of the vector fields in (4) and (5).

Cases X1, · · · , X4

For the time translation symmetry X1, we have ξ1 = 1 and ξ2 = ξ3 = ξ4 = η = 0. Thus, it is easy
to see that

ζx = ζy = ζtx = ζty = ζtz = ζxx = ζxy = ζzz = ζxxxy = 0.

Consequently, we have X′1(F) = 0F, that is λ = 0. From (38), we obtain η∗ = 0 and the new
generator (4) retains the form of X1, i.e., Y1 = ∂/∂t. Since the generator coefficients are all constants,
the translation symmetries will retain their form and this leads us to conclude that Y2 = ∂/∂x,
Y3 = ∂/∂y and Y4 = ∂/∂z.

Case X5

Here, we have the generator coefficients ξ1 = −t, ξ2 = x, ξ3 = z, ξ4 = 2t + z and η = 0 from
which we can establish the following:

ζx = 0, ζy = 0, ζtx = utx − 2uxz, ζty = uty − 2uyz, ζtz = −2uzz − utx − uty,

ζxx = 0, ζxy = 0, ζzz = −2uxz − 2uyz − 2uzz, ζxxxy = 0.

Consequently, we can verify that X′5(F) = 0F, that is, λ = 0. From (38), we can further establish
that η∗ = 0. The generator for the adjoint Equation (34) is thus Y5 = −t∂/∂t + z∂/∂x + z∂/∂y + (2t +
z)∂/∂z.

Case X6

The vector field X6 has the coefficients ξ1 = 15t, ξ2 = 12t + 3x, ξ3 = 9y− 6z, ξ4 = −12t + 3z and
η = 4x + 4y− 3u. The reckoning of the coefficient functions (41) yields

ζx = 4− 6ux, ζy = 4− 12uy, ζtx = −21utx − 12uxx + 12uxz,

ζty = −27uty − 12uxy + 12uyz, ζtz = −21utz − 12uxz + 12uzz + 6uty,

ζxx = −9uxx, ζxy = −15uxy, ζzz = −9uzz + 12uyz, ζxxxy = −21uxxxy.

Now, from Equations (39)–(41), we have

X′6(F) =− 21utx − 21uty − 21utz − 63uxuxy − 63uxxuy − 21uxxxy + 21uzz

=− 21(utx + uty + utz + 3uxuxy + 3uxxuy + uxxxy − uzz)

=− 21F.
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We can thus see that λ = −21. Consequently,

η∗ =−
(
−21 + Dt(15t) + Dx(12t + 3x) + Dy(9y− 6z) + Dz(−12t + 3z)

)
v

=− 7v.

We now have the vector field:
Y6 = 15t∂t + (12t + 3x)∂x + (9y− 6z)∂y + (3z− 12t)∂z + (4x + 4y− 3u)∂u− 9v∂v, corresponding
to (34).

Cases X7, X8

Finally, considering the infinite-dimensional vector fields X7 and X8 we have, for (34), Y7 = F(t)∂u
and Y8 = F(t + z)∂u, respectively.

To compute the conservation laws of (3), we utilise the formula [43]

Ci =ξ iL+ Wα

(
∂L
∂uα

i
− Dk

∂L
∂uα

ik

)
+ Dk(Wα)

∂L
∂uα

ik
, (42)

where Wα is the Lie characteristic function given by Wα = ηα − ξ juα
j . The reckoning of (42) gives the

following conserved quantities:

T1 = − vuzz + 3vuxuxy + 3vuyuxx + vuxxxy +
1
2

vzut +
1
2

vyut +
1
2

vxut +
1
2

vutz

+
1
2

vuty +
1
2

vutx,

X1 =
3
2

vyuxut + 3uyvxut +
3
2

vuxyut +
3
4

vxxyut +
1
2

vtut −
3
2

vuxuty −
1
4

vxxuty

− 3vuyutx −
1
2

vxyutx +
1
2

vxutxy +
1
4

vyutxx −
3
4

vutxxy −
1
2

vutt,

Y1 =
3
2

uxvxut −
3
2

vuxxut +
1
4

vxxxut +
1
2

vtut −
3
2

vuxutx −
1
4

vxxutx +
1
4

vxutxx

− 1
4

vutxxx −
1
2

vutt,

Z1 = − vzut +
1
2

vtut + vutz −
1
2

vutt;

T2 = − 1
2

uxzv− 1
2

uxyv− 1
2

uxxv +
1
2

uxvy +
1
2

uxvz +
1
2

uxvx,

X2 = 3uxuxyv− uzzv +
1
4

uxxxyv + utzv + utyv +
1
2

utxv +
1
2

vtux +
3
2

u2
xvy + 3uxuyvx

+
3
4

uxvxxy −
1
2

uxxvxy −
1
4

vxxuxy +
1
2

vxuxxy +
1
4

uxxxvy,

Y2 = − 3uxxuxv− 1
4

uxxxxv− 1
2

utxv +
1
2

vtux +
3
2

u2
xvx +

1
4

uxvxxx −
1
4

uxxvxx

+
1
4

uxxxvx,

Z2 = uxzv− 1
2

utxv +
1
2

vtux − uxvz;
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T3 = − 1
2

uyzv− 1
2

uyyv− 1
2

uxyv +
1
2

uyvx +
1
2

uyvz +
1
2

uyvy,

X3 = − 3
2

uyuxyv− 3
2

uxuyyv− 3
4

uxxyyv− 1
2

utyv +
1
2

vtuy + 3u2
yvx +

3
2

uxuyvy +
3
4

uyvxxy

− 1
2

uxyvxy +
1
2

vxuxyy −
1
4

uyyvxx +
1
4

vyuxxy,

Y3 = − uzzv +
3
2

uxuxyv +
3
2

uxxuyv +
3
4

uxxxyv + utzv +
1
2

utyv + utxv +
1
2

vtuy +
3
2

uxuyvx

− 1
4

vxxuxy +
1
4

vxuxxy +
1
4

uyvxxx,

Z3 = uyzv− 1
2

utyv +
1
2

vtuy − uyvz;

T4 =
1
2

uzvz −
1
2

vuzz +
1
2

uzvy −
1
2

vuyz +
1
2

uzvx −
1
2

vuxz,

X4 =
3
2

uzvyux −
3
2

vuyzux + 3uzuyvx − 3vuyuxz +
3
2

vuzuxy −
1
2

uxzvxy +
1
2

vxuxyz −
1
4

uyzvxx

+
1
4

vyuxxz +
3
4

uzvxxy −
3
4

vuxxyz +
1
2

uzvt −
1
2

vutz,

Y4 =
3
2

uzuxvx +
1
4

uxxzvx −
3
2

vuxuxz −
3
2

vuzuxx −
1
4

uxzvxx +
1
4

uzvxxx −
1
4

vuxxxz +
1
2

uzvt

− 1
2

vutz,

Z4 = − uzvz + 3vuxuxy + 3vuyuxx + vuxxxy +
1
2

uzvt +
1
2

vutz + vuty + vutx;

T5 = − 1
2

vuz + tvzuz +
1
2

zvzuz + tvyuz +
1
2

zvyuz + tvxuz +
1
2

zvxuz −
1
2

zvuzz −
1
2

vuy

+
1
2

zvzuy +
1
2

zuyvy − tvuyz − zvuyz −
1
2

zvuyy −
1
2

vux +
1
2

zvzux +
1
2

zvyux +
1
2

zuyvx

+
1
2

zuxvx − tvuxz − zvuxz − zvuxy − 3tvuxuxy −
1
2

zvuxx − 3tvuyuxx − tvuxxxy

− 1
2

tvzut −
1
2

tvyut −
1
2

tvxut −
1
2

tvutz −
1
2

tvuty −
1
2

tvutx,

X5 = 3zvxu2
y +

3
2

zvyuxuy + 6tuzvxuy + 3zuzvxuy + 3zuxvxuy − 6tvuxzuy − 3zvuxzuy

− 3
2

zvuxyuy +
3
4

zvxxyuy − 3tvxutuy +
1
2

zvtuy + 3tvutxuy +
3
2

zvyu2
x − vuz − zvuzz

+ 3tuzvyux +
3
2

zuzvyux − 3tvuyzux −
3
2

zvuyzux −
3
2

zvuyyux + 3tvuzuxy +
3
2

zvuzuxy

+ 3zvuxuxy − tuxzvxy −
1
2

zuxzvxy −
1
2

zuxyvxy + tvxuxyz +
1
2

zvxuxyz +
1
2

zvxuxyy

− 1
2

zvxyuxx −
1
2

tuyzvxx −
1
4

zuyzvxx −
1
4

zuyyvxx −
1
4

zuxyvxx +
1
2

tvyuxxz

+
1
4

zvyuxxz +
1
4

zvyuxxy +
1
2

zvxuxxy +
3
2

tuzvxxy +
3
4

zuzvxxy +
3
4

zuxvxxy −
3
2

tvuxxyz

− 3
4

zvuxxyz −
3
4

zvuxxyy +
1
4

zvyuxxx +
1
4

zvuxxxy +
1
2

vut −
3
2

tvyuxut −
3
2

tvuxyut

− 3
4

tvxxyut + tuzvt +
1
2

zuzvt +
1
2

zuxvt −
1
2

tutvt − tvutz +
1
2

zvutz +
1
2

zvuty

+
3
2

tvuxuty +
1
4

tvxxuty +
1
2

zvutx +
1
2

tvxyutx −
1
2

tvxutxy −
1
4

tvyutxx +
3
4

tvutxxy +
1
2

tvutt,
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Y5 =
3
2

zvxu2
x + 3tuzvxux +

3
2

zuzvxux +
3
2

zuyvxux − 3tvuxzux −
3
2

zvuxzux

+
3
2

zvuxyux − 3zvuxxux +
1
4

zvxxxux −
3
2

tvxutux +
1
2

zvtux +
3
2

tvutxux

− vuz − zvuzz − 3tvuzuxx −
3
2

zvuzuxx +
3
2

zvuyuxx −
1
2

tuxzvxx −
1
4

zuxzvxx

− 1
4

zuxyvxx −
1
4

zuxxvxx +
1
2

tvxuxxz +
1
4

zvxuxxz +
1
4

zvxuxxy +
1
4

zvxuxxx

+
1
2

tuzvxxx +
1
4

zuzvxxx +
1
4

zuyvxxx −
1
2

tvuxxxz −
1
4

zvuxxxz +
3
4

zvuxxxy

− 1
4

zvuxxxx +
1
2

vut +
3
2

tvuxxut −
1
4

tvxxxut + tuzvt +
1
2

zuzvt +
1
2

zuyvt

− 1
2

tutvt − tvutz +
1
2

zvutz +
1
2

zvuty +
1
2

zvutx +
1
4

tvxxutx −
1
4

tvxutxx

+
1
4

tvutxxx +
1
2

tvutt,

Z5 = − 2tuzvz − zuzvz − zuyvz − zuxvz + tutvz + vuy + zvuyz + vux + zvuxz

+ 6tvuxuxy + 3zvuxuxy + 6tvuyuxx + 3zvuyuxx + 2tvuxxxy + zvuxxxy

+
1
2

vut + tuzvt +
1
2

zuzvt +
1
2

zuyvt +
1
2

zuxvt −
1
2

tutvt +
1
2

zvutz + 2tvuty

+
1
2

zvuty + 2tvutx +
1
2

zvutx +
1
2

tvutt;

T6 = − 3vuz − 9tuzzv− 3
2

zuzzv− 3uyv + 6tuyzv− 9
2

yuyzv +
3
2

zuyzv− 9
2

yuyyv

+ 3zvuyy − 3uxv− 3
2

xuxzv− 3
2

zuxzv− 6tuxyv− 3
2

xuxyv− 9
2

yuxyv + 3zuxyv

+ 45tuxuxyv− 6tuxxv− 3
2

xuxxv + 45tuyuxxv + 15tuxxxyv +
15
2

tutzv +
15
2

tutyv

+
15
2

tvutx + 4v− 2xvz − 2yvz +
3
2

uvz − 6tuzvz +
3
2

zuzvz +
9
2

yvzuy − 3zvzuy

− 2xvy − 2yvy +
3
2

uvy − 6tuzvy +
3
2

zuzvy +
9
2

yuyvy − 3zuyvy + 6tvzux

+
3
2

xvzux + 6tvyux +
3
2

xvyux − 2xvx − 2yvx +
3
2

uvx − 6tuzvx +
3
2

zuzvx

+
9
2

yuyvx − 3zuyvx + 6tuxvx +
3
2

xuxvx +
15
2

tvzut +
15
2

tvyut +
15
2

tvxut,
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X6 = 27yvxu2
y − 18zvxu2

y + 12vuy − 36vuxuy +
27
2

yvyuxuy − 9zvyuxuy − 12xvxuy

− 12yvxuy + 9uvxuy − 36tuzvxuy + 9zuzvxuy + 36tuxvxuy + 9xuxvxuy

+ 36tvuxzuy − 9zvuxzuy −
27
2

yvuxyuy + 9zvuxyuy − 3vxxuy +
27
4

yvxxyuy

− 9
2

zvxxyuy + 45tvxutuy +
9
2

yvtuy − 3zvtuy − 45tvutxuy + 18tvyu2
x +

9
2

xvyu2
x

+ 6vuz − 12tvuzz − 3xvuzz − 6xvyux − 6yvyux +
9
2

uvyux − 18tuzvyux

+
9
2

zuzvyux + 18tvuyzux −
9
2

zvuyzux −
27
2

yvuyyux + 9zvuyyux − 6xvuxy

− 6yvuxy +
9
2

uvuxy − 18tvuzuxy +
9
2

zvuzuxy + 36tvuxuxy + 9xvuxuxy

+
15
2

vxuxy − 3uxvxy + 6tuxzvxy −
3
2

zuxzvxy −
9
2

yuxyvxy + 3zuxyvxy + 2vxy

− 6tvxuxyz +
3
2

zvxuxyz +
9
2

yvxuxyy − 3zvxuxyy +
9
4

vyuxx − 6tvxyuxx −
3
2

xvxyuxx

+ 3tuyzvxx −
3
4

zuyzvxx −
9
4

yuyyvxx +
3
2

zuyyvxx − 3tuxyvxx −
3
4

xuxyvxx + vxx

− 3tvyuxxz +
3
4

zvyuxxz −
27
2

vuxxy +
9
4

yvyuxxy −
3
2

zvyuxxy + 6tvxuxxy

+
3
2

xvxuxxy − 3xvxxy − 3yvxxy +
9
4

uvxxy − 9tuzvxxy +
9
4

zuzvxxy + 9tuxvxxy

+
9
4

xuxvxxy + 9tvuxxyz −
9
4

zvuxxyz −
27
4

yvuxxyy +
9
2

zvuxxyy + 3tvyuxxx

+
3
4

xvyuxxx + 3tvuxxxy +
3
4

xvuxxxy − 9vut +
45
2

tvyuxut +
45
2

tvuxyut +
45
4

tvxxyut

− 2xvt − 2yvt +
3
2

uvt − 6tuzvt +
3
2

zuzvt + 6tuxvt +
3
2

xuxvt +
15
2

tutvt + 18tvutz

+ 3xvutz −
3
2

zvutz + 12tvuty + 3xvuty −
9
2

yvuty + 3zvuty −
45
2

tvuxuty

− 15
4

tvxxuty + 6tvutx +
3
2

xvutx −
15
2

tvxyutx +
15
2

tvxutxy +
15
4

tvyutxx

− 45
4

tvutxxy −
15
2

tvutt,
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Y6 = − 9vu2
x + 18tvxu2

x +
9
2

xvxu2
x − 6xvxux − 6yvxux +

9
2

uvxux − 18tuzvxux

+
9
2

zuzvxux +
27
2

yuyvxux − 9zuyvxux + 18tvuxzux −
9
2

zvuxzux +
27
2

yvuxyux

− 9zvuxyux − 36tvuxxux − 9xvuxxux −
3
2

vxxux + 3tvxxxux +
3
4

xvxxxux

+
45
2

tvxutux + 6tvtux +
3
2

xvtux −
45
2

tvutxux + 6vuz − 9yvuzz + 6zvuzz

+ 6xvuxx + 6yvuxx −
9
2

uvuxx + 18tvuzuxx −
9
2

zvuzuxx +
27
2

yvuyuxx

− 9zvuyuxx +
9
4

vxuxx + 3tuxzvxx −
3
4

zuxzvxx −
9
4

yuxyvxx +
3
2

zuxyvxx

− 3tuxxvxx −
3
4

xuxxvxx + vxx − 3tvxuxxz +
3
4

zvxuxxz +
9
4

yvxuxxy −
3
2

zvxuxxy

− 3vuxxx + 3tvxuxxx +
3
4

xvxuxxx − xvxxx − yvxxx +
3
4

uvxxx − 3tuzvxxx

+
3
4

zuzvxxx +
9
4

yuyvxxx −
3
2

zuyvxxx + 3tvuxxxz −
3
4

zvuxxxz +
27
4

yvuxxxy

− 9
2

zvuxxxy − 3tvuxxxx −
3
4

xvuxxxx − 9vut −
45
2

tvuxxut +
15
4

tvxxxut − 2xvt

− 2yvt +
3
2

uvt − 6tuzvt +
3
2

zuzvt +
9
2

yuyvt − 3zuyvt +
15
2

tutvt + 6tvutz

+ 9yvutz −
15
2

zvutz +
9
2

yvuty − 3zvuty − 6tvutx −
3
2

xvutx + 9yvutx

− 6zvutx −
15
4

tvxxutx +
15
4

tvxutxx

− 15
4

tvutxxx −
15
2

tvutt,

Z6 = 12vuz + 12tvzuz − 3zvzuz − 6tvtuz +
3
2

zvtuz + 4xvz + 4yvz − 3uvz

− 6vuy − 9yvzuy + 6zvzuy + 9yvuyz − 6zvuyz − 6vux − 12tvzux

− 3xvzux + 12tvuxz + 3xvuxz − 36tvuxuxy + 9zvuxuxy − 36tvuyuxx

+ 9zvuyuxx − 12tvuxxxy + 3zvuxxxy − 9vut − 15tvzut − 2xvt − 2yvt

+
3
2

uvt +
9
2

yuyvt − 3zuyvt + 6tuxvt +
3
2

xuxvt +
15
2

tutvt + 9tvutz +
3
2

zvutz

− 12tvuty −
9
2

yvuty + 6zvuty − 18tvutx −
3
2

xvutx + 3zvutx −
15
2

tvutt;

TF1 =
1
2

F1(t)vx −
1
2

F1(t)vy −
1
2

F1(t)vz,

XF1 = − 3
2

F1(t)uxyv +
1
2

F′1v− 3
2

F1(t)uxvy − 3F1(t)uyvx −
3
4

F1(t)vxxy −
1
2

F1(t)vt,

YF1 =
3
2

F1(t)uxxv +
1
2

F′1v− 3
2

F1(t)uxvx −
1
4

F1(t)vxxx −
1
2

F1(t)vt,

ZF1 =
1
2

F′1v + F1(t)vz −
1
2

F1(t)vt;
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TF2 =
1
2

F′2v− 1
2

vxF2(t + z)− 1
2

vyF2(t + z)− 1
2

vzF2(t + z),

XF2 = − 3
2

F2(t + z)uxyv +
1
2

F′2v− 3
2

uxvyF2(t + z)− 3uyvxF2(t + z)

− 3
4

F2(t + z)vxxy −
1
2

vtF2(t + z),

YF2 =
3
2

uxxF2(t + z)v +
1
2

F′2v− 3
2

uxvxF2(t + z)− 1
4

vxxxF2(t + z)− 1
2

vtF2(t + z),

ZF2 = − 1
2

F′2v + vzF2(t + z)− 1
2

vtF2(t + z).

4. Concluding Remarks

In this work, we used Lie symmetry methods to obtain analytical solutions of the (3+1)-dimensional
generalised KP Equation (3). The first solution contains an elliptic integral of the second kind,
an amplitude function, a delta amplitude function and a Jacobi cosine function. It is common
knowlegde that these functions degenerate to trigonometric or hyperbolic functions depending on the
behaviour of the parameter M2. Thus, the solution (13) is to our knowledge the most general solution
of (3) that has been obtained to date. Some of the solutions obtained were presented graphically.
Furthermore, we obtained logarithmic and rational solutions. Finally, we computed the conserved
quantities of Equation (3) using the multiplier method as well as Ibragimov’s conservation theorem.
The former method yielded a local low-order conserved quantity, while the later method yielded eight
conservation laws with each conserved vector corresponding to an infinitesimal generator.
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Appendix A. Prolongation Coefficients: Full Expansions

ζx = ηx + uxηu − utuxξ1
u − utξ

1
x − u2

xξ2
u − uxξ2

x − uxuyξ3
u − uyξ3

x − uxuzξ4
u

− uzξ4
x,

ζy = ηy + ηuuy − utξ
1
uuy − utξ

1
y − ξ2

uuxuy − uxξ2
y − ξ4

uuyuz − uzξ4
y − u2

yξ3
u

− uyξ3
y,

ζtx = utuxηuu − utξ
2
uuu2

x − ξ2
tuu2

x − 2utxξ2
uux − uttξ

1
uux − utyξ3

uux − utzξ4
uux

− u2
t ξ1

uuux − uyutξ
3
uuux − uzutξ

4
uuux − utξ

2
xuux + ηtuux − utξ

1
tuux

− uzξ4
tuux − ξ2

txux + utxηu − uxxutξ
2
u − 2ututxξ1

u − uxyutξ
3
u − uyutxξ3

u

− uxzutξ
4
u − uzutxξ4

u − utxξ2
x − uttξ

1
x − utyξ3

x − utzξ4
x + utηxu − u2

t ξ1
xu

− uyutξ
3
xu − uzutξ

4
xu − uxxξ2

t − utxξ1
t − uxyξ3

t − uxzξ4
t + ηtx − utξ

1
tx

− uyξ3
tx − uzξ4

tx − uyξ3
tuux,
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ζty = utηuuuy − utξ
3
uuu2

y − ξ3
tuu2

y − utxξ2
uuy − uttξ

1
uuy − 2utyξ3

uuy − utzξ4
uuy

− uxutξ
2
uuuy − u2

t ξ1
uuuy − uzutξ

4
uuuy − utξ

3
yuuy + ηtuuy − uxξ2

tuuy

− uzξ4
tuuy − ξ3

tyuy + utyηu − uxyutξ
2
u − uxutyξ2

u − 2ututyξ1
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