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Abstract: In this paper, we will obtain the existence of viscosity solutions to the exterior Dirichlet
problem for Hessian equations with prescribed asymptotic behavior at infinity by the Perron’s method.
This extends the Ju-Bao results on Monge-Ampére equations det D?u = f(x).
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1. Introduction

In this paper, we shall study the exterior Dirichlet problem of Hessian equation
Sk(D?u) = f(x), xeR"\Q (1)

where Q) C R" is a bounded, strictly convex set and 0 € Q, f € C%(R") is a positive function.

If k = 1, (1) is reduced to Poisson’s equation Au = f(x). If k > 2, (1) is fully nonlinear
elliptic. When k = n, we can derive the Monge-Ampere equation det D> = f(x). There are
many results of interior Hessian equations, see [1-7] and the correlative literatures. For example,
Caffarelli-Nirenberg-Spruck [2] obtained the existence result for the interior Dirichlet problem of
Hessian equations.

Besides the interior Dirichlet problems, the exterior Dirichlet problem has also been extensively
studied. The exterior Dirichlet problem is closely related to the classical theorem of Jorgens (n = 2 [8]),
Calabi (n < 5 [9]), and Pogorelov (n > 2 [10]) which states that any classical convex solution of
det D?u = 1 in R” must be a quadratic polynomial. A more simplified and analytical proof of the
theorem was obtained by Cheng-Yau [11]. Jost-Xin [12] proved the theorem in different ways. Later,
Caffarelli [13] generalized the conclusion to the viscosity solution. However Trudinger—-Wang [14]
showed that if u € C?(Q) is a convex function of det D’u = 1 and Q is a convex set of R"with
lim, ,y u(x) = oo, then u is quadratic and () = R".

In 2003, Caffarelli-Li [15] proved the existence result to Monge-Ampere equation in R"(n > 3).
That is, let

@

detD*u = 1, x € R™NQ,
u = ¢x), x € 90,

where ¢ € C2(dQ)). Let b € R",¢ € R and

A = {Aisareal n x n symmetric positive definite matrice satisfying det A = 1.}
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There is some constant ¢* and A € A, ¢* depends on n,(), §, b, for every ¢ > c*, then the
problem (2) has a function u € C®(R™"\Q) N C°(R™\ Q) satisfying the asymptotic behavior

limsup(\x\"*2|u(x)—(%x'Ax—i—E-x—i—E)\) < 0. 3)

|x| =00

If n = 2, by complex variable methods, Ferrer et al. [16,17] investigated the Dirichlet problem
earlier. Then the exterior Dirichlet problem of Monge-Ampére equation was investigated by [18-23]
and related literatures. For instance, in [20], Ju-Bao proved the existence result to det D?u = f(x)
with f = fo(|x]) + O(]x|7#), B > 0 on exterior domains. Motivated by [15], the second author and
Bao [24] first studied the Dirichlet problem of Hessian equation Si(D?*u) = 1 on exterior domains.
The existence result with the asymptotic behavior (3) was obtained for A = (CX)~1/¥T and I is the
identity matrix in [24]. More excellent achievements about the exterior problem of Hessian equations
can be referred to [25-27]. Specially, Bao-Li-Li [25] extended the asymptotic behavior (3) to more
general A and Cao-Bao [26] studied the exterior problem of Hessian equation Si(D?u) = f(x) in R"
where f = 1+ O(|x|~F) with g > 2.

In this paper, we’ll generalize the outcome of Monge—Ampeére equation in [20] to the Hessian
equation (1). We will study the exterior Dirichlet problem
{Sk(Dzu) =f(x), xeR"\Q,

@)
u=¢(x), x € 0L

In order to make the Hessian equation to be elliptic, we have to limit a class of functions. Set
Fk = {)\ S Rn|0’]()\) > O,j =12,--- ,k}

Let u € C>(R"\Q) and A(D?u) represent the eigenvalues Ay, Ay, - - - , A, of the Hessian matrix
D?u. If A € T}, then we call u k-convex.

Definition 1. [24] A function u € C°(R" \ Q) is known as a viscosity supersolution (respectively, subsolution)
to S(D?u) = f(x), ifforany t € R"\ Q, e € C2(R" \ Q) satisfying

e(t) =u(t) and e(x) < (respectively, >)u(x)onR"\ Q,
we get
Sk(D?e(t)) < (respectively, >)f(t).

In viscosity supersolution, we need e(x) to be k—convex.

Ifu € CO(R™\ Q) is a viscosity supersolution, meanwhile, a viscosity subsolution, we call that
u € CO(R"\ Q) is a viscosity solution to Sy.(D?u) = f(x).

If u € CUR™\ Q) is a viscosity supersolution (resp.  solution, subsolution) to (1) and
u> (resp. =, <)@(x) on 9Q, we call that u € CO(R" \ Q) is a viscosity supersolution (resp. solution,
subsolution) to (4).

Let
f(x) = follx]) +O(Ix|P),
with fo € CY([0, +00)), B > 0, |x| large enough and f satisfies

blrﬂ‘ S fo(”) S bz”lxﬂ’ Z 1o,

for some positive constants by, by, 7.
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Theorem 1. Let Q) be a smooth, bounded and strictly convex set of R" for n > 3,9 € C%(3Q),0Q € C2.
Suppose that f satisfies the above assumptions. In case

k(2 — min{n, B})
k—1

<a<oo, n+a>0, and «+p>0, (5)

then for any given by € R", there is some constant m*, m* depends on n, by, by, by, , B, @, Q). For every
m > m*, there is a locally k—convex viscosity solution u € CO(R" \ Q) to the exterior Dirichlet problem (4).
In addition, u satisfies

Jim supl*E =208 () — go([x]) — box — | < o ®)

where go(|x|) is the radially symmetric solution of Sx(D?u) = fo(|x|) in R with go(0) = gé)(O) =0, given
by (11).

Theorem 2. Let f, fo, g0 be as in Theorem 1. For any given by € R", there is some constant m*, m* depends
on by, by, by, n, a, B, then for any m > m*, the equation

Sk (D%u) = f(x), xecR" ?)
has an entire k—convex solution u € C°(R"™) in the viscosity sense. In addition, u satisfies (6).

This paper can be divided into the following sections. In the second part, we give the radially
symmetric solution to Sy(D?u) = f;. The third and fourth parts will prove Theorems 1 and 2,
respectively. In the last section, we show the importance of condition (5) by counterexample.

2. Radially Symmetric Solutions of Sk (D?U) = F

Define u(x) = u(r) = u(|x|) to be radially symmetric, where r = |x| = (x3 +x3 + -+ + x%)%.
By direct calculation, we can get

Diu(r) = (ru(r) =/ (1) 5L+ (1) 37,

(1, i=j,
Y170, i)

We can choose x = (7,0, - - ~0)T, then

i,j=1,...,n,

where

Sk(D?u) = CE= 3" (r)u! ()1 R+ CE ! (n)frF = fo(r). ®)
From (8), we can get
(" (r)) = nr”‘;é‘o(r), ©
and . .
u(r)y =d+ %, at' "k [/1 ns" fo(s)ds + bk dT, (10)

where R; is a positive number and

1

S b= Che )k

d=1u(2Ry), a=(

=
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Then the radially symmetric solution go(r) of Sx(D?*u) = fo with go(0) = 0, g5(0) = 0is

Qo(r) = /Or at' "k [/OT ns”ilfo(s)ds]%dr. (11)

3. Proof of Theorem 1

Known from [20], by subtracting a linear function from u, let us suppose that by = 0 in (6). Set j:
and f be two positive functions and satisfy

0 < f(Ix) = follxl) = exlx| P < f(x) < F(Ix]) = follx]) +calx[ P, x€R"
for some positive numbers ¢y, c; and | x| large enough.

Lemma 1. Let D be a smooth, bounded subset of R", f be a positive function on D and a function u € C°(D) be
a k—convex viscosity subsolution to S(D?u) = f(x), then there is a k—convex viscosity solution u € C°(D)
which satisfies

{sk(DZu) = f(x), in D, 12)

U=1u, on oD.

Lemma 2. Let Dy C D; be two smooth, bounded sets in R" and f € CO(IR™) be positive. In the viscosity sense,
assume that k—convex functions w € C%(D3), u € CO(R" \ Dy) satisfy

Sk (D?*w) > f(x), x € Dy,
>

Sk (D?u) > f(x), x € R"\ Dy,
respectively, besides
u<w, on Dy,
u>w, on oD;.
Define
w(x), in Dy,
v(x) :=  max{w(x),u(x)}, inDy\ Dy,
u(x), in R"\ Dy.

Then in the viscosity sense, v € C°(R") is a k—convex function and satisfies
Sk (D*v) > f(x), x €R™

The proofs of Lemma 1 and Lemma 2 can be referred to [20,24], here we omit the proofs.
For some constant 17, let S5 be a set satisfying that a function w € Sy if and only if

(1)  w e COR"\ Q) is a locally k—convex viscosity subsolution of Sy(D?u) = f(x) inR"\ Q, w < ¢
on 0Q);
(2)  w(x) <m+70(x), forany x € R"\ ), with

o(x) := /xl arl_%[./: ns”_lf(s)ds]%d’r. (13)

J1

Lemma 3. There is some constant i, 1it depends on O, n, ¢, a, B, then for any 1 > 1, there is a viscosity
subsolution u € Sy,.
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Proof. Set Ry > Ry > 1such that Ry, > 3Ry, Q) CC Bg, (0). Define

C:= max f(x) >0

x€BR,
According to [15], for any e € d(), there exists a k—convex solution w, (x) to the following equation
S¢(D*u) =C, inR"
with

we(e) = @(e), we < @onadQ\ {e}.
Let

W(x) := sup we(x), x € Bg,(0).
e€a)

Accordingly, W(x) is a k—convex viscosity subsolution of Sy(D?u) = f(x) in Bg, (0), and satisfies

W(e) < ¢(e), €€Q.

Through the definition of W, for any ¢ € d(),

W(e) > we(e) = 9(e),
so we have
W=g¢, ondQ.
Forb > 0, let

|

uy(x) = inf W(x)+ “71_%[ATnsn_17(S)ds+b]%d7.

XEBRI 2R1

Obviously, v, is a locally k—convex viscosity subsolution of S;(D?u) = f(x) in R" \ B, (0) and
satisfies

vp(x) < W(x), forl < |x| <Rj.

Fix by > 0 large enough such that for b > by, with R, > 3Ry, we can get

3R . _
vp(x) > 1r§f Wi(x / "4 K| / ns”flf(s)ds—i—b]%dr >1+W(x), |[x| =R
xXe Ry

Moreover, v;,(x) can be rewritten as
= d+/ at' k| / ns"1f(s)ds + b] de_/\l at k] / 1?(s)ds+b]%dr
Rl X

—d+ 1*%/ =17 d+bid—/ 12/ 14 (s)ds] bd
2R1aT [1715 f(s)ds T 2R1aT ns" " fo(s)ds]kdt

+/2: arlf%[/orns”*lfo( )ds]kd'r—/ooarl %[/l ns"1f(s )ds—ﬁ—b]%d"f
=d+ [ art H( [ ns s o) - ([ s ofs)ds) e

1 n T 1 |x| n T 1
—/02R m’lfﬁ[/o ns”flfo(s)ds]EdT—i-/O aTlf?[/O ns" 1 fo(s)ds|kdt

1—

= fy o R s 0= ([ ol

=
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0, (x) = u(b) + go([x) — [ et E( [T nsF(s)as + 0)E - ([ s ole)as) Har, (14
where
uby=d+ [ atl-t [(/j ns"VF(s)ds + b) b — (/OT 1" fy(s)ds) Fdt — go(2R; ).

When 7 is large enough, we can get

at' "k [(/1T ns" "1 (s)ds + bk — (/0T ns”—lfo(s)ds)%}

- [(/: 1" 1(O(s%) + Cas~F)ds + dy ) F — (/: 15" (O(s%))ds + da) ]

0

a(da) R4 Bipep Bt gy B
d3 ds ds

ds —de _y_4 dy —a—P
W Tk
:O(Tl—n—a—i-%)_'_O(Tl—lB—a—&-%)
:O(T%+1fa7min{n,ﬁ}),

~a(ds)FritE |

where C; is a constant, d;(i = 1,2,...,6) dependson n, 1, &, B, k, b, C3. In view of —% <
a < oo, then2+ ¢ —a —min{n, B} < 0and we have

0y(x) = () + go(|x]) + O(|x[F~*F27mHBY) x|  co. (15)

Moreover, from (13) and the above, we can see that

n

5(x) = gy (1) = [ et H( [ ns T )= ([T ns U o(easyar, ae)

where

o= [ H [ n ot — ([ e (o e - o)

Similarly, we can get

o(x) :ﬁ0+go(IXI)+O(|xl%+2_mi”{”"5}_"‘), |x| — o0. (17)
Since
at ([ s e + ) = ([ ns fo(s)ds) 18)
zatt H(( [ s (s)ds)E ([ s ol (19)
therefore
vp(x) <0(x) + p(b) ~ Ky Vx € R"\ B1(0). (20)

Obviously, j(b) for b is continuous, monotonic increasing, and p(b) — o0 as b — oo. Fix by > 0
large enough such that for b > b,

W(x) <o(x) + p(b) = iy, [x] < Ra. (21)
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Let b* = max{by, by}, for any b > b*, we define

W(x), x| <Ry,
uy(x) = ¢ max{W(x),z5(x)}, Ry < |x| <Ry, (22)
(). x| = Ro.

We know that
uy(x) =W(x) =¢(x), on oQ.

Obviously, uy(x) is a k—convex viscosity subsolution of Sy(D?u) = f(x). For any m > m* := u(b*),
there is a constant b > b*, and m = (b). According to (20) and (21), we can know, for m > m*,
up(x) <o(x)+m—p, VxeR"

Therefore, u;, € Sm,EO . In addition, according to (15) , we have

up(x) = p(b) + go([x]) + O(|x[F 2 mnbh) x| — co. (23)

Then the lemma can be proved with m = m* — O

Hy:

Set m > m*, define
um(x) == sup{w(x) :w € Sy }, x ER" \ Q.

Lemma 4. The function u, € CO(R"\ Q) is a locally k—convex solution to (4) and uy < T+ m — My
x € R"\ Q), in the viscosity sense.

Proof. According to the definition of u;, and S, pyr itis clear that u,, is a locally k—convex viscosity
subsolution to (1) and u,; <o+ m — H, inR"\ Q.
Firstly, we just have to show that u,;, = ¢ on Q2. We can get by the proof of Lemma 3,

um(x) > up(x), inR"\Q,
withm = 1 (b). Since uy, is continuous on 9(), then, for any ¢y € 9Q), we have

liggis?f um(x) > uy(eg) = @(€o)- (24)
Now we prove
limsup um(x) < @(gp).
X—¢€p
For any w € Sm*”o’ w is a viscosity subsolution in R” \ O, that is, for every t € R” \ﬁ and
o € C2(R"\ Q) satisfying
o(t) =w(t), ¢>wonR"\Q,

then, Sy (D?c(t)) > f(t) > 0. So,

N

A(t) > n

ask(132a(t))] > 0.

From the above equation, we can see that w is a viscosity subsolution of Aw = 0 in R"” \ Q) and
w < ¢ on JQ.
Fix a ball Bg(0) D Q. For the Dirichlet problem
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AwT =0, x€ Br(0)\Q,
wh=¢, x€ 99,
w =uy, x€ 9dBr(0),

there exists a classical solution w™ € C?(Bg(0)\ Q)N C°Br(0)\ Q). Using the comparison
principle ([28,29]) for w* and w € Sm_ﬁo , we have
w < w" in Br(0)\ Q,

then, u,, < w™ in BR(0) \ Q and

limsup up(x) < w' (eg) = ¢(go).
X—¢€Q

Secondly, we want to verify that u,,(x) is a k—convex viscosity solution of Sx(D?u) = f(x).
Fix a ball B, (xp) C R"\ Q, for any xy € R" \ Q. Then the Dirichlet problem

{Sk(Dzﬁ) = f(x), x € B)(xg),

= Uy, x € 9B, (xp).

contains a k—convex viscosity solution 7 € C°(B, (xo)).
From the definition of u,, and 7(x), then

Se(DA(@+m—p)) < f(x), in By(xo),
5+m—ﬁ0 > U, on 9B, (xp).

Applying the comparison principle to viscosity solutions, we have i > u;, and 4 <o +m — 0

on B/\(X()).

Set

- (x):{ﬁ(x), in By (xp),
" m(x), inR"\ (QU B, (x0)).

Then, @y, (x) is a locally k—convex viscosity subsolution, u,, <7+ m — u 0 inR"\ Qand @y, = ¢

on dQ). So W, € Sm_J. By the definition of u,,, we have u,, > @,, on B,(xp). We can know that
um = i on By (x) and uy,, € CO(R™\ Q) is a k-convex viscosity solution of (4). [

Proof of Theorem 1. According to the above, we just have to show that u, satisfies (6). According
to Lemma 4 and the definition of u,,, we have

up < Uy §5+m—ﬁo, inR"\ Q,
with m = pu(b), by (17) and (23), we can know

Jim _sup e[ R 2B [y, () — go([x]) — m]< co.

The theorem can be proved. [
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4. Proof of Theorem 2
For some constant 17, let S5 be a set satisfying that a function w € Sy if and only if

(1)  w € CO%(R") is a k—convex viscosity subsolution of Si(D?u) = f(x) inR".
(2)  w(x) <v(x)+m, forany x € R".

According to Lemma 3, uy, is a k—convex viscosity subsolution of (1), u,(x) < v(x) +m —p o

where m = p(b) and b > b*. Then u;, € SAm_yO for m > m*. Therefore,
uy (%) = gol(|x]) + u(b) + O(|x| FF2mmintndhy x| — o, (25)
Lemma 5. Define for m > m*,
U (x) == sup{w(x) :w € SAm,BO}, x € R™.
It is clear that 1l is a k—convex viscosity solution of Sy.(D?u) = f(x) with iy, < B(x) +m — By in R".

Proof. A similar method to prove this Lemma can be acquired in Lemma 4. [

Proof of Theorem 2. Known from Lemma 5, for any m > m*, i, € CO(R”) is a k—convex solution
to (1). We need to prove (6). According to Lemma 5 and i, , then,

gbgﬁmgﬁ—l—m—yo, in R",

with m = u(b), by (17) and (25), we can know

‘g‘iinwsup |2~ k=2 Emin{nBl g, (x) — go(|x|) — m|< oo

Theorem 2 can be proved. O

5. Example

k(2 — min{n, B})
1—-k

k(B—2
Choose a ball B1(0) C By(0) € R*(n > 2) and a constant ¢, let & = —% for0 < B < n.

We shall obtain a locally k—convex radially symmetric solution which satisfies

In the last part, we demonstrate the importance of & > by a counterexample.

Sk(D?u) = f(|x|), inR"\ By(0), 26)
u=c, on dBg(0),
and
i suplx|"Plu(|x]) — go(|x]) — b1 — baln|x|| < eo, (27)
with by = a(1+ %)*%(kztzﬁ), by dependsonn, a, H, 3, a, b, c.
Let
F(xl) = follx) + 12| P, x| > H, (28)
where fy(|]) = [x]".
_ k=2 : _ _ _
Theorem 3. Suppose & = 1 for 0 < B < n. Define u(x) = u(r) = g(|x|), where r = |x]|.

Let the locally k—convex function u(x) € C°(R" \ By (0)) N C3(R"™ \ By(0)) be a solution to (26). Then u
satisfies (27).
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Proof. Suppose that u(r) = u(x) = g(|x|),r = |x|, and u(x) € C°(R"\ By (0)) N C?(R"\ By(0)) is a
locally k—convex radial solution. For H < r, §”(r) and g'(r) are positive, respectively, and

g'(r) = arlf%(n/h:v”*lf(v)dv—b—b)%

witha = (1), b= CkH" g/ (H)* > 0.

=

Set

h(r) = n/h:v”_lf(v)dv, ho(r) = n/(; 0" fo(v)do.

According to (28) and H < r, we obtain

h(r) = ho(r) —bo + — - ﬁrnfﬁ,

where by = hy(H) + nnfﬁH”’ﬁ. We can give g(|x|) as follows

|| n 1
glx) = [t Fo+ n(o)]kr +g(H)

h(T) — ho(T) + b

Tio (7) )k —1]dt.

|x| i 1
= go(lx) = go(H) +c+ [ " ar~F (01 +

n

n—p

=P, we can obtain

In view of & = —% for 0 < B < n, with h(t) = ho(T) — bp +

TP bytb
att k(14 Pr o (7) - )k = 1][ho(7)]

n+u 1 Ky1-1
kn—k,B)T —I—a(l—f—n) K (

i

b—bo
k

:ﬂ(l'f‘%)_%( Y L O(eP ), as T — o
Then,

g(|x]) = O(|x[F~") + go(|x]) + by + baln|x|,  as|x| — oo,
n+u
kn — kB

with b, = a(1+ %)7%( ) and by dependsonn, B, H, a, «, ¢, b, k. O
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