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Abstract: Solar energy is an alternative source of energy that can be used to replace fossil fuels.
Various types of solar cells have been developed to harvest this seemingly endless supply of energy,
leading to the construction of solar cell devices, such as dye-sensitized solar cells. An important
factor that affects energy conversion efficiency of dye-sensitized solar cells is the distribution of
dye molecules within the porous semiconductor (TiO2). In this paper, we formulate a continuum
model for the interaction between the dye molecule Tris(2,2′-bipyridyl)ruthenium(II) (Ru(bpy)2+

3 )
and titanium dioxide (TiO2) semiconductor. We obtain the equilibrium position at the minimum
energy position between the dye molecules and between the dye and TiO2 nanoporous structure.
Our main outcome is an analytical expression for the energy of the two molecules as a function of
their sizes. We also show that the interaction energy obtained using the continuum model is in close
agreement with molecular dynamics simulations.

Keywords: tris(2,2′-bipyridyl)ruthenium(II); titanium dioxide; equilibrium position; interaction energy

1. Introduction

The production of clean energy to replace the use of fossil fuels is a constant requirement, and any
alternative energy sources present important opportunities. Solar energy has attracted much attention
since it is both environmentally friendly and naturally abundant. In order to collect and convert scattered
solar energy into electricity, different types of solar cells have been proposed, including dye-sensitized
solar cells. Dye-sensitized solar cells (DSSCs), comprise four main components, namely a nanoporous
semiconductor, a light-sensitive dye, an electrolyte couple and a counter electrode. The mechanism of
DSSCs is based on photo electrochemical processes. Sunlight excites dye molecules to a high energy
state whereupon it donates an electron to the nanoporous semiconductor. The electrons then leave
DSSCs to power a load. The counter electrode reintroduces electrons back to the photosensitive dye
through the redox electrolyte couple. DSSCs have advantages over other more traditional solar cells
(e.g., junction solar cells) due to their simplicity in construction and consequent low manufacturing
cost. Accordingly, DSSCs continue to be developed and studied in order to find ways to improve their
efficiency. In this paper, we focus on the two components of DSSCs, which are a dye molecule and
a nanoporous semiconductor. We comment that the aim of the paper is to determine the energetic
behaviour between these two components which can lead to the optimal distance and arrangement
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of dye molecules on the surface of the nanoporous semiconductor. This knowledge will contribute to
further our understanding of the porosity within the dye-semiconductor composite structures which is
one of the key factors affecting the performance and efficiency of DSSCs. For mathematical modelling
of charge transfer during the dye sensitization processes, the current density measurement and the
efficiency calculation, we refer the reader to [1,2] for various models based on linear and non-linear
diffusion equations.

In this paper, we particularly consider the van der Waals interaction between the commonly used
dye molecule and semiconductor in DSSCs, which are Tris(2,2′-bipyridyl)ruthenium(II) or Ru(bpy)2+

3
dye molecule and TiO2 semiconductor. The arrangement and the packing of the dye molecules on TiO2

semiconductor impact directly on the transport of the electron density inside DSSCs and consequently,
affect the efficiency of the device. With this in mind, this paper aims to provide a fundamental
understanding of the interactions between dye molecules and between a dye molecule and TiO2

structure in order to determine the minimum energy configurations and the equilibrium position of
the dye molecules, which are useful for the design of DSSCs in order to optimise transport of the
electron density inside the TiO2 nanoporous semiconductor. We comment that the Ru(bpy)2+

3 dye
studied here is assumed to lack the anchor groups that covalently bind the molecule to the surface of
TiO2 semiconductor. While this may result in neglecting the overlap between the electronic densities
of the excited state of the dye and the conduction band of the semiconductor, this assumption is
made to facilitate an analytical derivation of the van der Waals interaction energy, which enables the
determination of the arrangement of Ru(bpy)2+

3 on TiO2. We note that the overlap of the electron
densities causes only a small electron transfer rate that is largely responsible for the small photocurrent
encountered [3], and while this is important for modelling charge transfer in DSSCs, it is not within
the scope of this paper.

In DSSCs, a commonly used photosensitizer is Tris(2,2′-bipyridyl)ruthenium(II) or Ru(bpy)2+
3 .

This dye molecule possesses excellent photochemical and photophysical characteristics, such as light
absorption and light emission [3,4], that can be utilized to improve the energy conversion efficiency of
DSSCs [5]. The structure and the properties of Ru(bpy)2+

3 have been well studied. For example, the redox
property of Ru(bpy)2+

3 in aqueous environment has been investigated using photoemission spectroscopy
and density functional molecular dynamics simulation [6], including full quantum-mechanical and
mixed quantum/classical molecular dynamics simulations [7]. Due to the visible light absorption and
the photophysical property of Ru(bpy)2+

3 , it is selected as a photosensitizer to investigate the light-driven
water oxidation system, which plays an important role in the development of solar energy devices [8–13].
Cassone et al. [14] study the electron transportation of LiI, NaI, and KI aqueous electrolytes and they
find that the aqueous solution has an influence on the performance of DSSCs. Moreover, they propose
that the hydrolytic behaviors of arsenic forms As3+ and As5+ occur in nature water [15].

For the semiconductor employed in DSSCs, commonly used materials are metal oxides, and among
these, titanium dioxide (TiO2) is the most commonly used. This is due to its large surface to volume ratio,
high porosity and wide band-gap energy. We note that different crystal structures of TiO2, which include
brookite, anatase, and rutile, have different surface areas and porosities. Park et al. [16] find that the surface
area of the anatase structure of TiO2 is higher than that of the brookite and rutile TiO2. Thus, the anatase
TiO2 semiconductor has more surface area to bind with dye molecules [17–22]. Utilizing the solvothermal
method using tetrabutylammonium hydroxide as a morphology controlling agent, Liu and co-workers [23]
design the single-crystalline anatase TiO2 nanorod which shows a high energy conversion performance
for DSSCs. In addition, Chu et al. [24] and Cui et al. [25] synthesize the anatase TiO2 microspheres in
order to improve the efficient energy conversion.

In this paper, we determine the arrangement and distribution of dye molecules on the surface of
the anatase TiO2 by considering the van der Waals interactions between dye molecules, and between
dye molecules and the constituent nanoporous semiconductor. To evaluate the interaction energy,
the Lennard-Jones function is utilized together with a continuum approach. This approach has been
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successfully used to determine the van der Waals interaction energy between nanostructures in various
applications [26–32].

Here, we use this approach to investigate the interaction between Ru(bpy)2+
3 molecules and

the interaction between Ru(bpy)2+
3 and TiO2. We consider two distinct models for Ru(bpy)2+

3 which
are as layers of spherical shells of different atomic distribution and as a solid sphere. For the TiO2

molecule, we assume the structure of a solid sphere. These modelling assumptions of uniform atomic
density of continuous structures are made to facilitate the derivation of analytical expressions for
the total energy of the system. In addition, we perform molecular dynamics simulations for these
interactions as a comparison for our analytical models. We comment that analytical expressions for
the interaction energies can provide considerable insight into a complex problem, leading to the
determination of benchmark behaviours for the system considered and saving computational time
and resources, compared to fully extensive computational techniques, such as molecular dynamics
simulations and ab initio calculations.

This paper is organized as follows. The basic model formation and assumptions are given in the
following section. The procedures to determine the interaction energies between dye molecules and
between dye molecules and the TiO2 semiconductor are described in Section 3. Results and discussions
together with molecular dynamics simulations are presented in Section 4. Finally, a brief summary
of the paper is made in Section 5, and three appendices summarize the derivation details for the
interaction energies.

2. Model formulation and Assumptions

2.1. Structure of Ru(bpy)2+
3

The molecular structure of Ru(bpy)2+
3 is C30H24N6Ru2+ is shown in Figure 1. The ruthenium

(Ru), nitrogen (N), carbon (C), and hydrogen (H) atoms are all radially distributed from the centre,
and therefore, as shown in Figure 2a, we may model the molecule as spherical layers of N, C, and H
atoms and with the Ru atom located at the centre of the molecule. We observe that C atoms are densely
packed between N and H layers. Consequently we assume that the layer of C atoms is modelled as a
shell of a certain thickness `.

The radius for each shell is obtained from Avogadro (a molecular editor and visualizer software),
where both the bond length and the bond angle are taken into account. As illustrated in Figure 2a,
the radii of N and H layers are assumed to be a1 = 2.056 Å and a4 = 5.837 Å, respectively, whereas the
thickness of the C layer is taken to be ` = a3 − a2 = 4.764− 2.687 Å.

Figure 1. Three-dimensional structure of Ru(bpy)2+
3 . The ruthenium atom (Ru) is at the centre in green;

six nitrogen atoms (N) in blue; carbon atoms (C) in black, and hydrogen atoms (H) in grey.
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The mean atomic surface densities of N and H layers, and the mean atomic volume density of the
C layer are given by

ηN =
6

4πa2
1
= 0.1130 Å

−2
, ηH =

24
4πa2

4
= 0.0561 Å

−2
, ηC =

30
[4π(a3

3 − a3
2)]/3

= 0.0807 Å
−3

,

where the Ru(bpy)2+
3 molecule is composed of six N atoms, 24 H atoms, and 30 C atoms, and we

subsequently refer to this model as Model I.

Figure 2. Two models for Ru(bpy)2+
3 molecule: (a) Model I: Spherical layers and (b) Model II:

Solid sphere.

Although Model I preserves the spherically symmetric nature of the four atomic types in
Ru(bpy)2+

3 , a number of parameters are needed to define this model. Accordingly, we consider
a second simpler approach for which Ru(bpy)2+

3 is modelled as a solid sphere of radius a4 = 5.837 Å
with mean atomic volume density:

ηv
Dye =

61
(4πa3

4)/3
= 0.0732 Å

−3
,

which we refer to as Model II and this model is shown in Figure 2b.

2.2. Structure of TiO2

The TiO2 semiconductor is assumed to be formed from mixed crystals of titanium dioxides,
and only atomic proportions of titanium and oxygen are considered. In this paper, we model the
TiO2 molecule as a solid sphere of radius b = 50 Å. We note that this value is chosen to facilitate
the computation in our molecular dynamics simulations since it is large enough as compared to the
size of the dye molecule. A value larger than this would require a longer computational time for
little significant change from the results presented here. Using b = 50 Å, the mean volume density of
spherical TiO2 structure becomes

ηTiO2 =
NTi + NO
(4πb3)/3

= 0.0883 Å
−3

,

where NTi and NO are the numbers of titanium atoms and oxygen atoms, respectively [33–35].

2.3. Potential Function and Continuum Approach

In the DSSCs, the dye molecules and the semiconductor are placed in an electrolytic solution.
Consequently, they become neutralized and thus we may ignore their electrostatic interactions,
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and therefore, we only consider the van der Waals interaction here. The Lennard-Jones potential
is utilized to quantify the van der Waals interaction energy between two atoms, and it can be written as

Φ(ρ) =
−A
ρ6 +

B
ρ12 , (1)

where A = 4εσ6 and B = 4εσ12 represent the attractive and the repulsive constants, respectively, ε is
the well depth, σ is the van der Waals diameter, and ρ denotes the distance between the atoms. For the
interaction between two molecules using the continuum approach, the total potential energy can be
obtained by integrating (1) over the surfaces or volumes of the two molecular structures,

E = η1η2

∫
Σ1

∫
Σ2

(
− A

ρ6 +
B

ρ12

)
dΣ2dΣ1, (2)

where η1 and η2 represent either the mean atomic surface densities (when molecules are modelled as
surfaces), or the mean atomic volume densities (when molecules are modelled as volumetric structures).
Moreover, Σ1 and Σ2 are either the surface areas or the volumes of the two molecules. By introducing
the notation In,

In =
∫

Σ1

∫
Σ2

1
ρ2n dΣ2dΣ1, n = 3, 6, (3)

the potential energy given by (2) becomes

E = η1η2(−AI3 + BI6). (4)

The values of ε and σ are taken from [36], and the Lennard-Jones constants A and B are calculated
which are given in Appendix A.

There are five integrals In corresponding to five types of interactions which are needed to
be evaluated.

(i) Single atom interacting with a spherical surface:

Following the work of Cox et al. [27], the two integrals IS
3 and IS

6 can be expressed as

IS
3 [a, Jm(a)] = 4πa2[J3(a) + 2a2 J4(a)], (5)

IS
6 [a, Jm(a)] = 4πa2[5J6(a) + 80a2 J7(a) + 336a4 J8(a) + 512a6 J9(a)

+ 256a8 J10(a)]/5, (6)

where Jm(a) = 1/(Z2 − a2)m, a is a radius of the sphere, and Z denotes the distance between the
atom and the centre of the spherical surface.

(ii) Single atom interacting with a solid sphere:

Analytical expressions for this interaction were derived by Baowan and Thamwattana [32],
and are restated here as

IV
3 [a, Jm(a)] = 4πa3 J3(a)/3, (7)

IV
6 [a, Jm(a)] = 2πa3[30J6(a) + 216a2 J7(a) + 432a4 J8(a) + 256a6 J9(a)]/45, (8)

where again Jm(a) = 1/(Z2 − a2)m.
(iii) Interaction between two spherical surfaces:

By integrating the expressions given in Equations (5) and (6) over another spherical surface,
the interaction energy between two spherical surfaces is obtained, given by
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Km(a, ã) =
∫

S
Jm(a)dS =

∫ π

−π

∫ π

0

ã2 sin φ

(ã2 + 2ãZ cos φ + Z2 − a2)m dφdθ

=
ãπ

Z(1−m)

{
1

[(ã + Z)2 − a2]m−1 −
1

[(ã− Z)2 − a2]m−1

}
, (9)

where ã denotes the radius of the second sphere and Z represents the distance between the
centres of the two spheres.

(iv) Spherical surface interacting with a spherical shell (with finite thickness ` = a3 − a2):

Again, we integrate the expressions given in Equations (5) and (6) over the spherical shell,
which we deduce

Lm(a) =
∫

V
Jm(a)dV =

∫ π

−π

∫ π

0

∫ a3

a2

r2 sin φ

(r2 + 2rZ cos φ + Z2 − a2)m drdφdθ

=
π

Z(1−m)

∫ a3

a2

r
{

1
[(r + Z)2 − a2]m−1 −

1
[(r− Z)2 − a2]m−1

}
dr.

(v) Spherical surface interacting with a solid sphere:

By integrating the expressions given in Equations (5) and (6) over the solid sphere, we have

Mm(a, ã) =
∫

V
Jm(a)dV =

∫ π

−π

∫ π

0

∫ ã

0

r2 sin φ

(r2 + 2rZ cos φ + Z2 − a2)m drdφdθ

=
π

Z(1−m)

∫ ã

0
r
{

1
[(r + Z)2 − a2]m−1 −

1
[(r− Z)2 − a2]m−1

}
dr.

3. Interaction Energies between Dye and Semiconductor

Upon adopting the analytical expressions given in the previous section, the interaction energy
between two dye molecules, and between a dye molecule and a TiO2 structure can be determined.
The details are presented in the following subsection.

3.1. Ru(bpy)2+
3 –Ru(bpy)2+

3

3.1.1. Model I

In Model I, the Ru atom is assumed to be located at the centre and surrounded by the layers of N,
C and H atoms. The interaction between two Ru(bpy)2+

3 molecules can be obtained from summing
over all possible interactions, namely

EM1 = ∑
i

∑
j

Eij, (10)

where i and j represent the atomic species of Ru, N, C and H. The total interaction energies of the two
dye molecules are detailed in Appendix B.

3.1.2. Model II

The Ru(bpy)2+
3 molecule is assumed to be a solid sphere of radius a4 = 5.837 Å, and the interaction

energy between two dye molecules can be calculated by

EM2 = ηv
Dyeηv

Dye

{
−ADye−Dye IV

3 [a4, Mm(a4, a4)] + BDye−Dye IV
6 [a4, Mm(a4, a4)]

}
, (11)

where IV
3 and IV

6 are given in Equations (7) and (8), respectively, and the Lennard-Jones constants A
and B are given in Appendix A.
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3.2. Ru(bpy)2+
3 –TiO2

3.2.1. Model I

The potential energy between the dye molecule of Model I and a solid sphere of TiO2 is given by

ẼM1 = ∑
i

Ei−TiO2 , (12)

where i refers to either to Ru atom, N, C or H layers. Again, the total interaction energy is detailed in
Appendix B.

3.2.2. Model II

The energy arising from the interaction between a solid sphere of the dye molecule and a solid
sphere of TiO2 can be given by

ẼM2 = ηv
DyeηTiO2

{
−ADye−TiO2 IV

3 [a4, Mm(a4, b)] + BDye−TiO2 IV
6 [a4, Mm(a4, b)]

}
, (13)

where the calculation for the attractive A and the repulsive B constants is given in Appendix A.

4. Results and Discussion

To validate the analytical models, we compare our results with molecular dynamics (MD)
simulations, which are performed using the LAMMPS Molecular Dynamics Simulator [37,38]. In the
simulations, the potential energy of the molecular system is computed using the discrete Lennard-Jones
potential,

Edis = ∑
α

∑
β

4εαβ

(σαβ

ραβ

)12

−
(

σαβ

ραβ

)6
 , ραβ < ρc,

where ραβ represents the distance between atom α and atom β of two molecules. The values of the
Lennard-Jones parameters used in MD simulations are assumed to be the same to those used in the
continuum models, which are given in Table A1. Only the atoms at distances less than the cut-off
radius ρc = 22 Å are assumed to interact with each other.

In the case of the interaction between two Ru(bpy)2+
3 molecules, one of the molecules is assumed to

be fixed and the other is at distance Z from the first molecule, where Z is defined as the centre-to-centre
distance.However, as shown in Figure 1, the dye molecule is not perfectly symmetric, and therefore
to calculate the interaction energy, we first rotate the molecule about its three axes to compute the
energy at different angles and then take an average to obtain the final result. In Figure 3, we plot
the interaction energy between two dye molecules when the first molecule rotates about x−, y−
and z−axis for different values of Z. It can be seen that the energy is smooth when the first dye
molecule rotates only about the x-axis. This is because the configuration of the dye is almost symmetric
about this axis, and the energy fluctuation is larger when the molecule rotates about the y- and z-axis,
which demonstrates a less symmetric structure of the dye in these directions. Since the molecule is
symmetric in the x−direction, we only need to consider the rotation of the molecule about the y− and
z− axis, which corresponds respectively to the rotation angles θ and φ, defined in Figure 1.

Contours for the interaction energy between two dye molecules at Z = 18 Å are plotted in
Figure 4. The horizontal and vertical axes are the rotational angles of the second molecule about the y-
and z-axis, respectively. We observe that the peak energy for the interaction is obtained for θ = 64.8◦

and φ = 180◦ where Edis
Dye−Dye = −0.05040 kcal/mol. The variation of the energy under the various

rotations of the dye molecule reflects the face that Ru(bpy)2+
3 is not perfectly spherical (see Figure A1

in Appendix C).
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Figure 3. Interaction energy between two dye molecules when first molecule rotates about (a) x-, (b) y-,
and (c) z-axis.
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Figure 4. Contour plot of energy against θ and φ for the interaction between two dye molecules.

For the interaction between a dye molecule and a sphere of TiO2, in the MD simulation, the dye
molecule is rotated and moved toward the fixed TiO2 sphere, assuming that the radius of the TiO2

sphere is 50 Å (see Figure A2 in Appendix C). The energy profiles for the dye molecule, rotated in
the three directions, interacting with TiO2 are depicted in Figure 5. We see that the energy exhibits
fluctuations similar to those of the two dye molecules but with higher energy values. As shown
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in Figure 6 for Z = 60 Å, two configurations corresponding to θ = 64.8◦ and φ = 180◦, and θ =

122.4◦ and φ = 129.6◦ give the highest energy of −0.47335 kcal/mol and the lowest energy of
−0.78032 kcal/mol, respectively.
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Figure 5. Interaction energy between dye molecule and TiO2 when dye molecule rotates about (a) x-axis,
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Since the dye molecule is not perfectly symmetric, the energy values obtained from the analytical
models, under the assumption of spherical dye molecule, are compared with averaged values
obtained from the MD simulations. For the dye-dye interaction, the distance of the two molecules is
varied from 13 Å to 20 Å and the interaction energy is recorded and plotted in Figure 7a. Similarly,
comparison between the analytical models and the MD simulation for a dye molecule and a TiO2 is
shown in Figure 7b. Some discrete values of the interaction energy for the two cases are also reported
in Table 1. It is observed that the values of the interaction energies obtained by the continuum models
are close to those obtained by the MD simulation. We may conclude that the Ru(bpy)2+

3 dye molecule
can be modelled either as a spherical shell or as a solid sphere in order to study the interaction and the
arrangement of two dye molecules, and between the dye molecule and the TiO2 structure.
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Figure 7. Interaction energy between (a) two dye molecules and (b) dye molecule interacting with TiO2

molecule obtained from continuum Models I and II, and from MD simulation.

Table 1. Energies for dye-dye and dye-TiO2 interactions of Model I (EM1), Model II (EM2),
and MD (EMD).

Z (Å) EM1 (kcal/mol) EM2 (kcal/mol) EMD
Dye−Dye (kcal/mol)

14 −0.60734 −0.73692 −0.73387
15 −0.31122 −0.38330 −0.38954
16 −0.17442 −0.20862 −0.20240
17 −0.10536 −0.12263 −0.11636
18 −0.06718 −0.07649 −0.07140

Z (Å) ẼM1 (kcal/mol) ẼM2 (kcal/mol) EMD
Dye−TiO2

(kcal/mol)

57.75 −2.12208 −2.25520 −2.50002
59.5 −0.87185 −0.94729 −0.92917
60 −0.69583 −0.75015 −0.70249
60.5 −0.56526 −0.60502 −0.54128
61 −0.46601 −0.49565 −0.42338

We note that the atoms in the continuum model are assumed to be smeared over the molecule
which is different from MD where the discrete positions of each atom are required. These differences
lead to the different values for the energy between the continuum models and the MD simulation.
On the other hand, the continuum approximation for the atoms has only a minor impact on the energy
of the dye molecule interacting with TiO2 because a semiconductor with the radius b = 50 Å is much
larger than the size of the dye molecule. Hence, the energy profiles of the continuum models are hardly
different from the discrete model in the case of the dye-TiO2 interaction as illustrated in Figure 7b.
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Furthermore, we focus on the equilibrium distance which is defined by Zmin arising from the
interaction between two molecules. This position gives rise to the minimum interaction energy
implying the equilibrium configuration. The lowest value of the interaction energy indicates the
location where the two nano-objects are most stable. The distance where the molecules can overcome
the energy barrier and attract each other is also investigated and denoted by Z0. Therefore, the dye
molecule can be attached to the other dye molecules or to the TiO2 semiconductor when Z ≥ Z0. Table 2
shows the numerical values of Z0 and Zmin for the continuum and the discrete models. We comment
that the Lennard-Jones potential appears not to give an accurate prediction of the energy level
when the molecules are at a very short distance apart. This is a limitation of the Lennard-Jones
potential that is shared by other currently-used potentials, and all molecular level models adopting the
Lennard-Jones potential are not able to accurately predict short-range interactions between molecules.
The energy value at Z < Z0 shown in Figure 7 is an estimation from the molecular-level model
and it should be taken only as a reference value. For a more precise evaluation for short-ranged
interactions, ab-initio calculations at sub-atomic scale are required, which presents an opportunity for
future research.

In Figure 8a,b we plot the energy gradients corresponding to the two interactions shown in
Figure 7a,b. We note that the critical distance Z where the energy is minimum in Figure 7a,b corresponding
to the values of Zmin where the energy gradient is zero in Figure 8a,b, respectively. We also observe a
strong increase in energy near the equilibrium, and the rate of the change of the energy decreases as the
distance between two molecules increases.
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Figure 8. Energy gradient between (a) two dye molecules and (b) dye molecule interacting with TiO2

molecule obtained from continuum Models I and II, and from MD simulation.

Table 2. Values of Z0 and Zmin for continuum and discrete models.

Dye-Dye Z0 (Å) Zmin (Å)

Model I 13.18 13.54
Model II 13.24 13.66

MD 13.52 14.00

Dye-TiO2 Z0 (Å) Zmin (Å)

Model I 57.25 57.68
Model II 57.27 57.72

MD 57.34 57.75
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5. Summary

Based on the structural materials of dye-sensitized solar cells (DSSCs), this paper studies the
interactions of two dye molecules and between the dye molecule and the TiO2 semiconductor. We use
the continuum approach and the Lennard-Jones potential to evaluate the molecular interaction energy
of the systems to determine analytical expressions for the interaction energy.

In addition, MD simulations are performed to investigate the energy behaviour of two dye
molecules and the dye molecule interacting with the semiconductor TiO2. The results obtained from
the simulations demonstrate that the Ru(bpy)2+

3 dye molecule is not a perfectly spherical. However,
both a spherical shell and a densely packed sphere provide a good approximation to model the dye
molecule as numerically indicated in Table 1. We also find the minimum distance where the two
nanoparticles begin to attract each other and the equilibrium distance where the two molecules are
most stable. The present work provides an insight and understanding of the Ru(bpy)2+

3 dye molecule
interacting with TiO2 structure and a basic tool for modelling these components, which is crucial for
the further development of DSSCs. Future work in this area includes the development of a more robust
benchmark study (e.g., a full ab initio molecular dynamics study) for the quantitative and qualitative
validations of the analytical models.
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Appendix A. Lennard-Jones Constants

In this appendix we present the detail necessary for the determination of the various Lennard-Jones
constants. Values of ε and σ for different atomic species are taken from [36] and are re-introduced in
Table A1. By using the mixing rules [39] which are given by ε12 = (ε1ε2)

1/2 and σ12 = (σ1 + σ2)/2 where
the subscripts 1 and 2 denote the atomic types, A and B can be calculated and given in Table A2.

Table A1. Lennard-Jones parameters used here.

Atomic Type ε (kcal/mol) σ (Å)

Ru 0.056 2.6397
N 0.069 3.2607
C 0.105 3.4309
H 0.044 2.5711
Ti 0.017 2.8286
O 0.060 3.1181

In terms of the interaction energy between two Ru(bpy)2+
3 molecules in Model II, as given in

Equation (11) where the dye is assumed to be a solid sphere, the Lennard-Jones constants A and B are
given by

ADye−Dye = (900AC−C + 1440AC−H + 360AC−N + 60AC−Ru + 576AH−H + 288AH−N

+ 48AH−Ru + 36AN−N + 12AN−Ru + ARu−Ru) /3721.

BDye−Dye = (900BC−C + 1440BC−H + 360BC−N + 60BC−Ru + 576BH−H + 288BH−N

+ 48BH−Ru + 36BN−N + 12BN−Ru + BRu−Ru) /3721.
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The constant coefficients represent the number of atomic types, and the total number of atoms for
the two molecules of Ru(bpy)2+

3 is 3721.

Table A2. Attractive and repulsive Lennard-Jones constants.

A (kcal Å6 mol−1) B (kcal Å12 mol−1)

C-C 684.952 1.117 × 106

C-H 198.597 1.451 × 105

C-O 391.383 4.825 × 105

C-Ti 158.824 1.493 × 105

H-H 50.846 1.469 × 104

H-O 108.900 5.770 × 104

H-Ti 42.371 1.641 × 104

N-N 331.715 3.987 × 105

N-C 477.593 6.699 × 105

N-H 135.475 8.327 × 104

N-O 270.913 2.852 × 105

N-Ti 109.126 8.693 × 104

Ru-C 239.856 1.876 × 105

Ru-H 62.110 1.943 × 104

Ru-N 163.944 1.081 × 105

Ru-Ti 51.561 2.154 × 104

Ru-O 132.017 7.517 × 104

Ru-Ru 75.789 2.564 × 104

The Lennard-Jones constants A and B for the dye molecule interacting with TiO2, as expressed in
Equation (13) are

ADye−TiO2 = (30AC−Ti + 24AH−Ti + 6AN−Ti + ARu−Ti) /183

+ 2 (30AC−O + 24AH−O + 6AN−O + ARu−O) /183,

BDye−TiO2 = (30BC−Ti + 24BH−Ti + 6BN−Ti + BRu−Ti) /183

+ 2 (30BC−O + 24BH−O + 6BN−O + BRu−O) /183,

and again the constant coefficients represent the atomic proportion in the system.

Appendix B. Interaction Energy between Dye and Semiconductor Obtained by Model I

Here, we detail the energy contribution for the the dye molecule of Model I. In Model I, the dye
molecule Ru(bpy)2+

3 is assumed to be composed of four spherical layers, so that the total interaction
energy between the two dye molecules comprises:

(i) Ru atom and N layer:

ERN = ηN

{
−ARu−N IS

3 [a1, Jm(a1)] + BRu−N IS
6 [a1, Jm(a1)]

}
.

(ii) Ru atom interacting with spherical shell of C (with thickness ` = a3 − a2):

ERC = ηC

{
−ARu−C(IV

3 [a3, Jm(a3)]− IV
3 [a2, Jm(a2)])

+BRu−C(IV
6 [a3, Jm(a3)]− IV

6 [a2, Jm(a2)])
}

.
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(iii) Ru atom and H layer:

ERH = ηH

{
−ARu−H IS

3 [a4, Jm(a4)] + BRu−H IS
6 [a4, Jm(a4)]

}
.

(iv) Two N layers:

ENN = ηNηN

{
−AN−N IS

3 [a1, Km(a1, a1)] + BN−N IS
6 [a1, Km(a1, a1)]

}
.

(v) N layer and spherical shell of C:

ENC = ηNηC

{
−AN−C IS

3 [a1, Lm(a1)] + BN−C IS
6 [a1, Lm(a1)]

}
.

(vi) N layer and H layer:

ENH = ηNηH

{
−AN−H IS

3 [a1, Km(a1, a4)] + BN−H IS
6 [a1, Km(a1, a4)]

}
.

(vii) Two spherical shells of C:

ECC = ηCηC

{
−AC−C(IV

3 [a3, Lm(a3)]− IV
3 [a2, Lm(a2)])

+BC−C(IV
6 [a3, Lm(a3)]− IV

6 [a2, Lm(a2)])
}

.

(viii) H layer and spherical shell of C:

ECH = ηCηH

{
−AC−H(IV

3 [a3, Km(a3, a4)]− IV
3 [a2, Km(a2, a4)])

+ BC−H(IV
6 [a3, Km(a3, a4)]− IV

6 [a2, Km(a2, a4)])
}

.

(ix) Two H layers:

EHH = ηHηH

{
−AH−H IS

3 [a4, Km(a4, a4)] + BH−H IS
6 [a4, Km(a4, a4)]

}
,

with the Lennard-Jones constants A and B as given in Table A2.
In terms of the interaction energy between the Ru(bpy)2+

3 and the TiO2 molecule, the total
interaction energies can be obtained from:

(I) Ru atom and TiO2 sphere:

ER−TiO2 = ηTiO2

{
−ARu−TiO2 IV

3 [b, Jm(b)] + BRu−TiO2 IV
6 [b, Jm(b)]

}
.

(II) N layer and TiO2 sphere:

EN−TiO2 = ηNηTiO2

{
−AN−TiO2 IS

3 [a1, Mm(a1, b)] + BN−TiO2 IS
6 [a1, Mm(a1, b)]

}
.

(III) Spherical shell of C and TiO2 sphere:

EC−TiO2 = ηCηTiO2

{
−AC−TiO2(IV

3 [a3, Mm(a3, b)]− IV
3 [a2, Mm(a2, b)])

+BC−TiO2(IV
6 [a3, Mm(a3, b)]− IV

6 [a2, Mm(a2, b)])
}

.
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(IV) H layer and TiO2 sphere:

EH−TiO2 = ηHηTiO2

{
−AH−TiO2 IS

3 [a4, Mm(a4, b)] + BH−TiO2 IS
6 [a4, Mm(a4, b)]

}
.

The Lennard-Jones constants A and B can be evaluated by

Ai−TiO2 = (Ai−Ti + 2Ai−O)/3,

Bi−TiO2 = (Bi−Ti + 2Bi−O)/3,

where there is one titanium atom and two oxygen atoms in a molecule of TiO2.

Appendix C. Configurations between Dye-Dye and Dye-TiO2 Molecules

In this appendix, we present the three-dimensional figures for the dye-dye molecular interactions
and the dye-TiO2 molecular interactions at their equilibrium positions. The corresponding configuration
of the two dye molecules giving the high energy (Edis

Dye−Dye = −0.05040 kcal/mol) at θ = 64.8◦ and
φ = 180◦ is illustrated in Figure A1a. Furthermore, at θ = 122.4◦ and φ = 129.6◦, the interaction energy
is at its lowest value of Edis

Dye−Dye = −0.07857 kcal/mol. Their corresponding configuration is shown in
Figure A1b.

Figure A1. Configuration of first dye molecule located on left hand side: (a) gives high energy and (b)
gives low energy where second dye molecule is fixed on right hand side.

The schematic model of the interaction between a dye molecule and a sphere of TiO2 in the MD
simulation is illustrated in Figure A2.



Mathematics 2020, 8, 841 16 of 18

Figure A2. Interaction between the dye molecule and TiO2 where titanium (Ti) is yellow and oxygen
(O) is pink.
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