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Abstract: We consider a control system defined by a linear time-varying differential equation of
n-th order with uncertain bounded coefficients. The problem of exponential stabilization of the
system with an arbitrary given decay rate by linear static state or output feedback with constant gain
coefficients is studied. We prove that every system is exponentially stabilizable with any pregiven
decay rate by linear time-invariant static state feedback. The proof is based on the Levin’s theorem
on sufficient conditions for absolute non-oscillatory stability of solutions to a linear differential
equation. We obtain sufficient conditions of exponential stabilization with any pregiven decay rate
for a linear differential equation with uncertain bounded coefficients by linear time-invariant static
output feedback. Illustrative examples are considered.
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1. Introduction

Consider a control system defined by an ordinary differential equation with time-varying
coefficients of n-th order
X () 4 pa(Dx = u, (1)

where x € R is the state variable, u € R is the control input, t € R} := [0, +00). We suppose
that the functions p;(t) are measurable but exact values of these functions at time moments ¢ are
unknown, we know only that the functions are bounded on R and lower and upper bounds («; and
Bi) are known:

w; <pi(t) < B, teRy, i=1n ()

Functions p;(t) can be arbitrary, in particular, they can vary fast or slowly. Denote x =
(x,%,.. .,x(”’l)). We consider a problem of feedback stabilization for system (1). One needs to
construct a function u(t,x), u(t,0) = 0, such that, for system (1) closed-loop by u = u(t,x), the zero
solution is exponentially stable and has a given decay rate. The stated problem essentially relates to
the problems of robust stabilization.

Let us assume that p;(t) are time-invariant (and hence, are known), i.e., p;(t) = p;(= a; = B;).
In that case, the stabilization problem is trivial. In fact, we construct

vi = pi — i, 3)
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where ¢; € R, i = 1, n, are chosen such that the polynomial

A+ A" gy (4)

is stable (i.e.,, ReA; < —6 < Oforallroots A, j = 1,1, of (4)). Then system (1) closed-loop by the control
u(x) = opx" Y 4 o, ()

has the form
x4 x4 pux =0, (6)

and the zero (and hence, every) solution of (6) is exponentially stable.

Now, assume that p;(t) are time-varying. Then we can not construct the control by using (3)
because p;(t) are unknown. Let the feedback control law have the form (5), where v; are constant.
The closed-loop system has the form

W (pr(8) = o0)x "D+t (pu(t) — ou)x = 0. @)

We study the following problem: construct constants vy,...,v, € R such that all solutions of (7)
are exponentially stable with a given decay of rate. This problem is non-trivial due to the following
reasons. For studying this problem, we need use some sufficient conditions for exponential stability
of linear time-varying systems. The problem of obtaining some sufficient conditions for (asymptotic,
exponential) stability of linear time-varying systems

x=A(t)x, teR;, xeR”, (8)

is one of the important and difficult problems in the theory of differential equations and control
theory [1]. In contrast to systems with constant coefficients (A(t) = A), the condition Re A <0,
j = 1,n, fulfilled for the eigenvalues of the matrix of the system (8) is neither a sufficient nor a necessary
condition for the asymptotic stability of the system (8) (see, e.g., [2], ([3], §9)). Some sufficient
conditions for asymptotic and exponential stability of linear time-varying systems (8) and linear
time-varying differential equations

XM g ()Y 4 g (Hx =0 )
were obtained in [1-11]. The following theorem take place.

Theorem 1. Suppose the functions q;(t) are measurable and bounded on R, and the following inequalities hold:

0<(Ti§qi(t> < wj, fER+, i=1,n. (10)

Let the polynomial
Pi(A) = A"+ oA 4 AT asAt 4 (11)
Py(A) = A"+ AT wp AT AT L (12)

have only real roots. Then all solutions of (9) are exponentially tends to 0 as t — ~+oo.

Theorem 1 was proved by A.Yu. Levin in [6]. Note that these roots (of the polynomials (11)
and (12)) are negative necessarily due to positivity of 0;, w;, i = 1, n. Next, it follows from the proof of
Theorem 1 [6] that every solution x(t) of (9) along with its derivatives up to (1 — 1)-th order has the
form O(e V') as t — +o0, where —v,, < 0 is the largest of the roots of polynomials (11), (12).
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By using standard replacement y; = x, yp = X/, ..., y, = x(”’l), one can rewrite the control
system (1), (5) in the form

y = A(t)y + Bu, (13)
u="Vy. (14)

Here A(t) is the companion matrix for the polynomial with the coefficients p;(t), B =
col[0,...,0,1], V = [vy,...,v1].

A large number of papers are devoted to the problems of robust asymptotic stability and
stabilization for linear systems. We note here the famous works [12-18] and recent works [19-22].
The problems of stabilization of uncertain linear systems using linear matrix inequalities were studied
in [23-33].

Uncertain systems (13), (14) were studied in [34-37] and in other works of A.H. Gelig and
LE. Zuber. In particular, it follows from results of [34] that system (13) is exponentially stabilizable
by feedback control (14). This result is supplemented and developed in this paper. The difference
between this result and the results obtained in the work is as follows. Firstly, we achieve exponential
stabilization of (7) not only with some decay rate as it follows from [34] but with an arbitrary pregiven
decay rate. Secondly, in contrast to [34], which uses the Second Lyapunov Method (Method of
Lyapunov Function), we apply, in some sense, the First Lyapunov Method (which uses the roots of
characteristic polynomial) and non-oscillation theory. Thirdly, we extend these stabilization results to
systems with static output feedback control.

In this work, using Theorem 1, we prove results on exponential stabilization with any pregiven
decay rate by linear stationary static state or output feedback for a control system defined by a linear
time-varying differential equation of the n-th order with uncertain coefficients.

2. Preliminary Results

Theorem 2. Forany n > 0 for any n € N there exist polynomials

FA) = A" SA L A2 A3 (15)
gA) = AT+ P AT A2 AT (16)

such that the following properties hold:

(i)0<’yi S&i—l,izl,...,n;

(ii) the roots —a;, i = 1,...,n, of f(A) and the roots —b;, i = 1,...,n, of g(A) are real (and hence,
negative);

(iii) the following inequalities hold:

0>—n>—a;>—-by>-by>—ay>—az3>—b3>...> —ay 1> —by_ 1> —by > —ay
(17)
(if n is even and n = 2¢);
0> —n>—-by>—a;>—ay>—by>—b3>—as>...>—ay > —by > —by1 > —ay1 18
(if nisodd and n = 20 + 1). (18)
Proof. At first, suppose that the theorem is proved for any # > 1. Let us construct, for = 1,
the polynomials (15), (16) providing properties (i), (ii), (iii), and denote them by f;(A), g1(A). Now,
let7 € (0,1). Then, letus set f(A) := f1(A), g(A) := g1(A). Hence, conditions (i), (ii) are satisfied.
Since —1 > —1, condition (7ii) holds as well. Thus, without loss of generality, one can assume that
n>1
Let us give the proof by induction on n. The statements that we have to prove are different for odd
and even numbers n: for even 1, we need to ensure inequalities (17), in addition to (i) and (ii), and
for odd n, we need to ensure inequalities (18). Therefore, the induction base as well as the induction
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hypothesis and the induction step should depend on whether the number 7 is even or odd. That is
why we should check the induction base for n = 1and n = 2.

Letn = 1. For any 7 > 1, we set 1 := 7, 61 := 17 + 1. Then the polynomials f(A) = A + é; and
¢(A) = A + 71 have the roots —a; = —d1 and —b; = —7q respectively. Obviously, conditions (), (ii),
and inequalities (18) are satisfied.

Letn = 2. For any 7 > 1, we set

a;:=1, ay:=5n, b :=2y, by:=23y, (19)
fA):=A+a)(A+az), g(A):=(A+b1)(A+b2). (20)

Then
S1=6y, 1 =5 &=61" =5 (21)

By (19), (20), condition (ii) and inequality (17) are satisfied. By (21) and the inequality 7 > 1,
condition (i) is satisfied. The induction base is proved.

Let us put forward the induction hypothesis. Suppose that the assertion of the theorem is true for
n = k. Then, let us prove that the assertion of the theorem is true for n = k + 1. We will carry out the
induction step for even and odd k separately.

By the induction hypothesis, there exist polynomials

FA) = AR A a2 4 (22)
g(A) = AR A a2 (23)
such that
0<7; <61, i=1k (24)
f(A) = ﬁ(A +a;), g(A)= ﬁ(/\ +b), a,beR, a,b;>0, i=1Fk (25)
i=1 i=

0>—n>—ay>—by>—-by>—ay>...>—ay 1> —by 1> —by>—ay (ifk=20), (26)
0>—n>—-by>—a;>—ay>—by>...>—ay > —by > —byi1 > —ay (lfk =20+ 1). (27)

Let us prove that there exist polynomials

F(A) = AR A AR ToARt o AgAR 2 4 (28)
G(A) = A AR 4 AR a2 4 (29)
such that

0<1”1-§Ai—1, i=1k+1, (30)

k+1 k+1
FA) =TIA+4), GA)=T](A+B;), A,B€R, A;,B >0, i=1k+1, (31

i=1 i=1
0>—-n>—-B>—-A1>—-Ary>—By>...>—=Ay > —Byy > —Bopy1 > —Appyq (32)

(if k = 20),

0>-n2>—-A1>—-B1>—-By>—Ay>...>—Aypy1 > —Bopi1 > —Bypyo > — Ay

(ifk =20+1). =
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We assume that §p := 1, o := 1. Set

Oi1 — Yoi_ 1 1 Ori —7oi+1 i
C = max{ 2i-1~ Y21t ’ }, G := max w, N := max T2j-1 (34)
i=1,0 02i—2 o0 =10  02j-1 j=1,0 02j-1

for the case if k = 2/, and

Soi 1 — i 141 Sri—7i+1 1 j—
Cq := max 21~ Taic1F , C:= max{ YT , }, N := max_ T2yt (35)
oy ; 021 02041 j=1,041 02j-1

for the caseif k =20+ 1. Then C; > 0,C, > 0,0 < N < 1. Consider lines
y=x+C;, x=Ny+GC. (36)

CiIN+ G - G+G

1-N > 0,10 = 1-N > 0.
Consider the set Oy = {(x,y) € R2 . y > x+Cy, x > Ny+ Cy}. The set () is a cone, with a vertex
at the point M, located in the first quadrant of the xOy-plane and bounded by half-lines (36) where

They intersect at the point My (xo, o) with the coordinates xy =

x > xo. Theray m = {(x,y) € R? : x —xg = 1+T(y —Yo), X > xp} is contained in ()y. Consider the
inequality system
y=>x+Cy,
x> Ny+Cy, (37)
x> a.

The solution of system (37) is the set (3 = Qg N {x > a;}. The set ()1 is non-empty. In particular,
the point M (X, i) lying on the ray m with ¥ = max{xo + 1, a; + 1} is contained in ). Calculating ¥,

we obtain that j = TN max{1, a — xo + 1} + yo.
Set
Ai = bi/ Bi =4, i= l,k, (38)
A1 =Y, Brp1:=%, (39)
k+1 k+1
F() =TT +A), G() = [1(A+B). (40)
i=1 i=1

Then condition (31) is satisfied. Next, since X > g, it follows that

By < Byy1. (41)

A

Next, since (X, 7) is a solution of (37), we have
App1 =Y > x+C1 > X = Bq. (42)

Thus, it follows from inequalities (41), (42), equalities (38) and induction hypothesis (26), (27) that
inequalities (32) are satisfied if k = 2/, and inequalities (33) are satisfied if k = 2¢ 4 1.

Let us prove inequalities (30). From the definition (40) of the polynomials F(A), G(A) and
equalities (38), (25) we obtain that

F(A) =gV (A + Ak1), G(A) = fF(A)(A + Bipa). (43)
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Substituting (22), (23) and (28), (29) into (43) and opening the brackets, we obtain equalities

Api 1 = Ag162i-2 + 72i-1, [2i1 = Bry172i—2 + 62i-1,
Topr1 = Bry172e,

Iyj = Akv172j-1 + 02j)

Aoy = Ax1620,
Doj = Biy102j-1+ 72,

for the case if k = 2/, and equalities

Doi 1 = Agp162i-2 + 72i-1,
Agj = Bry162j-1+ 72j,

[2i 1= Bry172i-2 +62i-1,
Lyj = Akr172j-1 + 02j,

Dopyo = Bry162041, g0 = Akp172041,

i=1,¢

~

for the case if k = 2¢ + 1. The inequalities I'; > 0, i = 1,k + 1, are satisfied due to inequalities (24) and

the inequalities Ay1 > 0, Bx1 > 0. The inequalities

T, <A—1 i=TLk+1,

are equivalent to the inequality system

Y2i-1+ Ak4102i-2 = Bp1maio + 621 +1, i=1,4,
Ak41620 = By + 1,
Y2j + Bry102j—1 = Apr172j-1 + 025 +1,

for the case if k = 2/, and are equivalent to the inequality system

Y2i—1 + Ak102i—2 > Bip1m2io + i1 +1, i=1,0+1,
Y2i + Brr162j-1 = Akrirzjo1+ i+, j=14,

Bit102041 = Akr1r2041 + 1,

for the case if k = 2/ + 1. System (45) is equivalent to the inequality system

0pi1— i1+ 1
Gi—2

A1 = Biya ’;221—22 +
i
) 1
Ap1 = Bk—«—l%; + Bt

Y2j-1 O2j— i +1
021

—_
)
~

, =1,

Bii1 = Ak

—
I
—_
N
o~

7

021

System (46) is equivalent to the inequality system

Y22 | Oi1— Y2i-1+1
Ak+123k+15? + = 5 :
2i—2 2i—2

Il
—_
~
~
+
—_
~

, 1

Y2j-1

02 — 725+ 1

Bit1 2 Ak by
i

I
—_
~
)
~

oj1 /

For the case if k = 2/, the following inequalities hold:

Y2i
T2,
O

i=0,¢

Y2j-1
021

<N, j=1,0

(44)

(45)

(46)

(47)

(48)
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For the case if k = 2¢ + 1, the following inequalities hold:

Mg o0 A
02i 0gj-1

<N, j=1,0+1

Thus, it follows from definitions (34), (35) that to satisfy inequalities (47) (for the case if k = 2/)
and inequalities (48) (for the case if k = 2/ + 1) it is sufficient to satisfy inequalities

{Ak+l > B+ G (49)

Bii1 = NAg1 + Co.

By (39), inequalities (49) hold because (x,7) € . Therefore, inequalities (44) are satisfied.
Hence, (30) are satisfied. Thus, the induction step is proved. The theorem is proved. [

3. Time-Invariant Stabilization by Static State Feedback

Definition 1. We say that system (1) is exponentially stabilizable with the decay rate 8 > 0 by linear stationary
static state feedback (5) if there exist constants vy, ..., v, € R such that every solution x(t) of the closed-loop
system (7) is exponentially stable with the decay rate 0, i.e., x(t) along with its derivatives up to (n — 1)-th
order has the form O(e~%) as t — +oo.

Theorem 3. System (1) is exponentially stabilizable with an arbitrary pregiven decay rate 0 > 0 by linear
stationary static state feedback (5).

Proof. Let an arbitrary 6 > 0 be given. Denote p; := B; — a;, i = 1,1, where a;, B; are from (2). We have
pi > 0,i=1,n. Weset L := max{1,p1, /02, ..., {/pn}- Then

L>1>0, L>p;, L*>py ..., L">p,. (50)

Set# :=0/L. Then 5 > 0. Let us construct the polynomials (15), (16) according to Theorem 2 so
that properties (i), (ii), (iii) are satisfied. Then the roots —a; and —b; (i = 1, n) of the polynomials f(A)
and g(A) are real and the following inequalities hold:

s

Let us construct the polynomials P;(A), P(A) by formulas (11), (12) where w; = 6;L!, 0; = ;L},
i = 1,n. Then P;(A) and P,(A) have the roots —¢; := —a;L and —d; := —b;L (i = 1,n) respectively.
These roots are real and by virtue of (51) the following inequalities hold:

-G S _6/ _dl S _6/ i=

—_

1. (52)

We set v; := a; — ;L i = 1,1, in (5) and consider the closed-loop system (7). System (7) has the
form (9) where g;(t) = p;(t) — v;, i = 1,n. Taking into account inequalities (2), (50) and property (i),
foreveryi =1,nforallt € R, we have

0<0;=vL =a;—a;+ Ll < pi(t) —v; =: qi(t) <
<Bi—ai+vli =pi+ vl < L(1+7;) <§L = w;

Thus, inequalities (10) hold. Applying Theorem 1 and inequalities (52), we obtain that the
closed-loop system (7) is exponentially stable with the decay rate 6. The theorem is proved. O
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Example 1. Let n = 2. Consider a control system (1):
X'+ (O +pat)x=u, teR:y, x€eR, uek (53)
Suppose that p1(t), p2(t) satisfy conditions a1 < p1(t) < B1, ax < pa(t) < Ba, t € Ry. Suppose, for

simplicity, that p1 := 1 — a1 < 1, pp := By — ap < 1 (one can achieve this by replacing time X(t) = x(ut)).
Let 6 > 0 be an arbitrary number. One needs to construct the controller u = u(x) in (53) where

u(x) = v1x’ + vpx (54)
with constant numbers vq, vy such that the closed-loop system
X" (p1(t) —v1)x" + (pa(t) —02)x =0 (55)

is exponentially stable with the decay rate 6. Without loss of generality, we suppose that § > 1. For constructing
(54) we use the proof of Theorem 3. We have L = 1. Set  := 6. Then 11 > 1. Let us construct the polynomials
(15), (16) according to Theorem 2: f(A) := A2 + 6nA + 542, g(A) := A% +5yA + 652 Then v, = 51,
T2 = 5172, b =61, 6 = 6172. Due to y > 1, condition (i) holds. Next, the equalities Py(A) = f(A),
Py(A) = g(A) hold. The gain coefficients constructed by Theorem 3 have the form

v1 =a; —50, vy = ay — 502 (56)
Let us substitute (56) into (54). The closed-loop system (55) take the form
X" 4 (s1(t) +50)x" + (s2(t) +56°)x =0, te€Ry. (57)
Here

0<s1(t):==p1(t) —a1 <P1—a1=p1 <1=1L,
OSSz(f) = pz(t)—vczgﬁz—uczzngl:Lz.

All solutions of (57) are exponentially stable with the decay rate 6. Let us check it.
The substitution z; = x, zp = x’ reduces Equation (57) to the system

z= A(t)Z, t e RJ”

1 (58)

. At = —(sa(t) +56%) —(s1(t) +50) |

- [
22
Let us show that system (58) is exponentially stable with the decay rate 6. The substitution

z(t) = e ¥y (t). (59)

reduce system (58) to the system

0 1 (60)
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762 20

Let us show that system (60) is Lyapunov stable. Set S = l 0 1

1 . Then S > 0 in the sense of quadratic

forms. Next, we have

BT(t)S + SB(t) =

—66% — 463, (t) —462 — 2051 (t) — SZ(t)‘| (61)

—462 — 2051 (t) — s5(t) —46 — 251 (t)
Here and throughout, T is the transposition. Let us find the principal minors of (61). We obtain

Ay = —20(36% +2s55(t)) <0, Ay = —40—2s(t) <0,
Ay = det(BT(t)S + SB(t)) = 86* — 40%s,(t) + 86sy(t) — 46253 (t) + 4051 (t)sz(t) — s3(t).

We have

860 — 465 (t) — 4653 (1) = 46%(0 — s51(t)) +462(6% — s2(t)) > 0,
86025, () — s3(t) = s2(t)(86% — so(t)) > 0.

Hence A1p > 0. Thus, (61) is negative-semidefinite. Therefore, system (60) is stable. Hence, all solutions

of (60) are bounded as t — +oo. Then, by (59), ||z(t)|| = O(e™%), t — +o0, as required.
1

t
As an example of numerical simulation, consider system (53) with p1(t) = i e pa(t) = Tie

o, 1

2 —
X +1+t2x 1+~

u. (62)

We have a1 1= —1/2 < pi(t) < 1/2 =: By, a0 := =1 < p1(t) <0 =: B, p1 1= P1—a; =1,
p2 := B2 — ap = 1. The free system (i.e., system (62) with u = 0) has a general solution

x(t) = Cit+ GV +1
and, obviously, is unstable. Let us set 6 := 1, 17 := 6 = 1. The gain coefficients (56) have the form
v = —50=-11/2, v, =y — 56> = —6.

The closed-loop system (57) take the form

1 ¢ 1
(= "t (6——)x=0. 63
x+(2+1+t2)x+( 1+t2)x (63)

System (63) is exponentially stable with the decay rate = 1. Some graphs of the solutions to system (63)
are shown in Figure 1.
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- 1.5 B
Figure 1. Graphs of the solutions to (63).
4. Time-Invariant Stabilization by Static Output Feedback

Consider a linear control system defined by a linear differential equation of n-th order with
time-varying uncertain coefficients satisfying (2); the input is a stationary linear combination of m
variables and their derivatives of order < n — p; the output is a k-dimensional vector of stationary
linear combinations of the state x and its derivatives of order < p — 1:

n ) m n
(Y g2 = Y Y bl xeR, breR, teRy, (64)
i=1 T=1l=p
P
]/] = Z Cvjx(vfl), ] =1,k CU]' € R, (65)
v=1

w = col(wy, ..., wy) € R™is an input vector; y = col(yy,..., V) € Rk is an output vector. Let the
control in (64), (65) have the form of linear static output feedback

w = Uy. (66)
We suppose that the gain matrix U is time-invariant. The closed-loop system has the form
x4 g (x4 4 qa()x =0, teRy, (67)

where the coefficients g;(t) of (67) depends on p;(t), bi¢, cj, U. On the basis of system (64), (65),
we construct the n x m-matrix B = {b;;},1 =1,n, T = 1,m, and the n x k-matrix C = {cvj}, v=1,n,
j =1,k where by =0for! < pand c,; =0 forv > p. Denote by | the matrix whose entries of the first
superdiagonal are equal to unity and whose remaining entries are zero; we set J := I. By Sp Q denote
the trace of a matrix Q.

Definition 2. We say that system (64), (65) is exponentially stabilizable with the decay rate 6 > 0 by linear
stationary static output feedback (66) if there exists a constant m x k-matrix U such that every solution x(t) of
the closed-loop system (67) is exponentially stable with the decay rate 6.

Theorem 4. Suppose that linear stationary output feedback (66) bring system (64), (65) to the closed
system (67). Then the coefficients q;(t), i = 1, n, of (67) satisfy the equalities
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where

r;=Sp(CTJ-'BU), i=1,n. (68)

The proof of Theorem 4 is identical to the proof of Theorem 1 [38].

Let us introduce the mapping vec that unwraps an n x m-matrix H = {h;;} row-by-row into
the column vector vec H = col (h11,h12, .., him, - hn1, - - -, hum ). For any k x m-matrices X, Y, the
obvious equality holds:

Sp (XYT) = (vec X)T - (vecY). (69)

Let us construct the k X m-matrices
cTi°B, c'jB, ..., cTj*1B (70)

and the mk x n-matrix
P = [vec(CTJ°B),...,vec (CTJ""1B)].

Denote r = col (rq,...,7,) € R", ¢ = vec (UT). Equalities (68) represent a linear system of n
equations with respect to the coefficients of the matrix U. Taking into account (69), one can rewrite
system (68) in the form

PTy =r. (71)

Suppose that matrices (70) are linearly independent. Then rank P = n. Hence, the system of
linear equations (71) is solvable for any vector » € R". In particular, system (71) has the solution
¢ = P(PTP)1r.

By Theorem 3, for any pregiven 6 > 0 there exists a constant vector r = col (4, ...,7) such that
system (67) with g;(t) = p;(t) — r; is exponentially stable with the decay rate 6. Resolving system (71)
for that r with respect to ¢ and constructing U by the formula U = (vec™! ¢) T, we find the gain matrix
of feedback (66) exponentially stabilizing system (64), (65) with the decay rate 6. Thus, the following
theorem is proved.

Theorem 5. System (64), (65) is exponentially stabilizable with an arbitrary pregiven decay rate 6 > 0 by
linear stationary static output feedback (66) if matrices (70) are linearly independent.

Example 2. Let n = 3. Consider a control system

"

X4 p()x =w) +w; —wh+wy, tER,, x€R, w=col(w,w) € R?, (72)
yi=x—x, yp=x+x, y=col(y,y) € R~ (73)

System (72), (73) has the form (64), (65) where n = 3, m = k = p = 2. Suppose that p(t) is an arbitrary
measurable function satisfying the condition 0 < p(t) < 1. Let 6 > 0 be an arbitrary number. One needs
to construct feedback control (66), where U = {uij},z =1/ with constant uj;, i, j = 1,2, providing exponential

stability of the closed-loop system with the decay rate 6. Without loss of generality, we suppose that 6 > 1.
By Theorem 4, the closed-loop system has the form

X" —rx" — x4+ (p(t) —r3)x =0, (74)

where r; have the form (68), and
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At first, let us construct a constant vector r = col (r1, 1, 13), providing exponential stability of (74).
For constructing r we use the proof of Theorem 3. We have ay = p1 = 0, a0 = B2 =0, a3 =0, f3 = 1.
Then p1 = 0,00 = 0,03 =1, L = 1. Set y := 0. Using the proof of Theorem 2, we construct the
polynomials (15), (16) such that properties (i), (ii), (iii) are satisfied:

FA) :=(A425) (A +37) (A 4 145) = A3 +197A% + 765° A 4 8473,
g(A) :=(A+ 1) (A +57) (A +12) = A3 + 1842 + 77527 + 601>

Then 1 = 181, 72 = 7652, v3 = 605%, 6, = 191, 6, = 7712, 53 = 84y>. Conditions (i), (ii), (iii)
hold. Coefficients 11, ra, 13 have the form

rn=—180, r=—-760%, r3=—606°. (75)
Let us substitute (75) into (74). The closed-loop system (74) take the form
X" 4-180x" 4 760%x" + (p(t) + 606)x = 0. (76)

All solutions of (76) are exponentially stable with the decay rate 6. Let us check it.
The substitution z; = x, zy = x', z3 = x' reduces Equation (76) to the system

z=A(t)z, teR,, (77)
Z1 0 1 0
zZ=|z2], A(f) = 0 0 1
z3 —(p(t) +606%) —760> —186

Let us show that the system (77) is exponentially stable with the decay rate 6. The substitution

z(t) = e~y (1). (78)
reduce the system (77) to the system
y=B(t)y, teRy (79)
21 0 1 0
y=|y2|,B(t) = 0 0 1
3 —(p(t) +606%) —760> —170

90006* 25806° 15067
Let us show that system (79) is Lyapunov stable. Set S = |25800° 8040%> 460 |. Let us find the
1500 466 3

. . . . 90006* 258063
successive principal minors s;, i = 1,2,3, of S. We have s = 90000* > 0, s, = det 25300° 80462 1 =

579,6000° > 0, s3 = det S = 208,8000° > 0. Then S > 0 in the sense of quadratic forms. Next, we have

—3000%p(t) —460p(t) —3p(t)
BT(t)S+SB(t) = | —460p(t)  —2246° —100% | . (80)
—3p(t) —106>  —100
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Let us find the principal minors of (80). We obtain

A = —3000%p(t) <0, Ay =—2246% <0, Az=—100 <0,
Ao = 67,20009p(t) — 211602 p%(t) = 46%p(t)(16,8006% — 529p(t)) > 0,
A3 = 30000%p(t) — 9p?(t) = 3p(t)(10000° — 3p(t)) >0, Ays = 21400* >0,
M3 = det(BT()S + SB(t)) = —642,0000°p(t) +20,4160°p?(t) = —166°p(t)(40,1256% — 1276p(t)) < 0.

Hence, (80) is negative-semidefinite. Thus, the system (79) is stable. Hence, all solutions of (79) are
bounded as t — +o0. Then, by (78), ||z(t)|| = O(e™ %), t — o0, as required.

-1 0 1
) . -2 1 )
Next, let us construct matrices (70) and P. We obtain P = 1 s 1" Obviously, rank P = 3 and
-1 0 1

matrices (70) are linearly independent. Resolving system (71) where r; has the form (75), we obtain
¥ = col[96/2 — 1563, —96/2 + 196 — 156°, —90/2 — 196> — 156°,96 /2 — 156°].
Thus, the gain matrix has the form

_ 3 _ _ 2 3
:l 90/2 — 150 99,/2 — 1962 — 150 -

—90/2 +196% — 1563 90/2 — 156

We obtain that feedback (66) with the matrix (81) exponentially stabilizes the system (72), (73) with the
decay rate 6.
As an example of numerical simulation, consider system (72), (73) where

p(t) = L telo), (t) = p(t — 2k) t € 2k2(k+1)), keZ
P 0, telL2), P P ’ ’ ’ '

We have 0 < p(t) < 1. The function p(t) is w-periodic with the period w = 2. The free system
4 p(x=0, x€R, (82)

is equivalent to the system of differential equations

N

I

(@)
O O =

0
11z, zeR3. (83)
—p(t) 0

System (83) is w-periodic. Since system (83) is piecewise constant, the monodromy matrix ®(w) for
system (83) can be found explicitly. Calculating approximately eigenvalues A1, A, and A3 of (w), we obtain
Ao &~ 0.418 £2.167i, A3 ~ 0.205. Hence, |A1| = |Ap| > 1. Thus, system (83) (and hence, Equation (82)) is
unstable. Let us set 0 := 1, 5y := 0 = 1. The gain matrix (81) has the form

o |22 7772
S| -1/2 =212
The closed-loop system (76) take the form
x4+ 18x" +76x" + (p(t) + 60)x = 0. (84)

System (84) is exponentially stable with the decay rate = 1. Some graphs of the solutions to system (84)
are shown in Figure 2.
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0.5 T 1.5

Figure 2. Graphs of the solutions to (84).
5. Conclusions

We examined the problem of exponential stabilization with any pregiven decay rate for a linear
time-varying differential equations with uncertain bounded coefficients by means of stationary linear
static feedback. We have received sufficient conditions for the solvability of this problem by state and
output feedback. For this purpose, the first Lyapunov method and the Levin theorem on non-oscillatory
absolute stability were used. We plan to extend these results to systems of differential equation
including systems with delays. A further development of these results may be their extension to
systems (64), (65), (66), when b;; and (or) ¢,; depend on t. So far this question remains open.
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