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Abstract: In this paper, we study the existence of limit cycles of planar piecewise linear Hamiltonian
systems without equilibrium points. Firstly, we prove that if these systems are separated by a parabola,
they can have at most two crossing limit cycles, and if they are separated by a hyperbola or an ellipse,
they can have at most three crossing limit cycles. Additionally, we prove that these upper bounds are
reached. Secondly, we show that there is an example of two crossing limit cycles when these systems
have four zones separated by three straight lines.
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1. Introduction

The problem of the existence of limit cycles and mainly the problem of controlling their maximum
number are two of the most difficult problems in the qualitative theory of differential systems in the plane.
We solve these two problems for the class of discontinuous piecewise differential systems here considered.

We recall that a limit cycle is a periodic orbit of a differential system, which is isolated in the set of all
periodic orbits of the system.

Limit cycles appear in a natural way in many applications. Thus, recently, the problem of the existence
and the number of limit cycles has also been studied for discontinuous piecewise linear differential systems;
this study goes back to Andronov et al. [1] and still has been given attention by researchers, mainly due
to its simplicity and to its applications to a large number of phenomena, such as switches in electronic
circuits, mechanical systems, etc.; see for instance [2—4], the books [5,6], and the hundreds of references
quoted therein.

Lum and Chua [7] conjectured that a continuous planar piecewise linear system with two zones
separated by a straight line can exhibit at most one limit cycle. Freire et al. [8] proved this conjecture in
1998. For the planar discontinuous piecewise linear systems, Han and Zhang [9] conjectured that these
systems can have at most two crossing limit cycles when we separate them by a straight line, but Huan and
Yang [10] gave a numerical example with three limit cycles; this result was proven analytically by Llibre
and Ponce [11]. In 2015, Llibre et al. [12] proved that if we separate the planar discontinuous piecewise
linear differential centers by a straight line, we cannot have any limit cycle. Recently, in the works [13-16],
planar discontinuous linear differential centers separated by an algebraic curve, such as a conic, or a
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reducible and irreducible cubic, were studied, and it was proven that these differential systems can exhibit
at most three crossing limit cycles having two intersection points with the conic of separation; the same
result was proven if the curve of separation was a cubic.

In the literature, we find many papers studying piecewise smooth vector fields with two zones,
and few papers for three and four zones.

In this paper, we consider planar piecewise linear Hamiltonian systems without equilibrium points.

Our first objective is to provide the exact maximum number of crossing limit cycles of planar
discontinuous piecewise linear Hamiltonian systems without equilibrium points (PHS) and separated by a
conic X.. We follow the Filippov rules for defining the flow of the piecewise differential systems on a line of
discontinuity; see [17].

We know that any conic takes nine canonical forms, but the four following forms: x> +1 = 0,
x2+y? = 0, and x?> + y*> + 1 = 0 do not separate the plane in connected regions, then we omit them.
We do not study the crossing limit cycles separated by the conic x?> — 1 = 0, because in [18], it was proven
that PHS with three zones separated by two parallel straight lines have at most one crossing limit cycle.

The second objective of this paper is to study the crossing limit cycles of piecewise smooth differential
systems such that in each piece, the differential system is linear, Hamiltonian, and without equilibrium
points. Then, easy computations show that such differential system in each piece must have a vector field
of the form:

Xi(x,y) = (=Abix + by + i, —A2bix + Aiby + 6;),

0; # Ay and b; # 0, withi = 1...4. Their corresponding Hamiltonian function is:
H;(x,y) = (=A7b;/2)x* + Aibixy — (bi/2)y* + 6ix — vy
For more details, see [18].

1.1. Crossing Limit Cycles for Planar Piecewise Linear Hamiltonian Systems without Equilibrium Points Separated
by a Conic

In this subsection, we give the upper bound of crossing limit cycles of PHS separated by a parabola,
P:y — x* = 0, by a hyperbola H: x> — y?> — 1 = 0, or by an ellipse E: x> +y? — 1 = 0.

We consider only the crossing limit cycles that intersect the conics in exactly two points, and for this
reason, we will not study the crossing limit cycles separated by two intersecting straight lines xy = 0.

Our first main result is the following.

Theorem 1. The following statements hold.

(a)  The maximum number of crossing limit cycles of PHS intersecting the parabola P at two points is at most
two, and this maximum is reached; see Figure 1.

(b)  The maximum number of crossing limit cycles of PHS intersecting the hyperbola H at two points is at most
three, and this maximum is reached; see Figure 2.

(c)  The maximum number of crossing limit cycles of PHS intersecting the ellipse E at two points is at most three,
and this maximum is reached; see Figure 3.
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Figure 1. Two crossing limit cycles of planar discontinuous piecewise linear Hamiltonian systems (PHS)
intersecting the parabola at two points.
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Figure 3. Three crossing limit cycles of PHS intersecting the ellipse at two points.

The proof of Theorem 1 is given in Section 2.
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1.2. Crossing Limit Cycles for Planar Piecewise Linear Hamiltonian Systems without Equilibrium Points with
Four Zones

In this subsection, we study the existence of crossing limit cycles of the planar piecewise linear
Hamiltonian systems without equilibrium points with four zones:

Xi(x,y), x<-1,
_ ) X(xy), -1<x<0,
X(xy) = X3(x,y), 0<x<1, @
Xa(x,y), x>1

satisfying the condition:
C. The vector fields Xj, Xp, X3, and Xy are linear and Hamiltonian without equilibrium points.
Our second results are the following.

Theorem 2. Continuous planar piecewise Hamiltonian systems without equilibrium points with four zones
satisfying C have no crossing limit cycles.

Theorem 3. There are discontinuous planar piecewise Hamiltonian systems without equilibrium points with four
zones satisfying C, exhibiting exactly two crossing limit cycles; see Figure 4.

Figure 4. Two crossing limit cycles of PHS with four zones.
The proofs of Theorems 2 and 3 are given in Section 3.

2. Proof of Theorem 1

Proof of Statement (a) of Theorem 1. In the region Ry = {(x,y) : y — x> > 0}, we consider the planar
discontinuous piecewise linear Hamiltonian systems without equilibrium points:

x=-Mbix+biy+7, §=-Mbx+Aby+d, 2)
with by # 0and 81 # A171. The corresponding Hamiltonian function is:
Hi(x,y) = —(A2b1/2)x* + Aibyxy — (b1/2)y? + 61x — 11y ©)

In the region Ry = {(x,y) : y — x> < 0}, we consider:
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X =—Abyx + by +72, Y= —A3bax + Aaboy + &, 4)
with by # 0 and 8 # Ay7y2. The corresponding Hamiltonian function is:
Ha(x,y) = —(A3b2/2)x% + Asboxy — (b2/2)y? + d2x — 72y. )

In order to have a crossing limit cycle that intersects the parabola y — x> = 0 at the points (x;,y;) and
(xx, yx ), these points must satisfy the following system:

Hy(x;,yi) — Hi(xk, yx) =0,
Hy(x,yi) — Ha(x, i) =0,
yi - xl‘z = 0/
Yk — x,% =0.

(6)

We suppose that the two systems (2) and (4) have three crossing limit cycles. Then, System (6) must
have three pairs of points as solutions, namely p; = (r;,7?) and q; = (s;,s?), with i = 1,2,3. Due to the fact
that these points satisfy System (6) and if we consider the points p; = (r1,7?) and g1 = (s1,53), solving the
first two equations of (6) with respect to the parameters y; and 7, we get:

1

2(r1 + 1)
+2b15%/\1 — blrl/\% — b]Sl/\%),

Y1 = (—rlri” — blr%sl — blrls% — blsi’ + 251 + 2b11’%)\1 + 2b11’151)t1

and 1, has the same expression that y; changes (b1, A1,61) by (b2, A2, 82).
If the second points py = (r2,73) and g2 = (sp,53) satisfy System (6), then solving the first two
equations of (6) with respect to the parameters J; and Jp, we get:
b (—131y — 1173 + 121981 — 1381 + 1171287 + 1285 + 135y
20 —r2t s —s3)" 1 2T 2 1 171"

—rlrgsz + r%slsz - r%slsz + rls%sz + s%sz - rlrzs% - rzsls% — rlsg — slsg

—21’%1’2/\1 + 27’11’%/\1 —2r1181A1 + 21’%51)\1 — Zrzs%Al — 27’%32/\1 + 2111289\
—2r15152A1 + 21251501 — 2535947 + 2r153A1 + 25155M1),

5 = 3

and &, has the same expression that §; changes (b1, A1) by (b2, A2).
Finally, we suppose that the points p3 = (r3,73) and g3 = (s3,s3) satisfy System (6), then the
parameters A1 and A, must be A; = A/B where:

A= ri(rp—r3+sy—s3)+risy(ra—r3+s3 —53) +13(r3 — 51+ 53) + 1352(r3 — 59
+s3) +1r1(—13 + 13 — 1357 — 135y + 5955 — S5 + ra(s? — 53) + 1353 — §353 + 1353
+53) + (51— 52) (3 + 1353 + (51— 53) (52 — 53) (51 + 52 + 53) — 13(5% + s152 + 53
R e A S MO A AT S

B = 2((s1 —s2)(r3+ (51— 3)(52 — 53) — r3(s1 + 52 —53)) + 13 (r2 — 13 + 52 — 53)
+7’%(1’3 —s1+s3) + r1(—r% + r% — 7381 +r2(s1 — $2) + 5182 — s% + 7383 — 5153
—i—s%) - 1’2(7% +7r3(—s2+53) — (51 —53)(51 — 2 +53))-

Az has the same expression that A1 changes by by by.
We replace 71, A1, and é1 in the expression of Hi(x,y) and 72, Ay, and 4, in the expression of Hp(x,y),
and we obtain Hy(x,y) = Ha(x,y). Therefore, the piecewise linear differential system becomes a linear
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differential system, which does not have limit cycles. Therefore, the maximum number of crossing limit
cycles in this case is two.

Example with two limit cycles. Consider the planar discontinuous piecewise linear Hamiltonian
system without equilibrium points separated by the parabola P:

¥ =55x—05y+3, y=0605x—>55y+0.2;
in the region Rj, its corresponding Hamiltonian function is:
Hi(x,y) = 30.25x% — 5.5xy + 0.2x + 0.25y> — 3y.
The second system is:
X =02x—0.1y —0.778814, y = 0.4x — 0.2y + 0.00727332;
in the region Rj, its corresponding Hamiltonian function is:
Hy(x,y) = 0.2x* — 0.2xy + 0.00727332x + 0.05y> + 0.778814y.

Now system (6) has the two solutions (a1, B1,71,61) = (0.191567..,0.0366978.., —0.191502..,0.036673..) and
(a2, B2, 72,62) = (0.395114..,0.156115.., —0.372692..,0.138899..). Which provide the two limit cycles shown
in Figure 1. This completes the proof of Statement (a) of Theorem 1. [

Proof of Statement (b) of Theorem 1. In the region R; = {(x,y) : x> — y* — 1 > 0}, we consider the PHS
given in (2). Its corresponding Hamiltonian function is given by Equation (3).

In the region Ry = {(x,y) : x> —y* — 1 < 0}, we consider the PHS given in (2). Its corresponding
Hamiltonian function is given by Equation (5).

In order to have a crossing limit cycle that intersects the hyperbola x> — y?> — 1 = 0 at the points
(xi,y;) and (xy, yx), these points must satisfy the system:

Hy(x;,yi) — Hi(xk, yx) =0,
= O’

Hy(x,yi) — Ha(xk, Yi) )
2 _y?2 =1

xl yl ’

¥ —v=1

We assume that the two systems (2) and (4) have four crossing limit cycles. Therefore, System (7)
must have four pairs of points p; = (coshr;,sinhr;) and q; = (coshs;,sinhs;) for i = 1,2,3,4 as
solutions. Since these points satisfy System (7), we consider the points p; = (coshry,sinhr;) and
g1 = (cosh sy, sinhsq), and from (7), we obtain that the parameters 1 and y, must be:

1
v = S(sinhr, simhs)) (261 cosh 7y — by A2 cosh? rq + by A3 cosh? s — 2 cosh sy (03

+b1A1 sinh Sl) + by (* sinh? rn+M Sinh(zrl) + sinh? Sl)-

If we change (b1, A1, 61) by (ba, A2, 67) in the expression of 1, we get the expression of 7».
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We suppose that the second points p; = (coshr,,sinh ;) and g, = (cosh sy, sinh s, ) satisfy System (7),
then the parameters J; and J, must be:

51 =

1

# cosh (M5 ) —cosh (155 =22))

sinhr, + /\% cosh? s1 sinh 7, — sinh? 71 sinh 7, 4+ A4 sinh(2r1) sinhry + sinh rq sinh? r,
—A1 sinhry sinh(2rp) + A3 cosh? 5 (sinh r; — sinh s1) — sinh? r, sinh s; 4 Aq sinh(2r5)
sinhs; + sinh 7, sinh? s; + )\% cosh? sp(—sinhrq + sinhsy) — Aq sinh 7, sinh(2s7)

+A2 cosh? r; sinh sy — A2 cosh? s sinh sy + sinh? r; sinh s, — A1 sinh(2r;) sinh s,

— sinh? s1 sinh sy 4+ A4 sinh(2s1) sinh s; — sinh7; sinh? s, + sinhs; sinh? s,

+Aq (sinh r1 —sinh s; ) Sil’lh(2$2) ) )

_a )(—A% cosh? ry

n
(bycsch( 5

If we change (b1, A1) by (bz, A2) in the expression of 1, we obtain J;.

Now, we suppose that points p3 = (coshrs,sinhr;) and g3 = (coshss, sinhs3) satisfy System (7),
then we obtain two values of A1 (we name them /\51) and Agz)) and two values of A, (we name them /\21
and /\éz)). The first value of A is given by /'\51) = (A—-(1/2)VB)/Cand Agz) = (A+(1/2)VB)/C, where:

B = —4(cosh

A = —sinh

(rl—rz—r3+sl—sz—353 rl—rz—r3+sl—3sz—53)

2 2
r1—1p—3r3+51 —S) — 53 r — 37’2—1’3+Sl—52—53

2
3r1+1rpy—r3+51+5—s3 T1+31’2*1’3+51+52*53

2
3r — rz+r3+sl—sz+53 r1—72+3r3+51—sz+53

r — r2+r3+351—sz+53 r1—r2+r3+sl—sz+353

2

)
( )
(r +1rp—r 4235 45— )
(1 2—13 11852 3)
( )-
( )-

)
)
1’1+1’2—1’3+51—|—352—53)
)
)

sinh (

> — cosh >
71—ty —3r3+51 —Sp) —S3 1 —3rp —7r3+51 —Sp — S3
)fcosh< )

1—r2—r3+sl—52—333> rl—rz—r3+sl—3sz—53)

2 2
3r1+ry—r3+51+5 —s3 1’1—|—31’2—1’3+51+52—S3

r1+r2—r3+sl + 355 — 53

r1—r2+3r3+sl—sz+53

osh (
+ cosh (
(

4 cosh 3r1—72+r3+sl—52+53> cosh
—l—cosh( r2+r3—;3sl—sz+53) Cohz(rl—r2+r3—;sl—sz+353 )
+4(sinh(r1—r2—73251—52—353) 7sinh(rl—r2—rg+sl—352—53)

2
(1’1*1’2*31’3+S1*52*S3 731’2*1’3+S1*52*53)

+ sinh

2 2
3r1+1ry—r3+51+5 —s3 r1+3rpy —r34+51+5 —5s3

2
1+r2—r3+51+352—53)

2
ry—1y+3r3+51 —s3+5s3

|
2.
=]
=
/‘\/‘\/‘\

2
r1—1y+r3+3s1 —s)+5s3
2

)
Er1+r2r3+351 +szs3§
3r1—r2—|—r3%i—sl—sz—0—53
( )
( )

(rl—r2+rggi-sl—sz+353)>
2 ,
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and the expression of C is:

r1—7ty—r3+85] —Sy—3s rH—1ty—r3+51—3sp—5s
112 —7r37T5 —5 3>—cosh(1 2 13715 2 3)

C= COSh( > >

+Cosh(r1—r2—3r3+sl—sz—53 oh< 3r2—r3+sl—52—53)
31’1—|—1’2—7’3+Sl+82—53 1’1+31’2—7’3+Sl+52—53
fcosh< ) )
1’1‘|‘1’2*1’3+351+52 S3 1’1‘|‘1’2*1’3+51+352753
— cosh ) )
371—7’2—1—734—51—524-53 rl—r2+3r3+sl—sz+53
—i—cosh( ) )
+cosh<rl r2+r3—;3s1—52+53) Cosh<r1—r2+r3+sl—sz+353>

We get the expression of )\él) and )\g) by changing by by b, in the expression of /\il) and )\Ez), respectively.
We replace 1, 61, and Agi) in the expression of Hy(x,y) and 7, d, and )\g) in the expression of
Hy(x,y), and we obtain Hy(x,y) = Hy(x,y), for i = 1,2. Hence, in these cases, the piecewise linear
differential system becomes a linear differential system, which does not have limit cycles. Therefore,
the maximum number of crossing limit cycles in this case is two.

Now, we consider either )\(2) and Agl) or A(l) and )\(2) by replacing the expressions of 7y, 1, and /\(2)

(resp. )L( ) in the expression of Hy(x,y) and 72, d2, and )\ (resp )\ )Y in the expression of Hy(x,y);
we have Hl(x y) # Ha(x,y).

Then, we assume that points ps = (coshry,sinhry) and g4 = (coshsy, sinhs,) satisfy System (7),
then we obtain b; = 0 and b, = 0. This is a contradiction because by the assumptions, they are not zero.
Then, we proved that the maximum number of crossing limit cycles for PHS separated by a hyperbola is at
most three.

Example with three limit cycles. We consider a PHS separated by the hyperbola H:

1
¥=—014.x+ 14y + 5, §=—00l4x+0.14y +19, ®)
in the region Ry = {(x,y) : x> — y*> — 1 < 0}. It has the Hamiltonian function:

Hy(x,y) = —0.007..x% + 0.14xy + 1.9x — 0.7y — %

Now, we consider the second PHS:

% =5x— % —7.14286., 1 = 50x — 5y — 67.8571.., )

in the region R, = {(x,y) : x> —y> —1 > 0, x > 1}. This differential system has the Hamiltonian function:

2
Ha(x,y) = 25x% — 5xy — 67.8571..x + yZ +7.14286..y.

The PHS (8)-(9) has exactly three crossing limit cycles, because the system of equations:

Hy(a,B) — Hi(7,0) =0,

Hy(a, B) — Ha(7,90) =0,

zx2—,32—1=0, (10)
Y- -1=0,
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has three real solutions (a1,B1,71,61) = (3.99376...,3.86653...,3.31341..., —3.1589..),
(a2, B2, 72, 62) = (3.43842...,3.28979..., 2.86513..., —2.68496..), and (a3, B3, 73, 63) =
(2.64219..., 2.44565...,2.2285..., —1.99154...); see Figure 2. O

Proof of Statement (c) of Theorem 1. We consider the PHS given in (2) in the region R; = {(x,y) :
X%+ y2 —1 >0}, with its corresponding Hamiltonian function (3).

We consider the PHS given in (2) in the region Ry = {(x,y) : x> + y*> — 1 < 0}, with its corresponding
Hamiltonian function (5).

In order that Systems (2) and (4) have crossing limit cycles intersecting the ellipse x*> + x> — 1 = 0 at
the points (x;,y;) and (xg, yx), they must satisfy the system:

Hi(x;,y;) — Hi (X, yx) =0,
Hy(xi,yi) — Ho(xk, yx) = 0,
xl2 +ylz - 1/
x% + y% =1.

(11)

We suppose that Systems (2) and (4) have four crossing limit cycles. Therefore, System (11) must have
four pairs of points p; = (cosr;, sinr;) and q; = (coss;, sins;) fori = 1,2,3,4 as solutions. Therefore, if we
consider the points p; = (cosry,sinry) and g1 = (cos sy, sinsy), from (11), we obtain that the parameters
v1 and 7y must be:

1
m(&h cosry + by cos(2r1) — byA% cos(2ry) — 461 cos s — by cos(2s1)

+b1A2 cos(2s1) + 2by Aq sin(2r1) — 2b1Aq sin(2s7)).

M=

If we change (b1, A1, 61) by (ba, A2, 67) in the expression of 1, we get the expression of 7».
Now, if the second points p, = (cosry,sinry) and go = (cos s, sinsy) satisfy System (11), then the
parameters 61 and J, take the values:

5 = rpcos((ry +s1)/2) esc((ra — $2)/2) esc((ry —ra+ 51 —$2)/2) (/\% cos? 1y sin

4(sir1r1 — sinsl)

—A2 cos? sy sinry — 24 cosra sinry sinry + sinry sin? ra + 21 cos(rq + 51)
sinrysin(ry — s1) — A3 cos? rp sinsy 4 A% cos? sp sinsy + 214 cosr, sinr; sin's
—sin?rp sinsy — sinry sin(ry — s1) sin(ry +s1) + /’\% sinry sin(r; — s1) sin(rq + s1)
—2Aq cos(r + s1) sin(ry — s1) sinsy + sin(r; — s1) sin(r; + s1) sinsy — A%

sin(r; — s1) sin(rq + s1) sins, — sinry sin? s, 4 sin sy sin® s, + A sin 7y sin(2sy)
—Aq sins; sin(2sy)).

If we change (b1, A1) by (b2, Ay) in the expression of d;, we obtain 6.
If we assume that the points p3 = (cosr3,sinr3) and g3 = (cos s3, sin s3) satisfy System (11), then we
obtain two values of A, namely /\51) and /\52), and two values of Ay, namely )\gl) and )\éz), such that

MY = (A+ VB)/Cand AP = (A — V/B)/C, where:
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. (Y1 —Tp—T13+5S] —Sy —3s3
A= fsm( > )
. 71—ty —3r3+51 —Sp) —S3
(1R )
. 3r1+1rp—r3+51+5p)—53
—sm( . )
_sin(r1+rz—r3+351+sz—53>
2
) (3r1—r2+r3+sl—sz+53)
-+ sin
. (71—r2+73+351—52+83)
-+ sin
2
B = cos(

-+ cos

(r1—72—3r3+sl—52—53

2
3ri+rp—r3+51+s2—5s3

— COSs 2
r1+ry—r3+3s1+5s)—s3

2
3ri—1ry+r3+51 —52+ 53

2
r1—T2—13+51 —5Sy)— 353

(

( 2

(1’1 ro + 13+ 351 —sp + 53
(

2
r1—1ty—3r3+5 —S) — 53

2
3ri1+rp—r3+51+5s2—5s3

2
3ri —rp+r3+51 —5y+s3

2
r1—712+13+3s1 —s)+ 53
2

)-

2 ) -

r1 +r2—r3+3sl+sz—53)
)

)

(
(
+sin(
(
(

and the expression of C is:

C:
2
rl—r2—3r3—|—sl—sz—53

+ cos (
Sr1+r2—r3+s1 + 5y — 33

— COS

— COS

1’1‘|‘1’2*1’3+351 +52753)

(
(

1 cos (371—7’2—1—734—51—524-53
cos

r1—r2+r3+3s1—52+53)

r1—r2—r3+51—52—353 r1—1y—1r3+51
— cos

)-

)+

) +cos
) -

)-

)-

r1—71y—r3+51 —5y)—3s
cos(l 2 I3 TS5 =85 3)_

r—ty—7 +s 35 —s
1s (1 213 1— 982 3)
3 _ _ _
L n(r1 10 1’3+Sl So 53)
<r1+3r2—r3+sl+sz—53>
+ sin
— 35, —
+sm<r1+r2 r3+sl+ So 53)
<r1—r2+3r3+sl—sz+53>
sm

n<1’1—7’2+1’3+51—52+353

—352—53)

2
31’2—1”3-0-51—52—53

CcOos (

71 +3r2—r3+sl —|—52—53)
(1’1+1’2—7’3+51+352—53)
3

(1’1 71’2+31’3+51 — Sp + 83
COSs

2<r1—r2+73+sl—sz+35 )
COS

r—r—r+s 3sy — s
Sm(l 2 3 1 — 952 3)

T — 372—73+51—SZ—S3

sin

1’1*1’2+31’3+51*52+53

( )
(71 —|—3r2—V3+51 +Sz—53)
(r +r2—r3+sl+3sz—53)
n ( )

3

Q1 —1ty—13+s
05(1 3 1

2
3r2—r3—|—sl—52—53

—352—53)

+
1’1+1’271’3+51 + 35y — 53
+ cos

7’1—7’2+37’3+51—52+S3

os (r1+3r2—r3—|—sl +SzS3§
)
— Cos )

r—r r S1—S 3s
05(1 2+3+1 2+ 3)‘

2

in2 1’1—1’2+7’3—|—S1—Sz+35
s ( 2 )

10 of 14

The expressions of /\gl) and Agz) are the same as the expressions of )\gl) and Agz)’ respectively, if we
change by by bs.
in the expression of Hj(x,y) and 7;, 6, and )Lg)
= Hj(x,y) fori = 1,2. Therefore, the maximum number of crossing limit

We replace 1, 61, and /\gi)
Hj(x,y), and we obtain H; (x,y)

cycles in these cases is two.

in the expression of
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Now, we consider either AEZ) and /\gl) or Agl) and Aéz), by replacing the expressions of ¥, 1, and /\52)

(resp. Agl)) in the expression of Hj(x,y) and 1, &, and /\gl) (resp. /\éz)) in the expression of Hy(x,y),
and we get two different expressions of the Hamiltonian functions Hy (x, y) and Hp(x,y).

Then, we assume that points py = (cosry,sinry) and g4 = (cos s4, sinsy) satisfy System (11), and by
solving this system, we obtain by = 0 and b, = 0, which is a contradiction. Then, we proved that the
maximum number of crossing limit cycles for PHS separated by an ellipse is at most three.

Example with three limit cycles. In the region R; = {(x,y) : x> +y> — 1 > 0}, we consider the
linear PHS:

% =253.x+11.y—06. y=—5819.x—253.y—04.; (12)

its Hamiltonian function is:
Hy(x,y) = —2.9095..x* — 2.53..xy — 0.4..x — 0.55..y + 0...6y.
In the region Ry = {(x,y) : x> + y> — 1 < 0}, we consider the linear PHS:
x = —0.308696..x + 0.71..y + 0.0732085.., y = —0.134216..x 4 0.308696..y 4 0.0488056.. (13)
Its Hamiltonian function is:
Hy(x,y) = —0.0671078..x% + 0.308696..xy + 0.0488056..x — 0.355..y> — 0.0732085..y.
The linear PHS (12)—(13) has exactly three crossing limit cycles, because the system of equations:

Hy(«, B) — Hy(7,6) =0,
HZ(“/ IB) - HZ('YI 5) =0,

14
W+ p-1=0, (14)
72 +02—-1=0,
has three real solutions (a1,B1,71,61) = (—0.0450412...,—0.998985...,0.730814..., —0.682576...),

(a2,B2,72,6) =  (—0.40163...,—0.915802...,0.92153..., —0.388307...), and (a3, B3,73,03) =
(—0.760814.., —0.64897..,0.99956.., —0.0296781..) [

We mention that the proof of Theorem 1 can be also analyzed using the results of [19].
3. Proof of Theorems 2 and 3

Proof of Theorem 2. Consider a continuous linear Hamiltonian differential system separated by the
straight lines x = —1, x = 0, and x = 1. According to the continuity of the vector field X, we obtain:

X1(=1Ly) =Xa2(=1y), X2(0,y) = X3(0,y) and X3(1,y) =X4(0,y), Vy €R,

which imply that:
by =by=b3 =0y =0,
01 =0, =03=204 =9,
M=T2="13=74=7,
M=A=A3=A4 = A.

Therefore, from System (1), the piecewise vector field becomes the vector field:

X(x,y) = (=Abx + by + 7y, —A%bx + Aby +6),6 # Ay, b # 0.
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Since this linear differential system has no equilibrium point, it has no periodic orbits, then no limit
cycles. This completes the proof of Theorem 2. [

Proof of Theorem 3. If the PHS with four zones have crossing limit cycles, then there are crossing points
(=L yo), (=1,y5), (0,y1), (0,y4), and (1,y2), (1,y3) satisfying:

Hi(=1,y0) = Hi(=1,y5),
Hy(—1,y0) = H2(0,y1),
Hy(—1,y5) = H2(0,y4), (15)
H3((0,y1) = H3(1,v2),
H3((0,y4) = H3(1,y3),
Hy((1,y2) = Ha(1,y3),
or equivalently:
(vo —y5)(2b1A1 + iyo + biys +271) = 0, (16)
—byA3 — boyd — 2baAayo + bayt — 267 — 27210 + 27241 0, (17)
—bpA3 + bayi — byt — 2baMoys — 205 + 272ys — 272y5 = O, (18)
b3A3 — b3y + bsys — 2b3Asyn — 205 — 293y1 +273y2 = O, (19)
bg/\% + b3y§ — 2b3/\3y3 — bgyi — 205+ 293ys —2y3ys = O, (20)
(]/2 — y3) (72b4)\4 + b4y2 + b4y3 + 2')/4) = 0. (21)

As yg # y5 and yp # y3, we can solve Equation (16) for ys5, as well as we can solve Equation (21) for
y3. Substituting the obtained values of y5 and y3 into Equations (18) and (20), respectively, we obtain the
following two equations:

2’)/1 1
—— 420 4 yo+ys) — 0 — —(ba(b1 (A — A +yo —ya) +2
72( b 1+Y0+ya) — o Zb%( 2(01(2A1 — A2 + Yo — ya) +271) 22)
(b1(2A1 = A2 +yo +ya) +271)) =0,
and:
b3(ba(A3 —2A4 +y2 — ya) +274) (ba(A3 — 2A4 + Y2 + ya) +274) (23)
—2by(bs(03 + v3(—2A4 + Y2 +ya)) +27371) = 0.
First, we solve Equation (17) for vy, and we get:
Yo = (1/b2)(=baA2 — 12 £ Jb%y% + 2byy2A2 — 2026, + 2byyoy1 + 73); (24)
then, we solve Equation (19) for y,, and we get:
y2 = (1/b3)(+b3Az — v3 & \/béy% — 2b37y3A3 + 2b365 + 2b33y1 + 73). (25)

Substituting (24) into (22), we obtain two equations f1(y1,y4) = 0 depending on y; and y4. Then,
substituting (25) into (23), we obtain two equations g1 2(y1,y4) = 0 depending on y; and y.

Therefore, we compute the product F(y1,y2) = fi(y1,v2)f2(y1,42) = 0 and G(y1,12) =
21(y1,v2)82(y1,y2) = 0, and we obtain two quartic polynomial equations with the variables y; and y,.
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By using Bézout’s theorem, we obtain that the number of solutions of the system:

F(y1,y4) =0, G(y1,y4) =0. (26)

is bounded by the product of the degrees of the polynomials F(y1,y4) and G(y1,y4). If (y1,y4) is a solution
of these equations, (y4,y1) is also a solution. Therefore, we obtain that the number of different solutions of
System (26) is at most eight, which is an upper bound for the maximum number of limit cycles that can
have the PHS (15). Due to the higher degree of this system and the number of its parameters, we only can
give an example with two limit cycles.

Example with two limit cycles. Consider the vector fields X = (X1, Xp, X3, X4) such that:

_(_x _q XY
X1(x,y) = ( 2+2y 3, 8+2+3),
Xo(x,y) = (24 2x —2y,2x — 2y + 30),
X3(x,y) = (4+4x+2y,13 — 8x — 4y),

_(_ X XY
Xa(x,y) = ( 5+ty=3-7+3 )

Their corresponding Hamiltonian functions are given, respectively, by:

x> xy

Hi(xy) = =16+ S 3y +3y,

Hy(x,y) = x* — 2xy + 30x + y* — 2y,

Hz(x,y) = —4x% — 4xy + 13x — 2 — 4y,

2 2
Hy(ry) =~ + 3 =3¢

The first crossing limit cycle intersects the straight lines of discontinuity in the following
points: (—1,-5.69679...) and (—1,8.19679...); (0, —1.11032...) and (0,7.25999...); and (1,0.66814...) and
(1,6.33186...). The second crossing limit cycle intersects the straight lines of discontinuity in the
points: (—1,—5.35506...) and (—1,7.85506...); (0,0.177417...) and (0,0.177417...); and (1,1.07357...) and
(1,5.92643...). The crossing limit cycles of X are shown in Figure 4. [

4. Conclusions

We considered four classes of discontinuous piecewise differential systems formed by linear
Hamiltonian systems without equilibrium points in the plane separated either by a parabola, a hyperbola,
an ellipse, or three parallel lines. For each class, we provided the maximum number of crossing limit
cycles that the differential systems of the class can exhibit. Furthermore, we provided examples exhibiting
the maximum number of limit cycles for each class.

We characterized the maximum number of crossing limit cycles for classes of discontinuous piecewise
differential systems formed by linear Hamiltonian systems without equilibrium points separated by conics,
but it remains to study these maximum numbers when the separation is done by cubics, or more general
algebraic curves.
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