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1. Introduction

In 1940, Ulam posed a question concerning the stability of homomorphisms into metric groups, a
question which is regarded as the origin of the problem of stability in the theory of functional equations.
In 1941, Hyers [1] answered the problem for a linear functional equation on the Banach space and
established a new concept on the stability of functional equation, now called Hyers—Ulam stability.
In 1978, Rassias [2] introduced a new definition of generalized Hyers-Ulam stability by the constant ¢
by a variable, and obtained the stability of Hyers—Ulam—Rassias for functional equation. There is a
rich literature on this topic for standard integer-order equations (see [3-17]). In addition, the same
stability concepts are introduced to find approximate solutions to fractional differential equations,
see [18,19] and the references therein.

In 2015, Caputo and Fabrizio [20] gave a new definition of fractional derivative with a smooth
kernel. Losada and Nieto [21] introduced Caputo-Fabrizio fractional differential equation the newly
developed Caputo-Fabrizio fractional derivative and obtained the existence and uniqueness results
under some strong restriction. Baleanu et al. [22] obtained the approximate solution for some infinite
coefficient-symmetric Caputo-Fabrizio fractional integro-differential equations. Goufo [23] used the
fractional derivative of the newly developed Caputo-Fabrizio without singular kernel to establish the
Korteweg-de Vries—Burgers equation with two perturbation levels. Atangana and Nieto [24] studied
the numerical approximation of this new fractional derivative and established an improved RLC circuit
model. Moore et al. [25] developed and analyzed a Caputo-Fabrizio fractional derivative model for
the HIV epidemic which includes an antiretroviral treatment compartment. Dokuyucu et al. [26]
applied the fractional derivative of Caputo-Fabrizio to model the cancer treatment by radiotherapy.
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Recently, Basc1 et al. [27] applied the Laplace transform method to study the Hyers-Ulam
stability of the following linear differential equations with Caputo-Fabrizio fractional derivative
(see Definition 1):

(FD*y) () = f(1), 0 < <1,
and
(CFD*y) (1) — Ay(t) = f(t), 0 <& < 1.

Meanwhile, Liu et al. [4] presented the Hyers—Ulam stability of linear differential equations with
two term Caputo—Fabrizio derivatives as follows

(D) () = A(FDPy) (1) = u(t), 0 <a, p<1,

and applied fixed-point theorems to derive the existence and uniqueness of solution to nonlinear
equations as follows

(D) (1) = gt f(1), 0 < <1, )

and obtained the generalized Hyers—Ulam—Rassias stability via the Gronwall’s inequality.

Observing that ([4], Theorem 3) adopted the generalized Banach fixed-point theorem instead of the
standard Banach contraction mapping and weakened the condition a,L 4 b, TL < 1in ([21], Theorem 1)
toa,L < 1wherek > 0 denoted by the Lipschtiz constant of g, T denoted by the step of the interval and

21-+) 2.
a. —_— T~ b,:i. (2)
(2= )M() (2= )M()
and M(-) denotes a normalization constant depending on -.

Based on the above observation, we apply a new fixed-point approach to show the existence and

uniqueness and stability for (1) on a compact interval to a noncompact interval | = 19, 70 + k), k > 0.

2. Preliminaries

Definition 1 (see [20]). Let 0 < 7 < 1, the Caputo—Fabrizio fractional derivative of order <y for a function f
can be written as

or - B0 [ i

(t—39))f'(s)ds, T>a,

where M(7y) is a normalization constant depending on -y. Please note that (“*D7)(f) = 0 ifand only if f isa
constant function.

Definition 2 (see [21] or ([4], Definition 2)). Let 0 < v < 1. The Caputo—Fabrizio fractional integral of
order vy for a function f is defined as

CFWf(T) = Mf(f) + (2—'i;y]\/l('y)/;f(s)ds’ > a.

Let () be a nonempty set, we present the following definition of generalized metric on ().

Definition 3 (see [3]). A function p : QO x Q — [0, 00| is called a generalized metric on Q) if and only if
o satisfies
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(i) p(t, ) =0ifand only if 1 = To;
(i) p(t, ) =p(n,n)foral v, v e Q)
(iii) p(t,13) < p(r, ) +p(1, 13) forall Ty, 7, 13 € O

Theorem 1 (see [28]). Let (Q, p) is a generalized complete metric space. Suppose P : QO — Q) is a strictly
contractive operator with the Lipschitz constant K < 1. If there exists a nonnegative integer | such that
p(PH1t, PIT) < oo for some T € Q, then the followings are true:

(i) The sequence {P" T} converges to a fixed point T* of P;
(ii) T* is the unique fixed point of P in

(iii) If T € QOF, then

Definition 4 (see [4]). Let g : ] Xx R — R be a continuous function. Equation (7) is Hyers—Ulam stable if
there exists a real number N > 0, such that for each € > 0 and for any solution f € C(J,R) of

“D7f(7) —g(t. f(T))| < e VT E], ®
there exists a solution h € C(J,R) of (1) with
[f(r) = h(T)| < Ne, VT €]

Definition 5 (see [4]). Let ¢ : | — Ry and g : | x R — R be continuous functions. Equation (7) is
generalized Hyers—Ulam—Rassias stable with respect to ¢ € C(],R.), if there exists a constant c¢ s > 0 such
that for any solution f € C(J,R) of

DY () — 8(z, f(D) < 9(1), VT €, @
there exists a solution h € C(J,R) of (1) with

(7)) = (D) < cppop(), VT EJ.

3. Main Results

Throughout this section, we denote the set Y of all continuous functions on | by
Y :={g:] — R| gis continuous} = C(J,R) (5)
Lemma 1 (see ([3], Theorem 3.1)). Define the functiond : Y x Y — [0, o] with
d(f,g) == inf{M € [0,e0] | [f(7) — g(7)| < Myp(7), ¥ 7 € J}
where  : ] — [0,00) is a given continuous function. Then (Y, d) is a generalized complete metric space.

We give the following conditions:

[A1] The function g : ] x R — R is continuous and locally Lipschitz in 7.
[Az] There exists a constant L > 0 such that

18(t,y1) —8(ty2)| < Lly1 —y2l, Yy, €R, T €.



Mathematics 2020, 8, 647 40f12

Now, we prove the Hyers-Ulam stability of (7).

Theorem 2. Assume that [A1] and [Az] and |a,| < 1/(L+ 1) hold. If the function h :] — R is continuously
differentiable and satisfies
[(DTh) (1) — g(T,h(7))| < e 6)

forall T € ] and for some € > 0, then there exists a unique solution f(T) of

(“'D7f)(7) = g(T, f(7), 0<y <1, @)

satisfying
[h(7) = f(T)] < (L +1)(|ay] + |by[k)e ®)

forall T € ], where a,, and b, are defined in (2).
Proof. We introduce a functiond; : Y x Y — [0, o], where Y defined by (5) with
di(f,g) = inf{M € [0,00] | |f(7) = g(v)|e K™ <M, VT e}, ©)

_ _(I4+D)by
Where K= Wl)"z’y‘

Let ¢(-) = eK(~7) in Lemma 1, we obtain (Y,d;) isa generalized complete metric space.
Next, we consider the operator P : Y — Y as follows:

> 0 and a-, by are given in (2)

T

(PH(T) = fo+ arg(r, f() +by [ g(s, f(s))ds, Te]. (10)
20

for any f,¢ € Y, where fy = f(1). Please note that any fixed point of P solves (7). Indeed, the

function u — a,g(7,u) = v in (10) is invertible, it is increasing. We denote its inverse u = G(7,v), and

G is globally Lipschitz in v and locally Lipschitz in T by our assumptions. So, any fixed point of (10)

satisfies

£(1) = G(t,b, /:g(s,f(s))ds+fo). (1)

0

Now clearly the function T — b, fTE g(s, f(s))ds + fo is locally Lipschitz in 7, we see that the
composition function T — G(7,b, f; g(s, f(s))ds + fo) is also locally Lipschitz in 7. So, any fixed
point f(7) of (10) is a locally Lipschitz function, and thus it is locally absolute continuous on J. So really
(10) gives solutions of (7). As a matter of fact, we need just that u — a,g(7,u) = v is invertible, i.e.,
u — a,g(T,u) is strictly monotonic in 1, and we can extend our results for more general case. We shall
consider (11) instead of (10).
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We prove that Pf is continuous. Let 7y, 7» € |, and 7y < 1, we have

IPF () ~ Pf(r2)
= layg(m F(m)) by [ gls f9)ds — ag(e f(m)) by [ (s, £ls))es

< laylls(mn f(m)) ~ 8(ra S+ Il [ "85, f5))ds - [ % (s, fls))as
< Joylls(m, f(m)) ~ 8(u S (@) + larllg(ri, £ (7)) = s f(2)| + byl [ (s, £(5))es
< layllg(n, f(m) - g, f@)] +lasl8(m, £(12)) — g(m £ ()
oI " 805, £5) — sl 0)lds + [ lg(s,0)lds)
< Jayllg(, F(7) - g, Flm))] +lasl[8(m1, £(72)) = g(m2 £(72))
+0[(Lll fller) (2 — ) + I8llcr) (T2 — 7))

Then, for all f € Y, as 11 — T, the right-hand side of the above inequality tends to zero (due to
[A1] and f € Y). Thus, Pf is continuous, i.e., Pf € Y forall f € Y.
Then, we have

|(Pfo)(7) = fo(0)[e X" < |Pfo — folle(y ) max{1,e ¥} < oo,

forall fy € Y,and T € J. Therefore, by (9), we obtain d1(Pfy, fo) < o0, fo € Y.
Similarly, we have

(o) (1) = F(D)e X <l fo = fllem) max{L e} < oo,
forall f € Y,and T € |, which implies that
d(fo, f) <o, Vf €Y,

thatis {f € Y | d1(fo, f) < o0} =Y.
Next, we show that P is strictly contractive on Y. For any /,n € Y, we get

|(PD)(7) = (Pn)(7)]

< layllg(z,1(0)) — g(T,n(7))| + |y / 19(5,1(5)) — gls,n(s))\ds
< L|av||l(T)—n(T)|+L|b7|/TOT|l(s)—n(s)|ds

< Llay|[i() = n(7)| + L|by| / 1(s) — n(s)[e—KlE=10) K(s=10) gg
< Llay[|I(7) = n(7)| + L|b7|dlzl,n) /OT K(5=T0) g

< Liai(7) = n(0)] + 2ol gy (1 ny (oK) _q)

< Loy l1(x) = n(o)] + Aol 1 myekte—m
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forall T € J. Thus, forany /,n € Yand all T € ], we have

(P)(x) — ()@l KT < Ljayl1(x) — (e ) + Horlg, 1)

L
< Llay|di(I,n) + |£A"d1(l,n)

b
= Lllayl + 2Dy,

L
= L+1d1(l,1’1).

Hence, we obtain
L

L+1

dl(Pl,P}’l) S d](l,ﬂ).

Therefore, P is strictly contractive on Y.
When k = 1and Y = ), the operator P satisfies all the conditions of Theorem 1.
On the other hand, by (6), we have

—e < (“*'D"h) (1) — g(t,h(T)) <e VT E .

Similar to the approach in ([4], Theorem 2), we can obtain

h(3) ~ o — ey (0 1() = by |56, F(9)ds] < ey + 06 (12)
for all T € J. From (10), (12) is equivalent to
h(2) = (Ph)(¥)] < €(|ay| + [b, k). (13)
Multiply both sides of (13) by e~ X(7=),
() = (PR)(0)|e™K0) < e((ay | + by K)e ™M) < M := e(|ay | + [by k) max{1, e}
forall T € J. Then

dy(Ph,h) < e(lay| + |b7|k)€7K(T7TO)~

By Theorem 1, there exists a unique solution f : | — R of (7) satisfying

1 —K(t—19)
0 ) < Ty (P < (Lt ellay) + [y e <), re

by (9), we have
[h(7) = f(0)]e K70 < (L4 1)e(|ay] + by [k)e X0, T e,
which implies that (8) holds. [

Remark 1. From Definition 4, (8) shows (7) is Hyers—Ulam stable with the constant N = (L +1)(|a, | +|by k)

provided that 0 < k < +o0. Of course, (7) is not Hyers—Ulam stable if k = +oo. Theorem 2 covers the result
in ([27], Theorem 2.6) and shows that the condition 0 < A < % can be removed.

Now we will prove the Hyers—-Ulam—Rassias stability of (7).
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Theorem 3. Assume that [A1] and [Az] and |a,| < 1/ (L + 1) hold. If a continuously differentiable function
h :] — R satisfies
(“'D7h) (1) — g(7,h(7))| < G(7) (14)

forall T € ] and for some G : | — (0, c0) is a nondecreasing continuous function satisfying

/TOTG(s)ds

forall T € ], then there exists a unique solution f(T) of (7) satisfying

< F;G(t), Fg >0, (15)

Ih(t) = ()] < (L+1)(ay +byF6)G(x) (16)
forallT € ].
Proof. We introduce a functiond, : Y x Y — [0, 0], where Y defined by (5) with
da(f,8) = inf{M € [0,00] | | f(7) — g(1)|e” ("™ < MG(),¥ T € ], K€ R} (17)

Let (-) = eK(~™)G(.) in the Lemma 1, (Y, d>) is a generalized complete metric space.

Consider P : Y — Y defined in (10). Similar to the method of Theorem 2, we can conclude that
dy(Pfo, f) < oo foreach fo € Xand {f € Y | da(fo, f) < oo} =Y.

Next, we prove that P is strictly contractive on Y. Note

T T
/ G(s)eK6-ds < G(1) / eKs=m)gs
T0 0

1 T
- -G / dK(S—T())
xoto [

IN

ZG(r) (K 1)

%G(T)em*m)

IN

forall T € J.
Foranyl,n € Y,let M, € [0, 0] be an arbitrary constant with dy(I,n) < M; ,,, by (17), we obtain

(1) — n(t)|e XK < M, ,G(1), forallTe].
Then, for each I,n € Y, we have

|(PI)(7) — (Pn)(7)]
lay|lg(T,1(7)) = g(T,n(T))[ + |ba] /TO 18(s,1(s)) = g(s,n(s))lds

Llay () = m(@)] + Liby | [ 11s) = n(s) s

T
Llay|[I(t) = n(T)[ + L[by| / [1(s) = n(s)|e” Km0 gs
J T

IN

IN

IN

IN

T
Llay||I(t) = n(T)| + L|b7|Ml,n/ G (5)eK(E—) s

0

IN

1
Llay|[I(T) = n(T)| + L|b7|Ml,niG(7)3K(T—To)
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forall T € J. Thus, forany /,n € Yand all T € ], we have

|(PI)(T) — (Pn)(T)|e_K(T—T0)

IN

L|b
Liay [1(2) - ()l =) 4 Horlag, 6
Lib,|

IN

Llay| My, G(7) +

Ml,nG(T)

b
= Lllayl + 2hym,60m)
L

= linG( )

thatis, d>(PIl, Pn) < LLMI 2 V T € ]. Hence, we obtain

dy(PL, Pn) < frldz(z,n), Vrel.

Therefore, P is strictly contractive on Y. When k = 1 and Y = ()%, the operator P satisfies all the
conditions of Theorem 1.

On the other hand, by (14), we have

~G(1) < (“'Dh) (1) — g(T, k(1)) < G(7), VT e

By simple computation, we can obtain

Ih(T) — hg — ayg(T,h(T)) — b /
< a,|G(T) + |b7|/T G(s)ds
< (lay) + by F6)G(D), VT e .
This yields that
|h(t) — (Ph)(T)| < ([aq] + [by|F6)G(T), VT E] (18)

Multiply both sides of (18) by e~X(T=™), then,
[h(7) = (Ph) (7)) < (lay| + by |F5) G(r)e X T0), v e .
Then
da(Ph, 1) < (ay| + [by|Fo)G(T)e KT, vz e ).

By Theorem 1, there exists a unique solution f : | — R of (7) satisfying

]' — T—T
da(h, f) < mdz(l’hrh) < (L+1)(lay| +|by|F)G(r)e KT—0), wre].

By (17), we have

[h(7) = f(O)]e X7 < (L+1)(|ay| + |by|F6)G(r)e KT0), Ve,

which implies (16) holds. The proof is complete. O

Remark 2. By the Definition 5, (16) shows (7) is generalized Hyers—Ulam—Rassias stable with the constant

cr,c = (L+1)(|ay| + |by|Fg). Theorem 3 extend the result in ([27], Corollary 2.8) and also shows that the

condition 0 < A < % can be removed.
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Remark 3. Compared to ([4], Theorems 3 and 5), we extend the existence and uniqueness result and the
generalized Hyers—Ulam—Rassias stability result for (1) on the noncompact interval and also remove the
condition L|ay| < 1 from the assumptions.

4. Examples

Assume that M(-) in Definition 1 is the solution of the following equation:

2(1- ) 2
- MO T a—mMo "

Then one can derive an explicit formula M(-) = 2% (see ([21], p. 89)).
Example 1. We consider the following equation:
(“"DYf)(7) = Af(1) = 8(7), T € [0,k), k>0, (19)

and let gz, (1)) = (1) + A (x). Obviously, |g(x, £1(7)) — g(, fo(0))] = IAllfi (%) = folo)], T € [0,)
and the Lipschitz condition holds with the Lipschitz constant L = |A|. Then, (19) is Hyers—Ulam stable on ],
forall A € Rand o € (0,1).

Now, let v = 3,A = —2,(0) = 0, and g(t) = 47 — 4 +4e™ " — Le™2" + 272 We consider the
following equation:

(CFD2f) (1) +2f(7) = g(1), T € [0,k), k > 0. (20)
Let h(t) = T2, for € = % by simple calculation, we have
(CFD2h) (1) =47 — 4+ 4e T

then

(FDER) (1) + 2 (1) ~ g(1)| = 3¢ T < 5 =¢, TE[0K), k>0,

Integrating (20) from 0 to T, we get

1
_ 2 2T 1.
flr)=r —126 +—126 2
then
1 e 1 _1 1 _1 3
@) = fOl = Igze ™ -~ e ¥l = e F-e? (1)
1 1
< - X o =€
- 6 2 6

So (20) is Hyers—Ulam stable (see Figure 1). Please note that the condition A > 0 in ([27], Theorem 2.6) is
not required here, and moreover, (20) is Hyers—Ulam stable, too.

On the other hand, (21) implies that (20) is also Hyers—Ulam stable even for T = oo, which shows
that ([27], Remark 2.7) is not suitable.
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0.2

o e
o 0.1 02 0.3 0.4 0.5 0.6 0.7

Figure 1. The exact and approximated solutions of the differential equation (20) are shown by the red
and blue lines, respectively.

Example 2. We consider the following fractional problem

D) = o L TE [049) @

and the inequality

|(CF]D>%f)(T) — 1+5€T 1|+f|f|| < G(1), T €0, +00).

Let g(t, f(T)) = 12 %‘lﬂ, (7, f) € |0,+00) x R. Obviously [A1] holds. For any T € [0, +o0) and
f1, fo € R, we have

5 AL Rl | o 5f1— fo
L+et |1+l 1+l = QA+[ADA+]f2])

5|f1— fal-

Then the condition [A3] hold and L = 5 and k, = 5 in ([4], Theorem 5).

Let G(1) = e* € C([0,+00), (0,400)) and [, G(s)ds = [, e°ds = eT —1 < eT. (15) holds for
Fg =1 > 0. Therefore, in view of Theorem 3, (22) is generalized Hyers—Ulam—Rassias stable.

Herey = %,bycalculation, wehaveM(%) = g,a% = %. Then aykf = % x5 = % > 1. Thus aakf <1

§(t, 1) = 8(T f2)]

IN

condition of Theorem 5 in [4] does not hold in this problem. Thus, ([4], Theorem 5) does not work even on [0, 2].
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