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Abstract: In 2019 Seneta has provided a characterization of slowly varying functions L in the Zygmund

sense by using the condition, for eachy > 0, x (L(Lx(;r)y ) _ 1) -0 as x — oo. Very recently, we have

extended this result by considering a wider class of functions U related to the following more general
condition. For each y > 0, r(x) (W - 1) —0 as x — oo, for some functions ¥ and g. In this
paper, we examine this last result by considering a much more general convergence condition. A wider

class related to this new condition is presented. Further, a representation theorem for this wider class
is provided.
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1. Introduction

The notion of ultimately monotony introduced by Zygmund says that a function U > 0 is slowly
varying if for each € > 0 the function x°U(x) is ultimately increasing and x~U(x) is ultimately
decreasing ([1], p. 186). A different kind of slowly varying functions was defined by Karamata [2]
known as simply the class of slowly varying functions (KSV). It is known that any ZSV function is a
KSV function (see [1], p. 186 and, e.g., [3], p. 49).

Recently, Seneta [4] found that the slowly varying functions L in the sense of Zygmund are

characterized by the relation:
. L(x+y)
1 — -1 = .
im x ( L(x) 0,Vy
More recently, Omey and Cadena’s [5] functions extended the results of Seneta, and they
considered functions for which the following relation holds:

L(x+yg(x))
() -0 w

Here, the function g(x) is self-neglecting (notation: ¢ € SN) and r is in the class I'y(g) with
r(x) — oo. The class I'y(g) is deeply studied in [6]. Recall that ¢ € SN if it satisfies

Jim 9

gxtye(®)

lim &&—<—= =1,

e ()

locally uniformly in y. In addition, recall that, for g € SN, we have f € T',(g) if f satisfies

o fetyg(x) _ .
BT
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Now, we study more general relations of the form

lim 7(x) <u(x;r(f§(x)> —e“y> =0(y), Wy,

where we assume that the convergence is L.u. in y. As before, we assume that r € T'y(g), r(x) — o0 and
that g € SN.

Throughout this paper, we use the notation f(x) ~ g(x) for representing f(x)/g(x) — 1
as x — oo.

We study in detail the two cases: « = 0 and a # 0. The case « = 0 can be considered as the
class SN with a rate of convergence in the definition. This case is presented in the following section.
The case where & # 0 can be considered as the class I'y(g) with a rate of convergence in the definition.
This case is presented in Section 3. For each case, characterizations of the involved functions are
provided. Concluding remarks are presented in the last section.

2. The Casea =0

2.1. The Limit Function

Suppose that U, g, > 0 are measurable functions and suppose that the following relation holds:
: U(x +yg(x)) _
lim r(x) (U(x) —1)=0(y), 1)

and we assume that Equation (1) holds locally uniformly in y. As before, we assume that r(x) — oo,
r € Tp(g) and that g € SN.
Clearly, Equation (1) holds if and only if

lim r(x)(W(x +yg(x)) = W(x)) = 0(y), @

X—r00

where W(x) = log U(x).
Now, we replace x by x = t + zg(t). Note that g(t) /t — 0 so that x/t — 1 Lu. in z. We find

lim 7(t + zg(t)) (W(t + zg(t) +yg(t +2g(t))) — W(t +2g(t))) = 6(y).

t—o0

Using r € I'y(g), we have

lim r(t) (W(t + zg(t) +yg(t +2g(t))) — W(t +28(t))) = 0(y),

t—ro0

and then it follows that

lim 7(t) (W (t + zg(t) +yg(t +2g(t))) — W(t)) = 0(y) + 6(2).

t—o0

Now, we have

W(t+zg(t) +yg(t+zg(t)) —W(t) =W <t + (Z +yw> g(t)) —Wi(t).

Using lL.u. convergence, we obtain that

lim r(t)(W(t +2zg(t) +yg(t+zg(t))) —W(t)) = 6(y + z).

t—o0

We conclude that
0(z+y) =0(z) +0(y),
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and (since 6 is measurable) hence also that 6(y) = 6y for some constant 6.
Conversely, we have the following (cf. [6]): if

. U(x +yg(x)) _
Jim r(x) (u(x) - 1) = 6y,

then this relation holds lL.u. in y.
To conclude, we have the following theorem.
Theorem 1. Assume that ¢ € SN and that r € To(g) with r(x) — oo.

(a)  If Equation (1) or Equation (2) holds l.u. in y, then 6(x) = 0x for some constant 6.
(b)  If Equation (1) or Equation (2) holds with 6(x) = 0x for some constant 6, then Equation (2) holds l.u.

iny.
2.2. Representation
Three different ways to represent the functions satisfying Equation (1) follow.
2.2.1. First Form
For further use, let A(x) = [ 1/g(t)dt. Clearly, we have
At yg() — A) = [ 8D —ar 1y
0 g(x+2g(x))

Lu. in y. Note that A(x) is an increasing function so that fy(y) = A(x +yg(x)) — A(x) is an increasing
function of y for which fx(y) — y as x — oo. As a consequence, the inverse function also satisfies
f< Y(y) — y. To calculate the inverse, we set

fely) = A(x +yg(x)) — A(x) =t
so that x +yg(x) = A~!(t + A(x)) and

We conclude that

so that (replacing A(x) by x and t by y)

Al (x+y) - Al (x)
g(A~1(x))

— Y,

Lu.iny.
Now, let K(x) := W(A~!(x)). We have (using l.u. convergence in the last step):

r(x)(K(A(x) +y) = K(A(x))) = r(x)(WAT(A(x) +y)) — W(x)

= 7r(x) (W (x +g(x)A_1(A(gx()x;— v x) - W(X))

It follows that
r(A7H(x)(K(x +y) — K(x)) — 0y ®)
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Lu. in y. Taking the integral f (.)dy in Equation (3) we have

1 1
[ AT @) K+ ) = Ky — [ oy
Y 0

=0

or

We see that K(x) is of the form

K(x) = C+/ zdz+ ()x))
= Lo+ NAQ&»

where C(x) — C(= 6/2) and L(x) = [+ K(z)dz. Note that
r(A7Y(x)L (x) = r(A~ Y (%) (K(x + 1) — K(x)) — 6.
Using W(x) = K(A(x)), we find that

C°(x)
r(x)

where C°(x) = C(A(x)) — Cand T(x) = L(A(x)). Note that

W(x)=T(x)+

r(x)g(x)T'(x) = r(x)L'(A(x))g(x) A'(x) = r(x)L'(A(x)) = 0.
We prove the following result:
Theorem 2. Assume that ¢ € SN and that r € T(g), r(x) — oo.
(a)  If Equation (1) holds with 6(x) = 6x, then W(x) = log U (x) is of the form

Cx)

W) = T+ 2

where C(x) — Cand r(x)g(x)T'(x) — 6.
(b)  IfW(x) = T(x)+ C(x)/r(x), where C(x) — 0and r(x)g(x)T’(x) — 6, then Equation (1) holds with
0(y) = by.

Proof. The proof of (a) is given above. To prove (b), we have

W(x +yg(x)) — W(x)

= Tl ygla) - T + SEHISED) W

rx+yg(x))  r(x)

Clearly, we have

r(x)(T(x +yg(x)) — T(x)) = yr(x)g(x)T'(x + Bg(x))
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for some B € (0,y). It follows that

r)(T(x +yg(x)) = T(x)) = y(9+0(1))r(

For the second term, we have

Clx+yg(x) CHx)Y\ _  r(x) B
r(x) (r(x+yg(x)) r(x)) = C(x+yg(x)) —C(x) — 0.

The result follows. O

Remark 1.

1. In the special case where g(x) = 1, we have

lim r(x)(W(x+y) — W(x)) = 8y

X—00

iff W is of the form W(x) = C + T(x) + €(x) /r(x) where e(x) — 0 and r(x)T’'(x) — 6.
2. From Equation (1), it follows that

[f{%(uw 1 yg(x) — U(x)) — by,

The previous representation result shows that

where r(x)g(x)T'(x) ~ 0U(x).
3. Using U(x) = V%), we also have that U (x) = R(x)eC /") where R(x) = eT™). Note that

r8(x) ey = ST () = 0

2.2.2. Second Form

In Equation (3), we find that r(A~!(x))(K(x +y) — K(x)) — 8y, where K(x) = W(A~!(x)).
Using logarithms, we get that
K(log xy) — K(x)

L(x)
where L(x) = r(A~!(log x)). From de Haan'’s theorem ([7], Theorem 3.7.3), we find that K(log x) can
be written as

— Ology

K(logx) = C + 6Ly (x) + /x 0L, (t)tLdt,
a

where Lq(x) ~ L(x). It follows that
X
K(x) = C + 0Ly (x) + / Ly (t)dt,
Ja°

where Ly(x) = Li(exp x) ~ r(A71(x)).
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2.2.3. Third Form

6 of 17

In [5], we found that relations of the form in Equation (1) hold with limit function 6(x) = 0. In that

r(x) ('J(”%’(’C)) - 1) ~o.

case, we have

U(x)

As usual, we assume that g € SN, r € I'y(g) and r(x) — oo. From Theorem 3 in [5], we get the

following representation:

where f satisfies r(x)g(x)f(x) — 0.

2.3. Sufficient Conditions

In the next result, we assume that the kth derivative of U exists and we assume that

where U (x) = U(x).

(@) Ifk=1,wehave ll’(x)/u(x) =

U(x) = exp (c 4 /0 ’ f(t)dt)

u® (x)

7U(k_1)(x) — 0,

hi(x) = g(x)

(x)/g(x) with e(x) — 0 and

/x+yg(x) u’(z)d /X+yg(X) e(z)d
zZ =

U(z)

so that
X+ Ye(lx+z X
s [
and hence x4 yg(x))
71155 — 1.
(b) If k =2, then we have
U'(x) _ e(x)
ux)  gx)

and

so that

We find that

(x +yg(x))
log u'(x)
/yex+zgx 2(x)dz = 0
(x+zg(x))
(x +yg(x))
U'(x) —1

dz — 0,
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(©

(d)

Now, consider

x+yg(x)
U(x +yg(x)) — U(x) — /Xﬂg ' (z)dz

and then Ux + yg(0))
x+yg(x
MU 1oy

and thus Equation (1) holds with r(x) = 1/hy(x).
If k = 3, as before, we have

and

v U (x +28(x))

U(xy3(0) ~U' () = g () [ = S

Further, we have

and
U(x +yg(x)) — U(x) — g(x)U' (x)y
= g [ U+ 29(x) — U (1))
~ P,
We conclude that

N

W —1=h(x)y~ hl(x)h2(x)y?'

In general, we get a result of the type

UG S Y T
U(x) it k!

i=1j=1

As a special case, we can take g(x) = 1: if U"”'(x) /U" (x) — 0, then

U(x +y) 1 u(x) u’(x) y*
Ux) ux) "~ Ul 2

7 of 17
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2.4. More Results

Proposition 1. Suppose that F(x) = x~*L(x) where L(-) is a normalized slowly varying (SV) function (that
is, xL'(x) /L(x) — 0). Assume that g(x) and r(x) satisfy g(x) /x — 0 and r(x)g(x)/x — 6 > 0. Then,

F(x+yg(x))
r(x) (F(x) — 1> — —ady.

Proof. We have F(x) = L(x)x~* and then

Flrtus(e) _ Loohast) (3 800) ™,

F(x) L(x)
It follows that
Flx+yg(x)) , _ L{x+yg(x) g(x)\ ™" _ Lx+yg(x)) _
Fo) x) <(“y x ) 1)* Lx) |
= I(a)+ I(D).
For I(a), we have
Latys)) L))
L(x) L(x ’
because L is SV and g(x) /x — 0. We also have
so that
r(x) ((1+yg(xx)> —1) ~ —wy% — —ady.
For the second term, we have
Lix+yg(x) ., _ r(x) st ,
) (S 1) = L(x)/x L'()dt
r(x) [tys() tL/(t) L(t)
= L(x)/x Iw
_ r(x)g(x) (¥ L(x+6g(x))
= M= /o x+ 0g(%)
EAIENE
We conclude tha
o o) (L)) g
L(x) '

Combining these results, we obtain the desired result. [

Remark 2. The condition on L(x) in the previous theorem is equivalent to the requirement that

where f(x) = F'(x) is the density of F.



Mathematics 2020, 8, 634 90f17

2.5. Examples

2.5.1. Example 1
Assume that U(x) = exp xf with g > 1. We have

u(x) g
) =P
and ()
u'(x) = ﬁxﬁil +(B— 1)x71'

Using ¢(x) = x~7, we find

hl(x) = g(x) U(x) = :Bx'B7771

and 0
() = 80

If0 < B —1 < 1, we find that i1 (x) — 0 and hy(x) — 0. The results of this section show that

= pxP L (B—1)x7 7L

uw&§@D_1~mwm

and Equation (1) holds with 7(x) = 1/hy(x) ~ x"*17F /B.

2.5.2. Example 2
Assume that U(x) = exp x~# with 8 > 0. Clearly, we have

u(x) _g_

Ux) —p P

u’(x) g _
ux) P (D

We use g(x) = x7 and find

h(x) = —px7 P71
ho(x) = hi(x) = (B+1)x7"L

If y < B+ 1, wehave hi(x) — 0. If ¥ < 1, we have h1(x) — 0 and hy(x) — 0. The results of the

previous section show that
U(x +yg(x))
Ulx) 1~ hi(x)y,

and Equation (1) holds with r(x) = 1/hy(x) ~ —xP+1=7/p.
2.5.3. Example 3

Assume that U(x) = xP where g # 0. We have

in(x) = ) S = pE)

~—
=
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and
() = (1) g = (B 15,
Taking ¢ € SN and r(x) = x/g(x) (— o) we find
r(x) <W - 1) — By.

2.5.4. Example 4

Proposition 1 can be extended for some stable distributions. For instance, consider the density
of an asymmetric stable distribution. The representation of such a stable density in the form of a
convergent series is, for 0 < a« < 1 and for any x > 0 (see, e.g., [8]),

12 )" T(an+1) .
q(x,a,p) ; Z n!( ) sin(np7)x

—an—1

Additionally, assume xq'(x, &, p) /q(x, &, p) — T (# 0) as x — oco.
Let g(x) and r(x) be positive functions satisfying g(x)/x — 0 and r(x)g(x)/x — & > 0.
Note that, for each n > 1 and for x large enough, we have, making useof z — 1 ~ logzasz — 1,

(1 +yg(xx)>_"‘"_1 -1~ —(an+1)log (1 +yg(xx)> ~ —(an+ 1)y$.

Then, we have for x large enough

q(x +yg(x),a,p)

q(x,a,p)
= ”q(xla o) i (—1)n—1711“!(0m+ 1) sin(nprm)x -1 <(1 +yg(xx)>an1 ) 1)
~ yg(x) ol xllx ) ni (an+1) (— 1)”71711"!(zxn+1) in(npre) -2
= yg(x)zgl’:‘/' ;’))

Hence, we have

A, ()

q(x+yg(x),ep) Y\ _
( q(x,a,p) 1) =y

3. The Case x £ 0

Now, suppose that & # 0 and that

holds Lu. in y.
Equivalently, we have

X—00

lim r(x) (e_"‘yll(x +yg(x)) 1) = e Wo(y),
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and then (using logz ~ z — 1)

Tim 7(x) (W(x 4 yg(x)) — W(x) — ay) = Q(y), @

where W(x) = logU(x) and Q(y) = e *0(y).

3.1. The Limit

In Equation (4), we replace x by x = t + zg(t) to find

lim r(x) (W(t +zg(t) +yg(t +2zg(t))) — W(t +2g(t)) —ay) = Q(y),

X—r00

and

Jim

(Wt +2g(8) +yg(t +28(1))) = W(t) —aly +2)) — (W(t+28(8) = W(t) —az))
=Q(y).

The second term converges to 2(z) and thus we have

lim r(x

(e -+ 2g(1)
( (+ 8280 ) -y —a<y+z>>

or

r(x) (w (t+ <z+y3'(t;(‘j§’(t>)) g(t)> — W)

a (ng(t;ztg);(t))) ) oy (g(t;z;);(t)) B 1)

- Qz) +Q(y).

By l.u. convergence, the first part converges to ()(z + y) and then we have

r(x)ay <‘W — l) —Q(z) + Qy) — Ay + 2).

Using the result of the previous subsection, we find that
ayBz = Q(z) + Q(y) — Q(y +z).
We propose a solution of the form Q(z) = dx + cx?. The previous equation gives
aByz = cz* 4 cy? — c(y* + 2% + 2y2),
and hence aByz = 2cyz so that c = af/2. We conclude that Q(x) = dx + aBfx?/2 and that 6(x) =

(dx + apx?/2)e™ .
We conclude:
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Theorem 3. Suppose that « # 0. If

. U(x+ye(x)) _ «
}g{;‘o”(x) (U(x) — € y) =0(y),

holds L.u. in y, or equivalently if

lim 7(x) (W(x +yg(x)) = W(x) — ay) = Q(y),

X—00
holds Lu. iny, then g(x) satisfies Equation (2), Q(x) = dx + afx? /2 and 6(x) = (dx + apx?/2)e"*.

3.2. Special Case

We assume that W is differentiable and that g(x)W'(x) — a.
In this case, we have

Wi+ () ~W(x) = g [ W(x+2g(0)dz

- ay.

Now, suppose in addition that 7(x) (g(x)W’(x) — «) — 6 and that

0 (D) g,

We have

W(x+yg(x)) = W(x) —ay
g(x) [ W +-tg(x))dt — ay

_ Y / g(x)
= [ sl i)W Gt i) S Hg( ))dt—txy
)dt
gx+tg

y
= /0 g(x +tg(x))W'(x + tg(x (
+/ (x +tg(x))W'(x + tg(x)) — a)dt.

For the first integral, by assumption, we have

or

p8xtig) (o g(x)
O =) (1 g<x+tg<x>>>”t'

or

. gx) _
() (g<x+tg<x>> 1>% At
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Since r(x)(g(x)W'(x) — a) — &, we obtain

r(x) (W(x +yg(x)) = W(x) — ay)

_ y / g(x) .
= /0 g(x +tg(x))W' (x +tg(x))r(x) (g(x—i—tg(x)) 1) dt

+ /Oy F(x) (g(x + tg(x)) W' (x + tg(x)) — a)dt
2

— a(—ﬁ)y? + dy.

3.3. Representation Theorem

Now, consider Q(x) = W(x) + aA(x), where A(x) = [1/g(t)dt as before. We prove above that

Alx+yg(x)) — A(x) =y

Lu. iny. If g € SN satisfies

e ()

then we also have

Alx+yg(x)) —Ax)—y = /Oy (g(g(x)(x)) —1> dz

x+zg
_ v glx) glx+zg(x)) |\ 4.
= /og<x+zg<x>>< () 1>d'

so that 5
F(x)(A(x +8(x)) = A(x) =y) = =%,
Using Q(x) = W(x) — aA(x), we see that
Qx +yg(x)) — Qx)

= W(x+yg(x)) —W(x) —ay
—a(A(x +yg(x)) — A(x) —y).

Hence, using Equation (3),

r(x)(Q(x +yg(x)) — Q(x))
= r(x)(W(x +yg(x)) — W(x) — ay)
—ar(x) (A(x +yg(x)) — A(x) —y)

2
= Q(y) +apZ = ¥(y)
Lu. in y. As in the previous subsection, we conclude that

r(x)(Q(x +yg(x)) — Qx)) = ¥(y) = Ay

for some real number A. The first representation of the previous subsection gives
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or

where C(x) — C and r(x)g(x)T'(x) — A.
Theorem 4. We have Equation (3) if and only if W(x) is of the form

W(x) =aA(x)+ T(x) + (rf((;c)),
where C(x) — Cand r(x)g(x)T'(x) — A.
3.4. More Results

In our next result, we consider the function h(x (x)/F(x), where f is the density of F.
We make the following assumptions about :

(@) heSN
(b) (x)/h?(x) = —B > 0, where r(x) — o0, r(x) € To(g) with g(x) = 1/h(x)

Recall that r € T(g) means that r(x +yg(x))/r(x) — 1as x — co.
Lemma 1. If (a) and (b) hold, then

r(x) (h(x Zgg(x)) - 1) — —By.

Proof. We have y
h(x+yg()) = hx) = g(x) [ (x+2g(x))dz

Since r(x)h'(x) /h?(x) — —B > 0, we have that h'(x) € Iy(g) and, using g(x) = 1/h(x)

obtain that Bzt yg () () v
x+yg(x _or(x ,
r(x) (h(x) - 1) = 7200 /0 h'(x +zg(x))dz — —By.

O

Now, we study the tail F(x).

Lemma 2. If (a) and (b) hold, then

r(x) (log w +y) — ﬁ%.

F(x)
Proof. Using h(x (x)/F(x), we obtain that
x+yg(x) x+yg(x)
/ h(z)dz = / @dz,
X x F (Z)
so that

y _ F(x+yg(x))
g(x)/0 h(x +zg(x))dz = —log T

It follows that (recall g(x) = 1/h(x))

r(x) /Oy <h(x—1|1—(z;;(x)) - 1> dz = —r(x) <logF(x—|—yg(x)) —i—y) ,

F(x)



Mathematics 2020, 8, 634 15 0f 17

and using Lemma 1, it follows that

F(x +yg(x)) y
r(x) (log T —i—y) — ﬁ?

This proves the result. [J

Now, we arrive at the main result here.

Theorem 5. If (a) and (b) hold, then

r(x) (F(x;:i—(yj(x)) - e_y) — ‘Byz—ze_y.

Proof. Using Lemma 2, we have

r(x)log eyw — B

F(x)

Using log z ~ z — 1, it follows that

r(x) (eylz(x_‘_%f(x)) - 1) — ﬁﬁ

F(x) 2’
or _ )
r(x) (IW e—y) N ﬁ%e—y_
O

The previous theorem can be useful in extreme value theory as follows.
We assume that (a) and (b) hold and that F is strictly increasing. We define a,, by the equality
nF(ay) = 1. Itis clear that a, 1 cc. In the result of Theorem 5, we replace x by a, to see that

r(an) (nF(an +yg(an)) —e V) — 53/;3—%
Now, we use log(z) + (1 — z) = O(1)(1 — z)? and write

nF(an +yg(an)) = nF(ay+yg(an))+nlogF(ay +yg(ay)) —nlogF(ay +yg(an))
= O()nF(an +yg(an)) — log F"(a, + yg(an)).

Now, notice that

r(an)nE- (an +yg(an)) = O(1)r(an)nE-(an) = O(1)

If r(a,)/n — 0, we obtain that

o) (105 F" (0 + yg(a)) + ) — —pLe,

and hence also that

2
r(an) log e™P YF (a, + yg(an)) — —/Sy?efy,
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and )
r(an) (eexp*yfﬂ(an +yg(an)) — 1) — —ﬁ%g*yl

or
2

r(an) (fn(an +yg(an)) —exp —e*y> — —,By?e*y exp—e Y.

It means that, if X; are independent and identically distributed random variables with distribution
function F, then

M, —ay ) )
r(a P < — A — O(y),
(o) (P (™ <v) = A0)) = @)
where M, = max(X1, X, ..., Xu), A(y) = exp —e ¥ and ®(y) = —,By;e’y exp —e Y.

It means that F is in the max-domain of attraction of the double exponential and the convergence
rate is determined by r(a,).

3.5. Examples

3.5.1. Example 1

The following example is related to Theorem 5.
Let U(x) = exp —x2 for x > 0. Using g(x) = 1/(2x), we have U(x) € T_1(g). Now, we consider

the difference
Ulx+yg(x) -y

U(x)
We have
Ulx+yg(x) oy _ 2Py
U(x) ¢t = ‘
_ efy(efyzgz(X)_l)
~ —e Ve (x)
and

x? (W - e‘y) — —%yze_y.

3.5.2. Example 2

Let U(x) = expxP,f > 1. We have W(x) = logU(x) = xf and W/(x) = Bxf~l. Taking
g(x) = x!7F, we have

g(x)W'(x) = .
As for g(x), we have g(x) /x — 0 and
g(x ;(}J/g(x)) i (1 +yg(XX))l‘*g 11 p)yS®)
Taking r(x) = x/g(x) = xP, we have
(o) (S8 1) S -

The result of Section 3.2 shows that

2
r(x) (W(x +yg(x) = W(x) = By) = BB~ 1),
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and then

r(x) (U(xJ(%?(x)) - eﬁy) — B(B— 1)y2j6ﬁy.

4. Concluding Remarks

In this paper, new results on the condition, for some functions r and g,

xli_I)Iolor(x) (U(xl:i[-gg(xn _eﬂcy> =0(y), Yy,

where we assume that the convergence is l.u. in y, are presented. This limit generalizes the ones
analyzed by Seneta [4] and Omey and Cadena [5], both of them being related to the monotony of
functions in the Zygmund sense. Under this analysis, properties of 6(y) are described. Representations
of the functions U involved in this limit are provided.
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