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Abstract: In this paper, we introduce new tensor products ®(1 < p < 4+o0) on Cz‘p T Cij (T) and
Ci
® on C;,(T) ® C (T) for any discrete group I'. We obtain that for 1 < p < +o0 Czp (F)méxcz‘p (T) =

p . R o X PN . .
CZ,, (F)@CZP (T) if and only if T is amenable; C; (T') @ C; (T) = Cf (T)®Cf (T) if and only if T
has Haagerup property. In particular, for the free group with two generators I, we show that

p 9
CZ}) (Fz)@C}Zq (Fz) 2 CZ’ (Fz)@CZ] (]Fz) for2 < q<p < +o0.
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1. Introduction

When A and B are C*-algebras, it can happen that numerous different norms make A ® B into a
pre-C*-algebra. In other words, A ® B may carry more than one C*-norms. For example, the spatial (or
minimal) tensor product norm || - ||, and the maximal tensor product || - ||uax are always C*-norms
on A ® B. As the names suggest, the spatial (minimal) tensor norm is the smallest C*-norm one can
place on A ® B and the maximal is the largest. In general these norms do not agree. In 1995, Junge and
Pisier [1] proved that

B(6) S B(L) # B(L) & B(L2).

In 2014, Ozawa and Pisier [2] demonstrated that B(#) ® B(H) admits 2% distinct C*-norms.
Ozawa and Pisier also showed that C} (F,) ® C;(F,) admits 2% distinct C*-norms where Fj, is the
noncommutative free group on n > 2 generators. Recently, Wiersma generalized Ozawa and Pisier’s
result. In [3], Wiersma proved that C} (T'1) ® C;(I'2) and C*(I'1) ® C;(T2) admit 2% distinct C*-norms
where I'1 and I'; are discrete groups containing copies of noncommutative free groups. In the other
respect, Kirchberg [4] proved the following striking theorem:

max min

C*(F) @ B(H) = C*(F) @ B(H)

for any free group F. Kirchberg’s famous QWEP conjecture is one of the most important open problems
in the theory of operator algebras. Kirchberg showed that QWEP conjecture is equivalent to

" max * min _
C*(F2) ® C*(F) = C*(F2) @ C*(F2).
Brown and Guentner introduced a new C*-completion of the group ring of a countable discrete

group I'in [5]. In the following, we first recall some results in [5].
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Let I be a countable discrete group and 7r be a unitary representation of I' on a Hilbert space H.
For ¢,n € H, we denote the matrix coefficient of 7w by

Mgy (8) = (7 (s) &l -

It is clear that 7z, € loo (T').

Let D be an algebraic two-side ideal of {, (T'). If there exists a dense subspace Hg of H such that
ntzy € Dforall ¢, 17 € Ho, then 7t is called D—representation. If D is invariant under the left and right
translation of ' on /o (T'), then it is said to be translation invariant. In this paper, we always assume
that D is a non-zero translation invariant ideal of ¢ (T'). For each p € [1,+0), we denote the norm on

ﬁp(l“) by
Flp= (ZIfFGs))r for  fety(D)

sel

We denote by ¢o(T') the functions of /e (I') with vanishing at infinity. It is clear that £,(I") and c(T') are
non-trivial translation invariant ideals of £ (I').
The C*-algebra Cj; (I') is the C*-completion of the group ring CT by/||-|| 5, where for Vf € CT,

I fllp =sup{||t(f)|| : m is a D — representation }.

We denote by C*(I') the full group C*-algebra and by C,*(T') the reduced group C*-algebra,
where C*(T') is the completion of C(I') with respect to the norm

x|, = sup {||7t (x)|| : 7t is a cyclic representation }.

and C,*(T) is the completion of C(T') with the norm

x|, = sup {||A (x)|| : 7t is a left regular representation }.

In [5], the following results are obtained:

(1) C*(T) =C,"(I')and C,* (T) = C..* (T) ; Where C(T) is the function of finitely supported
functionson T

) C," (I') = Cy* (I') forevery p € [1,2];

(3) C*(I') = Cp™ (I') if and only if there exists a sequence {h, } of positive definite functions in D
such that b, — 1;

(4) T is amenable if and only if C* (I') = C..*(T);

(5) I has the Haagerup property if and only if C* (I') = C.,* (T').

P c
In this paper, we introduce new tensor products @(1 < p < +00) on Cz‘p T CZ‘p (T) and ® on
C(T) ® Cf (T) for any discrete group I'. We obtain that for 1 < p < +oo, C;p (F)méxcz‘p (T) =

P . PR £ T o 0 . .
C;fp(l")@C;fp(l") if and only if T is amenable; C? (T) @ C; (I') = Cf (I)®Cf (T) if and only if T
has Haagerup property. In last section, for the free group with two generators I, we show that

4 q
Czp (IF2)®C;F (Fz) o CZq (IF2)®C27 (]FZ) for2 < q<p < Ho00.

2. Amenability and Haagerup Property

Definition 1. For a discrete group T and 1 < p < +o00, we define

* p * *
C; (N)&C;, (T) 2 Cj (T xT).
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p
We need to check that ® is a C*-tensor product of CZP (T') and CZP (T'). First we will show that the

map x — x ® e from Cz‘p (T') into CZ,, (T x T) is isometric, where e is the unit of I'. For x = Y ass € CTI'
sel

and the unite of I' x ® e € C(I') ® C(T') € C(T' x I'). We compute

[x®elly, = sup{l| m(x®e) || |m:T xT — B(H) is £,(I' x I') — representation}
= sup{|| m(L ass®e) || [m:T xT — B(H) is £,(I x ') — representation}
er

S
sup{|| L asm(s®e) || |7 :T xT — B(H) is £,(I x T') — representation}
sel’

< sup{]| X as0(s) || l|c is £,(T) — representation}
sel
sup{|| o(x) || |o is £,(T') — representation}

A

I lle,.

since it is easy to check thats — (s ® ) is an £, (I') — representation.
Conversely, we have

|x®ell, = sup{[|m(x®e) || |7:TxT — B(H)is {,(T x I') — representation}
= sup{|| L ast(s®e) || |m:T xT = B(H) is £,(T x T') — representation}
sel’

v

sup{|| ¥ as05® 0 || |ois £,(T) — representation }
sel’

sup{|| ¥ as05 || |ois £,(I') — representation}
sel
= [l x e,

since it is routine to show that (s,t) € T xI' = 05 ® 0 € B(H ® H) is an £,(I" x I')-representation.
Under this identification, we have

C(r xT) C C; (1) © C} (I) € Cf (I xT).

This implies that Definition 1 is well defined.
If1 < p <2, it follows from Proposition 2.11 in [5] that

GDECHT) = ¢ (D, ()
= CZ»p(I’xI’)
Ci(T x'l")

— i) ®Ci(D).

» .
This shows that ® = T}gl for1 < p <2.If p = oo, we have

c(r)ECct(r) = ¢, (N&cy, ()
= C; (TxT)
= C*T'xT)
max
= C*(I') @ C*(I).
This shows that
* p * * min *
CiIMaC(I) = Ci(I) ©Ci(I).

p
Theorem 1. For1 < p < +oo, C;p (F)méxcz;(l“) = CZ?(F)@CZ;(F) if and only if T is amenable.
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Proof. Suppose that I is amenable, || - ||in=|| * ||max on C(T). Since
1 min <11 Mle, <1 [lmax

on C(I'), we have || - [l yin=I - [[;=|| - |lmax on C(T'). This implies that C}(T') = Cz,‘p (T) = C*(T). Thus

* max " " max " *
CEP(F) ® Cgp(l“) =C'I®C" () =C"(xT).
Since I' X T is also amenable, it follows from the Definition 1 that
* P _ % _ ¥
Cép (I’)®Cgp (T) = Cgp (TxT)=C*( xT).

Therefore
* max * * p *
¢, (1)8'¢; (1) = G, (N)&C (1),

Conversely, we suppose that
* max * * P * *
Cr, (M) ® ¢, () = C (MN&C; (I') = Cp (T xT).

Then CZV (F)méxczp (T') has a faithful £,(T" x I')-representation 7 : C;p(F)mG%xCZp (T) — B(H) and
by taking an infinite direct sum if necessary, we can assume N(CZ, (F)méxc;fp (T')) contains no compact

operators. By Glimm’s Lemma [6], for any state ¢ of n(C}fp (F)méijp (T)), there exist orthonormal
vectors v, € H such that

(m(x)oulon) = @(n(x)),  Vx € G}, (1) C}, (1) = G, (T xT).
Choose ¢ the trivial state, we have
% max % %
(rt(x)onlvy) — 1, Vx ey M ® Cz,,(r) = CZP(F x T).

In particular,
(7Ts 400 |vn) — 1, Vs, t eT.

Since 71 is a £,(I' x T')-representation, we can approximate the v,’s with vectors having
associated matrix coefficients in £, (T x I'). Thus we may assume that 71, 5, € £,(I' x T) for each
n, where 71,, 0, (s, t) = (750 |vy). Since 7y, 0, are positive definite functions in Kp(l” x T') tending
pointwise to one, it follows from the Remark 2.13 in [5] that I' X I is amenable and sois I'. [

Theorem 2. For1 < p < +oo, CZP (T)méxcz‘p(l") = Cz‘p(l”)%nczp (T) if and only if T is amenable.
Proof. Suppose that I is amenable, we have
() = ¢, (1) = &)

and
C*(IT'xT) = C}fp(l" xT)=Cy(TxT).

Thus
% max % % max % %
Cgp(l") & Cgp(].—‘) =C*IC*()=C*(I'xT)
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d
an * min N N min " "
C; (1)'€'C;, (T) = C(I)'& C(T) = (T xT).

Therefore
min

k max * * *
G, (N © ¢ (I) = C; () ®© Cf ().
max min
Conversely, suppose that Cz‘p (T) ® ij (T) = CZ‘p T ® CZ,, (T). Since

1 Mmin <I[ - Mg, <1 [lmax

on the algebraic tensor product CZ‘F o CZP (I),

* max * * p *
¢; (1)E'c; (1) = i, (N)&C (1),
It follows from Theorem 1 that I' is amenable. O

Corollary 1. For free group F,(2 < n < +o0), we have

" max N min "

It is well known that the famous QWEP conjecture is equivalent to

max

C*(Fy)'® C* (Fy) = C* () ® C* (Fy).

From Proposition 2.10 in [5], C*(I') = C;_(T'). Compare with Corollary 1, maybe we can get some
ideas about QWEP.

Definition 2. For a discrete group T', we define

* 0 * A *
CCO (r)®CCQ(r> = CCO(F X r)

By a similar argument after Definition 1, we can show that Definition 2 is well defined also.

Theorem 3. C; (l")m@a)xQ‘O (') = Cg, (F)é%Cjo (T) if and only if T has Haagerup property.

Proof. The proof is similar to the argument in Theorem 1. Suppose that I' has Haagerup property.
It is well known that I" x T also has Haagerup property. Thus it follows from Corollary 3.4 in [5] that
we have

max max

C (1) E'Cg, (1) = € (1) E'C (1) = (1 xT)

and .
CE‘O(F)@)C?O(F) = Cé‘o (TxT)=C*"T xT).

max co
So C (T) @ C& (T) = C; (T)=Cg (T).
Conversely, suppose that

* max * * ) * *
CCU(r) ® CCO (r) = CCO (r)®CC0 (r) = CC[)(F X r)
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Then CZ (T )méxCé‘o (T') has a faithful Co(T' x I')-representation

* max "
7 CL(T)'® Cr(T) — B(H)

max
and by taking an infinite direct sum if necessary, we can assume 77(C (T') @ C (T)) contains no

compact operators. By Glimm’s Lemma [6], for any state ¢ of H(CE‘O(F)mGa@xCE‘O (T')), there exist
orthonormal vectors v,, € H such that

max
(mt(x)vn|vn) — @(m(x)), Vx € Cjo(l’) ® CZ‘O (T) = C;‘O (T xT).
Choose ¢ the trivial state, we have
N max _ N
(rt(x)vnlon) =1, Vx € C; (I) ® C3 (T) = Co (T x T).

In particular,
(7ts pon|vn) — 1, Vs, t €T.

Approximating the v,,’s with vectors having associated matrix coefficients in ¢o(I' x T'), we may
assume that 77y, », € co(I' X T') for each n. Therefore {71y, 4, } is a sequence of positive definite functions
in ¢o(T x T') tending pointwise to one, this implies that I' x T has Haagerup property and so does . [

max min
Corollary 2. If C¢ (T') @ C (T') = CZ (I') ® C (T'), then T has Haagerup property.
3. P-Tensor Product on [,

P
In this section, we mainly consider the p-tensor product ® on the free group with two
generators [F5.
We recall that a function ¢: I' — C is said to be positive definite if the matrix

[p(s™'H)]sser € Mp(C)
is positive for every finite set F C T..

Proposition 1. Let Iy be the free group with two generators. Then there exists a p € (2, 00) such that

C*(F2) & C* (Fa) # Cf, (F2)9C}, (F2) # C3 (F2) & C} (F).

Proof. Since F; x F is not amenable, by Prop 2.12 in [5] C* (F, x ) # Cz‘p (Fy x Fp) for any p €
[1, +00). Since C*(F,)'® C*(F) = C* (F, x F») and C;, (Fz)éc;fp (F2) = Cj, (F2 x ), we have for
any p € [1,+09) € (Fa) & C*(F2) # € (F2) 5C}, ().

Since C;fp (Fz)éCZ‘p (Fy) = C;fp (F2 x Fp) and Cj (Fo x Fp) = C; (]Fz)néglCX(Fz), we only need to
find some p € (2,+00) with Cj (Fy x F) # Cj (F2 xFy). Let S = {a,b,a=1,b71} C F, be the

standard generating set and let |-| denote the corresponding word length. A well known result of [7]
states that for every n € N,

hy(s) :=e n
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is positive definite function on F, and clearly &, — 1 pointwise. Now for (s, t) € F, x [Fp, we define

9u ((5,1)) i= ha(s) = 7

and |

ll)n ((S,t)) = I’ln(t) —e n.

For any a; € Cand (s;, t;) € F» x Fp,1 <i <n,wehave
_ -1
Caidjon((sjtj)  (siti))
l,]

= Zaia]-gon((sj_lsi,tj_lti>)

So each ¢, is a positive definite function on Fp x F,, (Similarly ¢, is a positive definite
function). Fixing n, we have ¢, € ¢, (F, x ) for sufficiently large p,. Let 71, : C;fpn (Fy xFp) —
B (M) be the GNS presentations related to ¢,, and let ¢, € H, be the canonical cyclic vector.
Since ¢y ((s,t)) — 1, we see that ||, ((s,t)) §n — En|| — O for all (s,t) € Fp x Fp. Hence the
trivial representation is contained in the direct sum representation ®rm,weakly. If for each n,
Czpn (Fp x Fp) = C; (F, x Fp) , &7, would be defined on C} (IF, x ). Since F, x [F; is not amenable,
the trivial representation cannot be contained in any representation of C; (F, x F,) weakly. This is a
contradiction. Therefore for some n, CZ,,, (F2 x Fp) # C; (Fp x Fp) [

In the paper [8], Okayasu give a characterization of positive definite functions on a free group with
finite generators, which can be extended to the positive linear functionals on the free group C*-algebras
associated with the ideal /;,. This is a generalization of Haagerup’s famous characterization for the case of
the reduced free group C*-algebra. The strategy in these two papers also works for the group F, x F,.

For non negative integers k1, ky, we define

Wik k) = {(s1,52) €F2 xFa| [s1| =k1 and |[s2| = ka}.
X (ky k,) denotes the characteristic function on W, 1,)-

Lemma 1. Let g € [1,2]. Let k;, I; and m;(i = 1,2) be non-negative integers. Let f and g be functions
on Fy x Fy such that suppf C Wiy, r,) and suppg C Wy, 1, respectively. If [k; — ;| < m; < k; +1I; and
k; +I; — m; is even, then

[(f *8) - X(myma) g < 1flg - 18lq

and if (mq, my) is any other values, then

|(f*g) 'X(ml,m2)|q =0.

Proof. Note that

f((t,t2)) - g ((u1,u2))
(tl,tz),(sﬁi,;fi)€F2XFz
Y f((tt2) -8 ((u1,u2)).
[ti|=ki, u;|=1;

si=tiu;

(f*8) ((s1,52))
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Since the possible values of |t;u;| are |k; — L], |[ki — ;| +2,...,k; + 1;, we have
| *8) K|, = 0
for any other (my, my). We only consider the g # 1 (g = 1 is similar and trivial). First, we assume that
m; = k; +1;(i = 1,2). In this case, if |s;| = m;, then s; can be uniquely written as a product t;u; with

t; = |k;| and u; = |I;|. Hence

(f *8) ((s1,52)) = f((t1, £2)) - g((111, u2))-

Therefore
q
(f*8) Xtmymy)| = o [ (f*8) ((51,52)  X(my,my) ((51,82)) |7
q (Sl,Sz)EszFz
= f (1, 82))]7 - |g (w1, u2))|
[tiwi|=ki+1;
Iti|=ki,|u;|=1;
< LD P g ()
— 1A )gle.

Next we assume that m; = |k; — ;| ,..., ki +1; — 2. In these cases, we have m; = k; + I; — 2j;,
for1 < j; <min(k;,I;), (i =1,2). Lets; = tju; with |s;| = m;,|t;| = k;, and |u;| = I;. Then s; can be
uniquely written as a product t';u/; such that t; = ' ;v;, u; = Ui_lu’i with |t;| = k; — j;, [u'i| = ;i — ji,
and |o;| = |[v; | = j;. We define

f (k) = < ‘Z |f((f101,f202))|q> q, if |ti| = ki —ji
Vil=Ji

and f’ ((t,t2)) = 0 otherwise. Similarly, we define

|vi|=

g ((u1,u2)) = ( Z‘ ‘g ((Ullm,vzluz))‘q) ﬁ,if lui| =1; — j;,
Ji

and g’ ((u1,u2)) = 0, otherwise. Note that suppf’ C W,
Moreover,

!
ki—j1 ka—jp)r and suppg’ © W, _j, 1, —j)-

Itil=ki—ji \|vil=ji

!f’|Z = X ( )3 |f((t101,f202))|q) = |17,
ji

and |g’|Z = |g|Z. Take a real number p with % —|—% =1.Sincel < g<22<p<+400,50q9 < pin
general. Owing to Holder inequality, we have
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(Frg) (sl = | 2 fl(t) g ()
si=t;
= | I f (et g (o7 07'002)) ’
1 1
< MEji|f((t/1v1,t’2vz))|qq M&\g((v;lu’l,vglu’z))\pp
< Ivi|2_jj|f((t’1vl,t’2vz))|qq |vl_|z_j]_\g((v;lu’l,vglu’z))\qq

= fl(t',t2)- g, ua) = (f *g) ((s1,5)),

wheres; = t;u'; and |s;| = k; 4+ 1; — 2j; = |¥';] + |u';|. Therefore, ‘(f % 8) " X(my,my)
Since (k; — j;) + (I; — j;) = m;, it follows from the first part of the proof that

< (f/ *g/> X (my,my)-

‘(f/ * g/) ’ X(TH],H’IZ)
71, 1¢/l,

(f*g) X(ml,mz) S
<

Atlast, we assume thatmy =k + i andmy = |kp — lp|,..., ko + 1o —2;0rmy = |k — I1|,..., k1 +
I1 — 2 and my = ky + I. We only need to consider the first case.In this case, m; = ki + [, and mp =
ky+1—2j for 1 < j, < min(kp,l;). Then sy can be uniquely written as a product t;u; with
[t1] = kq and |uq| = 11. Let sy = tyup with [sy| = my, |t2| = ky, |uz| = I. Then s, can be uniquely

written as a product t;u’; such that t; = t/5v,, 1y = U;lu/z, with [t2| = ky — jo, [/2] = 1 — j» and

[va] = |0, | = jo. The following proof is almost the same as the second part with j; = 0. O

Lemma 2. Let ky, ky be non-negative integers. Let 1 < q < p < oo with % + % = 1. Ifa unitary representation
70 Fp x Ty — U(H) has a cyclic vector ¢ such that 7tz ¢ € £,(Fy x ) then

| (f) < (kn + k2 +2) - |flg,
for f € Ce(Fa x Fa) with suppf C W, ,)-

Proof. We only consider 1 < g < 2and 2 < p < +oo with % + % = 1. We consider the norm
(f* = £)20 Write foj 1 = f*and fo; = f forj = 1,...,2n. Then
q

(F 5 ) = fre foso ok fun.

We also denote g = fp * - - - * f,,. So we have
(f 5 )0 = firxg.

Since f*((s1,52)) = f((sl_l,sz_l)), supp fj € Wik, k), forj = 1,2,...,4nand g € c. (F2 x Iy).
Put 81, 1) = X1, 15)- Then supp g, i) € W ) and

400 q

gli= ) ’8(11,12)
I1,l,=0 q




Mathematics 2020, 8, 627 10 of 14

Clearly, = 0 for all but finitely many /1, ;. Moreover set

8(llp)

q

—+o00
h=fixg= Y, fi*8u L)
I =0

and i,y = X (1, my)- Then h € cc(Fa x F) and
+oo

mi= X |romm)

mq,mp=0 1

q

= 0 for all but finitely many 1, m,. By Lemma 1,

[ .

‘(fl *8(11,12)> Xy o) | < Ifily- ‘8(11,12)

q

in the case where |k; — I;| < m; < k; +1;, and k; + I; — m; is even, and |(f; * g) * X (my,m3) |; = 0 for any
other values of m;. Hence,

—+o00
ol = |, £, (12 80) A
11,b=0 q
< E: fl*g(ll,lz) " X(my,mz)
I, l,=0 q
m,-+k,-
< . .
< Al B o),

m;+k;—1; even
By writing I; = m; + k; — 2j; , we have

min(mq,k1) min(my,ky)

h(mm)l, < Ifl,- L L

&8 (my +ky —2j1,ma+ko —2j) q

1=0 j2=0
1 1
7\ 1 P
< |f1|q' L ‘g(m1+k1*2j1,m2+k2*2]'2) L
iz q jui2
1
1 7\
< (ki+ke+2)7-|fi],- ]Zj &(my+y =2y ma+ha2i) | | -
1//2
Therefore,
—+o0
o= Y i mm)]
mq,my=0
q . +oo  min(my,ky) min(my,ky) q
< (kl + ko +2)p : |f1|q' ) Z . 8 (my 4k —2j1,my+ka—2j2)
my =0 j1=0 J2=0 1

ki 400 kp oo

q q
= (kl +k2+2)P |f1|z Z Z Z Z g(m]+k]72j1,m2+k272j2)
J1=0m=j1 p=0mr=j q
q g kq 400 400  Hoo q
= (kitk+2)7-fil;- X X X X (81
Jal =0 ll :kl 7]'1 ]2:0 lszz 7]’2 q
; 7. 2 g
< (ki+k+2)7 A1 Y Il
, j1=0j,=0
141
< (+ka+2)0 A1 (gld.
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Hence |f1 * gl, < (ki + k2 +2) - |f1], - 8], e
[fifas o fanly < (ko + ko +2) - [faly - [f2 o * fanly

Inductively we have

< (ki kg + 2"

(e )

Therefore, it follows from Lemma 3.2 in [8] that

q

17 (f)|| < liminf | (f*  £)*2"

n—+00

1
;” < (ki +ka+2) |l

O

Theorem 4. Let 2 < p < oo. Let ¢ be a positve definite function on Fp x Fy. Then the following conditions
are equivalent:
(1) @ can be extended to the positive linear functional on C;fp (Fy x Fy);
(2) SUp |9 - X(ky o) lp - (k1 + k2 +2) 71 < o0,
kkz
(3) The function (s1,s2) — ¢(s1,52) - (24 |s1] + |sz|)717% belongs to £, (IFy x IF2);
(4) For any o € (0,1), the function (s1,55) — @(s1,52) - a1 7152l belongs to £,,(Fy x Fy).

Proof. We assume that ¢ ((¢,¢)) = 1.

(1)=(2) It follows from (1) that w, extends to the station CZP (Fy x Fy), where

we(f)= Y, f(s1,52) ¢((s1,52)) for fecec(FaxTy)

(s1,52) EFa x T

Hence, for f € ¢, (F, x Fy), we have

|wp ()] < IIfllg,-
Set f = @] ¢ Xty kn)-
Then
lwe (f)] = Y ¢((s152) f((s1,52))

(51,52) EF2 xTFp

¢ ((s1,52)) - l@[P~2 ((s1,52)) - @ ((51,52)) - X(ky r) ((51,52))

(Sl ,52) €lFy xIFy

@[” ((51,52)) “X(ky k) ((51,82)
(s1,52)€F2 x>
p

“P " X(ky k) .

Let 7t : F; x F; — U (H) be an £, —representation with a dense subspace #, then

I (I = sup (m(f *f)EIE)y

geHy,¢l=1

Fix § € Ho with ||| = 1. We denote by ¢ the restriction of 7t onto the subspace

He :W{ﬂ((51,52))€|(51,52) e, x Fz} CH.
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Then
(T (ff = f)C1C )y = (f** ) IS ), -

Note that ¢ is cyclic for ¢ such that oz € £, (F2 X [F2). Take a real number g with % + % =1
Since 2 < p < 400, we have 1 < g < 2. Since supp f C Wy, 1), it follows the Lemma 2 that

lo (NI < (ky + k2 +2) - [ f1,-

Hence
lo (F % Al = lle (NN < (b + k2 +2)*- £

Therefore,

||f|]lzp = sup { |7 (f)||| wis an £, — representation }
< (a+hkt2)Ifl,

1

= (kitka+2)- ( )3 |f((51r52))|q>
(s1,52) EFa x T
q

= (k1+k2+2)'< L |(P|(p_1)q((51152))'X(kl,kz)((slrs2))>

(51,82)€F2 xIF,

q
= (ki+k+2)- ( Y elP ((51,52)  X(ky ko) ((51,52))>
(s1,52) EFy x T

= (ki+k+2): ‘(P‘X(kl,kz) :

p—1
= (ki+k+2)- ’<P'X(k1,k2) )

Since f = ||/ - ¢- X(ky ky), We have

p
|w4’ (f)| ’(P'X(klxkz) .

< A,
p—1
< (ki +k+2)- "P'X(kl,kz) )
Consequently,
’4’ Kk | Sk t+ko+2.
2)=0)

Y e ((sus2)l” - 2+ [s] + |s2]) P
(51,52)€EFy xTFp
—+o00

= Y L le(Gus))l @4k +k) "2
kq,ka=0 |s1]|=k;
[s2|=ka
+o 14 —p 2
= X ’G’)'X(kl,kz) 24k +k) P (2+ k1 + ko)
kyka=0 P
-1 Pt )
< Sup‘(p-)((kl,kz) QR+k+k) Y Y @24k +k) 2 < foo.
klrkl p kl,kZ:O
(3)=(4) Obviously.

(4)=(1) Set
Pu : (51,52) = a1l g, 2 (s1,80) — a2l from F, x F, — R.
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For any a; € C and (sy;,52;) € Fa x Fp, we have

- -1 - -1 -1
Y ailjpu ((51]’/ s7j) - (s10s Sz:‘)) = Y aidjpu (51]- S1is Sy SZi)

-1
‘S]j S1;

= Ea,ﬁjzx > 0.

So ¢, and similarly ¢, are positive definite functions on [ x F,. This implies that the function
u (51,52)) £ a2l = alilall = g ((51,52)) e (51,92))

is positive definite and ¥, ((s1,52)) = ¢ ((s1,52)) a*1712l is also positive definite on I, x Fy. By the
GNS construction(The unitary representation via GNS approach refers to the conclusions of appendix
C in reference [9]), we obtain the unitary representation o, of Fp x [F; with the cyclic vector ¢, such that

Fa ((s1,52)) = {ow ((51,52)) G G ) -

Since oy is an £, — representation ,¥, can be considered as a state on CZ,, (Fy x Fp). By taking the
w*—limit of ¥ as « 1 1, we obtain that ¢ can be extended to the state of C;," (F x F3). [

Corollary 3. Let p € [2,00) and & € (0,1). The positive definite function ®y(s1,50) = al*11+1%2l can be
1
extended to the state on C; (Fy x Fy) ifand only if x < 37 7.

Proof. Since

Eo gkitka—2,p(kitky) —  3-2 Eo (3,ap)(k1+kz)
ky k=1 kq,kr=1
+00 +00
= 32| L @)1 | ¥ (3-ar)"],
k=1 ky=1

it follows from Theorem 4 (4) that we have

Oy €1, (Fa xFy) & VBe(0,1),(ap)l1lF2l € £,(Fy x Fy)

o Y (ap)Psil+l2l) < 4oo
(s1,52)EF2 Xy
e © 5 (@l < fo

kykp=1|s1|=k1,[s2|=k2

—+o00
PN y shitke-2pplatk) < 4o

ky k=1

& 3P <1
_1

S <3 r.

O

Corollary 4. For2 < q < p < oo, the canonical quotient map from CZ' (Fy x ]Fz)on—tQCZq (Fy x IFy) is not

injective. So
Cr, (F2)Cp, (F2) # C; (F2)®Cy, (Fa).

Proof. If p = +co0 and C* (IF2 x F2) = C;* (IF2 x [F2), we obtain that IF, x I, is amenable by Prop2.12
in [5]. This is a contradiction.
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In the following, we consider 2 < g < p < +oco. Suppose that the canonical map from

Cl*p (Fy x ) onto CZ, (Fy x Fy) is injective from some q < p. Take a real number a with

For @,(s1,52) = alsiltlsz|) by Corollary 3 we have

|wa, ()l < [1flle, = [Ifllg,, forf € cc (F2 x Fa).

Therefore, it follows again that ®, can be extended to the state on Cl’; (Fy x Fy), but it contradicts

to the choice of # and Corollary 3. [
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