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Abstract: In this paper, we introduce the concept of cone metric space over a topological left module
and we establish some coincidence and common fixed point theorems for self-mappings satisfying a
condition of Lipschitz type. The main results of this paper provide extensions as well as substantial
generalizations and improvements of several well known results in the recent literature. In addition,
the paper contains an example which shows that our main results are applicable on a non-metrizable
cone metric space over a topological left module. The article proves that fixed point theorems in the
framework of cone metric spaces over a topological left module are more effective and more fertile
than standard results presented in cone metric spaces over a Banach algebra.
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1. Introduction

The concept of metric space was defined by the mathematician Fréchet [1,2]. Afterwards,
Kurepa [3] introduced more abstract metric spaces, where the metric values are given in an ordered
vector space. Nowadays, the metric spaces with vector valued metric are known under different names:
vector-valued metric spaces, cone-valued metric spaces, generalized metric spaces, K-metric spaces,
pseudometric spaces, cone metric spaces or TVS cone metric space [4-7].

The distance between two elements x and y in a cone metric space X is defined to be a vector in
a ordered Banach space E, and a mapping T : X — X is said to be a contraction if there is a positive
constant k < 1 such that

d(Tx, Ty) <k-d(x,y), forall x,y € X. 1)

Recently, it was proved that any cone metric space (X, d) is equivalent with the usual metric space
(X,d*), where the real-valued metric d* is defined by a nonlinear scalarization function ¢, [4] or by a
Minkowski functional g, [8]. In addition, it was proved that for each linear contractive mapping T in
(X, d), which satisfies Equation (1), one has

d*(Tx, Ty) < k-d*(x,y), forall x,y € X. 2)

The above results have been extended by Olaru and Secelean [9] to nonlinear contractive condition
on TVS-cone metric space. Afterwards, some other generalizations were pointed out. Liu and Xu [10]
introduced the concept of cone metric space over a Banach algebra, replacing the Banach space E
by a Banach algebra as the underlying space of a cone metric space. They proved some fixed point
theorems of generalized Lipschitz mappings, with Lipschitz constant k such that p(k) < 1, where p(k)
is the spectral radius of k. Later on, by omitting the assumption of normality, Xu and Radenovi¢ [11]
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extended the results of Liu and Xu [10]. A survey regarding cone metric spaces, which presents
the results obtained after 2007, was published by Aleksi¢ et al. [12]. In this paper, we replace the
Banach algebra by a topological module over a topological ordered ring. The Lipschitz constant will
be considered as a summable element of the ring, with some additional properties.

2. Methods

In the following, we recall some facts related to properties and examples of topological ordered
rings and topological modules. More details can be found, for instance, in Arnautov et al. [13],
Steinberg [14], and Warner [15].

Definition 1. Let us consider (G, +) a group and < a partial order on G. G is called a partially ordered group
if translations in G are order preserving:

x R yimpliesa+x+b<a+y+b, forallx,y,abeG. 3)

Definition 2. Let (R, +, ) be a ring with identity 1 such that 1 # 0 and let < be a partial order on R. R is
called a partially ordered ring if:

(R1) (R,+) is a partially ordered group;
(Ry) 0 = aand 0 =< bimplies0 = a-b, foralla,b € R.

The positive cone of R is RT = {r € R | 0 < r}. The set of invertible elements of R will be denoted
by U(R) and U(R) N R" will be denoted by U (R).

Example 1. The ring My xn(R) endowed with the partial order <y, . (w), defined by

A 2 Mo (R) B if and only if ajj < bij foreachi,j=1,n,
is a partial ordered ring.

Example 2. Let (A, =) bea partial ordered ring and let S be a nonempty set. The ring AS of A-valued functions
on S can be ordered. A partial order on AS can be defined as follows:

f = g ifand only if f(s) < g(s) foralls € S.

The above order can be contracted to any subring of A®, e.g., the ring of continuous real valued functions
on a topological space or, also, the ring R[Xq, Xy, - - -, Xu] of polynomials functions.

Definition 3. Let (G, +) be an abelian group. G is called a topological group if G is endowed with a topology
G and the following conditions are satisfied:

(AC) the mapping G x G > (g1,82) — 1+ g2 € G is continuous, where G x G is considered with the
product topology;
(AIC) the mapping G > g — —g € G is continuous.

We denote (G, +, G) or more simply (G, G) the topological group.
Definition 4. A ring (R, +,) is called a topological ring if R is endowed with a topology R such that the
additive group of the ring R becomes a topological group and the following condition is valid:

(MC) the mapping R x R 3 (r1,12) — 11 - 12 € R is continuous, where R x R is considered with respect to
the product topology.

If R is a Hausdor(f topology, then (R, +, -, R) is called a Hausdor{f topological ring. We denote (R, +, -, R)
or more simple (R, R) the topological ring.
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In order to give an example of a topological ring, we need the definition of the norm on a ring.

Definition 5. A function N from a ring (R, +,-) to Ry is a norm if the following conditions hold for every
x,y € R:

(N1) N(Og) =0;

(N2) N(x+y) < N(x)+ N(y);
(N3) N(—x) = N(x);

(Ng) N(x-y) < N(x)-N(y);
(N5) N(x)=0onlyifx = Og.

Example 3. The application

n
N : Man(]R) — R,N(A) = max |ﬂ1‘]'|
1

i=1n j=
is a norm which generates a ring topology on My x,(R).
Proof. The ring topology is generated by the metric d defined by d(x,y) = N(x —y) forallx,y € R. O

Remark 1. ([15] (p. 4)) The Cartesian product of a family (R;, R;)c1 of topological rings, together with the
product topology, is a topological ring.

Remark 2. Let (R;, R;)icy be a family of topological rings, R = [T R; the Cartesian product endowed with the
i€l

product topology R, r € R, and (ry),eN a sequence in R. Then, 1y, By if and only if pri(ry) it pri(r) for all

i € I. Here, pr; : R — R,; is the canonical projection.

Proof. = Suppose that r;, X t. Then, pri(rn) it pri(r) for all i € I, since pr; are continuous.
<= Suppose that pr;(r,) &t pri(r) for all i € I and let be V an open neighborhood of r in R. Then,

there is a finite set F C I and the open sets V; C R;, i € I, such that V; = R; forevery i € I\ F and

r € [1V; C V. Foreachi € F, thereis N; € Nsuch that pr;(r,) € V; whenevern > N;. Let N = max N;.
iel i€
Then, for each n > N, we have pr;(r,) € V;,i € I, and hence r, € [T V; C V. Thus, r, E) r. O
iel

Definition 6. Let (R, R) be a topological ring. A left R-module (E,+,-) is called a topological R-module
if, on E, a topology & is specified such that the additive group (E, +) is a topological abelian group and the
following condition is satisfied:

(RMC) R x E > (r,x) — r-x € E is continuous,

where R x E is considered with respect to the product topology R x E. We denote (E, +, -, £) or more simply
(E, ) a topological left R-module.

Remark 3. ([15] (p. 17)) The Cartesian product of a family (E;, &;)icr of topological left R-modules,
endowed with the product topology, is a topological left R-module.

In a way similar to the proof of Remark 2, we can prove the following:

Remark 4. Let (E;, &;)icy be a family of topological left R-modules, E = [T E;, the Cartesian product endowed
i€l
with the product topology £, x € E an element, and (x,),cN a sequence in E. Then, x, LA if and only if

pri(x,) & pri(x) forall i € I, where pr; : E — E; is the canonical projection.
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Definition 7. Let (E, +, -, £) be a topological R-module. A subset P of E is called a cone if:

(P1) P is nonempty, closed and P # {Og};
(Py) a,b € R" and x,y € Pimpliesa-x+b-y € P;
(Ps) PN —P = {0g}.

P is called a solid cone if intP # @, where intP denotes the interior of P.
For a given cone P C E, let define on E the partial ordering <p with respect to P by
x <pyifandonlyify —x € P. 4)

We shall write x <p y to indicate that x <p y but x # y, while x < y will stand for y — x € intP.
Let us consider the following hypotheses:

Hypothesis 1 (H1). (R, &, ®, R) is a topological Hausdorff ring such that:

() UL (R) # @
(ii) Og is an accumulation point of U (R);
(iii) there is a partial order on R, denoted by <g;

Hypothesis 2 (H2). (E, +, -, &) is a topological left R-module;
Hypothesis 3 (H3). P C E is a solid cone of E.

Proposition 1. Let us consider (E, +, -, £) a topological left R-module and P C E such that the Hypotheses
H1, H2, and H3 are fulfilled. Then:

(i) intP + intP C intP;

(ii) A @intP C intP, where A € U4 (R);

(iii) ifx <pyanda € R*, thena ©x <pa Qy;

(iv) ifu <pvandv < w, then u < w;

(v) ifu<<vandv <p w, then u < w;

(vi) ifu <vandv K< w, then u <K w;

(vii) if Op <p u < c for every ¢ € intP, then u = 0;

(viii) if Op < ¢ and (ay ), is a sequence in E such that a, — Og, then there exists ng € N such that a, < ¢
forall n > ny.

Proof. (i) Letbe x € intP + intP. Then, there exist x1, xp € intP such that x = xq + xp. It follows that
there exist the neighborhoods Vi, V; of x1, xp, respectively, such that x; € V3 C Pand xp € V, C P.
Since, for every xy € E, the mapping x — x + x¢ is a homeomorphism of E into itself, it follows that
V1 + V3 is a neighborhood of x with respect to the topology £. Thus, x € intP.

(ii) Choose A € U4 (R) and put x = A © ¢, ¢ € intP. It follows that there exists a neighborhood
V of ¢ such that c € V C P. Therefore, x € A©OV C A® P C P. Since the mapping x -+ A®xisa
homeomorphism of E onto itself, A © V is a neighborhood of x. Thus, x € intP.

(iii) If x <p y, then y — x € P. It follows that, for all « € R", we have a ©® (y — x) € P, ie,
aOx<pa@y.

(iv) We have to prove that w — u € intPif v — u € P and w — v € intP. However, there exists a
neighborhood V of O such thatw — v+ V C P. Itfollows thatw —u+V = (w—v)+V+ (v —u) C
P+ P C P. Hence, w — u € int P.

(v) Analogous with (iv).

(vi) Follows from (i).

(vii) Let us consider ¢ € intP. Since Og is an accumulation point of U (R), it follows that there
exists a sequence (ay),eny € Ui (R), oy # Og, such that &, — Ogr. From (ii), we get a, ® ¢ € intP.
Therefore, a,, ©® c — u € intP, so ngr}rloo(an ®c—u)=-u€P=P. Thus,u € PN—P = {0g}.
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(viii) Let O < ¢ and (a4)yeny C E such that a, 4 Og. Then, there exists a symmetric
neighborhood U of O such that c + U C P. Since a, converges to Of, it follows that there exists
ny € Nsuch thata, € U for all n > ng. Then, we havec —a, € c+ U C P for all n > ng. Finally,
ap, L cforalln > ny. O

In the sequel, we provide some notions and results related to the sequences defined in a topological
ring. We define the convergence and the Cauchy property of a sequence defined in a topological ring.
Next, we define the summability of a family of elements from a topological ring. The summability is
used in order to introduce the Lipschitz constant of mappings defined on a cone metric space over a
topological left module. Furthermore, (R, +, -, R) denotes a Hausdorff topological ring.

Definition 8. By a directed set, we understand a partially ordered set (I, <) that satisfies the
following condition:

(D) for every y1,7v2 €T, thereis y3 € I such that 1 < yz and v, < 3.
Definition 9. A sequence in R is a family of elements (x.)yer C R indexed by a directed set.

Definition 10. The sequence (x-),ecr C R converges to x € R if for every neighborhood V of x thereis g € T
such that x,, € V for each v € T with vy < .

Definition 11. The sequence (x)ycr C R is called a Cauchy sequence if for every neighborhood V of Og there
is yg € I' such that x,, — x,, € V forall vg < 1 and yg < 7.

Remark 5. Each convergent sequence (x.,)er C R is a Cauchy sequence.

Proof. Let V be a neighborhood of Og. Then, there exists a symmetric neighborhood W of Og such that

W+ W C V. Since x,, L € R, it follows that there is 79 € I' such that x, € x + W for all 79 < .
Then, for v9 < 71 and g < 72, wehave x,, —x,, € (X + W)+ (=(x+W)) =W -W=W+WC V.
Therefore, (x,),er is a Cauchy sequence. [

In order to define the sumability of a family of elements from a topological ring, we consider the
set F(T') of all finite subsets of I directed by inclusion C.

Definition 12. An element s € R is the sum of a family (x)yer C R if the sequence (sy) e F(r) converges to
s, where for every | € F(I),
5= 2 Xoy.

€]

The family (x.,)yer is summable if it has a sum s € R.

Definition 13. A family (x.),er C R satisfies the Cauchy condition if for every neighborhood V of Og there is
Jv € F(T) such that

Y x, €V,
YeK

for every K € F(T') disjoint with Jy.

Remark 6. A family (x,)yer C R satisfies the Cauchy condition if and only if (sy) jc 7(r) is a Cauchy sequence.

Proof. Let V be a neighborhood of Or and let W be a symmetric neighborhood of Or such that
W+WCV.
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Let us suppose that (x,),cr C R satisfies the Cauchy condition. Then, there exists [y € F(T')

such that for every K € F(I') disjoint with iy we havesg = Y x, € W. Let ], , € F(I') be such
yeK

that Jyy C J; and Jiy C J». Then,

Sp = Sp = (S5 = Sjw) = (55, = Spw) =Sp\py —Spyw EWHWE V.

Therefore, (sj) e 7(r) is a Cauchy sequence.

Conversely, we assume that (sj)c 7(r) is a Cauchy sequence. Then, for every neighborhood V
of O, there is Jyy € F(T) such thats;, —s;, € V forall J;,J, € F(I') with Jyy C J; and Jw C Ja.
Let K € F(T') be disjoint with Ji. Then,

SK = SKUJy — SJw € V.
Therefore, (x,),er satisfies the Cauchy condition. [J

Remark 7. Let (x,),cr be a summable family in R. Then, for every neighborhood V of O, there is K € F(T')
such that x,, € V forall y € T \ K.

Proof. Let V be a neighborhood of Og. Since (xy),er is a summable family, it follows that (s)) e 7(r)
converges. Then, via Remark 5, we find that (s;) jc 7(r) is a Cauchy sequence. Remark 6 implies that
(s)jeF(r) satisfies the Cauchy condition. Thus, there exists K € F(I') such that x, € V whenever
{y}NK =@, thatis,y e T\ K. O

Definition 14. Let (G, +,G) be a topological group.

(a) Afilter F = (F,) er is called a Cauchy filter if for any neighborhood V of Og there exists F,, € JF such
that F, — F, C V;
(b) G is called complete if any Cauchy filter F of G has its limit in G.

Definition 15. A topological ring (R, +, -, R) is called complete if the topological additive group of the ring
(R,+,R) is complete.

Remark 8. ([15]) If R is a complete Hausdorff topological ring and the open additive subgroups constitute
fundamental systems of neighborhoods of Og, then the family (x-) er C R is summable if and only if for every
neighborhood V of Or we have x., € V for all but finitely many y € T

3. Results

Definition 16. Let us consider X a nonempty set, (E, +, -, £) a topological left R-module, and suppose that the
mapping d : X x X — E satisfies:

(d1) O <p d(x,y) forall x,y € X, and d(x,y) = O ifand only if x = y;
(d) d(x,y) =d(y,x) forall x,y € X;
(d3) d(x,y) <pd(x,z)+d(z,y) forall x,y,z € X.

Then, d is called a cone metric on X and (X, d) is said to be a cone metric space over the topological left
R-module E.

Example 4. Every cone metric space over a Banach algebra is a cone metric space over a topological left module.

Example 5. Let us consider Myxn(R) as in the examples given in Section 2, R" as a topological left
My 5 (R) —module with the standard topology D, Prn = {x € R" | pri(x) > 0,k =1,n} and

dgn : R" x R" — R",
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drn(x,y) = (|x1 — w1l [x2 = y2l, -, |xn — yul)-

Then, the following statements are true:

(@) Uy(Mpsxn(Ry)) = {A € Muyxn(Ry) | detA # 0}, and Oy, is an accumulation point of

Uy (Mpxn(R4)); o
(b) Pgn is a solid cone, with intPgn = {(x1,x2, -+ ,xn) € R" | x; > 0,i =1,n};
(c) (R",d) is a cone metric space over the topological left My, (R)—module R™.

Proof. (a) Since the sequence Ay = % Uy, € Uy (Myxn(Ry)), where U, is the unit matrix of
My xn(Ry), converges to Oy, we find that Oy, is an accumulation point of U (Myx,(R4)).
Using the operations on coordinates, the statements (b) and (c) are easy to check. [

Example 6. Let us consider R" as in the previous example, I an uncountable set, R = T[] Muxn(R),
iel
E = [1 R" endowed with the product topology, and:
i€l

(A,B) 3 Rx R Adr B (pri(A)+ pri(B))icl,
(4,8)3 Rx R A0R B (pri(4) - pri(B))ict,
(59) 3 ExErsx@py ™ (pri(x) +pri(y)ier
(4,%)3 Rx Ers A0px 2 (pri4) - pri()er,
A =g Bif and only if pri(A) 2pm,..w) Pri(B) foralli€ L.
Then, the following properties are valid:

(a) R endowed with the product topology is a topological ring;
(b) UL (R) = {A € R| det(pri(A)) #0, foralli e I}, and Ogr = T] Oy, O, being the null matrix of
i€l

Mysn(R), is an accumulation point of U4 (R);
(c) E endowed with the product topology is a non-metrizable topological left R-module;
(d) the set Pp = {x € E | Ogn <p,, pri(x), forall i =1,n} isasolid cone in E;
(e) the map dr : E x E — E, defined by

de(x,y) = (dgn(pri(x), pri(y)) )iet for all x,y € E,

is a cone metric over the topological left R-module E.

Proof. (a) Follows from Remark 1.
(b) Let A € R. Then,

A € U (R) ifand only if (3)A’ € Rsuchthat AGr A" =] [ Uy,
i€l
which is equivalent to
pri(A) € Uy (Myxn(R)) foralli € I,

ie.,
det(pri(A)) #0foralli € I,

where U, means the unit matrix from M,,»,(R). Since the sequence [] % - Uy, converges to Og with
i€l
respect to the product topology, it follows that O is an accumulation point of U (R).
(¢) It follows from Remark 3 taking into account that I is an uncountable set.
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(d) We first check that Pr verifies the conditions from Definition 7.
(Py) Since Pgn is a cone, it follows that Pgs is a nonempty and closed set. Then, there exists
x € Pgn so that [T x € Pg and Pr # @. Let us consider a sequence (x) ey C Pr such that x, — x in
icl
the product topo%ogy, hence pr;(x,) — pri(x) foralli € I. Since pr;(x,) € Prn belongs to the cone Pgx,
we find that pr;(x) € Prn for all i € I. Therefore, x € Pg, which means that Pr is closed.
(P,) Let A, B € R such that Og <gr A, Or =g B, and x,y € Pg. Since pr;(A) - pri(x) + pri(B) -
pri(y) € Prnforalli € I, weget AOp x®g B Oy € Pg.
(P3) Choose x € Pz N —Pg. Then, for each i € I, we have pri(x) € Pgn N —Pgn = {Ogn},
thus x = Og.
Next, we prove that intPg # @. As Pgn is a solid cone, there exists x € Pgn and (xg)ren C Pgrr,
X # x, such that x; — x. Then, from Remark 4, the sequence [] xj converges in the product topology
to [] x. This means that [] x € intPg. “
iel icl
) (e) In order to showethat dr is a cone metric, we will check the conditions from Definition 16.
(dq) Consider x,y € E. Then,

dp(x,y) = O if and only if dgn (pr;(x), pri(y)) = Orn for alli € I,
which is equivalent to
x=y.
(d2) dn (pri(x), pri(y)) = dgn (pri(y), pri(x)) implies
dp(x,y) = dg(y,x) forall x,y € E.

(d3) Letx,y,z € E. Since, for alli € I,

din (pri(x), pri(y)) Spen din(pri(x), pri(2)) + dn (pri(2), pri(y)),
we get
de(x,y) <p. de(x,2z) ©pde(z,y).
O

Definition 17. Let us consider (X, d) a cone metric space over the topological left R-module E, x € X an
element and (x,,),eny C X a sequence. We say that:

(i) the sequence (x,),en C X converges to x, and we denote by lirf Xy = X, if, for every 0 < c, there exists
n— 00

N € Nsuch that d(x,,x) < c foralln > N;
(ii) the sequence (xn)pen C X is a Cauchy sequence if, for every 0 < ¢, there exists N € N such that

d(xXm, xn) < c forall m,n > N.

The cone metric space (X, d) is called complete if every Cauchy sequence is convergent.
Example 7. Assume that the hypotheses of the Example 5 are fulfilled and
dC([a,b],R”) : C([ﬂ, b],Rn) X C([a, b],Rn) — Rn,

de(ap,rn) (X ¥) = (11 = Yalleos X2 = y2lleos -+, 130 = Y loo)-
Then, (C([a,b],R"),dc((qprry) 15 a complete cone metric space over the topological left
M5 (R) —module R".

Proof. It is obvious that d¢ ([, ] r7) is @ cone metric. Next, we will prove that (C([a,b], R"), d¢ (4,5, 7))
is a complete cone metric space. Let (fi)ren C C([a,b],R") be a Cauchy sequence. Then, for each
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¢ = (c1,¢2,- -+ ,cy) € intPgu, there exists N € N such that dC([a,b],R")(fkrfl) < c forall k,1 > N.
It follows that (pr; o fi)ken is a Cauchy sequence in the Banach space (C([a,b],R), || - ||«). Therefore,
there is f € C([a,b],R) such that ||f' — pr; o fille — 0 as k — +oo. Taking f = (f1, f2,---, f") we
find that dc ([, ) rn) (f, fr) < cforallk > N, i.e., f; converges to f in the cone metric dc((q 5 rr)- [

Example 8. Let suppose that the conditions of Example 6 are fulfilled and

d]_[C([u,b],R”) 2HC([ﬂ,b],Rn) X HC([a,b],R”) — HRH,

iel il il icl
A1 (o], RY) (X Y) = (de((aprn) (pri(x), pri(y)))ier-
i€l
Then, (ITC([a,b],R"), d{7 c((a,p),rn)) i5 @ complete cone metric space, which is not metrizable in the
i€l i€l

product topology generated by || - || on C([a, b], R").

Proof. It is obvious that djc(j,p,rr) is @ cone metric, and, since the index set I is uncountable,
iel
we find that zeHI C([a, b],R") is not metrizable. Next, we will prove that (11611 C([a,b],R"),d 1 C((abRY)
is a complete metric space. Let (fx)xeny C I1C([a,b],R") be a Cauchy sequence. Then, for every
icl
¢ € intP gy, there exists N € N such that dy c(jqp)r) (fi, i) < cforallk,I > N. It follows that,
iel iel
foralli € I, (pr; o fy)ren is a Cauchy sequence in the cone metric space (C([a,b],R"), dc((p)r7))-
, de(uplmn)
From Example 7, there exists f* € C([a,b],R") such that for all i € I we have pr; o f; CLBBED flask —
+o0, thus dc([a,b],Rn)(PT’i(fk)rfi) < pri(c) for every i € I. Then, the element f = [] f' € TT C([a, b], R")
icl icl
has the property that dyj c((4,5,r7) (f, fk) < cforallk > N, ie. (fi)ren converges to f in the cone
iel
metric dn C([a,b),R")- 0
i€l
Remark 9. Let us consider (X,d) a cone metric space over a topological left R-module E and (x,),en a
sequence in X. If (xn)pen converges to x and (x,),en converges to y, then x = y.

Proof. Let us consider 0 < c. Then,
d(x,y) <p d(x,x,) +d(xy,y) < c+c € intPg.

From Proposition 1 (vii), we getd(x,y) =0,1ie,x =y. O

Furthermore, we obtain several coincidences and common fixed point theorems for Lipschitz
mappings defined on a cone metric space (X, d) over a topological left R-module E. These results are
generalizations of some well known theorems in the recent literature. The last example in this section
will show that our results are applicable on a non-metrizable cone metric space over a topological
left module.

Definition 18. Let f and g be self-maps on a set X. If w = fx = gx for some x € X, then x is called a
coincidence point of f and g, and w is named a point of coincidence of f and g.

Jungck [16] said that a pair of self-mappings are weakly compatible if they commute at their
coincidence points.

Proposition 2. ([16]) Let f and g be weakly compatible self-maps on a set X. If f and g have a unique point of
coincidence w = fx = gx, then w is the unique common fixed point of f and g.
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The main result can be found in the next section

Theorem 1. Let us consider (X,d) a cone metric space over a topological left R-module E such that the
Hypotheses H1, H2 and H3 are fulfilled, the set

S de:f' {k e Rt | (K"),en is a summable family}

and suppose that the mappings f,g : X — X satisfy:

(i) the range of g contains the range of f and g(X) is a complete subspace of X;
(ii) there exists k € S such that d(fx, fy) <p k-d(gx,gy) forall x,y € X.

Then, f and g have a unique point of coincidence in X. Moreover, if f and g are weakly compatible, then f
and g have a unique common fixed point.

Proof. Let x( be an arbitrary point in X. We choose x; € X such that f(xp) = g(x1). Continuing this
process, having chosen x,, € X, we obtain x,,11 € X such that f(x,) = g(x,41). Then,

d(8Xn+1,8%n) = d(fxu, fxn—1) <p k-d(gxn,gxn-1)
<pKk*-d(gx, 1,8%n2) <p --- <p k" -d(gx1,gx0).
Based on the previous inequality, for all p > 1, we get
A(8xn, §xn+p) <p A(§Xn, §%n+1) + A(§Xnt1,§%n42) + + -+ + d(§%ntp-1,§%n+p)

<p k"-d(gx,gx0) + K" -d(gxy, gxo) + - - +KTPTL . d(gxq, gx0)

+oo |
<p (IR +k+- -+ k1) K" d(gx1, gx0) <p ()} k) -K"-d(gx1, gx0).
f

From Remark 7, one obtains k" %5 Og as n — +oo, and taking into account that (k) jeN is a
summable family, from the condition (RMC) and Proposition 1 (viii) we find that, for all 0 < ¢,
there exists N € N such that d(gx,,gxn1p) < c for every n > N and p > 1. Thus, (gx,)en is a
Cauchy sequence. Since g(X) is complete, there exists ¢ € g(X) such that gx, — gasn — +oo.
Consequently, we can find p € X such that gp = 4. Furthermore, for each 0 < ¢, there exists nyp € N
such that for all n > ny we have

d(gxn, fp) = d(fx,—_1, fr) <p k-d(gx,_1,¢p) < k-c € intP.

It follows that gx;, — fp as n — +o0. The uniqueness of the limit implies that fp = gp = 4. Next,
we will show that f and g have a unique point of coincidence. For this, we assume that there exists
another point p; € X such that fp; = gp;. Therefore, for every ¢ € intP, we have

d(gp1,gp) = d(fp1, fp) <p k-d(gp1,.gp) =k-d(fp1, fp)

<pk*-d(gpr,gp) <p -~ <pk"-d(gp1,gp) <c,

foralln > N(c). Thus, d(gp1,gp) = 0, i.e., gp1 = gp. From Proposition 2, it follows that f and g have
a unique common fixed point. [

Theorem 2. Let us consider (X,d) a cone metric space over a topological left R-module E such that the
Hypotheses H1, H2 and H3 are fulfilled. We suppose that:

(i) the range of g contains the range of f and g(X) is a complete subspace of X;



Mathematics 2020, 8, 724 11 of 14

(i) R is complete and the open additive subgroups constitute fundamental systems of neighborhoods of Og;
(iii) thereisk € R+ such that k" %5 O as n — +oo, and d(fx, fy) <pk-d(gx,gy) forall x,y € X.

Then, f and g have a unique point of coincidence in X. Moreover, if f and g are weakly compatible, then f
and g have a unique common fixed point.

Proof. From (iii) and according to Remark 8, we find that (k"),cy is a summable family.
The conclusion follows now from Theorem 1. [

Corollary 1. Let us consider (X,d) a cone metric space over a topological left R-module E such that the
Hypotheses H1, H2, and H3 are fulfilled, the set

S def. {k € R* | (K")en is a summable family}

and we suppose that the mapping f : X — X satisfies:
(i)  there exists k € S such that d(fx, fy) <p k-d(x,y) forall x,y € X.

Then, f has a unique fixed point in X.

Proof. The conclusion follows from Theorem 1 replacing ¢ with the identity map. [

The next corollaries show that our results generalize the main contributions published in the
papers [10,11].

Corollary 2. Let (X, d) be a cone metric space over a Banach algebra E and the mapping f : X — X such that:

(i) there exists k € E such that the spectral radius p(k) is less than one;
(i) d(fx,fy) <pk-d(x,y) forallx,y € X.

Then, f has a unique fixed point in X.

Proof. The condition (7) implies that (k"*),cn is a summable family of R. The conclusion comes from
Corollary 1 taking into account that every Banach algebra is a topological module. O

Corollary 3. Let (X, d) be a complete cone metric space over a topological left R-module E and f : X — X bea
mapping. Assume that the following two conditions are satisfied:

(i)  Ris complete and the open additive subgroups constitute fundamental systems of neighborhoods of Og;
(ii) thereis k € R* such that k" 55 Orasn — +oo,and d(fx, fy) <p k-d(x,y) forall x,y € X.

Then, f has a unique fixed point in X.
Proof. Follows from Theorem 2 for g = 1x. O

Example 9. Let us consider the following integral equation:

t

x(t) = f(t) —l—/K(t,s,x(s))ds, t € [a,b], (5)

a
such that:

(i)  the conditions of the Example 7 are fulfilled;
(i) x € C([a,b],R"), f € C([a,b],R") and K € C([a, b] x [a,b] x R",R");
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(iii) there exists A = (ajj); ; 1, € Muxn(R) such that the spectral radius p(A) <1 and

n
|pri o K(t,s,u) — prioK(t,s,0)| < Z,;aij “|pri(u) — pri(o)|,
]:

forallt,s € [a,b],u,v e R", i=1,n.

Then, Equation (5) has a unique solution in the cone metric space (C([a, b], R"), dc((q ) r))-
Proof. Let us consider

T (C(la, b, R), dc((op)rm) — (C([a, b, RY), de(fop) )
given by

T(x)(t) = f(t) + /K(t,s,x(s))ds, t e [a,b).

Let x,y € C([a,b],R"). From the condition (iii), it follows that, for each i = 1,1 and every
€ [a,b], we have

lprio T(x)(#) — prio T(y)(H)] < / [prioK(t,s,x(s)) — prio K(t,s,y(s))| <

= é”ﬁ Alpri(x) = pri()leo = pri(A - dga(x,y)).

The previous inequality leads to

[prio T(x) — prio T(y)lleo < pri(A - de(fap,re)(x,y)), foralli=1,n,

which means that
de((aprn) (T(x), T(Y)) <pgn A - de((ap),rm) (X )

Since p(A) < 1, we deduce that (A"),cy is a summable family. The conclusion follows from
Corollary 1. O

Example 10. Let us consider the following integral equation:

t

x(t) :f(t)+/K(t,s,x(s))ds, t € [a,b], ©)
a
such that:
(i)  the hypotheses of Example 8 are fulfilled;
(i) x€ HC([a bl,R"), f € HC([a b],R") and K € T] C([a, b] x [a,b] x TTR",R");
i€l i€l
(iii) there exzsts AeTl Mnxn( ) such that the spectral radius p(pr;(A)) < 1and

iel

|pre o prio K(t,s,u) — pry o prioK(t,s,v)|

n
2 pri(A)) - |pri o pri(u) — pryo pri(v)],

forallt,s € [a,b],u,v e [IR", k=1,ni€l
iel
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Then, Equation (6) has a unique solution in the cone metric space (T1 C([a,b], R"), d 1 c((a,b],R"))-
iel iel

Proof. Let us consider

T: (HC([ﬂ/ b]/R”)/dn C([u,b],R”)) — (HC([a,b],R”),dn C([u,b],R"))/
i€l

i€l icl icl
defined by

T(x)(t) = £(£) + /K(t,s,x(s))ds, t € [a,bl.

Let x,y € TT C([a, b], R"). From assumption (iii), it follows that, for every i € I, we have
il

de((ap)rry (Prio T(x), prio T(y)) <pg. pri(A) - de(aprn (pri(x), pri(y))-

The previous relation leads to

11 ¢ (o) rn) (T(x), T(Y) <ppjan A-dyyc(lap)re) (X, Y)-
iel icl iel
Since p(pri(A)) < 1 for every i € I, and taking into account the definition of the relation G,
we deduce that (A"),cn is a summable family. The conclusion follows from Corollary 1. [

4. Conclusions

This paper introduced the concept of cone metric space over a topological left module and
established some coincidence and common fixed point theorems for self-mappings satisfying a
condition of Lipschitz type. The article proved that the fixed point results in the framework of
cone metric spaces over a topological left module are more powerful than the standard theorems
presented in cone metric spaces over a Banach algebra, whereas some recent results presented in the
literature can be obtained as particular cases of our theorems. The results obtained in this study were
applied to prove the existence and uniqueness of the solution of some integral equations. In addition,
an example that showed that the main results are applicable on a non-metrizable cone metric space
over a topological left module has been given.
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