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Abstract: In this manuscript, we will investigate the existence of fixed points for mappings that satisfy
some hybrid type contraction conditions in the setting of quasi-metric spaces. We provide examples to
assure the validity of the given results. The results of this paper generalize several known theorems in
the recent literature.
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1. Introduction and Preliminaries

Roughly speaking, a quasi-metric is a distance function that is not symmetry but satisfies both the
triangle inequality and self-distance property. The notion of quasi-metric was first introduced by Wilson
in 1930s [1]. This is a subject of intensive research not only in the setting of topology [2—4] and functional
analysis, but also several qualitative sciences, such as theoretical computer science [5-8], biology [9], and
many other qualitative disciplines. In particular, as it is mentioned in [10], the notion of quasi-metric
plays crucial roles in several distinct branches of mathematics, such as in the existence and uniqueness of
iterated function systems’ attractor (fractal), in the existence and uniqueness of Hamilton-Jacobi equations,
and so on.

Another crucial notion that has no metric counterpart is that of an engaged partial order. Each
partial order can be associated with a quasi-metric, and vice versa. Consequently, quasi-metric not only
generalizes the concept of the metric, but also partial orders. This is a crucial fact for both the theoretical
computer science applications and also has significance in the framework of biology [9].

For the sake of the completeness, we shall give the formal definition of quasi-metric. Throughout the
paper, X is a nonempty set A distance function g : X x X — [0, 00) is called a quasi-metric on X if

(1) q(wo)=0&u=0v;
(92)  q(w,w) < q(u,0) + q(v,w), for all u, v, w € X.

In addition, the pair (X, ¢) is called a quasi-metric space.
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In what follows, we indicate the close relation between a standard metric and a quasi-metric. Given ¢
be a quasi-metric on X, it is clear that the function ¢, : X x X — [0, 00) defined by ¢, («, v) = ¢(v, ) forms
also a quasi-metric and it is also called the dual (conjugate) of 4. The functions 4, 4 : X X X — [0, ), where

‘[1(”/”) 29(”/”)+7*(u/7/)/
h(v,u) = max{q(u,v), 4. (u,2)}

form standard metrics on .x.

We will provide an overview of quasi-metric spaces, presenting the notions of convergence,
completeness, and continuity.

Let {u, } be a sequence in X, and u € X, where (X, q) a quasi-metric space. We say that:

1. {w} converges to u if and only if

Jim g(uq, u) = lim g(u, u) = 0. 1)

2. {u,} is left-Cauchy if and only if for every € > 0 there exists a positive integer k = k(e) such that
q(un, um) < € foralln > m > k.

3. {u} is right-Cauchy if and only if for every € > 0 there exists a positive integer k = k(e) such that
q(wy, uy) < eforallm > n > k.

4. {w,} is Cauchy if and only if it is left-Cauchy and right-Cauchy.

We would remark here that, in a quasi-metric space (X, ), the limit for a convergent sequence is

unique. Indeed, if u;, — u, for all » € X, we have
lim g(un, v) = g(u,v) and lim (o, w,) = g(2, u).

A quasi-metric space (X, ¢) is said to be: complete (respectively, left-complete or right-complete) if
and only if each Cauchy sequence (respectively, left-Cauchy sequence or right-Cauchy sequence) in X is
convergent. Notice, in this context, that “right completeness” is equivalent to “Smyth completeness” [11].
See also [12].

A mapping T : X — X is continuous provided that, for any sequence {u,} in X such that u, — u € X,
the sequence {Tu, } converges to Tu, that is,

nlgrolo q(Tuy, Tu) = nlgrolo q(Tu, Tuy) =0 (2)

If T : X — X, then the fixed point set of T is Fr(X) := {x € X : Tx = «}.
A mapping { : [0,00) x [0,00) — R is called an extended simulation function if the following axioms
are fulfilled:

(zg) C(t,s) <s—tforallt,s >0;
(z0) ¢(t,0) <Oforeveryt>0and((t,0) =0« t=0.

Notice that the axiom (z;) implies that {(¢,¢) < 0 for all ¢ > 0. Let us denote by Z the family of all
extended simulation functions { : [0,00) x [0,00) — R.
A function ¢ : [0,00) — [0, c0) is called a comparison function [13] if:

(c1) ¢isincreasing;
(c2) Jlim. ¢"(t) =0, for ¢t € [0,00).
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Proposition 1. If ¢ is a comparison function, then:
(i) each ¢* is also a comparison function, for all k € N;
(ii) ¢ is continuous at 0;
(iii)  @(0) =0and ¢(t) < tforall t > 0.
A function ¢ : [0,00) — [0, 00) is called a c-comparison function [13,14] if:
(cc1) @ isincreasing;
(cca) Y 9" (¢) < oo, forall t € (0,00).
n=0

We denote by ¥ the family of c-comparison functions. In some papers, instead of a c-comparison
function, the term of strong comparison function is used. See [13].

Remark 1. Any c-comparison function is a comparison function.

Leta : X x X — [0, 00) be a function. We say that a mapping T : X — X is a-orbital admissible [15] if
for each u € X we have

a(u, Tu) > 1= a(Tu, T?u) > 1.

Lemma 1. Let T : X — X be an a-orbital admissible function. If there exists uy € X such that a(uy, Tug) > 1 and
a(Tuy, uy) > 1, then the sequence (uy),en, defined by w, = Tw,_1,n € N satisfies the following relations:

a(uy, wy1) > 1and a(uyi1,uy) > 1, forall n € Ny.

We say that the set X is reqular with respect to mapping « : X x X — [0, o0) if the following condition
is satisfied: if {u,} is a sequence in X such that a(w,;1, u,) > 1 and a(uy, u, 1) > 1 for any n € N and

up — u € X as n — oo, then there exists a subsequence | u,;) p of {1} such that
“(un(i)' u) >1 and Oé(u, un(l)) >1,

for each i.

In this manuscript, we will investigate the existence of fixed points for mappings that satisfy some
hybrid type contraction conditions in the setting of quasi-metric spaces. We provide examples to assure
the validity of the given results. The results of this paper generalize several known theorems in the recent
literature, see [13,14,16-25].

2. Main Results
We start with the formal definition of hybrid almost contraction of type I.
Definition 1. Let (X, q) be a quasi-metric space. We say that the mapping T : X — X is a hybrid almost
contraction of type I, if there exist { € Z, ¢ € ¥, p > 0, L > 0and @y, a, a3 € [0,1] with oy + & > 0,
a1 + @ + a3 = 1, such that, for all distinct u, v € X, we have
smin {g(x, Tu), q(v, Tv)q(Tv,v)} < q(u, v) implies

3)
C(a(u, v)q(Tu, Tv), p(Ip(u, v) + LN (4, v))) >0,
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where
(u,0) [a1(q(u, 2))P + a2(q(u, T))P + a3(g(, Tv))PIV/P,  forp >0,
Ip u,v) =
(q(u,0))™ - (q(u, Tu))® - (q(v, Tv))®  forp=0

and
N(u,v) = min{q(u, Tv), q(v, Tu)}.

Theorem 1. Let (X, q) be a complete quasi-metric space and a : X x X — [0, 00) be a mapping such that:

(i) u = Tu implies a(u,v) > 0 for every v € X;
(i) v = Tvimplies a(u,v) > 0 for every u € X.

Suppose that T : X — X is an hybrid almost contraction of type I and

(C1) T is a-orbital admissible;
(Cp)  there exists uy € X such that a(uy, Tug) > 1 and a(Tu, ug) > 1;
(C3) T is continuous.

Then, T has a fixed point.
Proof. Let the sequence {u,} in X be defined by
w =Tug, w = Tup, ooy ty = Ty 1 = T" g

where 1y € X is the point such that, from (Cy), a(u, Tug) > 1 and a(Tup, up) > 1. Indubitably, for all
n € N, we have u, 1 # u,. As a matter of fact, if we suppose that there is Ny € N such that uy, = uy,+1,
from the manner in which the sequence {u, } was defined, we get

UNy = TuNO = UNp+1

so that the fixed point of T is uy, and the proof is completed. Thus, choosing u = w,_; respectively

v = uy, and since § min {q(u;—1, Tuy—1), q(wn, Tun), 9(Tun, )} < Lq(uy—1, Tuy—1) < q(1,—1, ws) holds for

any n € N, by (3), we get

é(ﬂ((lﬁq,l, u’?l)q(Tuﬂflr Tun)/ lp(lp(uﬂflr un) + LN(unflf u’!’l))) Z 0. (4)
In other words, taking into account (z,),
0 S lp(lp(unfll ui’l) + L-N:(unflr ul’l)) - lx(uﬂfl/ u}’l)q(Tu’l’lfll Tui’l) (5)

However, T is an a-orbital admissible and, on the strength of Lemma (1), the above inequality yields

Q(Tun—l/ Tun) < a(ul’l—lr un)l](Tun—lr Tun) < lP(Ip(an—lr un) + LN(”T[—]/ un))~ (6)

Since
N(u‘l’lfl/ u}’l) == min{Q(unflr Tul’l)/ Q(un, Tu‘nfl)} (7)
= min {q(%,l, un)/ q(u’n/ un)} = 0/
the inequality (6) becomes
q(T”*nfll Tui’l) S lp(lp(”*nfl/ uﬂ)) (8)
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In addition, by taking u = u,, respectively, v = u,_1, we have

smin {q(un, Tu), q(un—1, Ty-1), ¢(Tun—1,0-1)} < 3 min {q(un, wy11), ¢(0—1, 1), q(n, 1)}
<q

(4, 1)
As a consequence, (3) becomes
C(a(un, wn—1)q(Tun, Ty 1), Y (I (1, 1y 1) + LN (un, y-1))) >0, )
or, taking into account (zy),
0 < (1p(un, 1) + LN (1, uy 1)) — @i, wy—1) q(Tuin, Ty —1).

By Lemma (1), the above inequality yields

q(u'l’l+l/ un) - q(Tui’l/ Tu?’l*l) S a(ut’l/ urhl)é[(Tun/ Tu?’l*l)
(10)
< ¢(1p(unr un—l) + LN(un/ un—l))‘
However,
57\£(uﬂ/ an_l) - min{Q(un/ Tun—l)/ Q(un—erun)}
. (11)
= min {q(un, un), ¢(un—1, tn11)} =0,
and then we get
9(Tun, Tuy—1) < P(Ip(un, uy—1)). (12)
From this point of the proof, we will consider the two cases separately: p > 0 and p = 0.
Case 1. For the case p > 0,
Iy (tn—1,mn) = [a (g1, )P + a2(q (w1, Tun—1))? + a3 (q(m, Tu))P]*/P
= a1 (g(n—1, 1)) + a2 (q(wn—1, un))P + a3(g(tn, 1 11))P]V/P
= [(a1 + a2) (q(un—1, )" + a3(q 1, 1 41))P /P
and the inequality (6) becomes
q(um, w+1) = (T, Tun) < P([(ar + 2) (g (-1, )P + a3(q (i, 101))] 7). (13)

Onward, being a c-comparison function, ¢ satisfies (iii) by Proposition 1 that is (¢) < ¢ for any
t > (0, we obtain

g, uni1) < P([(a1 + a2) (g(ma—1, m))P + a3 (g (o, wn11))P1/P)
< [(a1 + a2) (q(un—1, )P + (1 — a1 — a2) (q(un, w1))"]"/,
which is equivalent with
(a1 + a2) [q(wn, a11)]7 < (1 + a2)[q(w -1, )],

or (since a1 + a; > 0)
qun, iy 1) < g1, un). (14)
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Using the fact that ¢ € Y is increasing, by (13), we have

q(m, wii1) < (-1, 1)) < P (g2, 10-1)) < oo < $"(g(u0, 1)) (15)

Let now I > 1. By using (15) and the triangle inequality, we get

9, wyyr) < q(tm, ungr) + oo+ q(wy -1, e 41)
n+l—1

< Y v(a(w,m)) (16)

IN

j=n
j=n

Letting n — oo in the above inequality, we derive that } ;2 , W/ (g(u, 1)) — 0. Hence, q(uy, uy4;) — 0
as n — oo. Thus, {u, } is a right-Cauchy sequence in (X, q).
Similarly, since

Ip(tn, 1) = [0 (q(wn, wy—1))P + @ (q(wa, Tun))P + a3((tty—1, Tt —1))P]/P

= (o (q(un, 1-1))? + @ (g (i, w1))P + a3( (-1, w))P]"P,

the inequality (12) becomes

qQtny1, ) < P(Ip(un, 1)) < Ip(in, ty—1) 17)
= (a1 (q(un, wn—1))P + @ (q(tn, wns1))P + as3(q(tn—1, w))P]/P.

Taking into account (14), we get
(q(ng1, )P < ar(g(un, 0-1))P + a2 (g, w0 11))P + a3 (q (b1, )"
= a1 (q(un, tn—1))" + @2(q(un, wi11))" + (1 — a1 — &) (q(un—1, u))”
< a1(q(wn, up—1))’ + (1 —a1)(q(y—1, un))?, for any n € N.
We are able to examine it with the following cases.

a. If q(up, uy—1) < q(uy—1, wn) for any n € N, the above inequality becomes
(q(uns1,un))? < (q(un—1,1))",
and then, together with (15),
gt i1, 1) < q(tn—1,10) <" (w0, wr), ¥n > 1. (18)

From the triangle inequality and (18), for all /| > 1, we get that

q(pi,mn) < qQuggt, tpyi—1) + o+ (g1, )
n+l—1

j=n
< Y ¢/ (g(uy, 1)) — 0asn — co.
j=n
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b. If foranyn € N, q(u, ;1) < q(#,—1, wn), we have

g1, ) < q(n, ty—1)

and, from (17), regarding ¢ € ¥, we get that
q(tns1, 1) < P(q(un, wn—1)) < o < 9" (q(m, w0)). (19)
Again, by triangle inequality,

q(psr,mn) < qQuggr, wpyi—1) + oo+ q(spg1, 1)

n+l—1
< Z ¥/ (q(m, u))
Sle] q(w, up %Oasnﬁoo.

e  Ifq(u,u 1) < q(u_q,u) forsomei € Nand q(u, 1) > q(w_1, w) for some k € N, then we have
forl e N
gy ) < qQungr wny1-1) + - +9(”n+1,un)

oo

Zl,b] q(w, up +Zt,b] q(ug, 1)) — 0asn — oo.
]:
Therefore, we proved that {u,} is a left-Cauchy in (X, 7).

Thus, being left and right Cauchy, the sequence {u,} is a Cauchy in complete quasi-metric space
(X, g), which implies that there is »* € X such that

lim g(uw,, v*) = lim g(«*, u,) = 0. (20)

n—00 n—o0

Using the continuity of T and (q1), we have

Jim g(uy, Tu”) = lim q(Tw, 1, Tu") =0,

lim ¢(Tu*, u,) = nlgl;lo g(Tu*, Tuy,—1) =0

n—o0
and so
nlgrolo g(uy, Tu*) = nlgl('}o g(Tu*, uy) = 0. (21)

It follows from (20) and (21) that T«* = u*, that is, «* is a fixed point of T.
Case 2. In the case p = 0, we have

Iy(up—1, ) = (q(un—1, )™ - (q(un—1, Ttty—1))? - (q(tn, Tun))®
= (q(un—1,5))™ - (q(#a—1, )2 - (q(tim, 1 11))®.

Replacing in (6) and taking into account (7), we get
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q(un/ uﬂJrl) = q(Tunfll Tun) < (X(u?’l*lr un)‘J(Tunflz Tu’ﬂ) < l)b(lp(u'nflr un))

a a a (22)
< Ip(up—1,un) = (g(un—1, )22 - (q(un, ups1))®
and we deduce that
(q(un, un+1))al+u2 < (q(w-1, un))a1+a2'
Thus, taking into account a; + @ > 0, we have
q(uﬂ/ ”*n—&-l) < q(u'l’l—ll ui’l) (23)
and, from (22), since ¢ € ¥ we are able to say that, forany n € N,
(1, 1) < P(q(un—1, 1)) < ... <YP"(q(uo, 1)) (24)

Following the above lines and using the triangle inequality, we obtain that the sequence w, is right
Cauchy. Likewise, because

Ip(n,un—1) = (q(un, un—1))™ - (q(tmm, Trn))? - (q(113—1, Tn—1))"]

= (q(tn, un—1))" - (q(ttm, 1)) - (q(ttp—1, 1)),
taking into account (11) and (23), we have

9(”11+1r un) = {Z(T”nr Tun—l) < Dé(un,un_l)q(Tun,Tun_l) < lp(]p(un,un_l))
< Ty 1) = (40 t01)) - (o 1)) - (301, 30))
< (g, 1y—1))™ - (q(tt—1, 1)) 2 F®
< (max{q(uflr uﬂfl)r Q(unflr uﬂ)})u1+a2+a3
= max {q(un, un—l)/ Q(un—l/ un)} .

We must examine two cases.
If max {q(un, uy—1), (-1, )} = q(uy—1, un), then since q(u,_1,u,) > 0, we get that

q(tn g1, 1) < P(q(sa1, ),

and recursively
9(”71+lr un) < lP”(q(uo, ul)) (25)

If max {q(un, wy—1), 4(y—1,un)} = q(un, uy—1), we have
q(unt1, ) < (g, wy-1)) < oo < P"(g(u1,u0))- (26)

Therefore, by combining (25) with (26), we derive (due to (c;)) that

m g(u 1, un) = lim max {$"(q(uo, u1)), §" (g(s, w0)) } = 0.

n—00

Again, using the triangle inequality, and the above inequalities for all [ > 1, we get

(g, m) < q(ups, tygi—1) + o+ q(trg1, un)

o]

< Y ¥ (q(u,m)) + Y5 9/ (q(u0,m)) — 0asn — oo,
J=n j=n
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that is, the sequence {u, } is left Cauchy, so that is a Cauchy sequence in a complete quasi-metric space
(X, q). Thus, there is «* € X such that

lim ¢(u*,u,) =0 = nh—I>I010 q(u™, up). (27)

n—o0

Of course, using (q1) and the continuity of T, we have Tu* = u*. [

Corollary 1. Let (X, q) be a complete quasi-metric space, a function a : X x X — [0, 00) and a mapping T : X — X
such that there exist { € Z and € ¥ such that, for p > 0, L > 0and a1, ap, a3 € [0,1) with oy + ay > 0 and
M + a + a3 = 1, we have

C(a(u,2)q(Tu, To), P(Iy(u, v) + LN (u,v))) > 0, for all distinct u,v € X. (28)

Suppose also that the following assumptions hold:

(i) u = Tu implies a(u,v) > 0 for every v € X;

(i) v = Tovimplies a(u,v) > 0 for every u € X;

(i) T is a-orbital admissible;

(ii)  there exists uy € X such that «(ug, Tug) > 1 and a(Tuy, up) > 1;
(iv) T is continuous.

Then, T has a fixed point.
Remark 2. Of course, in particular letting L = 0 in the above Corollary, we find Theorem 2.1. in [16].

Corollary 2. Let (X, q) be a complete quasi-metric space and a mapping T : X — X such that there exist { € Z
and ¢ € ¥ such that, for p > 0, L > 0and @y, ap, a3 € [0,1) with oy + ap > 0and ;y + @y + a3 = 1, we have

0(q(Tu, To), Y(1y(u, v) + LN (u,v))) > 0, for all distinct u,v € X. (29)
Then, T has a fixed point.
Proof. Let a(u,v) = 1in Corollary 1. O

Corollary 3. Let (X, q) be a complete quasi-metric space, a function & : X x X — [0,00) and a continuous
mapping T : X — X such that there exist € ¥ such that, for p > 0and @, @, a3 € [0,1) with a1 + ay > 0 and
@ + @+ a3 = 1, we have

a(u,0)q(Tu, Tv) < P(Iy(u,v)), for all distinct u,v € X. (30)
Suppose that there exists uy € X such that a(uy, Tug) > 1 and a(Tuy, ug) > 1. Then, T has a fixed point.

Proof. Let {(t,s) = ¢(s) — t in Corollary 1. [J

Moreover, it easy to see that Theorem 1 is a generalization of Theorem 2.1 in [18] in the context of
quasi-metric space. Indeed, if we take L = 0 and p = 0 in Corollary 3, we find:
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Corollary 4. Let (X, q) be a complete quasi-metric space, a function a : X x X — [0,00), and a continuous mapping
T : X — X such that there exists p € ¥ such that, for m, ap, a3 € [0,1) witha; + & > 0and ;y + ; + a3 = 1,
we have

a(u,0)q(Tu, To) < Pp((q(u,2))™ - (¢(u, Tu))? - (q(v, Tv))®), forall distinct u,v € X. (31)
Suppose that there exists uy € X such that a(uy, Tug) > 1 and a(Tuy, uy) > 1. Then, T has a fixed point.
Inspired by the example of [10], we consider the following:

Example 1. Let the set X = [1,00) and the quasi-metric ¢ : X X X — [0, 00) given by

(4, v) = Inv—Iny, fu<o
v = Inu—Ino), ifu>o "

(see Example 4.1 in [10].) Let the mapping T : X — X, be defined by

1, ifuell,?2]
Ty =
g { "2, if u € (2,00)

and the function o : X x X — [0, c0) be defined by

ifu,ve(l,2)
fu=1,v=20ru=2,v=1
fu=3v=2

, otherwise

~

a(u,v) =

~

oo WM

Since the mapping T is continuous and for u = 2, «(2,T2) = «(2,1) = 3and «(T72,2) = «(1,2) = 3,
we have that the assumptions (Cy), (C3) are satisfied. Moreover, for any u € [1,2), we have

w(u, Tu) = a(y,1) =2 = a(T1,T*1) = a(1,1) =2

and
a(2,T2) = a(2,1) =3 = a(T2, T22) =ua(l,1) =2,

so that T is a-orbital admissible.
Choosing P(t) = %t, p=2m=m=apn= % and L = 24, we have the following cases:
Case 1. If u,v € [1,2], then q(u, v) = q(1,1) = 0 and (3) holds for every { € Z.
Case 2. If u = 3, v = 2, then we have

(3,T3) = q(3,e) = §In3, ¢(2,T2) =¢(2,1) = §In2,¢(T2,2) = 4(1,2) = In2,
9(3,2) = 3In3, q(T3,T2) = q(e,1) = 3,
9(3,T2) = q(3,1) = In3, ¢(2,T3) =g4(2,¢) =In$.

Thus, we have

1 . 1.3 1 3
5 min {9(3,73),4(2,72),4(T2,2)} = 3 In 2 <3 In 5= 7(3,2)



Mathematics 2020, 8, 675 11 of 19

and

1
3

1 3

1,3, 1 3

e

1

«(3,2)¢(T3,T2) = g < )2+ (§

1/2
1n2)2> +24In ;] = 9(1,(3,2) + LN(3,2)),

so that T is a hybrid almost contraction for any { € Z.

The other cases are not interesting, while a(u, v) = 0. (Consequently, the mapping T has two fixed points,
wm =1land wp € (3,4).)

On the other hand, since

0(3,2)¢(T3,T2) =2> (AIn3)7(Im2)Ff(Im2)l-7-F
> ((4(3,2))7(4(3,T3))P, (¢(2, T2))' =7 F)

for every v, B € (0,1) and ¢ € ¥, Theorem 2.1 in [18] can not be applied.

In particular, for the case p = 0, the continuity condition of T can be replaced with the regularity
condition of the space X.

Theorem 2. Let (X, q) be a complete quasi-metric space, a function & : X X X — [0,00) and a mapping T : X — X
such that thereexist { € Z, 9 € ¥, L > 0and a1, ap, a3 € [0,1] with ay + ap + a3 = 1, such that, for all distinct
u, v € X, we have

Fmin {q(u, Tu), q(v, Tv), ¢(Tv,v)} < q(u, v) implies

(32)
G(a(w,2)q(Tu, To), p((q(u, 2))" - (g(x, Tu))? - (q(2, T2))® + LA (4, 7)) = 0.

Suppose also that
(i) u = Tu implies a(u,v) > 0 for every v € X;
(i) v = Tovimplies a(u,v) > 0 for every u € X;
(C1) T is a-orbital admissible;
(Cp) there exists uy € X such that a(uy, Tug) > 1 and a(Tuy, up) > 1;
(C3) X is regular with respect to the mapping w.

Then, T has a fixed point.

Proof. From the above theorem, there exists «* € X such that (27) hold. In what follows, we claim that

3 min Q(u*/Tu*)IQ(un(i)rTun(i))/Q(Tun(i)run(i))} < q(u*, uyy) or

Smin { gty -1, Ty 1), (0", T, q(Tu, %) b < qlaiy 1, ),

Indeed, using the method of Reductio ad Absurdum, we assume that that there exists k € N such that

%min{g(u*,Tu*),q(uk, Tue), ¢(Tw, we)} > q(v*, ) and
3 min {q(ue_1, Tue_1), q(u*, Tu*), q(Tu*, u*)} > q(w_q, v*)

Therefore, we have
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g1, u*) + q(v*, )

3 min {q(ue_1, Twe_1), g(u*, Tu*), (Tu*, u*)} + 3 min {g(u*, Tu*), q(wm_1, Twe—1), ¢(Twe_1, me—1)}
1

q(ue—1, ) <
<
< %[min{Q(”k—I/”k)/ q(u*, Tu*), q(Tu*, u*)} +min {q(u*, Tu*), q(u—1, u), q(u, 1) }]
<

ol (1, we) + q(we—1, w)]
q(we—1, u),

which is a contradiction.

In the alternative hypothesis, if the space X is regular with respect to mapping «, we have
(e, wy(j)) > 1, where{u,; } is a sub-sequence of {u,}, for i € N. We will suppose by reductio ad absurdum
that u* # Tu". Then, for u = v* and v = u,(;) in (3), we get

Gla(u®, iy ) g(Tu™, Tuwns) ), p(Ap (4™, 1y(5)))) = 0.
Taking into account the properties of function g, ¢, and «, the above relation becomes
g(Tw, ") < q(Tu", Tun) + q(Tuwn, w*) < a(u,wn) g(Tu*, Ty(i)) + q(ituiy 41, 47)
< (g, wy(iy))™ - (q(u®, Tu*))® - ((utn(iy, Titg(iy))® + (", 03))) + (i) 11, 87),
Letting i — oo, we have
0 < g(Tw®, ") < hm p((g(u”, my))™ - (q(u”, Tu™))™ - (g(ma(iy Tn(i)))® + (" w0(3))) + 4 (i) 12, 87)
and, since ¢ is continuous in 0, (0) = 0, we get ¢(Tu*, v*) =0. O

Corollary 5. Let (X, q) be a complete quasi-metric space and T : X — X be a given mapping. Assume that there
exist L > 0,( € Z and ¢ € Y such that, for all distinct u, v € X, we have

% min {q(«, Tu), q(v, Tv)q(Tv,v)} < q(u, v) implies

¢(q(Tu, To), (1p(u, v) + LA (w, v))) = 0,

for all distinct w, v € X. Then, T has a fixed point.
Proof. It is sufficient to take a(u, v) = 1 for u,v € X in Theorem 5. [

Corollary 6. Let (X, q) be a complete quasi-metric space and T : X — X be a given mapping. Assume that there
exist L >0,( € Z and ¢ € Y such that, for all distinct u, v € X, we have

Fmin {q(u, Tu), q(v, Tv)q(Tv,v)} < q(u, v) implies ¢(Tu, Tv) < kiy(u, )
or all distinct u,v € X. Then, T has a fixed point.
f p

Proof. It is sufficient to take L = 0, {(t,s) = kys —t, P(u) = kou with ky,k, € (0,1) and k = kiky in
Corollary 5. O
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Corollary 7. Let (X, q) be a complete quasi-metric space and T : X — X a continuous mapping such that

% min {q(u, Tu), 4(v,Tv)q(Tv,v)} < q(u, v) implies

a(Tu, To) < 5+ /g, )2 + (g, Tu)2 + (4, To) 2

(34)

for all distinct u, v € X and some k€ (0,1). Then, T has a fixed point in X.

Proof. Letp =2and g = ¢p = 3 = % in Corollary 6. [J

In the next theorem, we involve a Jaggi type expression with the hybrid contractions.
Definition 2. Let (X, q) be a quasi-metric space. A mapping T : X — X is called a hybrid almost contraction of
type J, if there exist { € Z and i € Y such that, for p > 0, L > 0and a1, ap > 0 with a1 + ap < 1, we have

S min {q(u, Tu), q(v, To)q(Tv,v)} < q(u, v) implies

(35)
G(a(u,2)q(Tu, To), p(Ip(u, v) + LA (4, 2))) = 0,

for all distinct u,v € X, where

(o1 ({1, 0))P + o (ALRILD))1p, - forp > 0
jp(u’ v) =

(q(u,9)) - (q(w, Tu))™ - (4(v,Tv))!"""2,  forp =0

and
N(u, v) = min{q(u, Tv), q(v, Tu)}.
Theorem 3. Let (X, q) be a complete quasi-metric space and o : X x X — [0,00) be a mapping such that:

(i)  u = Tuimplies a(u,v) > 0 for every v € X;
(i) v = Tov implies a(u,v) > 0 for every u € X.

Suppose that T : X — X is a hybrid almost contraction of type J such that the following assumptions hold:

(i) T is a-orbital admissible;
(ii)  there exists uy € X such that a(ug, Tug) > 1 and a(Tuy, up) > 1;
(iii) there exists A > 0 such that, (a; + a,A?P)V/P < 1 (where p > 0) and

1
Zq(u, v) < q(v,u) < Aq(u,v), forall u,v € X;
(iv) T is continuous.

Then, T has a fixed point.

Proof. We will consider only the case p > 0 because, for p = 0, the expression is similar to the one in
Theorem 1. By verbatim of the first lines in the proof of Theorem 1, starting from a point uy, we are able
to build a sequence {u,} C X. Onward, as in the proof of Theorem 1, we suppose that u,,1 # u, for all
n € N and from (35), we have 3 min {g(u,_1, Tuy—1), ¢(ttn, Tun), ¢(Tun, un)} < q(14—1, ws), which implies

C(o(un—1, ) q(Tuy—1, T ), P (Ip(a—1, wn) + LN (-1, 2))) > 0.



Mathematics 2020, 8, 675 14 of 19

By the axiom (z;), Lemma 1 and taking into account (7), this inequality becomes

9w, uny1) < (g1, w0)g(Tuy—1, Tun) < P(Ip(un—1, wn) + LN (g1, tn)) < Ip(ty—1, 1)
S e e 6)
= (o1 (g1, wn) )P + o (L) (nctnca )y /p

= [o1 (g1, 1))P + @ (g(m, 1y 1))/ 7.

Thereupon,

!

1/p
q(un, tyy1) < ( > q(un—1,un) < q(up—1, 1)

1—a

and then, from (36), we have q(u,, ,4+1) < P(q(uy—1, un)). Since p € ¥, recursively, we get

gy 1) < Pq(sa1,w0)) < oo < P"(q(u0,1m))- (37)

In order to prove that {u, } is a right-Cauchy sequence, let I € N. From (37) and the triangle inequality,
we get that

9w, unt1) < qun, thpg1) + oo A qQtg1-1, t0g1)
n+l—-1

< Z ¥ (q(u, m)

< Zt[ﬂ q(ug, 1)) — 0, asn — oo.

We conclude that { ¢, } is a right-Cauchy sequence in (X, q).
Substituting in (35) « = u, and v = u,_; and since 3 min {q(u, Tun, ¢(11y—1, Tuy—1), ¢(Tty—1, 1y-1))} <
q(un, w,—1), we have (taking into account (11)

Q(Un+1/ un) S “(ufm u’n—l)‘](Tu?l/ Tun—l) S ¢(]p(unr un—l) + LN(”’H/ u’n—l)) < ]p(un/ un—l)

= [an (g, ty1))? + ap (LD sty

ie.,

Un, Un : Up—1,

(i1, )P < o1 (o iy 1)) + (L trt) (Gl i)
Q(unr Up—1
On one hand, we have already proved that g(u, u,11) < q(uy—1, 4y ). On the other hand, by (iii), there
exists a positive constant A such that g(u,_1, u,) < Agq(u,, u,—1) for n € N. Thus, we have
(gt ) < a1 (g, 1)) + ool
Un,ty 2

< (gl wy1))P + ap (At yp

= (@ + &2A%P) - (q(, wy—1))?,

which is equivalent to the next inequality

‘](W-&-lz un) < (al + u2A2p)1/pq(un, un—l) < Q(un/ un—l)'
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Thus,
9 g1, ) < (g, wy-1)) < oo < 9" (q(m, 1)) (38)
Again, considering triangle inequality, together with (38), for [ € N, we have

Gt mn) < q(tpr, 1) + oo 4 q(y—1, 1)

[e9)

< Z ¥ (q(uo,w)) — 0, as n — 0.
j=n

Analogously, we deduce that {u,} is left-Cauchy, so that it is a Cauchy sequence in complete
quasi-metric space.

Thus, there exists #* € X such that
Jim g(uy, u”) = lim g(u”, w) = 0. (39)

Under the assumption (iv), from the continuity of T and (41), we have

Him, g, Tu") = Jim ¢(Tua, Tu") =0,

lim ¢(Tu*, u,) = nh_r)I;lo g(Tu*, Tu, 1) =0

n—o0
so that
nh_r)rolo (uy, Tu*) = nh_r)rolo g(Tu*, uy) = 0. (40)

Hence, Tu* = u* thatis, »* is a fixed pointof T. O

The following is a special case for p = 0.

Corollary 8. Let (X, q) be a complete quasi-metric space, a function a : X X X — [0, 00) and a mapping T : X — X
such that there exist { € Z and ¢ € ¥ such that, for p > 0, L > 0and a;, @, € [0,1) with a1 + ap < 1, we have

C(a(u,v)q(Tu, Tv), P(Ip(u, v) + LN (u, v))) > 0, for all distinct u,v € X. (41)
Suppose also that the following assumptions hold:

(i) u = Tu implies a(u,v) > 0 for every v € X;

(i) v = Tov implies a(u,v) > 0 for every u € X;

(i) T is a-orbital admissible;

(ii)  there exists uy € X such that a(ug, Tug) > 1 and a(Tuy, up) > 1;
(iii) there exists A > 0 such that, (a; + aA?P)V/P < 1 (where p > 0) and

1
Kq(u, v) < q(v,u) < Aq(u,v), forall u,v € X;

(iv) T is continuous.

Then, T has a fixed point.
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Example 2. Let X = [0, 1] and the function

uw— v, foru>v
9(”/ 7/) =
2(v—u), foru<ow

It is easy to see that the pair (X, q) forms a quasi-metric space.
Let the map T : X — X defined by
Ty = {

, forue(0,4]

WslR 0ol

, forue[},1]

16 of 19

and choose {(u,v) = Jv—wand Y(t) = 3t Forp = 2L = 0, A = 2, 04 = 4 and @y = % because
(a1 + ar- A?P)VP =1 4 L. 24 = 2 <1, the assumption (iii) is satisfied. In this case, (41) becomes

(s, 9)q(1,9) < (s, 0) = N Lalu o)+ 5

Define a : X X X — [0, 00) such that

3, foruvel0,3)
a(y,v)=¢ 1, foru=1,0=0

0, otherwise

It is easy to see that T is a-admissible. Indeed, we have

1 ,q(u,Tu)g(v, To)

o) ) “2)

w(u,9) =3 = a(Tu, To) = a(1/8,1/8) = 3, for u, v € [0, %)

and

x(1,0) =1 = (T1,TO0) = a(1/4,1/8) = 3.

On the other hand, for g9 =0,

«(0, T0) = &(T0,0) = a(0,0) = 3,

so that the presumptions (i), (i), and (iv) are satisfied. Of course, if u, v € [0, 1), we have q(Tu, Tv) = ¢(3,%) = 0
and (41) is verified. For u = 1and v = 0, we have ¢(T1,To) = } — % = %, 7(0,T0) = ¢(0,1/8) =2(1/8—0) =

1/4,4(1,T1) = ¢(1,1/4) =3/4 and

N

x(1,0)¢(T1,T0) =1 < +

)

s

1 3
i (16

Qool—
=

|
NN

\/411(11(1,0))2 + %(%)2

(43)

The other cases are not interesting since a(u,v) = 0 and the condition (42) is fulfilled trivially. Thus, the

presumptions of Theorem 8 are provided and u = % is the fixed point of T.

Corollary 9. Let (X, q) be a complete quasi-metric space and T be a continuous self-mapping on X. Suppose that

there exist { € Z, ¢ € Y such that
C(q(Tu, Tv), Y(9p(u,v))) 20,
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for each distinct u,v € X. If there exists A > 0 such that (a + az - AP)V/P < 1 for p > 0, and %q(u, v) <
q(v,u) < Aq(u,v) forall u,v € X, then T has a fixed point.

Proof. It is sufficient to take L = 0 and a(u, v) = 1 for u, v € X in Corollary 8. [

Corollary 10. Let (X, q) be a complete quasi-metric space and T be a self-mapping on X. Suppose that there exists
A > 0 such that (a; + a, - A?P)VP < 1 for p > 0, and Lq(u,0) < q(v,u) < Aq(u,v) forall u,v € X. The
mapping T has a fixed point provided that

4(Tu, Tv) < c- Ip(u,v)

for each distinct u, v € X and some ¢ € (0,1).

Proof. We set {(t,s) = c15 — t, (u) = cou with ¢1,cp € [0,1) and ¢ = ¢; + ¢ in Corollary 9. [
Remark 3. Letting p = 0 in Corollary 10, we find Theorem 2.2. in [20].

Example 3. Let (X, q) be the quasi-metric space, where X = [1,00) and

u— v, foru>v
9(”/ ”) =
2(v—u), foru<ow

Let

T ud —8u?>+19u—9, foru€[1,5]
u =
ln(u2—24)+u+6, for u € (5,00).

Consider the function  be arbitrary in Z,p € ¥ with ¢(t) = % and a : X x X — [0, 00) such that

w41, for (u,v) €{(3,3),(3,4),(4,53),(31),(1,3)}
a(u,v) = 1, for (u,v) = (2,1)
0, otherwise .

1t is easily verified that T is a-orbital admissible. Whereas T1 = T3 = T4 = 3, taking into account the
definition of function a, we have that the inequality (41) holds for every pair (u,v) € X2\ {(2,1)}. For the case
u=2and v =1, choosing @y = %, @ = 41—8 and p = 2, we find that axiom (iii) holds. On the other hand,

_ 172
#21) = (M) + (2]

25)-9(1,3) \ 2
:\/%_”18_(4( q()Z,ql() )) =2

and

2(2,1)¢(T2,T1) = 4(5,3) =2 < \/f = p(5(2,1).

Consequently, by Theorem 8, we have that the mapping T has a fixed point in X.
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On the other hand, we can observed that, for u = 1 and v =5,
q(T1,T(45)) = ¢(2,5.625) = 7.25, q(1,T1) = ¢(1,2) =2, q(4.5,T(45)) = ¢(4.5,5.625) = 1.125,

so that, since
q(T1,T(45)) > A(q(1,T1))*(4(4.5, T(4.5)))1_"‘

forany A € [0,1) and a € (0,1), Theorem 2.2 in [20] can not be applied.

Corollary 11. Let (X, q) be a complete quasi-metric space and T : X — X a continuous mapping. Then, T has a
fixed point provided that
q(u, Tu)g(v, Tv)

4(Tu, To) < ki - q(u,v) + k2 - g(u, v)

(44)
foreach u,v € X and k1, k € (0,1) with K + k < 1
Proof. Letp =1and K, = c- g, fori € {1,2} in Corollary 10. [
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