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Abstract: In this study, we establish new sufficient conditions for oscillation of solutions of
second-order neutral differential equations with distributed deviating arguments. By employing
a refinement of the Riccati transformations and comparison principles, we obtain new oscillation
criteria that complement and improve some results reported in the literature. Examples are provided
to illustrate the main results.
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1. Introduction

This study is concerned with creating new oscillation criteria for the second-order non-linear
neutral differential equation with distributed deviating arguments

remy ) b
(r0E@)) + [ alts)fxriots))ds =0, M)
where t > t; and ]
Z2(f) = x (£) + / p(ts)x (T (ts))ds.
Throughout this paper, we assume that:

(Hp) aisa quotient of add positive integers;
(Hy) r € C(L,(0,00)), p € C(Ix][c,d],[0,00)),q € C(Ix][ab],[0,0)),q(ts)isnotzeroon any
half line [t 00) x [4,b], t. > to, [* p (t,5)ds < 1and

/twr—l/“ (s) ds = oo; @)

(H3) t,0 € C(ILR), 7t (t,;s) <t, o(ts) <tandlimj,o T (,8) = lim; 00 (t,5) = o0;
(Hy) f € C(R,R) and there exists a constant k > 0 such that f (x) > kx* for x # 0.

r(t) (2 (#))" € C'([tp,0),R), and satisfies (1) on [ty,o0). We consider only those solutions x of (1)

By a solution of (1), we mean a function x € ! ([t,),R), ty > ty, which has the property
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which satisfy sup{|x (t)| : t > t,} > 0, forall t > t,. If x is neither eventually positive nor eventually
negative, then x is called oscillatory; otherwise it is called non-oscillatory. The equation itself is called
oscillatory if all its solutions oscillate.

In a differential equation with neutral delay, the highest-order derivative appears both with and
without delay. In addition to the theoretical importance, the qualitative study of neutral equations has
great practical importance. In fact, the neutral equations arise in the study of vibrating masses attached
to an elastic bar, in problems concerning electric networks containing lossless transmission lines (as in
high-speed computers), and in the solution of variational problems with time delays, see [1,2].

Over the past decades, the issue of studying the oscillation properties for delay /neutral differential
equations has been a very active research area see [1-19].

For some related works, Sun et al. [13] and Dzurina et al. [5] obtained some oscillation criteria for

(r(O)¥' (D1 (6) + q (1) [x[o ()]|* xlo(£)] = 0. ®)

Xuetal. [15,16] and Liu et al. [8] extended the results of [5,13] to (3) with neutral term. Sahiner [12]
obtained some general oscillation criteria for neutral delay equations

(r @O O +p @ -w)) +400)f (x (0 (1) =0,

In [14], Wang established some general oscillation criteria for equation

(r @O+ pOxE—w)) + [ g5 ws)ds =0, @

by using Riccati technique and averaging functions method. Xu and Weng [17] and Zhao and Meng [19],
established some oscillation criteria for (4), which complemented and extended the results in [12,14].
In 2011, Baculikova and Dzurina [3] investigated the properties of delayed equations

() (0 +px@®))) a0 @ 1) =0 )

They are provided some comparison theorems which compare the second-order (5) with the
first-order differential equations.

It is known that the determination of the signs of the derivatives of the solution is necessary and
significant effect before studying the oscillation of delay differential equations. The other essential
thing is to establish relationships between derivatives of different orders. Depending on improving
the relationship between the neutral function z and its first derivative z’, we create new and improved
criteria for oscillation of solutions of Equation (1). During this study, we use Riccati transformations
and comparison principles to obtain the different criteria for oscillation of (1). Examples are provided
to illustrate the main results.

2. Preliminary Results

For convenience, we denote that

o

Ut) = /abq(t,s) [1—/Cdp(a(t,s),v)dv} ds,

to

g 0= 7% ), 05 oy (6 & [ (), (o, 00) U o)
du

i7(t) :==exp (_D‘/at(tla) ,WWW) ’
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R(t)=ua/(r (t))l/”‘, Q):=kU(t)7(t) and G (¢) := /tooQ(s)ds.

The following lemmas mainly help us to prove the main results:

Lemma 1. Let g (x) = Ax — Bx®+t1)/® where A, B > 0 are constants. Then g attains its maximum value on
Rat x* = (¢A/ ((«+1) B))" and

. al Atx+1
maxg = g(x") = W?- (6)

Lemma 2. [3] If x is a positive solution of (1) on [tg, 00), then there exists a t1 > ty such that
/ / [ !
2()>0,2 (1) >0,(r(h) Z (1)) <0, @)
fort > 1.

Lemma 3. Let x be a positive solution of Equation (1). Then the function z satisfies

(r() (2 (1)) < —kU (1) (2 (0 (1)), ®)
JOEY RORMOELD) ©)

and
(r(0) (' 0)") < —kU®F (B2 (1) (10)

Proof. Assume that there exists a f; > fp such that x (£) > 0, x (7 (t,v)) > 0 and x (¢ (£,5)) > 0 for
t>t,v € [c,dland s € [a,b]. From Lemma 2, we have (7) holds. Thus, by definition of z (¢), we obtain

x(t) = z(t)—/cdp(t,v)x(f(t,v))dv
d

z(t)—/ p(t,0)z (7 (1)) do

z (t) [1—/Cdp(t,v)dv],

Y

v

which, with (1), implies that

o

(r(t) ( (t))a)/ < —k/ﬂbq(t,s)z“ (o (t5)) {1 — /Cdp((r(t,s),v) do| ds.
Since 2z’ () > 0 and %a(t,s) > 0, we obtain z (¢ (¢,5)) > z (¢ (t,4)) and so

(r() @ (1)) < kU ()2 (o (t,0)).

Applying the chain rule and simple computation, it is easy to see that

a—1 !

O (O EE)) = a (M H2m) g 0 (M 02 1)
= (M) SO O mLB).

Combining (8) and (11), we obtain
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SO @M O 0) 2 50 (P02 0) uw =),

Integrating this inequality from t; to ¢, we have
1/« / k ! 1/« / Ima
2(0) 20 (O (O O+ [ U @) (702 W) (o(wa))du. (12)
1

From the monotonicity of r/% (t) 2’ (t), we have

|

z(tH) =z () + b 7% ()

(r/* ()2 (w)) du = e, ()72 (1) 2/ (1),
Thus, from the fact that (71/"‘ (t) 2 (t))/ <0, (12) becomes

z() = gy () (02 (1)
‘ —u
+§ /tl e () U (1) (1’1/”‘ ()2 (u))l 7 (o(u,a)) [r (0(u,a)) (7 (U(u,a)))“} du.

k /‘t (1/1/a (u) S/ (u>)1*0¢ " (u) 17;11 (O'(M,Ll)) U (u> |:rl/lX (u) o (u)} du

>y (702 O+

v

A2 O [ 0+ 5 [ @ (o) U ) a].

MO OENOP

Y

or
z (1) 1

2(6) = O (@)

Integrating the latter inequality from o (t,4) to t, we get

z(o(t,a)) t du
2 =P (_ /aa,a) T, ()17 (u)) '

which with (8), gives

(r () (' (1))
=0

IN
|
=
c
—~
—
~—
<) —
N
—
Q
—~
Nl
EN)
~—
~—
N———
=

The proof is complete. [J

Lemma 4. Let x be a positive solution of equation (1). If we define the function

v =p0r () 13
then o (0
! + _ =~ _ & (a+1)/a
¥ (0 < O KU O70) — e ). (19

Proof. Assume that there exists a t; > ty such that x (t) > 0, x (t(t,v)) > O and x (¢ (¢,5)) > 0 for
t > t;,v € [c,d] and s € [a,]]. From Lemma 3, we have (10) holds. Thus, from the definition of
Y (t), we obtain ¥ (¢) > 0 for t > t;. Differentiating (13), we arrive at



Mathematics 2020, 8, 849 50f12

! ! ! / a+1
v =L v o0 D e (57)

From (10) and (13), we deduce that

' ¢ (1) ~
¥(t) < (;(t) Y(t) — k(U (£) 77 (t) —

The proof is complete. [

3. Main Results

In this section, we establish the oscillation criteria for the solutions of (1).
Theorem 1. If the first-order delay differential equation
W' (t) + kit (o (t,a))U (t) w (o (t,a)) =0 (15)
is oscillatory, then (1) is oscillatory.

Proof. Suppose the contrary that (1) has a non-oscillatory solution x on [fy, o). Without loss of
generality, we assume that there exists a t; > to such that x (f) > 0, x (7 (t,v)) > 0Oand x (¢ (¢,s)) >0
fort > t;,v € [c,d] and s € [a, b]. From Lemma 3, we have (8) and (9) hold. Using (8) and (9), one can
see that w (t) = r (t) (z/ (t))" is a positive solution of the first order delay differential inequality

W' (t) + kit (o (t,a))U (t) w (o (t,a)) <O.

In view of ([11] Theorem 1), the associated delay equation (15) also has a positive solution, we
find a contradiction. The proof is complete. [

Corollary 1. If
t

lim sup ) e, (o (w,a))U (u) du > 1

0
— >
nsup | o atcr(t,s) >0 (16)

or
t

lim inf 1t (o (w,a))U (u) du > 1

, 17
t—o0 g‘([,u) ke ( )

then (1) is oscillatory.
Proof. It is well known that (16) or (17) ensures oscillation of (15), see ([7] Theorem 2.1.1). [

Lemma 5. Assume that o is strictly increasing with respect to t for all s € (a, b). Suppose for some 6 > 0 that

ot
lim inf i, (0 (u,a))U (u) du > 6 (18)
t,a

t—ro0 ,(7(,)

and (1) has an eventually positive solution x. Then,

>0, (9), (19)

0o (1) :=1and 6, (u) := exp (p0,—1 (1)) . (20)
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Proof. Assume that (1) has a positive solution x on [ty, c0). Then, we can expect the existence of
aty > tgpsuchthat x(t) > 0, x(t(t,v)) > 0and x (o (t,s)) > 0fort > t;,v € [c,d] and s € [a,b].
Proceeding as in the proof of Theorem 1, we deduce that w is a positive solution of first order delay

differential equation (15). In a similar way to that followed in proof of Lemma 1 in [18], we can prove
that (19) holds. O

Theorem 2. Assume that o is strictly increasing with respect to t for all s € (a,b) and (18) holds for some
5 < 0. If there exists a function ¢ € C'(I,(0,00)) such that

. f (@) r(e () e
tlirﬁ‘os“p/tl (kq’(”)u(”) (a4 1)1 6, (6) @ (1) (a/(u,a))“> - -

for some sufficiently large t > tiand for some n > 0, where 0,(5) is defined as (20) and ¢’ (t) =
max{0,¢'(t)}, then (1) is oscillatory.

Proof. Suppose the contrary that (1) has a non-oscillatory solution x on [tg, 00). Without loss of
generality, we assume that there exists a t; > ¢y such that x (f) > 0, x (7 (t,v)) > 0and x (o (¢,5)) >0
fort > t1,v € [¢,d] and s € [a,b]. From Lemma 3, we have (8) holds. It follows from Lemma 5 that
there exists a t > t; large enough such that

Z/ (o (t,a)) 0 ()7 ()"
7 < (e (D) ) ‘ =
Define the function ) a
A S A O
o(t) = gltrt) (-2 ) @)

Then, ®(t) > 0 for t > ;. Differentiating (23), we get

o' (t) = ¢/(t)¢<t)+¢(t)w a0t ( Z/(t)a))) ( zla('(z(t ) )U, (ta).

From (8), (22) and (23), we obtain

/ _ ?;(t) _ ae%/“(é)a/(t,a) (a41)/a
(1) < kg (DU () + TR () — T SRt ). (24)

Using Lemma 1 with A = ¢/, (¢) /¢ (t) and B = a8}/ (8) / (¢ (£) 7 (o (£))) V", (24) yield

@ (1) < —ke () U (t ¢ ()" r (o (t,) :
(1)< —kg (VU + o T e 5 o0 (1) (0" (1))

Integrating this inequality from t; to t, we have

Mottt (o — (@ @)y (o (u,a)) .
J, (W ) = )0, @) o () (a/(u,a»“)d =® ),

then we find a contradiction with condition (21). The proof is complete. [

Theorem 3. Assume that there exists a function ¢ € C' (I, (0,00)) such that

r() (@ @)
(a+1)"" g (u))du '

t
lim sup / <k¢ () U (1) 7 (1) — (25)
—00 2
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for some sufficiently large t > t, where ¢', () = max {0,y (t)}, then (1) is oscillatory.

Proof. Suppose the contrary that (1) has a non-oscillatory solution x on [y, 00). Without loss of
generality, we assume that there exists a t; > ty such that x (f) > 0, x (7 (t,v)) > 0and x (¢ (¢,s)) >0
fort > t,v € [c,d] and s € [a,]]. From Lemma 3, we have (8)—(10) hold. Next, using Lemma 4,
we arrive at (14). Using Lemma 1 with A = ¢/, (t) /¢ (t)and B=a (¢ (t)r (t))fl/“, (14) becomes

r(t) (¢ ()
(1) g (1)

¥ (t) < —kp()U (1) 7 (t) +

Integrating this inequality from ¢, to t, we have

/ a+1
A <k¢ @i -0 )) du < ¥ (1),

(a+1)" Tt (u)
This is the contrary with condition (25). The proof is complete. [J

By different method, we establish new oscillation results for Equation (1).

Theorem 4. Assume that

/oo Q (1) dt = oo, (26)

to

then, Equation (1) is oscillatory.

Proof. Suppose the contrary that (1) has a non-oscillatory solution x on [fy, o). Without loss of
generality, we assume that there exists a t; > ¢y such that x (f) > 0, x (7 (t,v)) > 0and x (o (¢,s)) >0
fort >, v € [¢,d] and s € [a,b]. Consider the function ¥ defined as in (13), it follows from Lemma 4
that (14) holds. Set ¢ (t) := 1, (14) becomes

at+1

() +QH)+R(MHY « (1) <0 (27)

or
¥ () +Q(t) <0. (28)

Integrating (28) from f3 to t and using (26), we arrive at
t
¥ (1) §‘i’(t3)—/ Q(t)ds = 0o as t— oo,
t3

which is a contradiction with the fact that ¥ (t) > 0 and therefore the proof is complete. [

Definition 1. Let {y, (t)};,_, be a sequence of functions defined as

00 a1
()= [T REWS s+ (), t2t, n=125.. 29)
and
Yo(t) =G(t), t=to
where yy, (1) < yuaq (£), > to.
Lemma 6. Assume that x is a positive solution of (1). Then ¥ (t) > y, (t) such that ¥ (t) and y, (t) are

defined as in (13) and (29), respectively. Moreover, there exists a positive function y (t) on [T, c0) such that
limy e yn () =y (t) for t > T >ty and
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vt = ["RE)YT ()ds (), =T, 30

Proof. Let x be a positive solution of (1). Proceeding as in the proof of Theorem 4, we arrive at (27).
By integrating (27) from ¢ to ¢/, we obtain

! v atl
‘i’(t’)—‘l’(t)+./t Q(s)ds+/t ¥ (s) R (s)ds < 0.

This implies
¥ (1) —‘F(t)+/ ¥ (s)R (s)ds < 0.
t

Then, we conclude that

/ Sy (s)R(s)ds < oofort>T, (31)
t

otherwise, ¥ (') < ¥(t) — f:l ¥*5 (s)R(s)ds — —oo as ¥ — oo, which is a contradiction with
¥ (t) > 0. Since ¥(t) > 0and ¥/(t) > 0, it follows from (27) that

a+l

¥ (1) >G (1) + /tmqu (s) R (s)ds = yo () + /tmqf”‘T“ ()R (s)ds, (32)
or
¥ (1) > G (1) = o (b).

Hence, ¥(t) > yu(t), n = 1,2,3,.... Since {y, ()}, increasing and bounded above, we get
thaty, — y as n — co. Using Lebesgue’s monotone convergence theorem, we see that (29) turns
into (30)asn — c0. [

Theorem 5. Assume that
o

1 (o au
1iminf7/ C(s)R(s)ds > — % (33)
Bege@ W0 RO > e

then, (1) is oscillatory.

Proof. Suppose the contrary that (1) has a non-oscillatory solution x on [fy, o). Without loss of
generality, we assume that there exists a t; > to such that x (f) > 0 for t > ;. Proceeding as in the
proof of Lemma 6, we arrive at (32). From (32), we find

£40) 1 = en o (X6) ot
le—’_m ; Yo (S)R()<yo(s)> ds. (34)

If we consider u = infi=1 (¥ (t)/yo(t)), then obviously u > 1. Using (33) and (34), we see that

atl

H ¢
>1+ JR
p=l a<“+1)

or
atl

u > ! + “ u a,
a+1 a+1 a+1\a+1

which contradicts the expected value of y and «, therefore, the proof is complete. [J
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Theorem 6. If there exist some y,(t) such that

o

lim sup v, (t) (/ttr_i(s)ds) >1, (35)

t—o0
then, (1) is oscillatory.
Proof. Suppose the contrary that (1) has a non-oscillatory solution x on [tg, ). Without loss of

generality, we assume that there exists a t; > to such that x (t) > 0 for t > #;. Let ¥(t) defined as
in (13). Then,

1 1 (z(t)>“ 1 T)+ [hr= /% (s) /% (s) 2 (s)ds |
¥ (t) r(t) \Z(t) r(t) 2 (t)

1 rl/e (¢ ft —1/a( ®
r(t) ( z' (t) )
_ ( /Tfr_w s) ds)“, (36)

for t > T. Thus, it follows from (36) that
b p—1/a &
t @ s)ds
¥ (f) (/ 1/ (s) dS) < Q ,
to fTr 1/ (5)ds

lim sup ¥ (¢) </tr_3c(s)ds>a <1,

t—00 to

and so

which contradicts (35). The proof is complete. [

Corollary 2. If there exist some Yy, (t) such that either

/t:oQ (t) exp (/t:y;’ll‘ (s)R (s)ds) dt = o0 (37)
/:R()%%()yo()exp</t:R()yé()ds)d o, (38)

then (1) is oscillatory.
Proof. Suppose the contrary that (1) has a non-oscillatory solution x on [ty, o0). Without loss of

generality, we assume that there exists a t; > t( such that x (¢) > 0 for t > t;. From Lemma 6, we get
that (30) holds. Using (30), we have

Yy
Jyi Dy () —Q(t). (39)

Hence,

which contradicts (37).
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at+l

Next, let M (t) = [["R(s)y © (s)ds. Then, we obtain

M () —R (t)
—R(t)

—R(t)

IA
= Q
S 2= 2 2

Therefore, we find

[ ROt Ot exe ([ Ry

2 s
=
)
N———
&

A
8

which contradicts (38). The proof is complete. [

4. Examples

Example 1. Consider the differential equation

(G () + pox (wot)) +/ Xt (ts)ds =0,

where A, 1y € (0,1). It is easy to verify that

U (1) = 2oy (L= A) [L=pol*, 1y (1) = tand iy (1) = Mt,

where
Mi=1+2* D (1) 1= p)"

Using Corollary 1, we see that (40) is oscillatory if
- w1 1
(MA"]O(I_)\)[l_PO])lnX>E

or
1 1

M—-1)M*In— > —.

o ( )M ny >

Next, we note that R () = «,

NA(X/M 1

7/7\151 ( ) Al/M Q( ) t"‘+1 /\IX/M G( ) « tlx_;’_ll

where N = go (1 — pg)" (1 — A). From Theorem 5, (40) is oscillatory if

(N)LDC/M)l/a> 14
a+1)/a
a (a+1)F

Remark 1. Consider a particular case of (40), namely,

(x(t)—i-;x(rot)) +Dx ) =0,

From the results in Example 1, Equation (42) is oscillatory if

10 of 12

(40)

(41)

(42)

(43)
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Applying Corollary 2 in [3], we see that (42) is oscillatory if

qoAIn ! (44)

oY >
Obviously, in the case where A = 1/3, conditions (43) and (44) reduce to q > 1.588 and q > 5.443,
respectively. Thus, a new criterion improve some related results in [3].

2
~

Example 2. Consider the differential equation

(x(t)+'/0.l;x(t3x)dx)n+/0.1 (%’)x(?) ds =0, (45)

where qo > 0. It is easy to verify that

U () = T3, (1) = ¢

and

S o [T 90
iy = t+ % todx—t<1+4).

Using Corollary 1, if

then (45) is oscillatory.

5. Conclusions

The growing interest in the oscillation theory of functional differential equation is due to the many
applications of this theory in many fields, see [1,2]. In this work, we used comparison principles and
Riccati transformation techniques to obtain new oscillation criteria for neutral differential Equation (1).
Our new criteria improved a number of related results [3,4,14]. Further, we extended and generalized
the recent works [9,10].
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