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Abstract: In this paper, we study singular ¢-Laplacian nonlocal boundary value problems with
a nonlinearity which does not satisfy the L!-Carathéodory condition. The existence, nonexistence
and/or multiplicity results of positive solutions are established under two different asymptotic
behaviors of the nonlinearity at co.
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1. Introduction

Consider the following singular ¢-Laplacian boundary value problem (BVP)

(w(®)p(u'(£)))" + Ah(E) f(t,u(t)) = {0, t€(0,1), )

1

w0) = [ ulrdes (1), u(1) = [ u(r)das(r), @

where w € C([0,1],(0,00)), ¢ : R — Ris an odd increasing homeomorphism, A € [0, o) is a parameter,
h e C((0,1),(0,00)) and f € C([0,1] x (0,00),R).
Throughout this paper, the following hypotheses are assumed, unless otherwise stated.

(A1) there exist increasing homeomorphisms 1, ¢, : [0,00) — [0, o) such that

P(x)9P1(y) < @(yx) < @(x)92(y) forall x,y € [0,00). ®3)

(A2) Fori=1,2, a; is monotone increasing on [0, 1] satisfying
&; :=a;(1) —a;(0) € [0,1).

All integrals in (2) are meant in the sense of Riemann-Stieljes. By a solution u to BVP (1) and (2),
we mean u € C1(0,1) N C[0,1] with we(u’) € C'(0,1) satisfies the Equation (1) and the boundary
conditions (2).

The condition (A1) on the odd increasing homeomorphism ¢ was first introduced by Wang
in [1] where the existence, nonexistence and /or multiplicity of positive solutions to quasilinear elliptic
equations were studied. Later on, the condition (A1) was weakened by some researchers. For example,
Karakostas ([2,3]) introduced a sup-multiplicative-like function as an odd increasing homeomorphism
@ satisfies the following condition.

(F;) There exists an increasing homeomorphism ¢; : [0,00) — [0, 00) such that
P(X)h1(y) < ¢(xy) forall x,y € [0,00). )
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The author investigated several sufficient conditions for the existence of positive solutions to the one
dimensional ¢-Laplacian equation with deviated arguments. Any function of the form

n

¢(s) = ) cils|" s

k=1

is sup-multiplicative-like, where ¢y > 0 and py € (1,0) for 1 < k < n and ci¢, > 0 for some n € N
(see, e.g., [24]). Lee and Xu ([5,6]) generalized the condition (A1) to the one with ¥, is a function
not requiring that 1, (0) = 0 and studied the existence of positive solutions to singularly weighted
nonlinear systems. In [7], it was pointed out that the condition (A1) is equivalent to the one (F).
Consequently, the condition (A1) is equivalent to those in [2,3,5,6].

Due to a wide range of applications in mathematics and physics (see, e.g., [8-14]), p-Laplacian
or more generalized Laplacian problems have been extensively studied. For example, when ¢(s) =
|s|P~2s for some p € (1,00), w = 1 and h € Hy, Agarwal, Lii and O’Regan [15] investigated the
existence and multiplicity of positive solutions to BVP (1) and (2) with &; = &, = 0 under various
assumptions on the nonlinearity f = f(t,u) at u = 0 and co. When ¢(s) =s,w = land A = 1,
Webb and Infante [16] considered problem (1) with various nonlocal boundary conditions involving
a Stieltjes integral with a signed measure and gave several sufficient conditions on the nonlinearity
f = f(t,u) for the existence and multiplicity of positive solutions via fixed point index theory. When
@(s) = [s|P2s for some p € (1,00), w = 1, A = 1 and h € H,, Kim [17] investigated sufficient
conditions on the nonlinearity f = f(t, u) for the existence and multiplicity of positive solutions to
problem (1) with multi-point boundary conditions.

Xu, Qin and Li [18] studied the following three-point boundary value problem

w(0) = 0, u(1) = u(n), ®)

(9p (W' (5)" + Ag(u(t)) + k(u(t)) =0, t € (0,1),
)
where p > 1, ¢p(s) = [s|P~2s, 17 € (0,1) and g, h € C([0,0), [0, 00)) are strictly increasing. Under the
suitable assumptions on g and k such that g is p-sublinear at 0 and k is p-superlinear at oo, the exact
number of pseudo-symmetric positive solutions to problem (5) was studied.
Recently, Son and Wang [19] considered the following p-Laplacian system with nonlinear
boundary conditions

{(qop(uﬁ))’ + ARi(t) fi(uj) =0, t€(0,1), ©)

u;j(0) = 0 = aui(1) + c;(A, uj(1), u;(1))u;(1),

where i,j € {1,2},i # j, ¢p(s) = |s|P~2s for some p € (1,00), ¢; = c;(A,1,5)s is nondecreasing for
s € (0,00) and f; € C((0,00),R). Under several assumptions on ; and f;, the existence and multiplicity
of positive solutions to problem (6) were shown.

Bachouche, Djebali and Moussaoui [20] considered the following ¢-Laplacian problem with
nonlocal boundary conditions involving bounded linear operators Ly, L4

{((p(u’))/ +Af(tuu') =0, te(0,1), -
u(0) = Lo(u), u(1) = Ly(u).
Here ¢ satisfies the following inequality
¢(sx) < @(s)p(x) forall s,x € [0,00)
and the nonlinearity f = f(tu,v) satisfies L!-Carathéodory condition. The authors showed

the existence of a positive solution or a nonnegative solution to problem (7).
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For more general ¢ which does not satisfy (A1), Kaufmann and Milne [21] considered BVP (1)
and (2) with&; = & = 0,0 < h € L'(0,1) withh # Oand f = f(u) € C(Ry,R,) and showed
the existence of a positive solution for all A > 0 under the assumptions on the nonlinearity f which
induce the sublinear nonlinearity provided ¢(s) = |s|P~'s with p > 1. Recently, for an odd increasing
homeomorphism ¢ satisfying (A1), Kim and Jeong [4] studied various existence results for positive
solutions to BVP (1) and (2) with A = 1. For other interesting results, we refer the reader to [22—47]
and the references therein.

Let ¢ : [0,00) — [0, 00) be an increasing homeomorphism. Then we denote by ¢ the set

{g@C((o,l),(o,oo)):/Olgl< )ds<oo}.

9 ()Py H(y) < 9 Hxy) < @ H(x)ypy (y) forall x,y € Ry ®)

/s% g(T)dt

It is well known that

and
L'(0,1)NC(0,1) € Hy, € Hy C Hy,

(see, e.g., ([7], Remark 1)).
Recall that we say that g : (0,1) x [0,0) — R satisfies L!-Carathéodory condition if

(i) g(-,u) is measurable for all u € [0, c0);
(i) g(t ) is continuous for almost all u € [0, c0);
(iii) for every r > 0, there exists i, € L1(0,1) such that

|g(t,u)| < hy(t) fora.e.t € (0,1) and all u € [0, 7].

Throughout this paper, we assume i € H,. Since there may be a function h € H, \ L1(0,1)
(see, e.g., Remark 2 below), the nonlinearity h(t)f(t,u) in the equation (1) may not satisfy the
L!-Carathéodory condition. Consequently, the solution space should be taken as C[0, 1], since the
solutions to BVP (1) and (2) may not be in c! [0, 1] unlike References [20-22] where the nonlinearity
satisfies the L!-Carathéodory condition. The lack of solution regularity and the boundary conditions
(2) make it difficult to get the desired result.

The rest of this article is organized as follows. In Section 2, we give some preliminaries which are
crucial for proving the main results in this paper. In Section 3, the main results (Theorems 2—4) are
proved and some examples which illustrate the main results are given. Finally, the summary of this
paper is given in Section 4.

2. Preliminaries

Throughout this section, we assume that (A1), (A2), f € C(]0,1] x [0,00),(0,00)) and h €
H, hold. The usual maximum norm in a Banach space C[0,1] of continuous functions on [0,1]
is denoted by

||tt]| o := max |u(t)| for u € C[0,1],

te[0,1]
and let
K:={ueP:u(t) > pwlule fort € [a, f] and u satisfies (2) }
be a cone in C[0,1]. Here, P := C([0,1],[0,0)), « and B are any fixed constants satisfying

0<a<pB<1, wy:= min w(t) > 0and
te[0,1]



Mathematics 2020, 8, 680 4 of 25

et (i) o ()] <o

Ke={uek : |ullow<r}, ok ={uck : |ullo=r}

Forr > 0, let

and
KK, =K, UK.

Now, we introduce a solution operator related to BVP (1) and (2). Let (A, u) € (0,00) x K be
given. Define functions v} usAu :(0,1) = (—o0,00) by, for x € (0,1),

Vi (x) = Al/ / Iy (s, x)dsday (r /IAuSX

and
viu( ):—Az/ / Iy (s, x)dsday(r / Inyu(s,x)d
Here
A= (1—-&)tel,e0)fori=1,2
and

hatsi) = o7 (5 [ MO (o ).

Remark 1. We give the properties of 1, ,, for any given (A, u) € (0, 00) x K as follows.

(1) Ihu(x,y) >0andI),(y, x) <O0forany x,y satisfying 0 < x <y < 1.

(2)  Iyu(s,x1) < Iyu(s,x2) foranys € (0,1) and 0 < x1 < xp < L.

(3) Let x € (0,1) be given. Then I, ,(-,x) € L'(0,1). Moreover, for any € € [0,min{x,1 — x}), there
exists C* = C*(x,€,A, u) > 0 satisfying

[ (s 0)lds < ©
Indeed, by (8),
[ a0l ds
- x|1M<s,x>|ds+ Tyus )] ds
/ /
_ ( (T,u(’r))d‘r) ds + / . (w?s) / “h(7) f(r,u(r))d’r) ds
<A£/I” i d’l’> ds —|—/ -1 (AZUA;I” /Xs h(T)dT> ds
( { < SHeh(T)dT) ds + /xl_e g ! (/:_eh(r)dT) ds] =:C".

M, = max{f(x,u(x)):x €[0,1]} > 0.

IN

IN

Here

The following lemmas (Lemmas 1-3) can be proved by the similar arguments in [4] (Section 2)
and [39] (Section 2). For the sake of completeness, we give the proofs of them.
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Lemma 1. Assume that (A1), (A2), f € C([0,1] x [0,00),(0,00)) and h € H hold, and let (A, u) €
(0,00) x K be given. Then there exists a unique point o = o (A, u) € (0,1) satisfying
vy (o) =03, (0).

Proof. From Remark 1, it follows that v}  is a strictly increasing continuous function on (0,1) and

U/Z\,u is a strictly decreasing continuous function on (0, 1).

Next, we prove

li L (x) € [—o0,0].
Jim vy, (x) € [—oo,0]

In order to show it, we rewrite v} (x) by, for x € (0,1),

v}\,u(x) = A </01 /Or Iy u (s, x)dsday (1) + (1 — /01 doq (r)> /Ox I)L,u(s,x)ds)

= A </01 /xr Iy y (s, x)dsday (1) + /Ox I;W(s,x)ds) .

For any x € (0,1), by Remark 1 (1),

1 prr
//IA,u(s,x)dsdle(r)
0 Jx
X px 1 pr
= — [ [ bt xdsdar () + [ [ (s x)dsda () <0,
JO Jr x Jx

which implies
X
v, (x) < A / I) (s, x)ds for any x € (0,1). (10)
’ 0

By (8), for any x € (0,1/2),

0< [Mhatsnts = [0t (L [ nosn )

IN
=
=

_
N
>
5=z
=
N~
O\R
s
AN
N
u\
N|—
=
a¥

[

v~]

~

[

Ng

where
M, = max{f(x,u(x)):x€0,1]} > 0.

From h € H,, it follows that

x—07F

X
lim / Iy y(s,x)ds = 0.
0
Combining this and (10) yields

lim v} x) € |—0o0,0].
Jim vy, (x) € [—o0,0]

Next we will show
lim v} (x) € (0,00].
x—1— "7
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Forany x € (0,1),
1 X
Vpu(x) = A [ /0 /0 I) (s, x)dsday (r)

1 rx 1 pr

+/ / I,\,u(s,x)dsdocl(r)—i-/ / IA,u(s,x)dsducl(r)}
x JO x Jx
X

—i—/o Iny(s,x)ds

Ah(t)f(t,u(t)) > 0forany 7 € (0,1),

From

it follows that

X
lim Iy u(s,x)ds = lim / (p_l(

x—17J0 x—1-

x pr 1 rx
/ / Iy u(s, x)dsday (r) —l—/ / Inu(s,x)dsday(r) > 0.
0 Jo x Jo

For any x > 1/2, by (8),

VG
o (2
o (G

Forany x € (0,1),

1 pr
/ Ipy (s, x)dsdas (1)
X X

IN

<
2

Combining this and the fact h € H,, yields
1 pr
lim / / Iy u (s, x)dsday (1) =
=17 Jx Jx

Consequently

lim viu( ) € (0, 00].
x—1—

Similarly, it can be shown that

lim VAM( x) € (0,00] and lim v/\u( x) € [—o0,0].
x—0* x—1"

/ " h(r) f(T,u(T))dT) € (0,00,

( / “h(r) f(r,u(r))ah) dsdas (r)

) / / -1 ( / dT) dsday (r)
)/ day (r / (/:h(r)dl') ds.

6 of 25

Thus, by continuity and strict monotonicity of v)\,u and 1/)2\/”, there exists a unique point o € (0,1)

satisfying
V(o) =13 ,(0).
O
Define an operator T : [0,00) x K — C[0,1] by
T(0,u) =0foru € I,

and for (A, u) € (0,00) x IC,

T(Au)(t) = {

A fy o (s, )dsdaa 1) +f0f hals,0)ds,  i0<t<o,
A2f0f Iy u (s, o)dsdas(r) ft Iyy(s,o)ds, ifoc<t<1,

(11)
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where 0 = 0 (A, u) is the unique point satisfying v  (¢) = v ,(v) in Lemma 1. By the definition of

o =0(A,u), T is well defined and

Moreover, T(A, u) is strictly increasing on [0, ¢) and is strictly decreasing on (o, 1].

Lemma 2. Assume that (A1), (A2), f € C([0,1] x [0,00),(0,00)) and h € H, hold. Then

T(A u) € K forany (A, u) € [0,00) X K
and

T(Au)(o) = ||IT(Au)||le > 0 forany (A, u) € (0,00) x K.

Moreover, u is a positive solution to BVP (1) and (2) if and only if T(A, u) = u for some (A, u) € (0,00) x K.
Proof. First, we show that

T(Au) € K forany (A, u) € [0,00) x K.
Clearly,

T(0,u) =0¢€ K forany u € K.

Let (A, u) € (0,00) x K be given. Then, by (11),

(T(A,u)) (s) = Iy u(s,0) fors € (0,1),

which implies, for r € [0,1],

T(A,u)(r) =T(A,u)(0) + /Or Inu(s,0)ds. (12)

Since
T(Au)(0) = A / ' /rl;\u(s,a)dsdle(r)
= 1_0(1/ / Inu(s,o)dsday (1),

integrating (12) from 0 to 1,

/OlT(/\,u)(r)d«xl(r) - /OlT(/\,u)( Yy (r +//1Msa)dsda1()
= & T(Au)(0)+(1—a1)T(A,u)(0)
= T(Au)(0).

Similarly, it can be shown that

1
T(A,u)(1) :/O T(A, ) (r)daa(r).

Thus T(A, u) satisfies the boundary conditions (2). Since T (A, u) is strictly increasing on [0, ) and is
strictly decreasing on (o, 1],

T(A, u)(t) > min{T(A,u)(0), T(A,u)(1)} for t € [0,1].
We only consider the case

min{T(A, u)(t) : 0 < t <1} = T(A,u)(0),
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since the case
min{T(A,u)(t) : 0 <t <1} =T(A,u)(1)

is similar. Then
TO)(0) = [ T, 1) ()dea(r) = 2171, )(0),

which implies
T(A,u)(0) >0,

since .
iy = /O day (r) € [0,1).
Consequently,
T(Au)(t) > 0forallt € [0,1],i.e, T(A, u) € P.
Clearly

T(Au)(e) = IT(A, u)lle >0,

since T(A, u) is strictly increasing on [0, o) and is strictly decreasing on (o, 1].
Fort € [0,0], by (8),

T(Au)(t) = T(A,u)(0) +/Ot @ (w)(\s) /:h(r)f(r,u(r))m.') ds

> 100+ 93" (o ) ), )
Here
(t) i= ./; o1 (/\ ./S.ah(T)f(T,u(T))dT) ds for t € [0,0).
Similarly,
TGl = T, () < TOO) + 977 (- ) m(o) (19
Since

q(t) = ¢! (A /t”h(r)f(r,u(T))dT) > 0fort € (0,0),

g} is a strictly decreasing function on (0, o]. Consequently, g1 is a strictly increasing concave function
on [0, o] with g1(0) = 0, so that

g1(t) > tqy (o) for t € [0,0].

vt (ops ) mo

tpy ! (|w1||00) q1(o)
to1([IT(A, u)[|eo — T(A, u)(0)),

o= s () [ (afoﬂl € (01].

Consequently, by (13) and (14),

T(Au)(t) — T(A,u)(0)

Y

AV

A%

where
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Consequently, for t € [0, 0],

T(A,u)(t) p1t]| T(A, )]0 + (1 — p1£) T(A, u)(0)

2
> prt[[T(A 1)]|eo.
Similarly, it can be shown that
T, u)(t) 2 pr(1 = D[ T(A 1)l for t & [0, 1].

Then
T(A,u)(t) > prmin{t,1 —t}||T(A, u)|| for t € [0,1], (15)

and consequently
T(Au)(t) 2 pol|T(A,u)lw for t € [a, p],
ie.,
T(Au) € K.
Assume that
T(A,u) = u for some (A, u) € (0,00) x K.

From direct differentiation and the definition of I, it follows that u is a nonnegative solution to BVP
(1) and (2). Since A > 0, T(A,u) # 0, and by (15),

u(t) = T(A,u)(t) > 0fort € (0,1).

Consequently, u is a positive solution to BVP (1) and (2) with A > 0.
Let u) be a positive solution to BVP (1) and (2). Then

0 < up(0) < [Jurleo-
Indeed, assume on the contrary that 1, (0) = ||#) ||« > 0. Since

1
0<u(0) = [ w(daa(r) < dafialo = d12r(0).

Then ||u) || = 1 (0) = 0, which contradicts the fact that u, is a positive solution to BVP (1) and (2).
Similarly, it can be shown that
0 < up(1) < f[unlleo-

Consequently, there exists a point 0 € (0,1) satisfying
[urlleo = ur (o).
Integrating the Equation (1) with u = u, yields
uy(r) = uy(0) + /Or Iy, (5,00 )ds = up (1) — /rl Iy, (s,0)ds forr € [0,1].
By boundary conditions (2) with u = u,,
uy(0) = Ay /0'1 '/(;r I}WA (s, 0 )dsday (1)

and

1 r1
Uy (1) = — Ay /0 / 1}, (5,02)dsde ().
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Consequently
uy =T(Auy) € K.

Clearly A > 0, since
T(0,u) =0forallu € K.

Thus, the proof is complete. [

Lemma 3. Assume that (A1), (A2), f € C([0,1] x [0,00), (0,00)) and h € H, hold. Let L > 0 be given and
let (Ay, uy) be a bounded sequence in (0,00) x IC with

|An] + [lunleo < L.
U,}E{,‘o“n € {0,1}, then
T(An,un)(0n) = [ T(An,tn) |0 = 0
and
Ay — 0asn — oo,
Here 0y, = (A, uy) is the unique point satisfying

v} (o) =3, (0w) foreachn € N.

Proof. We only prove the case

111’1’1 Oy = 0,
n—o00

since the case nlgn 0 = 1 can be dealt similarly. Since there exist positive constants N1, N, satisfying
ANy < Apf(t,u) < Np forall (t,u) € [0,1] x [0,L] and all n,
by (8) and (10),

1 pr o
1T )l = Ay /O /0 I, u (5,00 )dsdac () + /0 I, (5, 03)ds

On

< A : In, 0, (S, 00)ds

Ay (Z;) /OU” o ! (/:n h(T)dT) ds.

IN

Then, from h € H,, it follows that
IT(Ay, tty)||lo — O as n — oo. (16)
Since T(Ay, un)(1) > 0 for all n, by (8),

IT(An,un)llo = T(An, tn)(on)

1
= T(Awun)(1) — / Iy o (5,00)ds
On
1

Vv
|
Son

=

1, (8,0 )ds

Wi
<
N

A

N

kg

7 |2

T

S —_
S

L

7 N

o
=
a2

[
h]
N———
[
195
Wi
o
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Since h(t) > 0 forallt € (0,1), by (16),
Ap — 0asn — oo.

O

Using Lemma 3 and (8), by the similar arguments in the proof of [17] (Lemma 2.4) and [48]
(Lemma 3.3) , one can prove the complete continuity of the operator T = T (A, u). We only state the
result as follows.

Lemma 4. Assume that (A1), (A2), f € C([0,1] x [0,00),(0,00)) and h € H, hold. Then the operator
T :[0,00) x K — K is completely continuous, i.e., compact and continuous.

We recall a well-known theorem for the existence of a global continuum of solutions by Leray and
Schauder [49]:

Theorem 1. (see, e.g., [50] (Corollary 14.12)) Let X be a Banach space with X # {0} and let IC be a cone in
X. Consider
x=T(A,x), 17)

where A € [0,00) and u € KC.If T : [0,00) x K — K is completely continuous and T(0,u) = 0 forallu € K,

there exists an unbounded solution component C of (17) in [0,00) x K emanating from (0,0).

Since
T(0,u) =0forallu € K,

by Lemmas 2—4 and Theorem 1, one has the following proposition.

Proposition 1. Assume that (A1), (A2), f € C([0,1] x [0,00),(0,00)) and h € H hold. Then there exists
an unbounded solution component C emanating from (0,0) in [0, 00) x K satisfying (i) C N ({0} x K) =
{(0,0) } and (ii) for any (A, u) € C\ {(0,0)}, u is a positive solution to BVP (1) and (2) with A > 0.

3. Main Results

First, we give a list of hypotheses on f = f(t,s) which are used in this section:

(Fp) lim min f(ts) =
s tef01] Pi(s)
(F}) lim max fls) _ 0
s=ooef01] @(s)
(Fs) There exists a nondegenerate interval [, ] C (0,1) satisfying

f(ts)

lim min =0

s=ote[u,p] P(S)

For convenience, let

a+p
7
Since & and f are any fixed constants in the cone K satisfying 0 < o < <1,

Y=

O<a<y<pB<L

When we need the assumption (F ), let & and B in the cone K be the same constants in the assumption
(Feo)-
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Lemma 5. Assume that (A1), (A2), f € C([0,1] x [0,00), (0,00)), (Feo) and h € Hg, hold. Then there exists
A > 0 such that BVP (1) and (2) has no positive solutions for any A > A.

Proof. Let u be a positive solution to BVP (1) and (2) with A > 0 and let o € (0, 1)Abe the unique point
satisfying u(c) = ||u||e. Since f € C([0,1] x [0,00), (0,00)), by (F ), there exists C > 0 satisfying
f(t,s) > Co(s) for (t,5) € [a, B] x [0, ).
We only give the proof for the case o > 7, since the case ¢ < 7 can be dealt similarly. Then
u(t) > u(a) fort € a, 7],
which implies
F(tu(t)) > Colu(t)) > Colu(a)) for t € [a,7].
By Lemma 2 and (8),

> /O’X o1 (w?s) /:h(r)f(r,u(T))dT> ds
> /le ¢! (w?s) /}jh(r)f(r,u(r))d*r) ds
> /0 o (/:h( )dTACsz{EﬁS))) d
> [Tt ([ nerotuian ) deys (i)
> /; P! < ;h("{)dl’> dsypy ! <”2}(|:00) u(w)
> Ch1PEl <|;ﬁm> u(zx)
Here . - » B P
Cp = mm{/a ) (/a h(T)dT> ds,A ) (/y h(T)dT) ds} >0
Thus 1\ o]
A<iyn (h COO =: A
O

Lemma 6. Assume that (A1), (A2), f € C([0,1] x [0,00),(0,00)), (Foo) and h € Hy hold. Let I > 0
be given. Then there exists My > 0 such that ||u||e < M for any positive solutions u to BVP (1) and (2) with
A€ [I,00).

Proof. Suppose to the contrary that there exists a sequence {(A,, u,)} satisfying u, is a positive
solutions to BVP (1) and (2) with A = A, € [I,00) and ||uy||c —> 00 as n — oo.
Take
o _ Iwlstaa )

+1,
(v —a)lhg

where
ho := min{h(t) : t € [, p]} > 0.
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By (Fw ), there exists K > 0 such that
f(t,s) > C*¢(s) for (t,s) € [a, B] X (K, 00).
By Lemma 2,
Un(t) = pwl[tin oo for t € [a, B].
Then, for sufficiently large N > 0,
un(t) > Kfort € [, ],
which implies
ANK(E) f(t,un(t)) > ThoC*@(un(t)) forall t € [, B].

Let o € (0,1) be a unique point satisfying

un(on) = [Jun||eo-

We only consider the case o)y > 4, since the case oy < <y can be dealt in a similar manner. By (8) and
the fact that

un(f) > un(a) for t € [a,0n],

one has

un(a) = un(0)+ /Oa ! (a/)\(l;]) ./saNh(T)f(T,uN(T))dT> ds
A

> /O'X o1 (w(s) /;h(T)f(T,uN(T))dT> ds
> g (|wllLt (v — ) IhoC*p(un(a)))
>y (ol St ¢y — &) ThoC* Jun (),

which implies
o < Ielapata™)
~ (r—a)lh

However, this contradicts the choice of C*. Thus the proof is complete. [

Theorem 2. Assume that (A1), (A2), f € C([0,1] x [0,00), (0,00)), (Feo) and h € H, hold. Then there
exists Ay > 0 such that BVP (1) and (2) has at least two positive solutions u}\ and u% for A € (0, Ay), at least
one positive solution for A = A and no positive solutions for A > A.. Moreover, for A € (0, A), two positive
solutions u’, and u? satisfy

|1} [|eo — O and ||u3 [0 = 00 as A — 0.

Proof. Set
Ay :=sup{A > 0: BVP (1) and (2) has at least two positive solution for all A € (0,A)}.

Then, by Proposition 1, Lemmas 5 and 6, A, € (0,c0) is well-defined. Indeed, let {(A,, u,)} be a
sequence in the unbounded solution component C defined in Proposition 1 satisfying

Aq + |lun]loo — 00 asn — oco.

By Lemma 5,
)\Vl S /_\/

which implies
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| ttn || — 00 as 1 — oo.

From Lemma 6, it follows that A, — 07 as n — co. Consequently, the shape of the continuum of C is
determined, so that BVP (1) and (2) has two positive solutions ul U for all small A > 0 such that

||uA||w — 0 and H”)\Hoo —~ooas A — 0t.

By Lemma 5, there are no positive solutions to BVP (1) and (2) for all A > A. Thus, A, € (0, 00) is
well-defined.

By the definition of A,, BVP (1) and (2) has at least two positive solutions for A € (0,A.).
Let {(An, un) } be a sequence such that

uy = T(Ay,uy) foreachnand A,, — Ay asn — oo.
By the compactness of T and Lemma 5, there exists a subsequence, say it again {(A,, 1,)}, satisfying
Uy = T(Ay, uy) — uy in C[0,1] as n — oco.
Since
(An,un) = (Ay,1y) in [0,00) X K,
from the continuity of T, it follows that
Uy = T(Au, ts).

Thus BVP (1) and (2) has at least one positive solution for A = A..

To complete the proof of Theorem 2, it suffices to show that there are no positive solutions to BVP
(1) and (2) for A > A,. Assume on the contrary that there exists A1 € (A, 0) such that BVP (1) and (2)
has a positive solution u1 for A = A;. We will show that there are two positive solutions to BVP (1) and
(2) for all A € (0, A1), which contradicts the definition of A..

Let A € (0, A1) be fixed and set

€=3 <):\1 —1) min f(t uy(t)) > 0.

te[0,1]

By the continuity of f = f(t,s), there exists § = 6(A) > 0 such that if x,y € [0, [|u1]| + 1] and
|x —y| < 25, then

f(tx) = f(ty)l <e te[01].
We claim that B(t) = u;(t) + J satisfies
(w(t)p(B'(1)) + AR(£)f (¢ B(t)) <O, t € (0,1). (18)

Indeed, assume on the contrary that g does not satisfy (18), i.e., there exists ty € (0,1) such that

(w(to)(B'(to)))" + Ah(to) f(to, B(to)) > 0.
Since B'(t) = u)(t) forall t € (0,1),
Ah(to)f(to, Bto)) = —(w(to)e(B'(to)))’

)
= —(w(to)g(uy(to)))’
= Alh(to)f(tOr uq (t())),

which implies

Flto, Blt0)) = 5L Flto, 1 (). (19)
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From
|B(to) — ui(to)| =0 < 29,

it follows that
e+ f(to,ur(to)) > f(to, B(to))-
Consequently, by (19),
e= (5 -1) fto,m()),

which contradicts the choice of €. Thus, () = uy(t) + ¢ satisfies (18).
Consider the following modified problem

{(w(f)fp(u () + AR f(t,v(tu(t))) =0, t € (0,1), (20)

u(0) = [y u(r)day (r),u(l) = [ u(r)das(r),
where 7 : [0,1] x R — R is defined by, for t € [0,1],
B(t), if s> B(t),

Y(t,s) = (s, if 0<s<B(t),
0, if s <0.

Let u be a positive solution to problem (20). We show that u(t) < B(t) for t € [0, 1]. If not, there
exists tg € [0,1] satisfying

x(tp) = max{x(t) : t € [0,1]} > 0,
where
x(t) = u(t) — B(t) for t € [0,1].
If &1 =0, thenu(0) =0 < 6 = B(0) and x(0) < 0 < x(tp). If &; € (0,1), then

x(0) = u(0) = p(0) = u(0) — (u1(0) +9)

= [ a0 = ([ i) + o)

1
< /0 x(r)das (r) < dax(to) < x(to).

Similarly, x(1) < x(to). Consequently, fo € (0,1) and x'(tp) =0, i.e.,

u'(to) = p'(to)- (21)
For some t* € (0, ty),
x(t) < x(to) (22)
and x(t) > 0 for t € [*, 1], i.e.,
u(t) > B(t), t € [t to]. (23)

By (18) and (23), for t € [t*, to],

—(w(®)e' (1)) = Ah



Mathematics 2020, 8, 680 16 of 25

Integrating this from ¢ to ¢, by (21),
u'(t) < B'(t) for t € [t*, to).
Integrating it again from t* to to,
u(to) —u(t") < B(to) — B(t*),
which contradicts (22). Thus
u(t) < B(t) fort € [0,1],
which implies
y(t,u(t)) = u(t) forall t € [0,1].

Consequently u is a positive solution to BVP (1) and (2).
Since &1 € [0,1), it is easy to see that #(0) < B(0) and u(1) < B(1). Indeed,

u(0) = /O L u(r)das (1)

1 1 1
| B (n = [ () +o)du(n) = [ (r)dm(r) + o
< Z/ll(O) +6= ,B(O)

IN

Similarly, it can be shown that u(1) < B(1).
Set
Q={ueCl0,1]: —1<u(t) <p(t),te[01]}.

Then Q) is a bounded open subset in C[0, 1]. We claim that u € Q) N K. Assume on the contrary that
there exist t1, f, and 1 > 0 such that

O<thh—-<hh<th<<h+dsq<l,

u(t) = B(t) for t € [ty, to]
and
M(t) < ‘B(f) fort € [f] — 61, tl) U (tz, 15} +(51].

Since B satisfies (18),

max{(w(t)p(B'(t)))" +Ah(t)f(t, B(t)) : t € [t1 — 61, t2 + 61]} =: —€1 < 0. (24)
Set
€ = /\eﬁ* >0, (25)
where

h* :=max{h(t) : t € [} — 61,2+ 01]}-
Then there exists d; > 0 such that if |[x — y| < dp and x,y € [0, ||B||co + 1], then
f(tx) = f(ty)] < e
and there exists an interval [a,b] C (#; — 61, t2 + 1) such that
(u—p)'(a) >0, (u—p)'(b) <0

and
=0 <y(tu(t)) — B(t) = u(t) — p(t) <0, t € [a,b].
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Consequently

w(a)[e(w'(a)) — ¢(B'(a))] > 0, w(b) [p(w'(b)) — @(B'(b))] <O

and

fty(tult))) = f(tult)) < f(£B(t)) + €2, t € [a,b].
Then, by (24) and (25),

0 > W(b (' (b)) —fp(ﬁ’(b) ]—W(a)[¢(u’(a)) = ¢(B'(a))],

- /ﬂ " (~A(B)es ~ [((O)p (B () + AR ()]

b b
/ (—Aezh(t)+61)dt2/ (—Aealt* +€)dt = 0.
Ja a

v

This is a contradiction. Thus u € QN K.

Since BVP (1) and (2) is equivalent to problem (20) on (2 N K, by Lemmas 5 and 6 and the same
argument in the proof of [51] (Theorem 1.1), one can conclude that BVP (1) and (2) has at least two
positive solutions for A, < A < Ay. Thus the proof is complete. [J

Lemma 7. Assume that (A1), (A2), f € C([0,1] x [0,00), (0,00)), either (Fy) and h € H, or (Fy) and
h € Hy, hold. Let L > 0 be given. Then there exists My > 0 such that ||u||ec < My, for any positive solutions
uto BVP (1) and (2) with A € [0, L].

Proof. We give the proof for the case that (Fy) and 1 € H,, since the case (Fj) and h € Hy, can be
proved in a similar manner.
Set
M = (4L) twoypr (b, 1) >0,

h. = max {Al /O’Y ¢! (/:h(r)d'r) ds, Ay /71 ! ( ; h(T)dT) ds} .

By (Fy), there exists sj; > 0 such that

where

f(t,s) < Myy(s) for (t,s) € [0,1] X [spm, ). (26)

Assume to the contrary that there exists a sequence {(A,, u,)} such that u, is a positive solution to
BVP (1) and (2) with A = A, € (0, L] and ||uy||ec — o0 as n — oo. Set

Cym = max{f(t,s): (t,s) € [0,1] x [0,sp]} > 0.

Then there exists N > 0 satisfying
_1(Cum
e

Cum < My ([Junleo)-

which implies
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Consequently, by the definition of Cj; and (26),
£(t,5) < Cat + My (s) < 2Mpr ([l unllo) for (£,5) € [0,1] x [0, un o] @7)

Let oy be a unique point satisfying ||un||c = tn(0n). Assume that oy < 7, since the case oy > 7y
can be dealt in a similar manner. Then, by (8), (10) and (27),

lunllo = un(on) = T(AN, un)(ON) = Vi, 4 (ON)
< A /OUN Iy uy (5, 0n)ds
= A OUN ¢! (w/\(Z) /:N h(t)f(z, MN(T))dT> ds
< ot (2o [ e o)) ) ds
< -1 (ZLM dT) ds i ]leo
2LM
< 4 /0 Tt (o) st (2 ) Bl

2LM
< oy (220) ol <

Here the choice of M is used in the last inequality. This contradiction completes the proof. O

Remark 2. The assumptions (Fy) and h € H, are different from the ones (Fy) and h € Hy, in Theorem 3.
Indeed, let

@(s) = s+ 2 and 1 (s) = min{s,s?} for s € [0, ).
Then the first inequality in (3) is satisfied. Clearly, (Fy) implies (F}), since
e(1)1(s) < @(s) forall s € [0, 00).
Let f(t,s) =1 —I—s%for (t,5) € [0,1] x [0, 00). Then
3

11m1+ *Obthml—l—s =

= (s) % 1)

Consequently, (F)) does not imply (Fy). Since Hy, C H, we give an example of h satisfying h € Hy \ Hy,.
Let

h(t) =t=2fort € (0,1].

From

o l(s) = w and ;' (s) = max{y/s,s} for s € [0,00).

it follows that

1
1 [2_—2 (1 o) Tl VI+4s -2) 0]
@ (/S T dr)-go (s 2>_ 5 cL 0,2

and

v (/ % Tsz> =t (s -2) =5 -2 0! (o, :_13)

Consequently
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h 6 H(P\Hlljl’
since h € C(0,1].

Theorem 3. Assume that (A1), (A2), f € C([0,1] x [0,00), (0,c0)), either (Fy) and h € H, or (Fy) and
h € Hy, hold. Then for any A € (0, c0), there exists a positive solution u, to BVP (1) and (2) such that

llurlleo = 0as A — 0T and ||uy||c — c0as A — o0.
Proof. Set
A" =sup{A € [0,00) : (A, uy) € C}.

Here C is the unbounded solution component in Proposition 1. Then, by Lemma 7, A* = co. Indeed,
assume on the contrary that A* < co. Then, by Lemma 7, all solutions u, to problem (1) satisfying
(A, uy) € C arebounded in C[0, 1]. This contradicts the fact that the solution component C is unbounded
in [0,00) x K. Thus, A* = oo, and for any A € (0, o), there exists a positive solution u, to BVP (1)
and (2) satisfying

(A uy) € Cand ||up]|eo — 0asA — 0.
Next we show that
l|tp]lco — 00 @s A — oo.

Assume to the contrary that there exists a sequence { (A, 1)} in C such that

Ay —00asn — oo,
but there exists m > 0 satisfying

Ity ]|co < m for all n.
Since f € C([0,1] x [0, 0), (0,00), there exists d,, > 0 satisfying

f(t,un(t)) > 6y forallt € [0,1] and all n.

For each n, let 0, be the unique point satisfying u, (0, ) = ||un||c0o. Suppose that oy, > v (the case 0y, < 7

is similar). Then, by (8),

lunlles > un ()
1

un(0) + [ o el / " Anh(r)f(r,un(r))dr) ds

/ 1(1/ dT)\(S)ds

> / 1( 2 / dr)ds%( Jy) — 00 asn — oo,

v

which contradicts the fact that ||i, ]| < m for all n. Thus, the proof is complete. [

Remark 3. Assume that f € C([0,1] x R4, (0,00)) and &; € (0,1) for i = 1,2. Then, for any positive
solutions u to BVP (1) and (2),
u(t) > pllul|eo forall t € [0,1]. (28)

Here )
p := p1 min {/0 min{r,1 —r}da;(r) : i = 1,2} €(0,1)

and
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In fact, by (2) and (15), for t € [0,1],

u(t) min{u(0), u(1)}

= min{/o1 u(r)de;(r) :i= 1,2}

~ min {/01 T(A, u) (F)da () : i = 1,2}

1
> min {/ prmin{r, 1 —r}|T(A, u)||eoda;(r) : i = 1,2}
0

v

1
= M min{/o min{r, 1 —r}da;(r) :i= 1,2} l|t]|co = P11t ]|co-

Theorem 4. Assume that (Al),(A2), &; € (0,1) fori = 1,2 and f € C([0,1] x (0,00),R) satisfies
f(t,;s) > 0forall (t,5) € [0,1] x [M, c0) and for some M > 0.

(1)  Assume that (Feo) and h € H hold. Then there exists Ao > 0 such that BVP (1) and (2) has at least one
positive solution u) for any A € (0, Ao ) satisfying
ltrlloo — c0as A — 0.
(2)  Assume that either (Fy) and h € Hy or (Fy) and h € Hyp, hold. Then there exists Ag > 0 such that BVP
(1) and (2) has at least one positive solution uy for any A € (Mg, 00) satisfying

[ltp]lco — 00 as A — 0.

Proof. We only give the proof of (2) with the case (Fy) and h € H,, since other cases can be proved in
a similar manner.
Consider the following modified problem

{(W(f)qv(u’(f)))’+)\h(t)f1(f,u(t)) =0, te(0,1), (29)

w(0) = [ u(r)day (r),u(1) = [3 u(r)das(r),
where

|} f(t,M), for(ts) € [0,1] x [0,M),
hlts) = { f(t,s), for(t,s) € [0,1] x [M,c0).

Then, by (F), f1 € C([0,1] x [0,0), (0, 00)) satisfies

lim min Alts) =
s—ootel01] P1(s)

By Theorem 3, problem (29) has at least one positive solution u, for any A € (Ag, o) satisfying
ltp ]l — 00 @s A — oo. Since

lltp||e — 00 @s A — oo,
there exists Ag > 0 such that positive solutions u, satisfy
urlleo > p~1M for any A € (Ag, ).
By Remark 3, for A € (Ag, o),
u)(t) > Mfort € [0,1].
Consequently

filt,up(t)) = f(tup(t)) for t € [0,1]
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and u) becomes the positive solution to BVP (1) and (2) for A € (A, o). Thus the proof is complete. [

Finally, we give some examples to illustrate the main results (Theorem 2, Theorems 3 and 4)
obtained in this section.

Example 1. Consider the following problem

{((f +1) e (1)) + AR(Hf(1u(t)) =0, te (0,1), (30)
u(0) = Jo u(r)das (r), u(1) = fy u(r)das(r),
where ¢ is defined by
@(s) = s+ |s|s fors € (—o0, 00)
and

ay(r) = %rz and ay(r) = %r?’for re[0,1].
Then it is easy to see that (A1) is satisfied with
¢1(y) = min{y, y*} and (y) = max{y, y*} for y € 0, )

and (A2) holds with

. 1 N 1
& = Eandoczz 3
Note that
¥ (s) = max{\/s,s} and ;' (s) = min{\/5,s} for s € [0, 0).
From

1
wo = 5 and |w||e =1,

it follows that
97 (wlles) = 937 (1) = Land i (wo) = 977 (2) = 2

Consequently
Pw = %min{zx,l — B} €(0,1) forany a, B € (0,1).
(1) Let
h(t) =2 fort € (0,1].

Then h € Hy \ Hy, (see Remark 2).
(i) Let f be any positive continuous function satisfying

f(t,s) = <Z +sins + t) (14 5°) for (t,5) € [i,i] x [0,00).

Then (Fe) is satisfied with

1 3
a—iandﬁ—i.

By Theorem 2, there exists A, > 0 such that problem (30) has at least two positive solutions u’, u?% for any
A € (0, Ax), at least one positive solution for A = A, and no positive solutions for A > A.. Moreover, two
positive solutions u} and u3 for A € (0,A.) satisfy
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|1} [0 — 0 and ||u3 || — c0as A — OT.
(ii) Let f : (0,00) — R be defined by
fbs) { % | Jor (b €01x (02,
S+ (s—=2)°, for(t,s) €[0,1] x (2,00).
Then (Fe) is satisfied for any , B satisfying
0<a<pB<landf(ts)>0forall(ts) e [0,1] x [2,00).

By Theorem 4 (1), there exists Ao > O such that problem (30) has at least one positive solution u, for all
A € (Moo, 00) satisfying

ltrlloo — c0as A — 0.
(2) Let
h(t) =3 for t € (0,1].

Then hh € Hy,, since p; *(s) = s fors > 1.
(i) Let f be defined by
f(t,s) = (cost+s%) for (t,s) € [0,1] x (0, 00).

Then (F}) are satisfied. By Theorem 3, problem (30) has at least one positive solution uy for any A € (0,0)
satisfying
ltuplloo — 0as A — 0T and ||uy || — 00 as A — oo.
(ii) Let f be defined by

f(ts) = %for (t,s) €10,1] x (0, 0c0).

Then (F}) is satisfied and f(t,s) > 0 for all (t,s) € [0,1] x [1,00). By Theorem 4 (2), there exists Ag > 0 such
that problem (30) has at least one positive solution uy for any A € (Mg, 00) satisfying

|tp||e — 00 a5 A — 0.

4. Conclusions

In this work, the existence, nonexistence and / or multiplicity of positive solutions to BVP (1) and (2)
were studied. If the nonlinearity f = f(t,u) € C([0,1] x [0,00), (0,00)) is superlinear at u = oo, it is
not hard to show the result that, for some AL, A2 > 0, BVP (1) and (2) has at least two positive solutions
ul and u3 for A € (0,Al), at least one positive solution for A € [Al,A2] and no positive solutions for
A > A2, This result is partial since there is no information on the multiplicity of positive solutions for
A € [AL, A2). By the lack of solution regularity and the boundary conditions (2), it is not obvious to show
Al = A2.In Theorem 2, when the nonlinearity f = f(t,u) € C([0,1] x [0, ), (0, 0)) is superlinear at
u = oo, the global result for positive solutions to BVP (1) and (2) with respect to the parameter A (i.e.,
Al = A2) was shown. In Theorem 3, when the nonlinearity f = f(t,u) € C([0,1] x [0,00), (0,00)) is
sublinear at u = co, the existence of one positive solution for all A > 0 was shown. Theorems 2 and
3 extend the results in [7] for problem (1) with Dirichlet boundary conditions (&; = &, = 0) to the
ones for problem (1) with Riemann-Stieltjes integral boundary conditions in some ways. In Theorem 4,
when &1&;, # 0 and the sign-changing nonlinearity f = f(t,u) € C([0,1] x (0, 0),R) may be singular
at u = 0, the existence of one positive solution was shown for all small A > 0 when f = f(t,u) is
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superlinear at u = oo, and the existence of one positive solution was shown for all large A > 0 when
f = f(t,u) is sublinear at u = oo.
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