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Abstract: It has been hypothesized that solid tumors with invasive type of growth should possess
intrinsic resistance to antiangiogenic therapy, which is aimed at cessation of the formation of new
blood vessels and subsequent shortage of nutrient inflow to the tumor. In order to investigate this
effect, a continuous mathematical model of tumor growth is developed, which considers variables of
tumor cells, necrotic tissue, capillaries, and glucose as the crucial nutrient. The model accounts for
the intrinsic motility of tumor cells and for the convective motion, arising due to their proliferation,
thus allowing considering two types of tumor growth—invasive and compact—as well as their
combination. Analytical estimations of tumor growth speed are obtained for compact and invasive
tumors. They suggest that antiangiogenic therapy may provide a several times decrease of compact
tumor growth speed, but the decrease of growth speed for invasive tumors should be only modest.
These estimations are confirmed by numerical simulations, which further allow evaluating the effect
of antiangiogenic therapy on tumors with mixed growth type and highlight the non-additive character
of the two types of growth.

Keywords: mathematical oncology; spatially distributed modeling; reaction-diffusion-convection
equations; computer experiment
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1. Introduction

The use of mathematical methods has currently become a necessity in oncology. The identification
of tumor cells [1], the design of nanomedical systems [2], and real-time adaptation of radiotherapy [3]
are just a few examples of problems for which the solution already benefits from the use of simulation
studies. One specific mathematical approach is the modeling of tumor growth and treatment, wherein
a whole tumor and its microenvironment are considered as a single complex system. Its main goals
are gaining new insights into various aspects of cancerous tumors [4,5] and the suggestions for the
optimization of treatment protocols [6,7].

Clearly, a mathematical model of tumor growth must capture at least some of the most essential
features of cancer cells’ behavior and their interaction with the microenvironment. The most notable
property of cancer cells is their ability for unlimited growth under favorable conditions [8]. However,
tumor growth in tissue is restrained, first of all by the limited availability of nutrients. These aspects
were taken into consideration already in the first non-spatially distributed phenomenological models
of tumor growth [9,10]. Accounting for another hallmark of cancer—tissue invasion and metastasis—is
possible in models that explicitly consider the spatial distribution of cancer cells. In continuous models,
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the intergrowth of tumor in normal tissue is usually realized via the introduction of parabolic terms,
which include the intrinsic motility of tumor cells as a parameter [11,12]. As a rule, these models
neglect the convective motion, which arises due to the proliferation of tumor cells. This process by
itself can provide an increase in tumor volume even under zero cell motility. Accounting for it can
be realized via hyperbolic equations and by itself results in a compact type of tumor growth [13,14].
Such a mechanism is often crucial for low-grade tumors, while the invasive type of growth usually
begins to play an increasing role during their progression.

One more hallmark of cancer is sustained angiogenesis, i.e., the formation of new blood vessels
that leads to an increase in tumor nutrient supply and thus promotes its growth. This process was
incorporated in various ways in mathematical models of different complexity, from the ones governed
by ordinary differential equations [15,16], to the complicated multiscale hybrid models [17,18].

The first antiangiogenic drug, bevacizumab, was approved for medical use in 2004 and is
utilized currently along with about a dozen other angiogenesis inhibitors. Today, the majority of
approved administration schemes, which include antiangiogenic drugs, combine them with various
chemotherapeutic agents, which are aimed at direct cell killing [19]. Early experiments on mouse
tumor models showed promising results regarding the use of antiangiogenic drugs in monotherapy
regimes as well, since their administration as single agents allowed achieving significant delays in
tumor growth. However, in the majority of the clinical trials, the administration of mono-AAT did not
lead to any notable increase in survival [20]. Such a discrepancy is supposed to be linked to one obvious
qualitative difference between preclinical and clinical tests: while the former were mostly conducted on
localized primary tumors, the latter were mainly focused on the late-stage diseases [21]. Only relatively
recently have clinical trials for early-stage localized tumors been initiated. Their preliminary data
suggest the efficiency of mono-AAT for such tumors, at least in terms of tumor mass reduction [22].

Various mechanisms of resistance to treatment have been proposed in order to explain this
effect [23]. One such mechanism is the accentuated invasiveness of tumor cells, which allows them
to move away from nutrient-deprived zones. There exists a significant amount of experimental
evidence that AAT accelerates tumor progression towards increasingly invasive phenotypes [21,24].
Based on this observation, it has been hypothesized that the tumors, which initially have an invasive
phenotype, should possess intrinsic resistance to AAT, while compactly growing tumors should be
more susceptible to it [23].

In this work, a continuous model of a monoclonal tumor growth in tissue is presented, which is
able to reproduce this effect. The model allows accounting for both types of tumor growth, as well
as their combination. Analytical estimations of tumor growth speed are obtained for tumors with
both of the pure types of growth, which allow assessing the effect of antiangiogenic therapy on
them. Numerical simulations are presented, which show good agreement with analytical estimations.
They further allow evaluating the effect of antiangiogenic therapy on tumors with a mixed type of
growth and provide insights into the mechanism of the interaction between the two types of growth,
highlighting their non-additive character.

2. Model

2.1. Equations

The mathematical model of tumor growth, considered herein, represented a simplification of
the model, previously developed by our research group. Its different versions were used for the
investigation of several aspects of tumor growth and treatment [25–27]. There were four variables in
this version of the model, which were a function of space and time coordinates, x and t: the density of
tumor cells n(x, t), the fraction of necrotic tissue m(x, t), the concentration of glucose g(x, t), and the
density of capillaries surface area c(x, t). All the variables, as well as all the used parameters should be
strictly non-negative due to their physical meaning. The one-dimensional planar case was considered
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in this work, which was suitable for the consideration of a large spherically-symmetrical tumor.
The following set of equations governs the dynamics of the model variables:

tumor cells:
∂n
∂t

=

proliferation︷ ︸︸ ︷
Bn · [1− σ(g)]

death︷ ︸︸ ︷
−Mn · σ(g)

migration︷ ︸︸ ︷
+Dn

∂2n
∂x2

convection︷ ︸︸ ︷
−∂(In)

∂x
;

necrotic tissue:
∂m
∂t

=

death︷ ︸︸ ︷
Mn · σ(g)

convection︷ ︸︸ ︷
−∂(Im)

∂x
;

glucose:
∂g
∂t

=

inflow︷ ︸︸ ︷
Pc[1− g]

consumption︷ ︸︸ ︷
−Qn · [1− σ(g)]

diffusion︷ ︸︸ ︷
+Dg

∂2g
∂x2 ;

capillaries:
∂c
∂t

=

degradation︷ ︸︸ ︷
−R[n + m]c;

where σ(g) =
1
2
[1− tanh(ε{g− gcr})];

∇I = Bn · [1− σ(g)] + Dn
∂2n
∂x2 .

(1)

2.1.1. Tumor Cells

The term tumor cell proliferation implies that it happens ceaselessly under a sufficient level
of glucose, which was chosen to be the key nutrient, since it is indispensable for cell division [28].
With the fall of glucose level, the rate of proliferation slows down, and tumor cells die by necrosis.
The drainage of necrotic tissue was neglected. The exact rates of the processes of cell proliferation and
death were governed by a sigmoid function σ(g). Tumor cells were able to migrate throughout the
tissue, which was governed by a diffusion-like term. The convective terms described the bulk motion
of tissue elements, the velocity field I being determined by the dynamics of tumor cells. The expression
for it was derived under the assumption of the constancy of the total density of tumor cells, necrotic
tissue, and normal cells, which was normalized to unity. The normal cells were not considered in the
model explicitly; however, it was assumed that the passive motion due to the arising convective flow
was the only part of their dynamics.

2.1.2. Glucose and Capillaries

The dynamics of glucose is comprised of its inflow from the capillaries into the tissue, consumption
by tumor cells, and diffusion throughout the tissue. The inflow of glucose is governed primarily by
the process of passive diffusion through the walls of capillaries [29]. Therefore, the rate of glucose
inflow is proportional to the density of the capillaries’ surface area and to the difference in glucose
concentrations in blood and in tissue. Glucose concentration in blood was considered to be constant
and was normalized to unity.

The capillary network degrades inside the tumor. This process has various reasons of a
mechanical [30] and chemical nature [31], the details of which are difficult to account for in a
reliable manner. Therefore, the degradation of capillaries was described by a rather phenomenological
term. The volume of capillaries was considered to be negligible compared to the volume of cells,
and therefore, their dynamics did not affect the convective velocity field. The convective motion of
capillaries was also neglected. The normal density of capillaries’ surface area was normalized to unity.

2.1.3. Angiogenesis and Antiangiogenic Therapy

A more or less straightforward consideration of angiogenesis would require the introduction of an
additional variable for the concentration of the main pro-angiogenic factor VEGF, which would affect
the dynamics of capillaries. Such an approach has been utilized previously in different continuous
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models of tumor growth [12,32,33], including our models [27,34]. Herein, a more concise method
was used for the sake of analytical study. It was assumed that during the growth of an untreated
tumor, the concentration of VEGF was so high that it provided the maximum possible angiogenic effect
throughout all the considered part of the tissue (the rate of this effect was limited by the number of
receptors on endothelial cells). In fact, there are two separate effects, induced by VEGF, that affect the
inflow of glucose from the capillaries and therefore needed to be considered in this model. One of them
is the increase of the capillary density due to the formation of new capillaries. Another effect is the
increase of the vascular permeability [35,36]. Due to the above-described assumption of the uniform
action of VEGF, accounting for the latter effect came down to the increase in the value of parameter P,
since it corresponded to the uniform identical increase in the permeability of all capillaries in the tissue.
Assuming further that the local increase of the capillaries’ surface area density, c, was proportional to
its own local value throughout the tissue, one may conclude that for the consideration of the glucose
inflow in tissue, an increase of c was equivalent to an analogous increase in the value of parameter P.
Thus, the total effect of angiogenesis was accounted for in this model by the increase in the value of a
single parameter P. Since AAT leads to the normalization of the structure of capillaries and further
normalization of their density [37,38], its action as reflected by a decrease of P to a value, which was
assumed to correspond to normal tissue.

2.2. Parameters

The parameters of the model were estimated according to the data of various experimental works.
The basic set of parameters is listed in Table 1. The dimensionless model values of the parameters were
the approximations of their normalized values, which were obtained with the use of the following
normalization parameters: tn = 1 h for time, xn = 10−2 cm for length, gn = 1 mg/mL for glucose
concentration, cn = 100 cm2/cm3 for normal capillary surface area density, which was close to its
average value for human muscle [29], and nn = 3× 108 cells/mL for the maximum density of tumor
cells. The latter value was taken from the experimental work on the in vitro growth of multicellular
tumor spheroids [39]. The values for the proliferation rate of tumor cells and their glucose consumption
rate were also estimated according to the data of this work; however, it was assumed that these values
should be proportionally diminished during the growth of a relevant tumor in tissue. The basic
coefficient of tumor cells’ motility corresponded to highly motile glioma cells [40]. This parameter
is set to zero in Section 3.1 in order to focus on the compact type of tumor growth and is varied
in Section 3.3 in order to consider tumors with a mixed type of growth. The value for capillaries’
degradation rate was chosen in order to correspond to experimental observations, which showed
that capillaries with adequate blood filling were very scarce inside the core of the tumors with radii
of several millimeters [41]. The rate of death of tumor cells was taken to be significantly higher
that that of their proliferation. The values of the parameters of function σ(g) could not be assessed
straightforwardly, since the form of this function was chosen for phenomenological reasons. Therefore,
it was merely taken to be rather close to a stepwise function, with the transition of tumor cells from
proliferation to death happening at the concentrations of glucose an order of magnitude lower than
that in blood. Importantly, the use of these values of variables M, gcr, and ε allowed keeping the
concentrations of glucose positive within the necrotic zone.
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Table 1. Basic set of model parameters.

Parameter Description Estimated Value Model Value Based on

B tumor cells’ proliferation rate 0.01 h−1 0.01 [39]
Q tumor cells’ glucose consumption rate 6.2× 10−17 mol/(cells·s) 12 [39]
Dg glucose diffusion coefficient 2.8× 10−6 cm2/s 100 [42]
P angiogenesis parameter 1.1× 10−5 cm/s 4 [29]

gcr critical level of glucose 0.56 mM 0.1 see the text
Dn tumor cells’ motility 2.4× 10−4 cm2/day 0.1 [40]
M tumor cells’ death rate 0.05 h−1 0.05 see the text
R capillaries’ degradation rate 1.7× 10−10 mL/(cells·s) 0.2 [41]
ε tumor cells’ sensitivity to glucose level – 100 see the text

In order to consider the effect of angiogenesis on tumor growth, the value of angiogenesis
parameter P was varied up to a value ten times greater than the basic one. Such a limit was selected as
a very approximate product of two estimated factors. Firstly, experiments in various mouse tumor
models showed that the local density of microvessels near a tumor could increase three to six times [43].
Secondly, in the work [34], it was shown that a 2.5-fold increase in the permeability of tumor capillaries
to glucose due to the action of VEGF was a physiologically reasonable estimation.

2.3. Numerical Solving

During numerical simulations, the set of equations Equation (1) was solved in a region with a
size of several centimeters. The exact size X was adjusted for each case in order to be sufficiently
small to spare computational time without imposing noticeable edge effects, while for all the variables,
the zero-flux boundary condition was used at both edges. The convective flow speed was set to zero at
the left boundary, where x = 0, resulting in the following equation for it:

I(x, t) =
∫ x

0
Bn(r, t) · [1− σ(g(r, t))]dr + Dn

∂n(x, t)
∂x

.

The following initial conditions were used, which represented a normal tissue with a small,
0.01 mm in width, colony of tumor cells, located near the left boundary, where capillaries were absent:

n = 1,
m = 0,
g = 1,
c = 0

f or x <= 0.1;


n = 0,
m = 0,
g = 1,
c = 1

f or x > 0.1. (2)

The method of splitting into physical processes was used for all variables, i.e., kinetic equations,
diffusion equations, and convective equations were solved successively during each time step.
The implicit Crank–Nicholson scheme was used for the glucose diffusion equation. Since the glucose
diffusion term provided maximum rate of local change among all the variables and thus required
a sufficiently small time step even for implicit solving, it was decided to solve the cell migration
equation by a simpler explicit forward Euler scheme, and all kinetic equations by the explicit Euler
method. Convective equations were solved using the flux-corrected transport algorithm with explicit
anti-diffusion stage. The last method was introduced in the work [44], while other classical methods
were described in many books (see, e.g., [45]). The choice of time and space steps is justified in the
following sections. For optimization purposes, the function σ(g) was not recalculated every time;
instead, it was precalculated for about ten thousand values of g, evenly distributed on the segment
[0, 1], and only thusly obtained values were used during the calculations as approximations of the
actual values of σ(g).

The tumor growth speed Vgr(t) was calculated as the rate of change of tumor radius, which was
evaluated as the maximum space coordinate, at which n ≥ 0.1. In all the simulations, after an initial
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transitional period, the speed of tumor growth seemed to tend asymptotically to some constant value.
In order to ensure that this value could be estimated with suitable precision, for each simulation,
the part of the function V(t), obtained after the manually designated initial transitional period, was
fitted via the least-squares method by a function of the form:

Vgr(t) = V +
k

∑
i=1

aie−bit,

wherein the value k = 3 was selected manually as the one providing sufficiently fine approximation.
A simulation was stopped manually if the current tumor growth speed and V, expressed in mm/week,
were equal up to three decimal places. If it did not happen until the proximity of the tumor to the
right boundary notably affected its growth speed, the simulation was rerun in a larger region. Further
throughout the text, this limiting value V is meant for tumor growth speed.

For some simulations, the number of tumor cells was estimated analogically as:

N = lim
t→∞

∫ X

0
n(x)dx,

the integral being calculated numerically by the elementary rectangle rule.
The computational codes were implemented in C++ and can be found in the Supplementary Materials.

3. Results

3.1. Compact Type of Growth

At first, let us obtain an analytical estimation for the growth speed of a solid tumor with zero cell
motility, i.e., Dn = 0, which thus has a purely compact type of growth. For this purpose, let us seek the
solution of Equation (1) in the form of a wave, traveling with constant shape and speed V in an infinite
region. In such a case, the governing equations can be reduced to a system of ordinary differential
equations by introducing the traveling coordinate frame z = x−Vt:

tumor cells: Bn · [1− σ(g)]−Mn · σ(g)− ∂(In)
∂z

+ V
∂n
∂z

= 0;

necrotic tissue: Mn · σ(g)− ∂(Im)

∂z
+ V

∂m
∂z

= 0;

glucose: Pc[1− g]−Qn · [1− σ(g)] + Dg
∂2g
∂z2 + V

∂g
∂z

= 0;

capillaries: −R[n + m]c + V
∂c
∂z

= 0;

where σ(g) =
1
2
[1− tanh(ε{g− gcr})];

I(z) =
∫ z

−∞
Bn(r) · [1− σ(g(r))]dr;

V = lim
z→+∞

I(z).

(3)

The living part of the tumor was considered as a planar front, which propagated towards the right
boundary, which represented the normal tissue, and left the necrotic zone behind it. That is formalized
by the following boundary conditions:

n = 0,
m = 1,
∂g
∂z = 0,
c = 0,
I = 0

f or z→ −∞;



n = 0,
m = 0,
g = 1,
c = 1,
∂I
∂z = 0,

f or z→ +∞. (4)
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Further, in order to obtain an analytically tractable case, let us consider the following limitations:

• ε→ ∞, i.e., all the tumor cells either proliferate or die at a given position at a given moment;
• M→ ∞, i.e., tumor cells die instantaneously;
• R→ ∞, i.e., there are no capillaries inside the tumor.

The last condition is sensible only if the tumor has a clear boundary, i.e.,

∃xb : ∀x > xb, n(x) + m(x) = 0,

These limitations result in the following system:

tumor cells:

{
n = 0 i f g ≤ gcr,

Vn′ − (In)′ + Bn = 0 i f g > gcr;

necrotic tissue: m =

{
1 i f g ≤ gcr,

0 i f g > gcr;
glucose: Dgg′′ + Vg′ + Pc[1− g]−Qn = 0;

capillaries: c =

{
1 i f n + m = 0,

0 i f n + m > 0;

where I(z) =
∫ z

−∞
Bn(r)dr; V = lim

z→+∞
I(z),

(5)

where primes denote differentiation with respect to z.
Finally, let us specify the form of the tumor cells’ distribution in the sought solution as a limiting

case of a piecewise function, which can be equal only to zero and one, like the functions for necrotic
tissue and capillaries’ distribution. Thus, the sought solution has the form depicted in Figure 1,
where the origin of the z-axis is placed at the front of the tumor for convenience. This solution
can be split up into three regions: (1) necrotic core, (2) proliferating rim of yet unknown width L,
in which n = 1 and g > gcr, and (3) normal tissue. The expression for the tumor growth speed is now
simplified to:

V = I(0) = BL.

0-L
0

1

z

n

c/2

m

g

growth

direction

tumor

center

I

necrotic
core

II

proliferating
rim

III

normal
tissue

o

g=g
cr

Figure 1. The form of the solution of Equation (5), which is searched for analytically.

The distribution of glucose has to be found in order to estimate tumor growth speed.
This procedure, described in Appendix A, yields the following implicit expression for L:

1− Q
B
+

QDg

B2L2 [1− e−BL2/Dg ][1− 2

1 +
√

1 + 4DgP/(B2L2)
] = gcr. (6)
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Its numerical solving resulted in L ≈ 1.325 under the values of the parameters used, taken from
the basic parameter set (see Table 1), which led to the tumor growth speed V ≈ 0.223 mm/week.
There was under a ten-fold greater value for angiogenesis parameter, i.e., P = 40, L ≈ 2.602 and
V ≈ 0.437 mm/week, which meant almost a two-fold increase in tumor growth speed. These values
were in good correspondence with the speeds of the in vitro growth of multicellular tumor spheroids,
experimentally obtained in the work [39] (≈0.5 mm/week), based on which several values of the model
parameters were estimated.

The estimation of V can be significantly simplified due to the presence of a small parameter:

δ =
BL2

Dg
=

V
Dg/L

,

the smallness of which is due to the fact that the tumor growth speed should be significantly lower
than the characteristic speed of glucose diffusion within the proliferating rim. For example, for the
values of parameters from their basic set, δ ≈ 1.7× 10−4. Expansion of the expression (6) in a Taylor
series up to o(δ) yields:

gcr = 1− Q
B
+

Q
B
[1−

√
B
P

√
δ− δ

2
(1− B

P
) + o(δ)].

Moreover, it is convenient to neglect B/P as a small parameter compared to one, e.g.,
B/P ≈ 2.5× 10−3 for the basic values of the model parameters. This allows obtaining the equation for
an approximate value of proliferating rim width, L̃:

gcr = 1− Q√
PDg

L̃− Q
2Dg

L̃2,

which can be solved, only its positive root having physical meaning. That leads to the following
formula for approximate tumor growth speed:

Ṽ = BL̃ = B
√

Dg

{√
1
P
+ 2

1− gcr

Q
−

√
1
P

}
, (7)

which under the considered parameter values provides the values of tumor growth speed, equal up to
three decimal places to the ones derived numerically from Equation (6). Note that this expression has
a limit under P→ ∞:

Ṽlim = B

√
2Dg

Q
(1− gcr),

that is ≈0.651 mm/week under the basic set of parameters. Thus, the speed of growth of a considered
tumor cannot increase more than three-fold due to angiogenesis. Under P = 40, it is about two-thirds
of its limit value, while under P = 80, it would be around three-quarters of it.

These estimations allow suggesting that for compactly growing tumors, AAT may provide a
several times decrease of their growth speed. Of note, there is no account for the drainage of necrotic
tissue in the model, while its consideration should enhance the result. Moreover, in this case, AAT
might be able to lead to a complete tumor growth stop, as well as its shrinkage, which is sometimes
observed experimentally [46].

The estimations of tumor growth speed under finite values of ε, M, and R are quite difficult if at
all impossible to perform analytically, and they were performed via numerical simulations. However,
at first, it was examined how well the results, obtained in a numerical experiment, could correspond
to the already obtained analytical estimations. For this purpose, the sets of four simulations with
different time and space steps were conducted for each of the six values of the angiogenesis parameter
within the considered range P ∈ [4, 40]. In each of the simulations, the time step τ and space step h
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related as τ = h2. The values of R and M were chosen to be close to the maximum values allowed by
numerical calculations, i.e., R = M = 0.1/τ. The value of ε was chosen to be 105, which practically
resulted in a stepwise function σ(g) due to the method of its implementation in the code.

The dots in Figure 2a denote the values of tumor growth speed, obtained numerically in these
simulations. The analytically obtained values are designated by crosses of the corresponding colors
on the vertical axis. For every used value of P, the best fit quadratic function was built in order
to approximate the numerical value for the tumor growth speed under h → 0, τ → 0, M → ∞,
and R → ∞. The thusly obtained values were in a good correspondence with the analytical ones,
being only slightly smaller than them. The discrepancy between the values increased with the increase
of P, constituting less than 1% under P = 4 and less than 5% under P = 40. Figure 2b–e shows the
distributions of the model variables on the 20th day of simulations under the values of parameters,
designated by the corresponding letters in Figure 2a. They showed that, expectedly, the numerically
obtained profiles of tumor cells differed from stepwise functions; however, their front edges were
getting steeper under finer discretization. Of note, the tumors that were obtained under coarser
discretization, shown in Figure 2c,e, had greater radii on the 20th day than the corresponding tumors
obtained under finer discretization, shown in Figure 2b,d. This did not reflect the relation between
the growth speeds of the tumors in these simulations, since these profiles were obtained during the
transitional period of tumor growth. As Figure 2a shows, tumor growth speed changed differently
with the refinement of the discretization under different values of P.

P=4

P=8

P=12

P=20

P=30

P=40

n
cn+m

g

n

c
n+m

g

n cn+m

g

n
cn+m

g

mm mm

mm mm

(b) (c)

(d) (e)

b
c

d e

(a)

h

V, mm/week

Figure 2. (a) The dots denote the values of tumor growth speed V, obtained numerically in the
simulations of Equation (1) under designated values of angiogenesis parameter P and space step h,
with time step τ = h2, Dn = 0, R = M = 0.1/τ, ε = 105 and the values of other parameters taken
from the basic set. The dashed lines represent the best fit quadratic functions for every value of P.
The crosses on the vertical axis mark the analytically derived values of tumor growth speed for the
values of P used. (b–e) The distributions of the model variables on the 20th day of simulations under
the values of the parameters, designated by the corresponding letters in (a).

The analogical results, obtained in simulations with the values of parameters ε, R, and M, taken
from the basic set, are shown in Figure 3. With the use of the basic values for these parameter,
the approximated numerical values for tumor growth speed increased modestly for each considered
value of P, becoming≈1.8–2.4% higher than the corresponding analytically estimated values. Certainly,
a further decrease of either ε or R, as well as the increase of either proliferation rate B, or glucose
consumption rate Q, or glucose diffusion coefficient Dg, would lead to a further increase in tumor
growth speed. However, too large alterations of the values of these parameters would lead to
physically meaningless results involving negative glucose concentrations and/or explosive tumor
growth, thus indicating the limitations of the presented model. Of note, the decrease of M by itself
had only a small effect on the tumor growth speed, as well as on the profile of glucose concentration,
but its change largely influenced the border between the profiles of necrotic tissue and tumor cells,
which were considered to be yet alive.
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P=4

P=8

P=12

P=20

P=30

P=40

n
cn+m

g

n

c
n+m

g

n cn+m

g

n
cn+m

g

mm mm

mm mm

(b) (c)

(d) (e)

b c

d
e

(a)

V, mm/week

h

Figure 3. (a) The dots denote the values of tumor growth speed V, obtained numerically in the
simulations of Equation (1) under designated values of angiogenesis parameter P and space step h,
with time step τ = h2, Dn = 0, and the values of other parameters taken from the basic set. The dashed
lines represent the best fit quadratic functions for every value of P. The crosses on the vertical axis mark
the analytically derived values of tumor growth speed for the values of P used. (b–e) The distributions
of the model variables on the 20th day of simulations under the values of the parameters, designated
by the corresponding letters in (a).

3.2. Invasive Type of Growth

Now, let us obtain an analytical estimation for the growth speed of a solid tumor with non-zero
cell motility Dn, but neglecting the bulk motion of tissue elements, expressed in Equation (1) by
hyperbolic terms. Once again, the solution was sought in the form of a wave, traveling with a constant
shape and speed V in an infinite region. The boundary conditions are now modified as:

n = 0,
m = m∗,
g = g∗,
c = 0

f or z→ −∞;


n = 0,
m = 0,
g = 1,
c = 1

f or z→ +∞, (8)

where g∗ and m∗ are introduced as the limiting constant values of glucose concentration and necrotic
tissue fraction at z→ −∞. For the estimation of V, it is necessary to consider the asymptotic behavior
of the solutions at z = ±∞. For this purpose, let us linearize the system (1) at the boundary values (8),
neglecting the convective terms, and thus obtain two systems of ODEs with constant coefficients:

Dnn′′− + Vn′− + Bn− · [1− σ(g∗)]−Mn− · σ(g∗) = 0;
Vm′− + Mn− · σ(g∗) = 0;
Dgg′′− + Vg′− + Pc−[1− g∗]−Qn− · [1− σ(g∗)] = 0;
Vc′− − Rm∗c− = 0.

and: 
Dnn′′+ + Vn′+ + Bn+ · [1− σ(1)]−Mn+ · σ(1) = 0;
Vm′+ + Mn+ · σ(1) = 0;
Dgg′′+ + Vg′+ − Pg+ −Qn+ · [1− σ(1)] = 0;
Vc′+ − R[n+ + m+] = 0,

where primes denote differentiation with respect to z = x−Vt and subscripts − and + refer to the
linearized problems at z → −∞ and z → +∞, respectively. The solutions to these problems should
be sought in the form (n′±, n±, m±, g′±, g±, c±)T ∼ k±exp(µ±z), which reduces these systems of linear
differential equations to eigenvalue problems.



Mathematics 2020, 8, 760 11 of 19

For z→ −∞, the eigenvalues are:

µ−1,2 = 0, µ−3 = Rm−/V, µ−4 = −V/Dg,
µ−5,6 = [−V/2±

√
V2/4 + Dn{Mσ(g−)− B[1− σ(g−)]}]/Dn,

where µ−3 is positive, µ−4 is negative, and µ−5,6 have opposite signs, since Mσ(g−)− B[1− σ(g−)] > 0,
i.e., the death rate exceeds the proliferation rate at sufficiently low values of z, which follows from the
physical meaning of the model.

For z→ +∞, the eigenvalues are:

µ+
1,2 = 0, µ+

3,4 = [−V/2±
√

V2/4 + DgP]/Dg,

µ+
5,6 = [−V/2±

√
V2/4− Dn{B[1− σ(1)]−Mσ(1)}]/Dn,

where µ+
3,4 have opposite signs and, depending on the value of V, µ+

5,6 are either complex numbers
with negative real parts, or real numbers with opposite signs, or both are equal to zero. Therefore,
for sufficiently low values of V, the solution may oscillate for large values of z, yielding regions with
negative values of n and m, which is physically unrealistic. Thus, the following restriction on tumor
growth speed is sufficient for physically reasonable solutions:

V ≥ Vmin = 2
√

Dn{B[1− σ(1)]−Mσ(1)} ≈ 2
√

BDn, (9)

the last two values being extremely close under the basic set of parameters, differing by less
than 10−13% even under a decrease of ε up to the value of 20. For the basic set of parameters,
Vmin ≈ 1.063 mm/week, which was in a good correspondence with the speed of growth of highly
invasive tumors [40]. Formula (9) corresponds well to the well-known result regarding Fisher’s
equation, which can be written out in the notation used herein as:

∂n
∂t

= Bn(1− n) + Dn
∂2n
∂x2 . (10)

For this equation, the range of the speed of monotone waves satisfies:

V ≥ V f
min = 2

√
BDn,

this result not being affected by the alteration of the proliferation term as long as the proliferation rate
tends to B for n → 0. For Fisher’s equation, it is known that if its initial conditions have a compact
support, i.e.,

n(x, 0) = n0(x) ≥ 0, n0(x) =

{
1 i f x ≤ x1,

0 i f x ≥ x2,
(11)

where x1 < x2 and n0(x) is continuous in x1 < x < x2, then the solution n(x, t) of Equation (10)
evolves to a traveling wavefront solution with the speed V f

min = 2
√

BDn [47].
The numerical simulations of the system (1) under the neglect of convective terms with the initial

conditions (2), which represent a function with a compact support, show that they evolve to the
wavefronts, traveling with speeds very close to 2

√
BDn. For the basic set of parameters, numerical

simulations gave V ≈ 1.061 mm/week, yielding the same tumor growth speed up to three decimal
places (as well as the same number of cells N ≈ 1.383) under space steps h = {0.2, 0.1, 0.05, 0.025}
and time steps τ = h2. Thus, much coarser discretization could provide more accurate results for the
considered system under the neglect of convective terms. A dozen simulations under other values of
parameters, chosen randomly from the ranges B ∈ [0.05, 0.3] and Dn ∈ [0.001, 0.4], as well produced
the values of tumor growth speeds that differed from 2

√
BDn by no more than 0.5%.
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Since the considered system could be viewed as an augmentation of Fisher’s model, the obtained
results suggested that the introduced modifications should not affect the wave speed of its solution,
which evolved from a function having a compact support, or at least they should lead to only a
very small correction of it within the physiologically justified range of parameters. Most importantly,
the parameter P is not present in Formula (9), which implies that angiogenesis should not influence the
growth speed of a considered invasive tumor at all. Numerical modeling speaks in favor of this result.
The simulations under six values of the angiogenesis parameter within the considered range P ∈ [4, 40]
yielded tumor growth speeds equal up to three decimal places, which is illustrated by Figure 4a.
The simulations were run with space step h = 0.1 and time step τ = h2 = 0.01, which nevertheless did
not allow saving a sufficient amount of computational time, compared to the simulations of Section 3.1,
since in this case, the tumor growth speed tended sufficiently slower to a constant value, thus requiring
longer simulation on larger domains.

Of note, the number of tumor cells notably grew with the increase of P, as Figure 4a shows,
resulting in an ≈72% increase under 10-fold magnification of the basic value of P = 4. This effect
was well noticeable when comparing the profiles of tumor cells under P = 4 and P = 40, which are
depicted in Figure 4b,c on the 20th day of tumors growth.

n

c

n+m
g

mm

mm

(b)

(c)

c

b

(a)

V, mm/week

P

n

c

n+m
g

Figure 4. (a) The red dots denote the values of tumor growth speed V; the green dots denote the
values of number of tumor cells N, which were obtained numerically in the simulations of Equation (1)
with the neglect of hyperbolic terms (i.e., I = 0) under designated values of angiogenesis parameter
P, values of other parameters, taken from the basic set, space step h = 0.1, and time step τ = 0.01.
The dashed lines are interpolations of data points. (b,c) The distributions of the model variables on the
20th day of simulations under P = 40 and P = 4 correspondingly.

3.3. Mixed Type of Growth

The conclusion of the indifference of invasive tumor growth speed to angiogenesis was valid
under the full neglect of the convective component of tumor growth. However, it was reasonable to
assume that simultaneously accounting for it should nevertheless lead to a non-zero effect of AAT
on the growth speed of an invasive tumor, since the convective component of tumor growth should
be affected by the number of its cells. In order to evaluate the effect of antiangiogenic therapy on
tumors with a mixed type of growth, the sets of six simulations under different values of angiogenesis
parameter P were conducted for eight values of tumor cell motility Dn. As a compromise between
computing resources and accuracy, the values of space step h = 0.01 and time step τ = 10−4 were
used. The obtained tumor growth speeds are designated in Figure 5a, where the data for the case with
zero cell motility, already shown in Figure 3a, is added.

Let introduce the parameter of “maximum antiangiogenic effect” as:

(V|P=40 −V|P=4)/V|P=40,
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which indicates how the tumor growth speed would slow down upon a decrease of angiogenesis
parameter P from 40 to four, the latter corresponding to the normal microvasculature level.
Its dependence on tumor cell motility is shown in Figure 5b, while under Dn = 0, it was ≈48%.
The graph suggests that the effect of mono-AAT should inversely correlate with the invasiveness
of the tumor; however, it should be non-zero even for highly invasive tumors, since the maximum
antiangiogenic effect, obtained under high values of tumor cell motility, Dn = 0.1 and Dn = 0.33,
was ≈13% and ≈11%, correspondingly.

D
n

(V|
P=40 

- V|
P=4

) / V|
P=40

Dn
=0.001

D
n
=0.0033

D
n
=0.01

D
n
=0.033

D
n
=0.1

D
n
=0.33

D
n
=3.3·10-4

P

V, mm/week

(b)

(a) D
n
=10-4

Dn
=0

Figure 5. (a) The dots denote the values of tumor growth speeds V, obtained numerically in the
simulations of Equation (1) with space step h = 0.01 and time step τ = 10−4, under designated values
of angiogenesis parameter P and tumor cell motility Dn and the values of other parameters taken from
the basic set. The dashed lines are interpolations of data points. (b) The graph of “maximum angiogenic
effect”, based on the data, shown in (a), which shows how the tumor growth speed would slow down
upon the decrease of angiogenesis parameter P from 40 to four under designated values of Dn.

An interesting property of the considered tumors with a mixed type of growth was the fact that
their growth speed was not equal to the sum of two speeds: Vcomp that was obtained in the absence of
cell motility—i.e., during purely compact growth—and Vinv ≈ 2

√
BDn that was obtained in absence

of convective flows—i.e., during purely invasive growth. This property is illustrated in Figure 6,
which shows the dependence of the parameter (V −Vcomp)/Vinv on P for different Dn. This parameter
may be treated as the ratio of the increase in tumor growth speed, caused by the mobilization of
initially immotile cells, to the speed of pure invasive growth itself. The reason for the non-additivity of
the growth speeds was the fact that the redistribution of the tumor cells, caused by their migration,
led to the change in the number of cells in the proliferating state and altered the convective velocity
field. This effect had an ambiguous character. Firstly, the protrusion of tumor cells’ profile towards the
region with a normal density of microvasculature led to the increase in the effective rate of capillaries’
degradation, which resulted in a decrease of glucose inflow to the tumor and a subsequent decrease
of the pool of proliferating cells. Secondly, this protrusion itself enlarged the pool of tumor cells,
located in the region with a concentration of glucose sufficient for their proliferation. The first aspect
dominated under small values of Dn, leading to a much smaller increase in tumor growth speed, than
2
√

BDn. This effect was more pronounced under high values of P, since in this case, tumors had more
cells, and therefore enlarged sizes of such protrusions that led to accelerated degradation of capillaries.
According to the simulations, a tumor with motile cells may even grow slower than the same tumor
with immobilized cells. The second aspect dominated under high values of Dn, resulting in the fact
that the tumor growth speed was higher than Vconv + Vdi f under Dn = 0.33 for all the considered
values of P.
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Figure 6. The dots denote the ratios of the differences of tumor growth speed V and Vcomp, which is
the growth speed of the same tumor under zero cell motility, to Vinv, which is the growth speed of
the same tumor under the neglect of convective flows. All values were obtained numerically in the
simulations of Equation (1) with space step h = 0.01 and time step τ = 10−4 under designated values
of angiogenesis parameter P and tumor cell motility Dn and the values of other parameters taken from
the basic set. The dashed lines are interpolations of data points.

4. Discussion

The goal of this paper was to study, by means of mathematical modeling, the effect of
mono-antiangiogenic therapy (AAT) on monoclonal tumors, which have different types of growth.
The analytical estimations performed allowed suggesting that AAT may provide a several times
decrease of growth speed for compact tumors, but the decrease of growth speed for invasive tumors
should be much less significant. Thus, the tumors, which initially had an invasive phenotype,
should possess intrinsic resistance to AAT, while compactly growing tumors should be more susceptible
to it. This conclusion corresponds well to the preclinical and clinical data [21,23]. To the best of my
knowledge, this effect was not reproduced before via a continuous model of tumor growth, while this
ability of the model should be crucial for the investigation of AAT.

The presented model was built on the fundamental principle that the diffusion and consumption of
nutrients limit the growth of a solid tumor. This principle underlines a multitude of existing continuous
models that account for spatio-temporal interactions between tumor cells and nutrients (see, e.g., [48]
for a review). The main distinguishing feature of the presented model was the simultaneous accounting
of the intrinsic motility of malignant cells and the convective motion, arising due to their proliferation,
which allowed considering two types of tumor growth, as well as their combination. Despite the
relative simplicity that this approach has under the assumption of the spherical symmetry of a tumor,
it is relatively rarely used, and usually one of the two types of tumor growth is ignored in continuous
models. Some of the few exceptions were the work [49], which provided a theoretical justification for
the phenomenon of the dominance of a metastatically active population in an avascular heterogeneous
tumor, and the work [50], which explained from a theoretical point of view the effect of tumor cells’
migration within a multicellular tumor spheroid. The works [51,52], which also utilized such an
approach, were devoted to the investigation of the fingering instability of the avascular tumor surface
in the two-dimensional case. This instability could be regarded as a way for a tumor to counteract the
diffusional limitations of nutrient inflow. While this phenomenon may affect the tumor growth speed
quantitatively, the main qualitative results of the presented work, obtained under the assumption of
radial symmetry, could hardly be affected in higher dimensions.

The presented model accounts for glucose as the main nutrient, since it is an indispensable
substrate for cell division [28], while most of the relevant models consider tumor cell proliferation to
be dependent on oxygen [48]. While such a difference may not be of major importance to the model
presented herein, as well as to the models of avascular tumor growth, it should be noted that the



Mathematics 2020, 8, 760 15 of 19

approach for modeling the dynamics of oxygen with implicit accounting of tumor vasculature should
differ from that for glucose due to the specific features of their blood transport, transvascular transport,
and tumor metabolism, which were discussed in the previous paper by our research group [34].

The account of angiogenesis, utilized herein, is rather schematic; however, it allows considering
the two major effects of AAT on a qualitative level, allowing performing analytical estimations
that suit the purposes of this work. Under more straightforward consideration of angiogenesis,
i.e., the introduction of a separate variable for VEGF, which would affect the dynamics of capillaries,
one would obtain a distribution of capillaries with non-uniform alterations in their density and
permeability [27,34]. However, for every simulation of such an extended model, there will exist a
corresponding value of P, which would provide the same increase in tumor growth speed in the
simplified model presented herein. Interestingly, the analytical expression for the speed of growth of a
compact tumor with no capillaries inside it allowed obtaining a limit of its growth speed under the
infinite increase in the number of capillaries and/or in their permeability. However, the estimations
with physiologically based values of parameters suggested that achieving more than ≈ 80% of this
limit value of speed was unlikely for real tumors. The analytical expression for the speed of growth
of invasive tumor indicated that angiogenesis did not influence it at all under the neglect of the
convective component of tumor growth, which was confirmed by numerical simulations. However,
the simulations, which accounted for both reasons of growth, suggested that in terms of tumor speed
reduction, the maximum possible angiogenic effect for highly invasive monoclonal tumors should be
around 10–15%.

Importantly, the neglect of convective motion would have led to the misleading conclusion of
the indifference of tumor growth speed to angiogenesis for low-invasive tumors as well, since it was
not affected by the exact value of tumor cell motility. It should be noted that the accounting of the
convective component of tumor growth should be also crucial for modeling of other types of antitumor
therapy, since the decrease in the number of tumor cells, caused by any treatment, in reaction-diffusion
models should lead to an underestimated decrease of tumor growth speed.

The numerical simulations performed highlighted the non-additive character of the two types
of tumor growth. Namely, the addition of a small enough motility to initially immobilized tumor
cells should lead to a notably smaller increase in tumor growth speed that could be expected from
the analytical estimations of the speed of tumor invasion. Interestingly, the simulations suggested
that a low-invasive tumor may even grow slower than the same tumor with immobilized cells.
Under sufficiently high cell motility, on the contrary, the two types of tumor growth produced a
synergistic effect.
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Appendix A. Analytical Estimation of Compact Tumor Growth Speed

The distribution of glucose in Figure 1 is searched as a piecewise function that must be
continuously differentiable for the continuity of glucose concentration and its flow:

g(z) = gI(z), z < −L;
g(z) = gI I(z), − L < z < 0;

g(z) = gI I I(z), 0 < z;

g(−L) = gI(−L) = gI I(−L) = gcr, g′I(−L) = g′I I(−L);
g(0) = gI I(0) = gI I I(0), g′I I(0) = g′I I I(0).

Within the necrotic core, the equation for glucose turns into:

Dgg′′I + BLg′I = 0,

the general solution of which is:
gI = CI

1 + CI
2e−BLz/Dg ,

for which the boundary conditions allow only for:

gI = gcr.

Within the proliferating rim, the equation for glucose is converted into:

−Q + Dgg′′I I + BLg′I I = 0,

the general solution of which is:

gI I = CI I
1 + CI I

2 e−BLz/Dg +
Qz
BL

.

Stitching of gI and gI I at z = −L yields:

gI(−L) = gI I(−L) : gcr = CI I
1 + CI I

2 eBL2/Dg − Q
B

;

g′I(−L) = g′I I(−L) : 0 = −BL
Dg

CI I
2 eBL2/Dg +

Q
BL

.

Therefore:
CI I

1 = gcr +
Q
B
[1−

Dg

BL2 ]; CI I
2 =

QDg

B2L2 e−BL2/Dg .

For normal tissue, the glucose equation transforms into:

P[1− gI I I ] + Dgg′′I I I + BLg′I I I = 0,

the general solution of which is:

gI I I = 1 + CI I I
1 exp(

−BL−
√

B2L2 + 4DgP

2Dg
z) + CI I I

2 exp(
−BL +

√
B2L2 + 4DgP

2Dg
z).
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Since the glucose concentration is limited at z→ +∞, then CI I I
2 = 0. Stitching of gI I and gI I I at

z = 0 results in:

gI I(0) = gI I I(0) : CI I
1 + CI I

2 = 1 + CI I I
1 ;

g′I I(0) = g′I I I(0) : −BL
Dg

CI I
2 +

Q
BL

=
−BL−

√
B2L2 + 4DgP

2Dg
CI I I

1 .

Substituting the values of CI I
1 and CI I

2 into these equations allows obtaining the following implicit
expression for L:

1− Q
B
+

QDg

B2L2 [1− e−BL2/Dg ][1− 2

1 +
√

1 + 4DgP/(B2L2)
] = gcr. (A1)
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