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Abstract: In this paper, we introduce two-variable partially degenerate Hermite polynomials and get
some new symmetric identities for two-variable partially degenerate Hermite polynomials. We study
differential equations induced from the generating functions of two-variable partially degenerate
Hermite polynomials to give identities for two-variable partially degenerate Hermite polynomials.
Finally, we study the symmetric properties of the structure of the roots of the two-variable partially
degenerate Hermite equations.

Keywords: differential equations; symmetric identities; partially degenerate Hermite polynomials;
complex zeros

1. Introduction

The Hermite equation is defined as
u"(x) —2xu'(x) + (e — Du(x) = 0,x € [—o00, 0],

where ¢ is unrestricted. The Hermite equation is encountered in the study of a quantum mechanical
harmonic oscillator, where ¢ represents the energy of the oscillator. The ordinary Hermite numbers H,
and Hermite polynomials H, (x) are known by this way

_ > t"
et(Zx t) _ ZOH”(X)E
n=

and
00 n
2 t
et = Z Hnﬁ.
n=0 :

Clearly, H, = Hy,(0). These numbers and polynomials have important roles in several areas,
especially in physics, numerical analysis, combinatorics, differential equations, and so on. The Hermite
polynomials are orthogonal polynomial sequences in mathematics and physics. The Hermite
polynomials are the Edgeworth series in the probability area. These polynomials appear as an
example of the Appell sequence. These have roles in the Gaussian quadrature in numerical analysis.
These appear in the eigenstates of the quantum harmonic oscillator in physics.

It is known that these numbers and polynomials have an important role in various areas of
mathematics and physics, as we mention in the above sentences. Many interesting properties about
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that have been studied (see [1-5]). The ordinary Hermite polynomials H,(x) have the following
Hermite differential equation

d?H(x) 2de(x)

dxz dx +2HH(x):O,n:O,1,2,....

Hence, ordinary Hermite polynomials H, (x) satisfy the second-order ordinary differential equation
u" —2xu’ +2nu = 0.

We remind that the two-variable Hermite polynomials H, (x,y) are (see [2])
- " )
Y Hu(oy) = ¢ 1)
n=

H, (x,y) are the solution of the heat equation

0 02 "
@Hn(x,y) = @Hn(x,y), Hy(x,0) = x™. (2)

We can see
Hn (Zx, _1) - Hn (x).

Several kinds of some special numbers and polynomials were recently studied because of their
importance and potential applications in several areas (see [1-7]). The area of the degenerate Stirling,
degenerate Bernoulli polynomials, degenerate Euler polynomials, degenerate Genocchi polynomials,
and degenerate tangent polynomials have been studied (see [6-10]).

Recently, Hwang and Ryoo [11] proposed the two-variable degenerate Hermite polynomials
Hn(x,y,A) by using the generating function

00 n M
Halry )= (140) A )
= n!
Since (1 + )\)% — el as A — 0, it is clear that Equation (3) can be reduced to Equation (1).
The H,(x,y,A) in generating Function (3) are the solutions of the below equation

Doy ) = — P g )
oy Y T log( Ay a2 T I (4)
Hn(x,0,A) = (W) X",

Since 1081 +4)

The differential equations induced from the generating functions of special numbers
and polynomials have been studied (see [10-16]). Now, a new class of two-variable partially
degenerate Hermite polynomials is constructed based on the results so far. We can make the differential
equations generated from two-variable partially degenerate Hermite polynomials. We get identities

— 1 as A approaches 0, it is apparent that Equation (4) descends to Equation (2).

for the 2-variable partially degenerate Hermite polynomials by using the coefficients of this differential
equation. The remaining parts of the paper are written as follows. In Section 2, we construct
the two-variable partially degenerate Hermite polynomials and get the basic properties of these
polynomials. In Section 3, we give symmetric identities for two-variable partially degenerate Hermite
polynomials. In Section 4, we induce the differential equations induced from two-variable partially
degenerate Hermite polynomials. We make identities for the two-variable partially degenerate Hermite
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polynomials by using the coefficients of differential equations. In Section 5, we induce the roots of
the two-variable partially degenerate Hermite equations by using a computer. Furthermore, we try to
find the pattern for the roots of the two-variable partially degenerate Hermite equations. Our paper
will be finished in Section 6, which presents the conclusions and future directions of this work.

2. Properties for the Two-Variable Partially Degenerate Hermite Polynomials

In this section, a new class of the two-variable partially degenerate Hermite polynomials are
considered. Furthermore, some properties of these polynomials are also made.
We define the two-variable partially degenerate Hermite polynomials H, (x, y, A) like this

X
o0 tn —
Y- Hulx,y,A)— = (1+ A AL, (5)

n=0

IfA—0,(1+ At)% — e*. Tt is clear that Equation (5) can be reduced to Equation (1). Observe
that degenerate Hermite polynomials H,(x,y,A) and two-variable partially degenerate Hermite
polynomials Hj, (x,y, A) are totally different.

Now, we recall the following formula:

(xM)o=1(x|A)y=x(x=A)(x—=2A) - (x — (n=1)A), (n > 1).

As we know, limy 1 (x|A), = x(x —1)(x —=2)---(x = (n—1)) = (x)n, (n > 1). We recall
the binomial theorem for a variable y.

m

>‘\<

(1+At)

_y L
;<> . .
- Eon

We remember that S1(n,k) and Sy (#, k) have these relations(see [6-12])

X)p = i S1(n,k)x* and x" = i Sa(n, k) (x)g,

k=0 k=0
respectively. We also have
= " -1 " (log(1+t
Y So(n,m)— = uand Y Si(n, m) _ (log(1+H)"
= n! m! =, m!

As a different application of the differential equation for H,(x,y, A) is this: Note that

X
G(tx,y,A) = (1+At)Aevt

satisfies
log(14+A) aG(t,x,y,A)  3*°G(t,x,y,A)
A ay dxay

If we substitute the series in Equation (5) for G(t, X, Y,A), we get

=0.

82 - )I)\li’l' a
W x]/, ; l_|_1 n_l_1)|ay H, 1—1(X,y,)\)—0.
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Thus the two-variable partially degenerate Hermite polynomials H, (x,y, A) in Equation (5) are
the solution of equation

a2 =l W a n!
xou ay n(x,y, A l;) H, 1 1(xy, )m/

H,(x,0,A) = (x|A)n.

Then, Equation (5) is used for making several properties of the two-variable partially degenerate
Hermite polynomials H, (x, y, A). For example, we have the following formula:

Theorem 1. For any positive integer n, we have

%] |
k n:
X , /\ 71

where | ] denotes taking the integer part.

Proof 1. By Equations (5) and (6), we have

X
¢ tn —

y Hu(x,y, M) = (1 A Aevt

n=0 .

tZk s tl

£2 Eomd

n! "
(Z]/ M n— Zkk,( 2k)!) ﬁ

By comparing the coefficients of %, we get Theorem 1 like this.
Since lim,_g(x|A), = 1", (n > 1), we get

I
HM8

The following properties of H, (x,y, A) are induced from Equation (5). Therefore, it is enough to
delete the involved detail explanation. [

Theorem 2. For any positive integer n, we have

[%} n—2k . I n—2k—1 n!
(1) Hn(x/y//\) = kgo = Yy 51(7’1 — 2k,l)x A m
" n
@ B+ r2) = Y () Gl (,9,2),
1=0
ok (n 1y n—k—I
(3) Hu(xy+x2,y,A) = <k> Hy(x1,y,A)S1(n —k,1)x3A .

n!
= k!(n —2k)!
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3. Symmetric Identities for the Two-Variable Partially Degenerate Hermite Polynomials

In this section, new symmetric identities about the two-variable partially degenerate Hermite
polynomials are given. Some formulas and properties about the two-variable partially degenerate
Hermite polynomials are made.

Theorem 3. Let a,b > 0 (a # b). The following identity holds true:

a™H,, (bx, b2y, ;\) = b"H,, (ax, a2y, /b\) .

Proof 2. Leta,b > 0 (a # b). We start with

abx
G(tA) = (1+At) A 207,

Then, the formula for G(t, A) is symmetric in 4 and b as we see

0 A\ (& AN
G(t,A) = m; H,, (ax, a%y, b) =) V"H, (ax, a%y, b) )

1 m!
0 m! = m!

By the same way, we get the below formula

o0 m &%) m
g(t,A) = Y H, <bx,b2y,2) (at)™ _ S "H,, (bx, - A) t
m= m=0

! a) m’
= m! a) m!

. ¢
If we compare the coefficients of

- in last two equations, then the expected result of Theorem 1

is achieved.
Again, we now use

abx

ab
abt(1 4+ At) A eV ((1 FADA — 1)

a b
((1 FADA — 1) ((1 +AA —1)

For A € C, Carlitz introduced the degenerate Bernoulli polynomials like the below formula
(see [6,7])

F(t,A) =

X
YA = L ayand
= 1 '
(1+A)A —1
When x = 0 and B,(A) = Bn(0,A) are the degenerate Bernoulli numbers as we know.

We refer that

)1‘13}] Bu(A) = By,

where B, are the Bernoulli numbers (see [6,7,17]).
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For each integer k > 0, Sy(n) = 0 + 1¥ + 25 + ... 4 (n — 1) is sum of integers. A generalized

falling factorial sum oy (n, A) is this (see [6,7,9,17])

Note that lim) o 0x(n,A) = Si(n). From F(t, A), we get the below formula:

abx ab
abt(1+ At) A @Vt ((1+At) A 1)

F(tA) = - ;
((1 FADA — 1) ((1—1—/\1‘)/\ —1)

_ ﬂbt ZbZ t2
= a (1+At) A 7Y .
((HM))\ —1) ((1+At)/\ _1)
I AN (at)t & s AN (at)" & AN (bt)"
_bngoﬁn <a> pr ;OH (bx,b y,a> pr ngoa Ly )
o n . ) "
=Y (XY <") (Z) iprisig,, <A> H; <bx,b2y, >an_z (a LA) :
n=0 \i—0m=0 \*/ \/" a b)) n!
In a similar fashion, we have
@
abx (1 +/\t) A —1
abt 2422

(£ 5 () (o pn (2 e (snatn s (0-1.2) )

m
If we compare the coefficients of — on the right hand sides of the last two equations, we have

the below theorem. [
Theorem 4. Let a,b > 0 for a # b. We have the below identity:

£ 5 ) (o () ot (o0

i=0 0
A

£ 5 ()2 (2) ) 1)

i=0m=0
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By taking the limit as A — 0, we have the following corollary.

Corollary 1. Let a,b > 0(a # b). We have this:

n i

) (7) (1;) a'b" T B, H;_,, (bx,b*y)S,_i(a — 1)

0m=0

1

AV 2
Y ) i b'a BwH;_y(ax,a”y)S, _i(b—1).
i=0m=0

4. Differential Equations Related to Two-Variable Partially Degenerate Hermite Polynomials

In this section, we construct the differential equations with coefficients a;(N, x, y, A) induced from
the two-variable partially degenerate Hermite polynomials:

ot
— aon (N, x,y, A) (14 At) " NENG(t x,y,A) = 0.

N
( J ) G(t,x,y,A) — ao(N, %9, A) (1 + A NG (L x, 9, ) — - - -

We get identities for the two-variable partially degenerate Hermite polynomials H, (x, y, A) when
we compare the coefficients of differential equations. Remember that

G=G(txyA\)
x
= (L+Ar)Aer” (7)
[e0) tn
= 2 Hn(x,y,/\)—', Ax, teC.

=0 n.

From Equation (7), we get

G = 3G(t, X,y,A)

ot
3 X
-2 A eVt
Py ((1+)\t) e )
N (8)
= (lfm +2yt> (14 At) A et
X + 2yt + 2yAt?
G = %c;(l)(t, xX,y,A)
(2y + 4yAt) (1 + At) — (x + 2yt + 2yAt3)A
B ( 1+ At Gt x,y,A) )

X 42yt +2YA2Y
( 1+ At )G (t:%,y,4)
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2y — Ax + x2
- (M) s

4xy
+ ((1—'—/\[’)2> tG(t, x,y, /\)

402y +dAxy +4y? — 2A%y) ,
+ ( L ) G(t,x,y,A) 9)

8Ay?

+ ((1_'_]//”)2> tsG(t,X,y,/\)
4/\2 2

+ ((1—'—/]\/t)2> t4G(t,x,y,/\).

When we do this process continuously, as shown in (9), we easily get this

o _ 2\
G :(81‘) G(t, x,y,A)

2N (10)

=Y a;i(N,x,y, A)(1+ M) NEG(t,x,y,A),(N=0,1,2,...).
i=0

If we differentiate Equation (10) with respect to t, we get

(N+1) _ OGN N N i1 N
G =——=) a(N,x,y, D)) (1+At)"NG(t,x,y, M)

at =
2N )
+ Y ai(N,x,y, VE(=N)A(L + At) N 1G(t 2y, M)
i=0
2N .
+ Y a(N,x,y, V)E(1+ At NGO (1, x,y, 1)
i=0
2N )
=Y ()a;(N,x,y, A) (1 + A1)~ NHIG (1, x,y, 1)
i=0

2N .
+ Y (x = AN +iAd)a;(N, x, 5, )t (1 + At) - NGt x,, A)
i=0

+ Z 2y)a;(N, x,y, )ti“(l—|—/\t)_(N+1)G(t,x,y,/\)

2N

+ Y (2Ay)a;i (N, x,y, D EF2(1+ A8) " NG (1, x, 9, 1)
i=0

N .
Z (i+1)aj 1 (N, x,y, A (1 +At) " NFUG(L x,y, 1)

=0

N .
Z x — AN +iM)a;(N, x,y, A)t' (1 + /\t)*(NH)G(t, x,y,A)

2N+1 (11)
+ Y @y)ai 1 (N, x,y, M) 1+ At~ N (1, y,0)

i=1

N2 .
+ Y @Ay)aia(N, x,y, D)1+ At~ Nt g(t,x,y,1).

i—2
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Now we replace N + 1 instead of N in Equation (10). We find
2N+2 ,
GNHD = ¥ a(N+1,x,y, M) (1+ A1) NHDG(t,x,y,A). (12)
i=0

If we compare the coefficients on both sides of Equations (11) and (12), we get

a)(N+1,x,y,A) =a1(N,x,y,A) + (x — AN)ag(N, x,y, A). (13)
a1 (N+1,x,y,A) =2a,(N,x,y,A) + (x — AN + A)ay (N, x,y,A) (14)
+ (2y)ao(N, x,y, A).
For2 <i < 2N — 1, we make
a;(N+1,x,y,A) = (i+1)a;; 1(N,x,y,A) + (x = AN +iA)a;(N,x,y,A) (15)
+ (2y)ai1 (N, x,y,A) + (2Ay)ai2(N, x,y, 7).
For i = 2N, we obtain
ﬂzN(N‘f‘Lx,y/)\) = (x_)\N‘FZ)\N)aZN(N,x,%A) (16)
+ (Zy)ﬂzzv—l (N, X, Y, )\) + (ZAy)azN_z(N, XY, )\)
Fori = 2N + 1, we obtain
aoN+1(N+1,x,y,A) = (2y)aon (N, x,y,A) + (2Ay)azn-—1(N, x,y, A). (17)
Fori = 2N + 2, we obtain
aN+2(N +1,%,y,A) = (2Ay)axn (N, X, y,A). (18)
We also have the below identity from Equation (10)
G(tx,y,A) = GO (tx,y,A) = ag(0,x,y, M) G(t, x,, 7). (19)
By Equation (19), we easily have
ap(0,x,y,A) = 1. (20)
It is easy to see this
x(1+A)TIG(E x,y,A) 4 2yt (1 + At) LG (t, x, v, A) + 2yAt2 (1 4+ At) 1G(t, x,y,A)
= G(l)(t X, Y,A)
_Z (1, x,y, M) E(1+A)7'G(t x,y,A) (21)

= ao(l, Xy, A)(1+A)TIG(t x, v, A) + a1 (1, x,y, A1+ A 1G(t x,y,A)
+ax(1,x,y, M) (1+A)IG(t x,y, ).

From Equations (8) and (21), we also get

ao(L,x,y,A) =x, a1(L,x,y,A) =2y, ax(l,x,y,A)=2Ay. (22)
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From Equation (13), we see this

ag(N+1,x,y,A) =a1(N,x,y,A) + (x — AN)ag(N, x,y,A),
ag(N,x,y,A) =a1(N—1,x,y,A) + (x —=A(N —1))ap(N — 1,x,y,7),

N
ao(N+1,%5,y,4) = Y (x| M)Na (N —i,%,,4) + (x])G,

i=0
where (x|)t)(()N) =1, (x|A)Z(N) =(x—=AN) - (x =A(N+1—1)).
From Equation (16), we get

N(N+1,x,y,A) = (x + NA)axn (N, x,y,A) + (2y)aon-1(N, x,y,A)
+ (2Ay)aan-—2(N, x,y,A),

mN-—2(N,x,y,A) = (x+ (N =1)A)apn—2(N —1,x,y,A)
+ (2y)aon-3(N —1,x,y,A)
+ (2Ay)aon-a(N —1,x,y,7),,

z

oN(N+1,x,y,1) =Y (2Ay) (x + AN —i))apn—2i(N — i, x,,7)

o

N—1 '
+(2y) Y. 2Ay)'aan—(aip1) (N =i, x,y, A).
i=0

By Equation (17), we get

mN+1(N+1,x,y,A) = 2y)aan (N, x,y,A) + (2Ay)aan—1(N, x,y, A),

mN-1(N,x,y,A) = (2y)aan—2(N —1,x,y,A) + 2Ay)an—3(N — 1,x,y,A),

N1 (N +1,x,y,4) = 2y) (2yA)N.
Again, by Equation (14), we make
o () (N
a(N+1,x,y,A) =2 (x[A); “a2(N —kx,y,A)
k=0
e (1) (N
+2y Y (x|A) ao(N =k, x,, ),

k=0

From Equation (18), we have

BN+2(N+1,x,y,A) = 2yA)aon (N, x,y,A),
aN(N,x,y,A) = (2yA)asn—2(N =1, x,y,A), ...
a2N+2(N +1,xy, )t) = (2y)L)N+1.

We do this process continuously. We get the below formula for2 <i <2N —1,

10 of 17

(25)

(26)

(27)
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N .
a;(N+1,xy,A) = (i+1) Z(X\/\)EN_l)aiH(N —k,x,y,A)
§=0

N .
+2y Y (MNP (N =k x,y,A) (28)
k=0

N .
+27y ) (x|A),(<N71)ai_2(N —k,x,y,7).
k=0

We get this, where the matrix a;(N, x, ¥, A )o<i<2n12,0<j<N+1 is given by

1 x 2y +x% — Ax 2A%x — 3Ax% 4 6xy + x°

0 2 2y(2x +27)

0 2y 4Axy +2A%y + 42

0 0 (2y)(2Ay)

0 0 (27y)?

0 0 0

0 O 0 0

0 0 0 0 S (2Ay)NH

Therefore, by Equations (20)—(28), we get the below theorem.

Theorem 5. For N =0,1,2, ..., the differential equation

N

N
(aat> Gt x,,A) = Yo ai(N, x,y, A) (1 + A1) NG (1, x,y,4) = 0
i=0

has a solution

X
G=G(tx,yA) = (1+At)Aed?,
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where
STy (™)
ag(N+1,x,y,A) =Y (x[A); o (N —i,%,y,A) + (x|A) N1,
i=0

N N
a(N+1,xy,A) =2 Y ()N Var(N—kx,y,4) +2y Y (x| )N Vag(N =k x,y, 1),
k=0

k=0
N .

an(N+1,2,y,A) = ) (2Ay)' (x + A(N = i))agn—2i(N —i,%,y,A)
i=0

N-1 ,
+(2y) Y AY) AN i) (N =i, x,y,A),
=0

1

N (N+1,x,y,1) = (2y) (2yA)N,
u2N+2(N + 1/ x/]/, /\) = (zy/\>N+1/ e

N .
a(N+1,xy,A) = (i+1) Y ()N Va1 (N =k x,y,1)
k=0

Ny (N=)
+2y Y (x[A)y Yaia(N =k x,y,A)
k=0

N .
+20y Y ()N a5 (N =k x,y,4), (2 < i < 2N —1).
k=0
We have a picture of the surface for this solution. In the left picture of Figure 1, we choose —2 < x <

1 1
o<t < A= =2,
2, 5 <t< 2,)\ 1/2,andy =2

05

(—2SXS2,—%§19§%, (—ZSySZ,—%§t§
A=1/2,andy =2) A=1/2,and x = 2)

1
2/

Figure 1. The surface for the solution G(t,x,y,A) = 0.
. . . 1 1
In the right picture of Figure 1, we select —2 <y < 2, ) <t< E,A =1/2,and x = 2.

When we take N-times derivative for Equation (5) with respect to t, we get

a\N °° t"‘
(E) G(t,x,y,A) = Z Hm+N(x,y,A)E. (29)

m=0
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By Equation (29) and Theorem 6, we make

ao(N,x,y,A) (1 + At)"NG(t,x,y,A)
+a1(N,x,y,A) (1 + M) "NtG(t, x,y, M)
+an_1(N,x,y,A)(1+ /\t)*NtZNflG(t, X, Y, A)
+aon (N, x,y,A) (1 + At) " Ne2NG(t, x,y,A)

= Z Hyn(x,y,A)

m=0

tm

ﬁ .
So we make the below formula.

Theorem 6. For N =0,1,2,..., we get

i <1;:> (N)k/\kHz\Hmfk(x,y/)\) = i Hmi(x/y/(;)ai(iz;]!/ x,y,/\)m!'

k=0 i=0

(30)

When we make m = 0 from Equation (30), then we make the below corollary.
Corollary 2. We have below formula for N = 0,1,2, ...
HN(xl y/ )\) = QO(N, X, ]/, A)Ho(x/y/ )\) = QO(N, X, y/ )\)/

where
ap(0,x,y,A) =1,

N-1
(N, 2y, A) = Y ()N Ve (N =1 —ix,,4) + (xR,
i=0

The first few formula of them are

Ho(x,y,A) =1,

Hi(x,y,A) =x,

Hy(x,y,A) = —Ax+ X% + 2y,

Hi(x,y,A) = 2A%x — 3Ax% 4 2% + 6ay,

Hy(x,y,A) = —6A%x + 11A%x% — 6Ax% + x* — 12Axy + 12x%y + 1242,
Hs(x,y,A) = 24A*x — 50A%x2 4+ 35A2x° — 10Ax* + x° 4+ 40A%xy — 60Ax°y

+20x%y + 60xy>.

5. Roots of the Two-Variable Partially Degenerate Hermite Polynomials

In this section, we would like to show some pattern for the roots of the two-variable partially
degenerate Hermite equations H,(x,y,A) = 0 for given n,y,A using numerical experiments.
The two-variable partially degenerate Hermite polynomials H, (x,y,A) can be realized explicitly
by using a computer. We will look at the roots of the two-variable partially degenerate Hermite
equations H, (x,y,A) = 0 for given n,y,A . The roots of the H,(x,y,A) = 0 forn = 40,y =
2,-2,2+i,-2—-i,A =1/2,and x € C are displayed in Figure 2.

For the top left picture in Figure 2, we select n = 40 and y = 2. For the top right picture in Figure 2,
we select n = 40 and y = —2. For the bottom left picture in Figure 2, we selectn =40 and y = —2 4 1.
For the bottom right picture in Figure 2, we select n = 40 and y = —2 — i. We show a distribution of
roots of equations H, (x,,A) = 0 for 1 < n < 50,A = 1/2 by using a 3-D structure in Figure 3.
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Im(z) Im(z)

(n=40and y = 2) (n=40and y = -2)

Im(z) Im(z)

(m=40andy = -2+i) (n=40andy = —2—1i)
Figure 2. Roots of H,(x,y,A) = 0.

(y=—2-1)
Figure 3. Stacks of roots of H,(x,y,A) = 0,1 < n < 50.

For the top left picture in Figure 3, we select y = 2. For the top right picture in Figure 3, we select
y = —2. For the bottom left picture in Figure 3, we select y = —2 + 1. For the bottom right picture in
Figure 3, we selecty = —2 —i.

We show our numerical experiments for approximate solutions of real roots of the two-variable
partially degenerate Hermite equations H, (x,y, A) = 0 (Tables 1 and 2).
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Table 1. Numbers of real and complex roots of H, (x,y,A) = 0.

y=2A=1/2 y=-—-2A=12
Degreen Real Roots Complex Roots Real Roots Complex Roots
1 1 0 1 0
2 0 2 2 0
3 1 2 3 0
4 0 4 4 0
5 1 4 5 0
6 0 6 4 2
7 1 6 5 2
8 0 8 6 2
9 1 8 7 2
10 0 10 6 4
Table 2. Approximate roots of H, (x,y,A) =0,x € R.
Degree n x

1

2 —1.7656, 2.2656

3 —2.7231, 0, 4.2231

4 —3.2312, 1.4638, 1.6900, 6.0051

5 —3.2515, —2.7036, 0, 3.2853, 7.6698

6 —1.2884, 1.4301, 4.8062, 9.2488

7 —2.3250, 0, 2.8218, 6.2681, 10.762

8 —-29891, -—1.1791, 1.2772, 4.1775, 7.6817, 12221

We can see a regular pattern of the complex roots of the two-variable partially degenerate

Hermite equations H, (x,y,A) = 0 and also hope to verify a regular pattern of the complex roots of
the two-variable partially degenerate Hermite equations H, (x,y,A) = 0 (Table 1).

We show pattern of real roots of the 2-variable partially degenerate Hermite equations
H,(x,y,A) = 0in Figure 4 when1 <n <50,A =1/2.

0 20 40 60
Re(x)

40

20

Re(x)

(y=-2+i)

-1.0 =0.5 0.0 05 1.0

Re(x)
(y=-2-1)

1
Figure 4. Real roots of Hy(x,y,A) =0for1 <n <50,A = 5
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For the top left picture in Figure 4, we select y = 2. For the top right picture in Figure 4, we select
y = —2. For the bottom left picture in Figure 4, we select y = —2 4 i. For the bottom right picture in
Figure 4, we selecty = —2 —i.

Next, we show the approximate roots satisfying H,(x,y,A) = 0,x € C for given n,y = -2,
A = —1/2 in the Table 2.

6. Conclusions and Future Research

In this article, we made the two-variable partially degenerate Hermite polynomials and get
new symmetric identities for those polynomials. We made differential equations induced from
the two-variable partially degenerate Hermite polynomials Hy, (x,y, A). We also studied the symmetry
of the roots of the two-variable partially degenerate Hermite equations H, (x,y, A) = 0 for variables n,y,
and A. We show regular patterns of the distribution of roots of equations H, (x,y,A) = 0. Therefore,
we make several conjectures with numerical calculation:

We use some notations. Ry, (y4,1) denotes the number of real roots of H, (x,y,A) = 0 on the real
plane, thatis, Im(x) = 0 and Cy,,(;,1) denotes the number of complex roots of Hy(x,y, A) = 0, where
n is the degree of the polynomial Hy (x,y,A). Then, we have Ry, (xy 1) = 1 — C, (x,y,1)- We see that
the complex roots of equations H, (x,y,A) = 0 for given y and A have a regular pattern. Therefore, we
make the below conjecture.

Conjecture 1. For odd positive integer n. Ifa > 0ora € C\ {a | a < 0}, prove or disprove that

Ru,(xar) =1 CH,(xar) =2 [g} ,
where C is the set of complex numbers.
Conjecture 2. For odd positive integer n and a € C, prove or disprove that
H,(0,4,A) =0.
It is still unknown if Conjecture 1 and Conjecture 2 are true or not for all variables y and A.

Conjecture 3. Prove that the roots of Hy(x,a,A) = 0,a € R, are symmetrical about Im(x) = 0 forall a € R.
Prove that the roots of Hy(x,a, A) = 0 are not symmetrical about Im(x) = 0 foralla < 0,a € C\ R,.

Finally, we would like to know how many roots H, (x,y,A) = 0 has. We would like to know
CHn(x,y,/\) of Hy(x,y,A) = 0.

Conjecture 4. For a € C, prove or disprove that H, (x,a, A) = 0 has n distinct solutions.

Our new approach using the numerical method about the roots of equations Hy(x,y,A) = 0 is
one of the directions to know new information.
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