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Abstract: In this study, we establish new sufficient conditions for oscillation of solutions of
second-order neutral differential equations with distributed deviating arguments. By employing
a refinement of the Riccati transformations and comparison principles, we obtain new oscillation
criteria that complement and improve some results reported in the literature. Examples are provided
to illustrate the main results.
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1. Introduction

This study is concerned with creating new oscillation criteria for the second-order non-linear
neutral differential equation with distributed deviating arguments

(
r (t)

(
z′ (t)

)α
)′

+
∫ b

a
q (t, s) f (x (σ (t, s)))ds = 0, (1)

where t ≥ t0 and

z (t) := x (t) +
∫ d

c
p (t, s) x (τ (t, s))ds.

Throughout this paper, we assume that:

(H1) α is a quotient of add positive integers;
(H2) r ∈ C (I, (0, ∞)) , p ∈ C (I × [c, d] , [0, ∞)) , q ∈ C (I × [a, b] , [0, ∞)) , q (t, s) is not zero on any

half line [t∗, ∞)× [a, b] , t∗ ≥ t0,
∫ d

c p (t, s)ds < 1 and∫ ∞

t0

r−1/α (s)ds = ∞; (2)

(H3) τ, σ ∈ C (I,R) , τ (t, s) ≤ t, σ (t, s) ≤ t and limt→∞ τ (t, s) = limt→∞ σ (t, s) = ∞;
(H4) f ∈ C (R,R) and there exists a constant k > 0 such that f (x) ≥ kxα for x 6= 0.

By a solution of (1), we mean a function x ∈ C1 ([t, ∞),R) , tx ≥ t0, which has the property
r (t) (z′ (t))α ∈ C1 ([t0, ∞),R) , and satisfies (1) on [tx, ∞). We consider only those solutions x of (1)
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which satisfy sup{|x (t)| : t ≥ tx} > 0, for all t > tx. If x is neither eventually positive nor eventually
negative, then x is called oscillatory; otherwise it is called non-oscillatory. The equation itself is called
oscillatory if all its solutions oscillate.

In a differential equation with neutral delay, the highest-order derivative appears both with and
without delay. In addition to the theoretical importance, the qualitative study of neutral equations has
great practical importance. In fact, the neutral equations arise in the study of vibrating masses attached
to an elastic bar, in problems concerning electric networks containing lossless transmission lines (as in
high-speed computers), and in the solution of variational problems with time delays, see [1,2].

Over the past decades, the issue of studying the oscillation properties for delay/neutral differential
equations has been a very active research area see [1–19].

For some related works, Sun et al. [13] and Dzurina et al. [5] obtained some oscillation criteria for

(r(t)|x′(t)|α−1x′(t))′ + q(t)|x[σ(t)]|α−1x[σ(t)] = 0. (3)

Xu et al. [15,16] and Liu et al. [8] extended the results of [5,13] to (3) with neutral term. Sahiner [12]
obtained some general oscillation criteria for neutral delay equations(

r (t) (x (t) + p (t) x (t− τ0))
′
)′

+ q (t) f (x (σ (t))) = 0,

In [14], Wang established some general oscillation criteria for equation

(
r (t) (x (t) + p (t) x (t− τ0))

′
)′

+
∫ b

a
q (t, s) x (σ (t, s))ds = 0, (4)

by using Riccati technique and averaging functions method. Xu and Weng [17] and Zhao and Meng [19],
established some oscillation criteria for (4), which complemented and extended the results in [12,14].
In 2011, Baculikova and Dzurina [3] investigated the properties of delayed equations(

r (t)
(
(x (t) + p (t) x (τ (t)))′

)α)′
+ q (t) xβ (σ (t)) = 0. (5)

They are provided some comparison theorems which compare the second-order (5) with the
first-order differential equations.

It is known that the determination of the signs of the derivatives of the solution is necessary and
significant effect before studying the oscillation of delay differential equations. The other essential
thing is to establish relationships between derivatives of different orders. Depending on improving
the relationship between the neutral function z and its first derivative z′, we create new and improved
criteria for oscillation of solutions of Equation (1). During this study, we use Riccati transformations
and comparison principles to obtain the different criteria for oscillation of (1). Examples are provided
to illustrate the main results.

2. Preliminary Results

For convenience, we denote that

U (t) :=
∫ b

a
q (t, s)

[
1−

∫ d

c
p (σ (t, s) , v)dv

]α

ds,

ηt0 (t) :=
∫ t

t0

r−1/α (u)du, η̃t0(t) := ηt0 (t) +
k
α

∫ t

t0

ηt1 (u) ηα
t0
(σ(u, a))U (u)du,

η̂ (t) := exp
(
−α

∫ t

σ(t,a)

du
η̃t0(u)r1/α (u)

)
,
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R (t) = α/ (r (t))1/α , Q (t) := kU (t) η̂ (t) and G (t) :=
∫ ∞

t
Q (s)ds.

The following lemmas mainly help us to prove the main results:

Lemma 1. Let g (x) = Ax− Bx(α+1)/α where A, B > 0 are constants. Then g attains its maximum value on
R at x∗ = (αA/ ((α + 1) B))α and

max
x∈r

g = g (x∗) =
αα

(α + 1)α+1
Aα+1

Bα
. (6)

Lemma 2. [3] If x is a positive solution of (1) on [t0, ∞), then there exists a t1 ≥ t0 such that

z (t) > 0, z′ (t) > 0,
(

r (t)
(
z′ (t)

)α
)′
≤ 0, (7)

for t ≥ t1.

Lemma 3. Let x be a positive solution of Equation (1). Then the function z satisfies(
r (t)

(
z′ (t)

)α
)′
≤ −kU (t) (z (σ (t, a)))α , (8)

z (t) ≥ η̃t1 (t) r1/α (t) z′ (t) (9)

and (
r (t)

(
z′ (t)

)α
)′
≤ −kU (t) η̂ (t) zα (t) . (10)

Proof. Assume that there exists a t1 ≥ t0 such that x (t) > 0, x (τ (t, v)) > 0 and x (σ (t, s)) > 0 for
t ≥ t1, v ∈ [c, d] and s ∈ [a, b]. From Lemma 2, we have (7) holds. Thus, by definition of z (t), we obtain

x (t) = z (t)−
∫ d

c
p (t, v) x (τ (t, v))dv

≥ z (t)−
∫ d

c
p (t, v) z (τ (t, v))dv

≥ z (t)
[

1−
∫ d

c
p (t, v)dv

]
,

which, with (1), implies that

(
r (t)

(
z′ (t)

)α
)′
≤ −k

∫ b

a
q (t, s) zα (σ (t, s))

[
1−

∫ d

c
p (σ (t, s) , v)dv

]α

ds.

Since z′ (t) > 0 and ∂
∂s σ (t, s) > 0, we obtain z (σ (t, s)) > z (σ (t, a)) and so(

r (t)
(
z′ (t)

)α
)′
≤ −kU (t) zα (σ (t, a)) .

Applying the chain rule and simple computation, it is easy to see that

ηt1 (t)
(

r (t)
(
z′ (t)

)α
)′

= α
(

r1/α (t) z′ (t)
)α−1

ηt1 (t)
(

r1/α (t) z′ (t)
)′

= −α
(

r1/α (t) z′ (t)
)α−1 d

dt

(
z (t)− ηt1 (t) r1/α (t) z′ (t)

)
. (11)

Combining (8) and (11), we obtain
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d
dt

(
z (t)− ηt1 (t) r1/α (t) z′ (t)

)
≥ k

α
ηt1 (t)

(
r1/α (t) z′ (t)

)1−α
U (t) zα (σ (t, a)) .

Integrating this inequality from t1 to t, we have

z (t) ≥ ηt1 (t) r1/α (t) z′ (t) +
k
α

∫ t

t1

ηt1 (u)U (u)
(

r1/α (u) z′ (u)
)1−α

zα (σ(u, a))du. (12)

From the monotonicity of r1/α (t) z′ (t), we have

z (t) = z (t1) +
∫ t

t1

1
r1/α (u)

(
r1/α (u) z′ (u)

)
du ≥ ηt1 (t) r1/α (t) z′ (t) .

Thus, from the fact that
(

r1/α (t) z′ (t)
)′
≤ 0, (12) becomes

z (t) ≥ ηt1 (t) r1/α (t) z′ (t)

+
k
α

∫ t

t1

ηt1 (u)U (u)
(

r1/α (u) z′ (u)
)1−α

ηα
t1
(σ(u, a))

[
r (σ(u, a))

(
z′ (σ(u, a))

)α
]

du.

≥ ηt1 (t) r1/α (t) z′ (t) +
k
α

∫ t

t1

(
r1/α (u) z′ (u)

)1−α
ηt1 (u) ηα

t1
(σ(u, a))U (u)

[
r1/α (u) z′ (u)

]α
du

≥ r1/α (t) z′ (t)
[

ηt1 (t) +
k
α

∫ t

t1

ηt1 (u) ηα
t1
(σ(u, a))U (u)du

]
.

≥ η̃t1(t)r
1/α (t) z′ (t) ,

or
z′ (t)
z(t)

≤ 1
η̃t1(t)r1/α (t)

.

Integrating the latter inequality from σ (t, a) to t, we get

z (σ (t, a))
z (t)

≥ exp
(
−
∫ t

σ(t,a)

du
η̃t1(u)r1/α (u)

)
.

which with (8), gives (
r (t) (z′ (t))α)′

zα (t)
≤ −kU (t)

(
z (σ (t, a))

z (t)

)α

≤ −kU (t) η̂ (t) .

The proof is complete.

Lemma 4. Let x be a positive solution of equation (1). If we define the function

Ψ (t) = φ (t) r (t)
(

z′ (t)
z (t)

)α

, (13)

then

Ψ′ (t) ≤
φ′+ (t)
φ (t)

Ψ(t)− kφ(t)U (t) η̂ (t)− α

(φ (t) r (t))1/α
Ψ(α+1)/α (t) . (14)

Proof. Assume that there exists a t1 ≥ t0 such that x (t) > 0, x (τ (t, v)) > 0 and x (σ (t, s)) > 0 for
t ≥ t1, v ∈ [c, d] and s ∈ [a, b]. From Lemma 3, we have (10) holds. Thus, from the definition of
Ψ (t), we obtain Ψ (t) > 0 for t ≥ t1. Differentiating (13), we arrive at
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Ψ′ (t) =
φ′ (t)
φ (t)

Ψ (t) + φ (t)
(r (t) z′ (t))′

zα (t)
− αφ (t) r (t)

(
z′ (t)
z(t)

)α+1

.

From (10) and (13), we deduce that

Ψ′ (t) ≤
φ′+ (t)
φ (t)

Ψ(t)− kφ(t)U (t) η̂ (t)− α

(φ (t) r (t))1/α
Ψ(α+1)/α (t) .

The proof is complete.

3. Main Results

In this section, we establish the oscillation criteria for the solutions of (1).

Theorem 1. If the first-order delay differential equation

ω′ (t) + kη̃α
t1
(σ (t, a))U (t)ω (σ (t, a)) = 0 (15)

is oscillatory, then (1) is oscillatory.

Proof. Suppose the contrary that (1) has a non-oscillatory solution x on [t0, ∞). Without loss of
generality, we assume that there exists a t1 ≥ t0 such that x (t) > 0, x (τ (t, v)) > 0 and x (σ (t, s)) > 0
for t ≥ t1, v ∈ [c, d] and s ∈ [a, b]. From Lemma 3, we have (8) and (9) hold. Using (8) and (9), one can
see that ω (t) = r (t) (z′ (t))α is a positive solution of the first order delay differential inequality

ω′ (t) + kη̃α
t1
(σ (t, a))U (t)ω (σ (t, a)) ≤ 0.

In view of ([11] Theorem 1), the associated delay equation (15) also has a positive solution, we
find a contradiction. The proof is complete.

Corollary 1. If

lim sup
t→∞

∫ t

σ(t,a)
η̃α

t1
(σ (u, a))U (u)du >

1
k

,
∂

∂t
σ (t, s) ≥ 0 (16)

or

lim inf
t→∞

∫ t

σ(t,a)
η̃α

t1
(σ (u, a))U (u)du >

1
ke

, (17)

then (1) is oscillatory.

Proof. It is well known that (16) or (17) ensures oscillation of (15), see ([7] Theorem 2.1.1).

Lemma 5. Assume that σ is strictly increasing with respect to t for all s ∈ (a, b). Suppose for some δ > 0 that

lim inf
t→∞

∫ t

σ(t,a)
η̃α

t1
(σ (u, a))U (u)du ≥ δ (18)

and (1) has an eventually positive solution x. Then,

w (σ (t, a))
w (t)

≥ θn (δ) , (19)

for every n ≥ 0 and t large enough, where w (t) := r (t) (z′ (t))α,

θ0 (u) := 1 and θn (u) := exp (ρθn−1 (u)) . (20)
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Proof. Assume that (1) has a positive solution x on [t0, ∞). Then, we can expect the existence of
a t1 ≥ t0 such that x (t) > 0, x (τ (t, v)) > 0 and x (σ (t, s)) > 0 for t ≥ t1, v ∈ [c, d] and s ∈ [a, b].
Proceeding as in the proof of Theorem 1, we deduce that ω is a positive solution of first order delay
differential equation (15). In a similar way to that followed in proof of Lemma 1 in [18], we can prove
that (19) holds.

Theorem 2. Assume that σ is strictly increasing with respect to t for all s ∈ (a, b) and (18) holds for some
δ < 0. If there exists a function ϕ ∈ C1(I, (0, ∞)) such that

lim
t→∞

sup
∫ t

t1

(
kϕ (u)U (u)−

(ϕ′+ (u))α+1 r (σ (u, a))

(α + 1)α+1 θn (δ) ϕα (u) (σ′(u, a))α

)
= ∞, (21)

for some sufficiently large t ≥ t1and for some n ≥ 0, where θn(δ) is defined as (20) and ϕ′+(t) =

max {0, ϕ′(t)} , then (1) is oscillatory.

Proof. Suppose the contrary that (1) has a non-oscillatory solution x on [t0, ∞). Without loss of
generality, we assume that there exists a t1 ≥ t0 such that x (t) > 0, x (τ (t, v)) > 0 and x (σ (t, s)) > 0
for t ≥ t1, v ∈ [c, d] and s ∈ [a, b]. From Lemma 3, we have (8) holds. It follows from Lemma 5 that
there exists a t ≥ t1 large enough such that

z′ (σ (t, a))
z′ (t)

≥
(

θn (δ) r (t)
r (σ (t))

)1/α

. (22)

Define the function

Φ(t) := ϕ(t)r(t)
(

z′(t)
z (σ (t, a))

)α

. (23)

Then, Φ(t) > 0 for t ≥ t1. Differentiating (23), we get

Φ′(t) =
ϕ′(t)
ϕ(t)

Φ(t) + ϕ(t)
(r(t)(z′(t))α)′

zα (σ (t, a))
− αϕ(t)r(t)

(
z′(t)

z (σ (t, a))

)α ( z′ (σ (t))
z (σ (t, a))

)
σ′ (t, a) .

From (8), (22) and (23), we obtain

Φ′ (t) ≤ −kϕ (t)U (t) +
ϕ′+ (t)
ϕ(t)

Φ (t)− αθ1/α
n (δ) σ′ (t, a)

(ϕ (t) r (σ (t, a)))1/α
Φ(α+1)/α (t) . (24)

Using Lemma 1 with A = ϕ′+ (t) /ϕ (t) and B = αθ1/α
n (δ) / (ϕ (t) r (σ (t)))−1/α, (24) yield

Φ′ (t) ≤ −kϕ (t)U (t) +
ϕ′+ (t)α+1 r (σ (t, a))

(α + 1)α+1 θn (δ) ϕα (t) (σ′ (t, a))α
.

Integrating this inequality from t1 to t, we have

∫ t

t1

(
kϕ (u)U (u)−

(ϕ′+ (u))α+1 r (σ (u, a))

(α + 1)α+1 θn (δ) ϕα (u) (σ′ (u, a))α

)
du ≤ Φ (t) ,

then we find a contradiction with condition (21). The proof is complete.

Theorem 3. Assume that there exists a function φ ∈ C1 (I, (0, ∞)) such that

lim
t→∞

sup
∫ t

t1

(
kφ (u)U (u) η̂ (u)−

r (u) (φ′+ (u))α+1

(α + 1)α+1 φα (u)

)
du = ∞. (25)
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for some sufficiently large t ≥ t1, where φ′+ (t) = max {0, ψ′ (t)} , then (1) is oscillatory.

Proof. Suppose the contrary that (1) has a non-oscillatory solution x on [t0, ∞). Without loss of
generality, we assume that there exists a t1 ≥ t0 such that x (t) > 0, x (τ (t, v)) > 0 and x (σ (t, s)) > 0
for t ≥ t1, v ∈ [c, d] and s ∈ [a, b]. From Lemma 3, we have (8)–(10) hold. Next, using Lemma 4,
we arrive at (14). Using Lemma 1 with A = φ′+ (t) /φ (t) and B = α (φ (t) r (t))−1/α, (14) becomes

Ψ′ (t) ≤ −kφ(t)U (t) η̂ (t) +
r (t) (φ′+ (t))α+1

(α + 1)α+1 φα (t)
.

Integrating this inequality from t1 to t, we have

∫ t

t1

kφ (u)U (u) η̂ (u)−
r (u)

(
φ′+ (u)α+1

)
(α + 1)α+1 φα (u)

du ≤ Ψ (t) ,

This is the contrary with condition (25). The proof is complete.

By different method, we establish new oscillation results for Equation (1).

Theorem 4. Assume that ∫ ∞

t0

Q (t)dt = ∞, (26)

then, Equation (1) is oscillatory.

Proof. Suppose the contrary that (1) has a non-oscillatory solution x on [t0, ∞). Without loss of
generality, we assume that there exists a t1 ≥ t0 such that x (t) > 0, x (τ (t, v)) > 0 and x (σ (t, s)) > 0
for t ≥ t1, v ∈ [c, d] and s ∈ [a, b]. Consider the function Ψ defined as in (13), it follows from Lemma 4
that (14) holds. Set φ (t) := 1, (14) becomes

Ψ′ (t) + Q (t) + R (t)Ψ
α+1

α (t) ≤ 0 (27)

or
Ψ′ (t) + Q (t) ≤ 0. (28)

Integrating (28) from t3 to t and using (26), we arrive at

Ψ (t) ≤ Ψ (t3)−
∫ t

t3

Q (t)ds→ ∞ as t→ ∞,

which is a contradiction with the fact that Ψ (t) > 0 and therefore the proof is complete.

Definition 1. Let {yn (t)}∞
n=0 be a sequence of functions defined as

yn (t) =
∫ ∞

t
R (s) y

α+1
α

n−1 (s)ds + y0 (t) , t ≥ t0, n = 1, 2, 3, .... (29)

and
y0 (t) = G (t) , t ≥ t0,

where yn (t) ≤ yn+1 (t) , t ≥ t0.

Lemma 6. Assume that x is a positive solution of (1). Then Ψ (t) ≥ yn (t) such that Ψ (t) and yn (t) are
defined as in (13) and (29), respectively. Moreover, there exists a positive function y (t) on [T, ∞) such that
limn→∞ yn (t) = y (t) for t ≥ T ≥ t0 and
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y (t) =
∫ ∞

t
R (s) y

α+1
α (s)ds + y0 (t) , t ≥ T. (30)

Proof. Let x be a positive solution of (1). Proceeding as in the proof of Theorem 4, we arrive at (27).
By integrating (27) from t to t′, we obtain

Ψ
(
t′
)
−Ψ (t) +

∫ t′

t
Q (s) ds +

∫ t′

t
Ψ

α+1
α (s) R (s)ds ≤ 0.

This implies

Ψ
(
t′
)
−Ψ (t) +

∫ t′

t
Ψ

α+1
α (s) R (s)ds ≤ 0.

Then, we conclude that ∫ ∞

t
Ψ

α+1
α (s) R (s)ds < ∞ for t ≥ T, (31)

otherwise, Ψ(t′) ≤ Ψ(t) −
∫ t′

t Ψ
α+1

α (s) R(s)ds → −∞ as t′ → ∞, which is a contradiction with
Ψ(t) > 0. Since Ψ(t) > 0 and Ψ′(t) > 0, it follows from (27) that

Ψ (t) ≥ G (t) +
∫ ∞

t
Ψ

α+1
α (s) R (s)ds = y0 (t) +

∫ ∞

t
Ψ

α+1
α (s) R (s)ds, (32)

or
Ψ (t) ≥ G (t) := y0 (t) .

Hence, Ψ(t) ≥ yn(t), n = 1, 2, 3, .... Since {yn(t)}∞
n=0 increasing and bounded above, we get

thatyn → y as n → ∞. Using Lebesgue’s monotone convergence theorem, we see that (29) turns
into (30) as n→ ∞.

Theorem 5. Assume that

lim inf
t→∞

1
y0 (t)

∫ ∞

t
y

α+1
α

0 (s) R (s)ds >
α

(α + 1)
α+1

α

, (33)

then, (1) is oscillatory.

Proof. Suppose the contrary that (1) has a non-oscillatory solution x on [t0, ∞). Without loss of
generality, we assume that there exists a t1 ≥ t0 such that x (t) > 0 for t ≥ t1. Proceeding as in the
proof of Lemma 6, we arrive at (32). From (32), we find

Ψ(t)
y0(t)

≥ 1 +
1

y0(t)

∫ ∞

t
y

α+1
α

0 (s) R (s)
(

Ψ(s)
y0(s)

) α+1
α

ds. (34)

If we consider µ = in ft≥T (Ψ(t)/y0(t)), then obviously µ ≥ 1. Using (33) and (34), we see that

µ ≥ 1 + α

(
µ

α + 1

) α+1
α

or
µ

α + 1
≥ 1

α + 1
+

α

α + 1

(
µ

α + 1

) α+1
α

,

which contradicts the expected value of µ and α, therefore, the proof is complete.
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Theorem 6. If there exist some yn(t) such that

lim sup
t→∞

yn(t)
(∫ t

t0

r−
1
α (s)ds

)α

> 1, (35)

then, (1) is oscillatory.

Proof. Suppose the contrary that (1) has a non-oscillatory solution x on [t0, ∞). Without loss of
generality, we assume that there exists a t1 ≥ t0 such that x (t) > 0 for t ≥ t1. Let Ψ(t) defined as
in (13). Then,

1
Ψ (t)

=
1

r (t)

(
z (t)
z′ (t)

)α

=
1

r (t)

(
z (T) +

∫ t
T r−1/α (s) r1/α (s) z′ (s)ds

z′ (t)

)α

≥ 1
r (t)

(
r1/α (t) z′ (t)

∫ t
T r−1/α (s)ds

z′ (t)

)α

=

(∫ t

T
r−1/α (s)ds

)α

, (36)

for t ≥ T. Thus, it follows from (36) that

Ψ (t)
(∫ t

t0

r−1/α (s)ds
)α

≤

∫ t
t0

r−1/α (s)ds∫ t
T r−1/α (s)ds

α

,

and so

lim sup
t→∞

Ψ (t)
(∫ t

t0

r−
1
α (s)ds

)α

≤ 1,

which contradicts (35). The proof is complete.

Corollary 2. If there exist some yn(t) such that either

∫ ∞

t0

Q (t) exp
(∫ t

t0

y
1
α
n (s)R (s)ds

)
dt = ∞ (37)

or ∫ ∞

t0

R (t) y
1
α
n (t)y0(t) exp

(∫ t

t0

R (s) y
1
α
n (s)ds

)
dt = ∞, (38)

then (1) is oscillatory.

Proof. Suppose the contrary that (1) has a non-oscillatory solution x on [t0, ∞). Without loss of
generality, we assume that there exists a t1 ≥ t0 such that x (t) > 0 for t ≥ t1. From Lemma 6, we get
that (30) holds. Using (30), we have

y′ (t) = −R (t) y
α+1

α (t)−Q (t)

≤ −R (t) y
1
α
n (t) y (t)−Q (t) . (39)

Hence, ∫ t

T
Q (s) exp

(∫ s

T
y

1
α
n (u)R (u)du

)
ds ≤ y (T) < ∞,

which contradicts (37).
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Next, let M (t) =
∫ ∞

t R (s) y
α+1

α (s)ds. Then, we obtain

M′ (t) = −R (t) y
α+1

α (t)

≤ −R (t) y
1
α
n (t) y (t)

= −R (t) y
1
α
n (t) (M (t) + y0 (t)) .

Therefore, we find ∫ ∞

T
R (t) y

1
α
n (t)y0(t) exp

(∫ t

T
R (s) y

1
α
n (s)ds

)
dt < ∞,

which contradicts (38). The proof is complete.

4. Examples

Example 1. Consider the differential equation

((
(x (t) + p0x (τ0t))′

)α)′
+
∫ 1

λ

q0

tα+1 xα (ts)ds = 0, (40)

where λ, τ0 ∈ (0, 1). It is easy to verify that

U (t) =
q0

tα+1 (1− λ) [1− p0]
α , ηt0 (t) = t and η̃t0(t) = Mt,

where
M := 1 + λα q0

α
(1− λ) [1− p0]

α .

Using Corollary 1, we see that (40) is oscillatory if

(
Mαλαq0 (1− λ) [1− p0]

α) ln
1
λ
>

1
e

or
α (M− 1) Mα ln

1
λ
>

1
e

. (41)

Next, we note that R (t) = α,

η̂t1 (t) = λ1/M , Q (t) =
N

tα+1 λα/M , G (t) =
Nλα/M

α

1
tα+1 ,

where N = q0 (1− p0)
α (1− λ). From Theorem 5, (40) is oscillatory if(

N
α

λα/M
)1/α

>
α

(α + 1)(α+1)/α
.

Remark 1. Consider a particular case of (40), namely,(
x (t) +

1
2

x (τ0t)
)′′

+
q0

t2 x (λt) = 0, (42)

From the results in Example 1, Equation (42) is oscillatory if

λ
q0

2

(
1 +

1
2

λq0

)
ln

1
λ
>

1
e

. (43)
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Applying Corollary 2 in [3], we see that (42) is oscillatory if

q0λ ln
1

2λ
>

2
e

. (44)

Obviously, in the case where λ = 1/3, conditions (43) and (44) reduce to q > 1.588 and q > 5.443,
respectively. Thus, a new criterion improve some related results in [3].

Example 2. Consider the differential equation(
x (t) +

∫ 1

0

1
2

x
(

t− x
3

)
dx
)′′

+
∫ 1

0

( q0

t2

)
x
(

t− s
2

)
ds = 0, (45)

where q0 > 0. It is easy to verify that
U (t) =

q0

t2 , ηt0 (t) = t

and

η̃t0 = t +
q0

4

∫ t

t0

dx = t
(

1 +
q0

4

)
.

Using Corollary 1, if
q0

4

(
1 +

q0

4

)
ln 2 >

1
e

,

then (45) is oscillatory.

5. Conclusions

The growing interest in the oscillation theory of functional differential equation is due to the many
applications of this theory in many fields, see [1,2]. In this work, we used comparison principles and
Riccati transformation techniques to obtain new oscillation criteria for neutral differential Equation (1).
Our new criteria improved a number of related results [3,4,14]. Further, we extended and generalized
the recent works [9,10].

Author Contributions: O.M., W.M., O.B.: Writing original draft, Formal analysis, writing review and editing.
R.A.E.-N.: writing review and editing, funding and supervision. All authors have read and agreed to the published
version of the manuscript.

Funding: The authors received no direct funding for this work.

Acknowledgments: The authors thank the reviewers for for their useful comments, which led to the improvement
of the content of the paper.

Conflicts of Interest: There are no competing interest between the authors.

References

1. Gyori, I.; Ladas, G. Oscillation Theory of Delay Differential Equations with Applications; Oxford University Press:
New York, NY, USA, 1991.

2. Hale, J.K. Theory of Functional Differential Equations; Springer: New York, NY, USA, 1977.
3. Baculikova, B.; Dzurina, J. Oscillation theorems for second order nonlinear neutral differential equations.

Comput. Math. Appl. 2011, 62, 4472–4478. [CrossRef]
4. Candan, T. Oscillatory behavior of second order nonlinear neutral differential equations with distributed

deviating arguments. Appl. Math. Comput. 2015, 262, 199–203. [CrossRef]
5. Dzurina, J.; Stavroulakis, I.P. Oscillation criteria for second-order delay differential equations. Appl. Math.

Comput. 2003, 140, 445–453. [CrossRef]
6. Elabbasy, E.M.; Hassan, T.S.; Moaaz, O. Oscillation behavior of second order nonlinear neutral differential

equations with deviating arguments. Opuscula Math. 2012, 32, 719–730. [CrossRef]
7. Ladde, G.; Lakshmikantham, V.; Zhang, B. Oscillation Theory of Differential Equationswith Deviating Arguments;

Marcel Dekker: NewYork, NY, USA, 1987.

http://dx.doi.org/10.1016/j.camwa.2011.10.024
http://dx.doi.org/10.1016/j.amc.2015.03.134
http://dx.doi.org/10.1016/S0096-3003(02)00243-6
http://dx.doi.org/10.7494/OpMath.2012.32.4.719


Mathematics 2020, 8, 849 12 of 12

8. Liu, L.; Bai, Y. New oscillation criteria for second-order nonlinear neutral delay differential equations.
J. Comput. Appl. Math. 2009, 231, 657–663. [CrossRef]

9. Moaaz, O. New criteria for oscillation of nonlinear neutral differential equations. Adv. Differ. Equ. 2019,
2019, 484. [CrossRef]

10. Moaaz, O.; Elabbasy, E.M.; Qaraad, B. An improved approach for studying oscillation of generalized
Emden–Fowler neutral differential equation. J. Inequal. Appl. 2020, 2020, 69. [CrossRef]

11. Philos, C. On the existence of nonoscillatory solutions tending to zero at ∞ for differential equations with
positive delay. Arch. Math. (Basel) 1981, 36, 168–178. [CrossRef]

12. Sahiner, Y. On oscillation of second-order neutral type delay differential equations. Appl. Math. Comput.
2004, 150, 697–706.

13. Sun, Y.G.; Meng, F.W. Note on the paper of Dzurina and Stavroulakis. Appl. Math. Comput. 2006, 174,
1634–1641. [CrossRef]

14. Wang, P.G. Oscillation criteria for second-order neutral equations with distributed deviating arguments.
Comput. Math. Appl. 2004, 47, 1935–1946. [CrossRef]

15. Xu, R.; Meng, F. Some new oscillation criteria for second order quasi-linear neutral delay differential
equations. Appl. Math. Comput. 2006, 182, 797–803. [CrossRef]

16. Xu, R.; Meng, F. Oscillation criteria for second order quasi-linear neutral delay differential equations.
Appl. Math. Comput. 2007, 192, 216–222. [CrossRef]

17. Xu, Z.T.; Weng, P.X. Oscillation of second-order neutral equations with distributed deviating arguments.
J. Comput. Appl. Math. 2007, 202, 460–477. [CrossRef]

18. Zhang, B.G.; Zhou, Y. The distribution of zeros of solutions of differential equations with a variable delay.
J. Math. Anal. Appl. 2001, 256, 216–228. [CrossRef]

19. Zhao, J.; Meng, F. Oscillation criteria for second-order neutral equations with distributed deviating argument.
Appl. Math. Comput. 2008, 206, 485–493. [CrossRef]

c© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

http://dx.doi.org/10.1016/j.cam.2009.04.009
http://dx.doi.org/10.1186/s13662-019-2418-4
http://dx.doi.org/10.1186/s13660-020-02332-w
http://dx.doi.org/10.1007/BF01223686
http://dx.doi.org/10.1016/j.amc.2005.07.008
http://dx.doi.org/10.1016/j.camwa.2002.10.016
http://dx.doi.org/10.1016/j.amc.2006.04.042
http://dx.doi.org/10.1016/j.amc.2007.01.108
http://dx.doi.org/10.1016/j.cam.2006.03.001
http://dx.doi.org/10.1006/jmaa.2000.7309
http://dx.doi.org/10.1016/j.amc.2008.09.021
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminary Results
	Main Results
	Examples
	Conclusions
	References

