. mathematics ﬁw\o\w

Article
Asymptotic Results in Broken Stick Models:
The Approach via Lorenz Curves

Gheorghita Zbaganu

“Gheorghe Mihoc-Caius Iacob” Institute of Mathematical Statistics and Applied Mathematics,
050711 Bucharest, Romania; gheorghitazbaganu@yahoo.com

check for

Received: 29 January 2020; Accepted: 7 April 2020; Published: 18 April 2020 updates

Abstract: A stick of length 1 is broken at random into 7 smaller sticks. How much inequality does this
procedure produce? What happens if, instead of breaking a stick, we break a square? What happens
asymptotically? Which is the most egalitarian distribution of the smaller sticks (or rectangles)?
Usually, when studying inequality, one uses a Lorenz curve. The more egalitarian a distribution,
the closer the Lorenz curve is to the first diagonal of [0, 1]2. This is why in the first section we study
the space of Lorenz curves. What is the limit of a convergent sequence of Lorenz curves? We try to
answer these questions, firstly, in the deterministic case and based on the results obtained there in the
stochastic one.
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1. Introduction: Defining the Problem

Some time ago we were interested in the emergence and evolution of inequality if a whole is
divided at random into n pieces. How much inequality is there in that division? The whole may be the
surface, the population, the total GDP of the world, the number of species of insects or birds, etc. What
means “at random”, and how can we model this phenomenon?

This is the so-called “broken stick model”. It was introduced by MacArthur [1] in 1957, and it has
been extensively studied since then. A probabilistic approach can be found in Cohen [2]. Since “at random”
usually means “uniformly distributed”, these papers were about uniform spacings. Many books and
papers deal with them, e.g., Aly [3], Bansal et al. [4], Beirlant [5], Barton and David [6], Cs6rgd [7], Cucala [§],
Durbin [9], Le Cam [10], Pyke [11,12], Rao [13], Stephens [14,15], Tung [16], Wilks [17].

The inequality produced by these models was also considered via Lorenz curves, generalized Lorenz
curves, and Gini coefficients (see for instance Arnold [18,19], Sarabia et al. [20] or Stephens [14,15]).
The convergence of the empirical Lorenz curves to a theoretical one was studied by Goldie in 1977 (see
Reference [21]). The order between Lorenz curves is a particular stochastic ordering (see Marshall and
Olkin [22] and Stoyan [23]).

Our study was prompted by the strange fact that if we replace “at random = uniform distribution”
with “at random = any absolutely continuous distribution on [0, 1]”, the inequality produced in the
broken stick model seems to increase. Simulations with different distributions made us conjecture
that the Lorenz curves of the spacings always have a limit, and that limit is below the graph of
L(x) = x+ (1 — x) In (1 — x), meaning that all the other distributions of spacings dominate the
spacings produced by the uniform distribution in the Lorenz order.

We prove that in a particular case.

In order that this paper be as self-contained as possible, we study in the first three sections the
case when the spacings are produced by a deterministic algorithm, not by a random one. The main
results are Proposition 14 and its analog in terms of spacings, Proposition 20, which say that some
mixtures increase the inequality.
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The last two sections focus on the random case. The main result is Proposition 27 which implies
the fact that if the density of the random variables used to break the stick is a step function, then
the limit of the corresponding Lorenz curves does exist, and it lies below the Lorenz curve of the
exponential distribution. The last section deals with the broken rectangle: the limit of the Lorenz
curves does exist and one can compute its Gini coefficient even if we do not have an analytic formula
for the Lorenz curve.

We have collected in the Appendix A several results which may be well known, but to which we
were not able to find appropriate references.

2. Generalities: The Lorenz and Pre-Lorenz Curve of a Probability Distribution
on the Non-Negative Half-Line

Notation. Let X > 0 be a non-negative random variable. We will denote by the same letter F or Fx both its
distribution and its distribution function. There will be no danger of confusion, since if B is a Borel set, then F(B)
will mean P(X € B), while if xe R, F(x) will actually mean F((—co,x]|) = P(X< x). Moreover, as Fx(x) =0,
for all x < 0 we may as well think that F : [0,c0) — R.

We will denote by F~! : [0, 1) — R its superior quantile defined by F~!(p) = inf {t : F(t) > p}.

Notice that we define the quantiles only on the interval [0, 1), since F~! (1) may be oo if the
distribution does not have a compact support.

The expectation EX depends only on F. In terms of distribution, it will be denoted by e(F). Since
X is non-negative, it is more or less obvious that:

1
o(F) = f xdF(x) = fo F(y)dy M

whereby J(ﬁ)l F~!(y)dy, we understand the Riemann integral lifg fol_s F~'(y)dy. If X is integrable, then
&

e(F) < oo, otherwise ¢(F) = oo.
Let Ap: [0,1) — [0, ) be defined by:

Ar(p) = j; " (y)dy @)

As F~! is non-decreasing, Ar(p) < pF~!(p), thus the definition of Ar makes sense. We call Af the
pre-Lorenz curve of the distribution F.
The Lorenz curve is defined by:

Ar(p)

and makes sense only for distribution with finite expectation. Here and in the sequel Ap(1—-0) = li%rlep (p)-
p

The limit does exist due to the monotonicity reasons.

The pre-Lorenz curve makes sense for any probability distribution on [0, o), even if its expectation
is infinite.

The pre-Lorenz curve was introduced by Shorrocks [24] in 1983 under the name of “Generalized
Lorenz Curve”, and it was studied by many authors under this name. We think that “pre-Lorenz” is a
more appropriate name, since one computes the Lorenz curve after computing its pre-Lorenz one and
dividing by the expectation of the distribution.

Example 1. Let F = ( ; 2 )=pda + qdp with 0 < a <b.
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1 ifaeB
0 elsewhere
Then F(t) = al (g ) (£) + b1y, q) (t), therefore Ap(t) = atl (g ) (£) + (ap + b(t = p)) 1,1y (1), Ap(1 = 0) =

Here and in the sequel, 5, means the Dirac measure at a defined by 6,(B) = 1p(a) = {

ap + bg,
L (1) {aﬁbq o @
F(t) = +b(t— .
PR ifpst<1

Example 2. Let F(x) = (1—}%)1[1,00) (x) be the Pareto distribution of parameter a > 0.
Then F-1(p) = (1 —p)_% and

L(1-(1-p)~ %) if 0<a<l o ifasi
Aep)={  -ln(l-p)  if a=1 ,Ap<1—0>={a e ©)
L (1-(1-p)F) if  as1 a1 e
(o ifa<1
LF(t){l—(l—p)a:*l ifa>1 ©)

Unlike the mapping F — Lr, the mapping F +— Ar is a one-one operator.

Proposition 1. Let P be the set of all the probability distributions on ([0, o), B([0, o)). Let F € P.
Then Ap(0) = 0, Ap(1 — 0) = Ap(1) = e(F). Moreover, Ar is convex and non-decreasing, and its right
derivative is F~1.

Proof. Obvious. Lemma Al says that any convex function defined on [4, b] is continuous on (g, b),
p+o F—l d
and it has both right and left derivatives. Its right derivative is (Af)’,(p) = léilrgw =F(p)

forallp € [0, 1) if F~! stands for the superior quantile which is right continuous. O

Let now C be the set of all convex functions L:[0,1) — [0, o) which are convex and
non-decreasing. The following result concerns the unicity.

Proposition 2. The mapping F — Ar from P to C is onto and one—one.

Proof. Let F, G be two distributions from P such that Ar = Ag. Taking the right derivatives, it follows
that F-! = G1. As F, G are right continuous, it follows that F = G.

This is a consequence of the following elementary fact: Let F, G: R — R be non-decreasing
functions. Let « : (F(—00),F(c0)) » R, f: (G(—0),G(c0)) — R be two functions having the property
that F(«(p) — 0) < p < F(x(p) +0), G(B(p) — 0) < p < G(B(p) +0). Ifox = P, thenF(x)=G(x) for
any continuity point of F or G. Indeed, suppose, to make a choice, that F(x) < G(x). Let p such that F(x) <
p < G(x). Thus F(x) < F(a(p) +0), G(x) > G(x(p) — 0) = x < a(p), x = a(p) = x = «(p) and
F(x) < F(x+0), G(x) > G(x—0). Thus, x must be a discontinuity point both for F and G. This set is
at most countable.

On the other hand, if A € C then, its right derivative A = A’ is right continuous and non-decreasing.
According to Lemma A4, there exists a distribution function F such that A = F~' hence Ar = A. O

Remark 1. If F has finite expectation, we can see that Lr (1 — 0) = 1. Indeed, Lr(p) = Zgg = Ae’zg)
If a function L: [0, 1] — R is convex, non-decreasing, L(0) = 0, L(1) = 1 but L(1 — 0) <1, we call it a

defective Lorenz curve.
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If F,, and F are distributions on the real line, their weak convergence will be denoted by “F,, = F”. Thus F, = F
means f fdF, — f fdF for any continuous and bounded f : [0,0) — R.
The connection between the A- transform and the weak convergence is given by the following.

Proposition 3. Let F,, F € P be probability distributions on [0, o). Then F, = F if and only if
Ar,(p) = Ap(p) foranyp € (0, 1). Moreover, if the limit A of the sequence (Ap, ), does exist and it is finite,
then the weak limit of the sequence (Fy),, does exist, too, and A = Njjyf, .

Proof. According to Lemma A5 from the Appendix A, F, = F ifand only if F,~!(p) — F~!(p) for
p € [0, 1], with the possible exception of a countable set, N.

Ifp ¢ N, then for any ¢ > 0 there exists n, such that n > n, = F,”'(p) <F(p)+ e. AsF,!
are non-decreasing and non-negative, forany 0 < F,~!(t) < F~!(p) + eforallt < p, t ¢ N. Therefore,
we may apply Lebesgue theorem of dominated convergence to infer that fop F,~l(t)dt — fop Fl(t)at
or, which is the same thing, that Ar, (p) = Ar(p).

Conversely, if Ar,(p) = Ar(p), then, according to Lemma A3, the right derivatives converge
too: (Ar,)’(p) = (Ar)'(p) at all points p where (Ag),’(p) = (Ar)/ (p). But the right derivatives are
F, "l (p) and F~1(p): it follows that F,~! — F~! with the possible exception of a countable set. Apply
again Lemma A5 (iv) to derive that F,, converges to F with the possible exception of a countable set.
But this means precisely that F,, = F.

If we only know that Af, (p) = A(p) forall 0 < p <1 and A is finite, then its right derivative, A,
is the superior quantile of some probability distribution on [0, o), and the proof goes in the same way. O

The Lorenz curve does not have the same good properties: it is possible that F,, = F but Lr, (p)
does not converge to Lr.

Example 3. Let F, = ( 1 f 1 nf ), a > 0. Obviously F, =0, but Lp (t) =
n n
z:_t - ift<1-1
(1= 1) 4na(t=141) converges to 5 and not to Ly, (t) = £.

: 1
2{1_% lfl—ﬁ§t<1

1 1
Example 4. The same, modified a bit: F, = ( 11 fin ;r ). Then Fy = 61, Ap,(p) > pV¥p €[0,1) but

n n

Lr,(p) = HLLH Vpe [0,1 — 1Y may have no limit at all if the sequence “ has no limit.
The reason is the loss of mass to the infinity: if X, > Oand X,, — X then EX < limy_co EX;. This happens
due to Fatou’s Lemma.

If there is no loss of mass we can state.

Proposition 4. Let Pq be the set of the probability distributions from P which have finite expectation. Suppose
that F,, F €Py, F, = F and e(F,) — e(F) >0. Then, Lg,(p) — Lr(p) forall0 < p < 1.

Conversely, if L, : [0, 1] — [0, 1] are Lorenz curves, L, — L and L is continuous at p = 1, then there exist
probability distributions F, and F from Py such that e(F,) = e(F) = 1and F, = F.

Or, reformulated in terms of random variables:

Let (Xn),, » o be random variables from L'. Let X > 0 be another random variable such that EX = 1. Then E)ggn B x
= Lx, — Lx. Conversely, if Lx, — L and L is continuous at p = 1, then there exists a non-negative random

1
variable on the probability space (Q), K, P) = ((0,1), B((0,1)), Lebesgue) such that EXTH,, 5x

Proof. From Proposition 3, we know that F, = F & Af,(p) = Ar(p). On the other hand,
e(Fy) = Af,(1-0) and e(F,) = Ar(1-0). Thus,
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Fa = F = Ap(p) = Ar(p), Ar, (1-0) > Ap(1-0) = 20l M o 1y () 5 Li(p) for
all0 < p < 1. Conversely, if L, (p) = Lr(p), we apply Lemma A3 from the Appendix A, and the
right derivatives converge in L!. The right derivatives A, = (L’,;)r and A = (L’)r are right continuous
and non-decreasing, thus there exist distribution functions F,, and F such that F;, L=),and F1 =2
(Lemma A4(iv)). Obviously, e(F,) = e(F) = fol An(x)dx = fol A(x)dx = 1 and, according to Lemma A5,
weseethat F, = F.O

The situation changes if e(F,) does not converge to e(F).
If the sequence (e(Fy)),, has no limit at all, then Example 4 points out that the sequence Lr, (p) = /zinT,EF)J)

has no limit, too, (since Ar, (p) = Ap(p) forany 0 <p < 1).

If e(F,) — ke(F),weknow thatk > 1(Fatou’s Lemma). Then the limit is a defective Lorenz curve:

Aryp) _ Ar(p)
e(Fn) ke(F)

li]]lLFn (p) = li;n = %Lp(p). Thus, we can add to the proposition 4 the following fact.
Proposition 5. Suppose that F,, F € Py, F, = F and e(F,) — ke(F) > 0. Then, Lg,(p) — %Lp(p) for
all0 < p < 1. If the limit of a sequence of Lorenz curves is defective, then the convergence does not ensure the
convergence of expected values. As a limit case, if Lp,(p) = 0 for0 < p <1land 0 <e(F,) <M for some
M > 0then, F, = &.

Proof. Only the last claim needs a proof. Remark that Ag (p) = 0 thus if Lr,(p) — 0 then Afr, — As,.
In this case Proposition 3 says that F, = 8. If the the sequence (e(F,)),, is not bounded, the claim is

1 2
not true. For instance, if F, = ( 11 nl ) then Lr, (p) — 0 but F, = §; and not to §y. O
n n

3. The Empirical Lorenz and Pre-Lorenz Curves of a Sequence of Non-Negative Real Numbers

Here, we study the deterministic case: if the sequence of points which generates the smaller sticks
is an usual one. We generalize a bit, giving up the restriction that the points lie between 0 and 1.

Let a = (ay),>, be a sequence of non-negative reals. We attach to it the sequence of
probability distributions.

P S Lk=1020,
Fy = Fu(a) = === F, = F(a) = ———

, S =01+ +ay (7)
n n

Next, we denote by A, = Ay(a) and L, = L,(a) the pre-Lorenz and the Lorenz curves of F,.
Thus:
An = An(ﬂ) = AFn (a)’ Ln = L”(a) = LFn (a) (8)

We want to know when these curves have a limit. First, a remark which is useful for calculus:

Proposition 6. Let a = (a,), > 1 be a sequence of non-negative reals. Let n > 2 be fixed. Let also
Ou(a) = (a1 ,02: ,- .., Ann) be the sorted (ascending) values of (a1, a .. .,a,). Denote by Sy.,, the sum

Skn = A1:n + A2 + -+ gy, forl < k < n 9)

Then,

(i) Ay is the polygonal line which joins the points (0,0), (s, —),(%, Q), (8, SZ’”), and Ly, is the

polygonal line which joins the points (0,0), (1, %),(

1 <---k £ nwehave:

Or, formally, for any

k—1+4e,  (1—¢)Sk-1,0+ &S, k—=1+e, (1—¢)S10+ ¢S,
An( n ): nn nfLTl( 1 ): Sn: .

7

(10)
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(Zl) Lpn (a) = AF; (a)

(iii) Ayn(aa) = aAy(a), Ly(aa) = Ly(a) for any a > 0. The Lorenz curve is invariant to homotheties.

(iv) if 0 € Sy isa permutation, then Ay (a(l),a(z), . ,a(n)) = Ay(a). Both A\, and L,, are invariant with
respect to permutation of the first n terms of a.

Zl’l7 1 aj.,00
Proof. The distribution function of Fy, is F,(x) = M

left to the reader. O

a.s.0. The assertions are elementary and

Example 5. If z; are some points in plane, we denote by Poly(z; — z0 — ... = z;) = Poly (zj; 1 < j < k)
the polygonal line which joins the points z1,z2, . .., zx from plane (in this order). Then:

(i) a=1(1,01010,...). Then Oy(a) = (0, ..., 0,1, ..., 1) where, if n = 2k, we have k
zeros and k ones, and if n = 2k + 1, we have k zeros and k 4+ 1 ones. If n = 2k, then A\, is the
polygonal line which joins the points (0, 0), (1,0),..., (%,O), (]%1, %) (5, K. Many points are
on the same line, thus it is easier to write Ay, = Poly((0,0) > (1,0) > (1, 1)) and Ayyy =
Poly((0,0) = (5£5,0) = (L a¢%)). As S = kif n = 2k and Sy = k+1if n = 2k+1, it
follows that Ly, = Poly((0,0) — (1,0) - (1,1)) and Ag1 = Poly((0,0) — (T’jrl,O) - (1,1)).

(i)  More general, if a is a periodic sequence: a = (x1,...,X, X1,...,Xk,...), then the describing of A,
and Ly, become very annoying if we do not know the ordering of the numbers x;. But if we assume that
X1 £ ... £ Xy, the describing can be done as follows: suppose that n = km +r with 0 < r <k,
then Oy(a) = (X1, ..., X1, X2, « o, X2 yeeey Xpyeea Xy, Xpd 1y weey Xpgds oo Xhy -n ey xk),wherexj occur
m+1timesif j < r,and it occurs m times if j > r. Thus Sy., = mSyx + S, and
Ay = Poly((0,0) — (2L mily )y (Rl 2L (x4

n’ n n

%)) = o (L bl ) o (R L o )+

n n

Moyiq) — (D) md () 4oy ) B (g 1)) o (1,225 ) and
L, = POly( (0, ) ( r 'g‘:'nlxl) N (2(mn+1), rg+1 (x +x2)) Lo (r(anrl), rg:ﬂl (X1 +x+...+

X)) — (r(m+)+, ML+ x4 ) + Bxg) - (w g +xo+.. +x)+

T (X1 4.+ x) = (L,1))
(iii) Suppose that a, = o', If a > 0, the sequence is increasing, if @ = 0 it is constant, and if o < 01t is

decreasing. In the first two cases, no sort is necessary hence A,=Poly ((0,0) — {( k JE1<k< n})
L, = Poly ( (0, )—>{(k S—")'l<k<n})wheres,1 =1*+2%+... +n%andsy=0. Ifa = - <0

n’s

then Oy, (a) = (nlﬁ’(nll)ﬁ"' , 55 1), therefore Ay = Poly((0,0)—>{(k nfnck), 1<k<n}), L, =

POly((O, ) — {(%/ Sk ssnn k),‘l <k< }’l})

(iv) a = (1,0,0,1,1,1,1,0,0,0,0,0,0,0,0, 1, ... (2%times), 0,0, ... (25 times), ....)
Let N = 1+2+...4+2"1 = 2"—-1 If n = 2m is even, Oyla) =
(0,0, ...(3(2"=1) times ), 1, 1, ..., (3(2"=1) times)) and if n = 2m+ 1 is odd,

) . ) 0 1
Ou(a) = (0,0... (3(2"—1) times ),1,1,..., (%(2" - 1) times)). In the first case, F, = ( 5 7 ),
3 3

and in the second one it is F, = ( ). For other types of n, we obtain intermediate values.

W= O
WIN =

The pre-Lorenz curves move between (p — %) L oand (p — ) ., and the Lorenz ones move between

3(p - %)+ and 2(p — %)+ None of them have a limit.

The first problem is: for what kind of sequences does the sequence A, (a) have a finite limit.
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This is the easy one.

Proposition 7. Let a = (a,),, 5 1 be a sequence of non-negative integers. The following assertions are equivalent:

(i) The sequence (Fy(a)), has a weak limit, F = F(a);

(i)  The sequence (An(a)), has a finite limit, Ap(a);

(iii)  The sequence (f(ay)),, s 1 has finite Cesaro limit for any continuous bounded f : [0,00) — R and this
limit is equal to f fdF.

Proof. The equivalence (i) & (ii) is actually Proposition 3. According to the well-known
Portmanteau proposition (see, for instance, References [25,26]), one knows that F, = F if and
only if [ fdF, — [ fdF for any f:R — R bounded continuous. In our case, [ fdF,(a) =

fla) (u2,2+"'+f 1) "If this limit exists for any continuous and bounded f, then the sequence of probability

measures (F;),, should have a limit weak limit too.

In order to detect the limit, we have to study the empirical distribution functions F,, (x) = M

The hard way is to compute A, (a). If we want to find the limit of L,(a), the fact that F, = F does not
help very much unless we can prove that e(F,,) converges to e(F), too. O

Sometimes the following result may help.

Lemma 1. Let f, :[a,b] = [m,M] be convex and non-decreasing. Suppose that for any x € (a,b) there
exists a sequence (xy,),, such that x, — x and the sequence (fy(xy)),, is convergent.
Then, the limit f(x) := limy, f,(x) does exist for any x € (a,b), and it is convex and non-decreasing. Moreover,

f(x) = limy i, (x).

Proof. Leta < x < b and f(x) = limyseofu(xn). Write f(x) — fu(x) = f(x) — fulxn) +
fu(xn) = fu(x). Let € > 0 be small enough in order that a4 < x—¢ < x+¢ < b. Let n,

be such that n>n = x—e<x,<x+e. For n > n,, we have f,/;(x—¢) < W <
(fa)',(x+€) hence |fu(x) = fu(xn)| < (fu)',(x+&)lx—x4. By chord inequality, (f,)’,(x+¢) <

M-—m
b—(x+e) "

- 0ifn » .0

%’Wc)ﬂ) and the last quantity is smaller than

[F(6) = full <IF () = o)

Thus, we obtained the evaluation

+pbl -
A first positive answer for the existence of the limit is:

Proposition 8. Let a > 0. Suppose that a, — a. If a > 0, then F,(a) = &,, F;(a) = & and

Ly(a)(t) = t,0 <t < 1. If =0, then Fy(a) = &y. If, moreover, the series Y.} | ay is convergent then

F;(a) = &y and Ly(a)(t) — 0.

Proof. The first claim is obvious: if f is continuous and bounded, then limw = limf(a,) = f(a)

for a > 0. To prove that F;(a) = & writea, = a +¢, with ¢, > 0. Let T, = ¢+ -+ ¢,
&

S, =ay1+---+a, = na+ T,. Notice that ””" = ';L::ik = 7. converge to lasn — oo foranyk < n.

Let f:[0,00) — [0,00) be uniformly contmuous and bounded. Let ¢ > 0 be arbitrary small and let

b = d(¢&) be such that (x y|< o = |f(x) - (y))< €.

nﬂk
Let n, be such thatn > n, = |””k 1| < 6. Notice that lim M lim M hence

n—oo
nllk
f(1)—¢e = lim W < lim M < lim (n—n&)(nﬂ = f(1) + €. As ¢ is arbitrary,
n—)oo n—o0 n—oo
lim M = f(1) = [ fds1. Ase(81) = e(F}) = 1, the Lorenz curves L,(a) converge to the

Lorenz curve of 01, namely, to L(t) = t.
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If a = 0, we compute the Lorenz curve, i.e., the polygonal line given by the points (%, W),

where by = ay.,. Let ¢, = by,_g41 and = c1 + - -- + c. Note that the sequence (c;),, is non-increasing,

by +...+by, Tn—Lpy I
Sy =Xy =c1+Fenb b =T, -2, If we write — 5 = n):n[t] :1——2[7’” and
. . o . .  bytetby,
remark that 0 <t <1 = lim¥, = lim X,y = },;” a, it becomes obvious that lim 15—“] =0.
n—oo n

& Ly(a) — 0.
By Proposition 6 (ii), we know that Lr,(a) = Ap,(a). As Af, converges to 0, it results that
F,* = 60. O

Remark 2. If Y'.7° , a; = o0, a, = 0 we can say nothing about the limit of Ly(a). For instance, if a =

(,1%)1121 0 < a < 1is the sequence from Example 5(iii) below, then a, — 0 but the sequence Ly, (a)(p) has the

limitL(p) = 1— (1 —p)'™. Therefore, the limit of F,*(a) is the probability distribution with the distribution
1
function F*(x) = (1-(=2) ), which is a Pareto-type one. Thus, it is very possible that Fy(a) and Fy(b)

X

have the same limit, but F,*(a) and F,,*(b) have a different limit—if any. Conversely, F,,*(a) and F,*(Aa) have
the same limit, but F,(a) and F,(Aa) have different limits. Many other examples will follow.

Remark 3. The order does matter. Precisely, if we know that F,(a) = F and we modify the terms
of a according to some permutation o :{1,2,...} = {1,2,...}, then we can say nothing about the limit of
Fu(aoo). Suppose, for instance, that a = (0,1,0,1,0,1, ... .) and that ¢ is chosen in such a way that a o
c = (0,1,0,0,1,1,0,0,0,0,1,1,1,1,0(23 times), 1(23 times), 0(24 times), 1(24 times), ...... ). The reader
can check that (Fy(a o ¢)),, has no limit. This is a main difference between the Cesaro convergence and the usual
convergence.

We study now what happens if we modify the sequence a. The question is: how sensitive is L with respect to that
change, and, in general if F,(a) has a limit (or F,* (a) has a limit) what can we say about the limits of F,(¢(a))
or Ey* (p(a)) i @ : [0,00) = [0,00) ?

A partial answer is:

Proposition 9. (i) Let a be a non-decreasing and non-bounded sequence of non-negative reals. Let b be a

bounded sequence of non-negative reals. Suppose that (F,*(a)),, is weakly convergent to some probability
2

distribution F and that En —ooasn — oo, whereS, =a1+ay+---+ay,.

Then F,*(a+b) = F,too,and Ly(a+b) — Lp.

(ii) If Fy(a) = F, then Fy(p(a)) = Fo¢™t.

L(t)+ Lt
(i) If Ly(a) — L, then Ly(aa +p)(t) — ii ,;Yf , where y = lim2 > 0,a > 0,6 > 0,t € (0,1).
n

an

Proof. (i). Let T, = by + by + - - - 4+ by,. The assumption is that f fdF,*(a) — f fdF forany f:R—> R
bounded and uniformly continuous. According to the definition of F,*, that is the same with:

n

j:lf(%aj)
T—>ffd1-" (11)

The claim is that:

Y flgtr (aj+ 1)) . f faF )

n

Let ¢ > 0 be arbitrary and let 5 = §(¢) such that [x — ¥'|<§ = |f(x) - f(x’)| < ¢. We prove
5= ﬁ(aj—ﬁ—bj)' <dforanyl < j < n.
Indeed, let M > 0 such that bj < M for any j. Since a is non-decreasing, we have
_ o [Tuai=Sub| _ p Tuaj+5ubs

= X S < It
Sy Su+Tu = Sp Su+Tn — Sy

that there exists a positive integer ng such that n > ny =

na;  n(aj+b;)
Sy T TSutTn

nMa;+S,M 2
jTon nM nay+Sy n-ay n
ST S5, s M52+ 3
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. . 52 2 . .
According to our assumptions nzz -0 = ”,3”2” — 0. On the other hand, 51 — 0, since a, is
n n

n
naj n(aj+b;)
S Sp+Tn

Iy fs (a+b) K f(52)

non-decreasing and non-bounded. It follows that there exists np such that n > ny =

<dforl <j<n= 'f(’;—?)—f(%)‘ < ¢. Therefore,

< ¢ for any

n > np. As ¢ is arbitrary, the claim (12) immediately follows.

(ii) is obvious.

k @ipt. Ay

(iii) The assumption is that the sequence of polygonal lines given by the points (3, =*—5—"*) 0<k<n

converges to some Lorenz curve L. We want to see what happens with the polygonal lines given
Ay | kB
+

= (k, S @) Ifk = [nt] with 0 < t < 1, then

n’ 1+ 18

0<k<n o O<k<n
B

W — L(t), kb - fL, :f = gp ifp <o Ifp= oo, the limit remains L(t). O

a(ag+.+ag,) +kB )

by the points (£, i

n— oo =

Remark 4. If u = 0, the result fails to be true. However, one may check that if Y.° ap < oo,
then Fy(aa+B) = 01.

Remark 5. One may see that if B > 0, the Lorenz curve increases. This is a particular case of a theorem of

Arnold [27] which says that if X > 0 a random variable, EX > 0 then the Lorenz curve of f(X) is above the

4 [
X

Lorenz curve of X if and only if f is non-decreasing an is non-increasing. In our case f(x) = ax + p.

Combining. Now we study what happens if we combine two sequences a and b. Precisely, if we know the limits
for Ly (a) and Ly, (b), what can we say about the limit of this combination.

By combination we mean the sequence a&b = (ay,by,a2,bs,....).

A problem that arises is to describe the limit of F;,(a&b) if we know the limits of F;,(a) and F;,(b).

We cannot expect the result to be some mixture of the two limit distributions as the following
example shows:

Proposition 10. Let a = (1,2,3,4,.....) and b = (o, 20,30, ....). Then F;(a) = F;,(b) = Uniform(0,2).

However F;,(a&b) = 3 (Uniform(0, 13) + Uniform(0, {-%)).

7 14a
ZZ;&A
Proof. Fi(a) = Fb) = — If f is bounded and continuous, then
[ fdF;(a) M_)fo (2x)dx —2f0 (x)dx = [ fdu where u = Uniform(0,2).

In order to compute f fdF; (a&b), we have to consider two cases: if nis odd oreven. If n = 2m then:

m 4j m 4aj
L Aot T e f Gy o)

[ fdF;(a&b) = o =
m .
~ ek %, firke o)
m
2 4 j
Tz L e )
and the last sum converges to:
x)dx + x)dx) f fd(Uniform (0, i) + Uniform(0, 4—0())
1 +a 1 +a 1+a "1+a

If n = 2m + 1, the computations are almost the same.
Notice that if « = 1 (hence a = b), then F},(a&b) = Uniform(0, 2). O

There is no general result concerning the limit of L, (a&b). However, we can state some partial ones.
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Proposition 11. Let a, b be two non-decreasing sequences of positive numbers and let S, = a1 +ap + -+ + ay.
Sn+l

Suppose that a&b is also non-decreasing, =g
exist and e(F) = 1.

Then, both L, (b) and L, (a&b) converge to the Lorenz curve of F, L.
Or, otherwise written, nlinzol-";(b) = lim F, (a&b) =

— 1 as n — oo and that the weak limit lim,F;,(a) = F does

S

Proof. The assumption is that the points (@, gf]) — (p,Lp(p) as n — o0 for any 0 < p < L
11 Tl’l Sl’l

Let then T, = by + by +--- + by,. Notice that S,, < T, < Sn+l It means that +” < g”] < il

n

S + np]+1 _ [np]+1 S”P] _
5 iy S5 = i S i 5 = 1 Le(p) and
lim S[Tll = lim Snp lim SS” = Lr(p) - 1 hence lzm ([ p]/ ﬂ) = (p,Le(p), or, which is the same thing,
n—oovn n—00 n n— Vl

that L,(b) — Lr. O

Letc=a&bandletU, =c;+---+c,. If n =2miseven, then U, =S, + Ty, anifn =2m—11is
odd, then U,, = S;;; + T};,—1. On the other hand:

;i%ﬂ if k=2jn=2m
U |22 ifk=2j-1,n=2m
£ =4 St T (13)
Un |t ifk=2jn=2m-1
+Ti
Sers ifk=2j-1n=2m-1
Suppose that # — oo and k — oo in such a way that k — p forsome 0 < p < 1. Then [[kﬁz]} — p too.
In other words, 2 % — p, where j and m are those from (13). In all the four cases g—’; — Lr(p).
For instance:
Si+T;j S S; T T S; T;
J J m ] m J J J
—-L =|7——(—-L ——(=—-L < —-L ,|=—-L
S F(p)‘ ot (5 ~Lelp)) + g (g~ Le(p))| < max(| - F<p>| = p(p)‘>

As a byproduct, we may notice:

Proposition 12. Let a, b be two non-decreasing sequences of positive numbers. Suppose that a&b is also
non-decreasing, the weak limits coincide: lim F;,(a) = lim F;,(b) = Fand e(F) = 1. Then lim F;,(a&b) =
n—oo n—oo n—oo

As a particular case, lim F;(a&a) = F.
n—oo

Proof. It is the same. We do not need the hypothesis that ”“ - 1.0

Mixture. Mixture is a generalization of combining. If b and c are two sequences and a = b& ¢, then b and ¢
have the same weight in a. It is possible that the weights can be different. Then, we have a mixture.

Definition 1. Let N be the set of positive integers. Let B = {i] <ip <izg<---},C={j1 <ja<jz3<---} S Nbe
suchthat BU C = Nand B and C are dis]'ointed. Let b and c be two sequences of reals. Let p, = |BN {1,...,n}|
B, vn =1CN {1,...,n}ly. Suppose that —” — pe(0,1) and I* — g€ (0,1) =q=1-p. Definea, = by
ifneB,n=i and ay = cxifn € C,n = jx. Then a is called a (B, C)—mixture of b and c. Let S, (b) =
by 4+ by and Sn(c) = c1+ -+ +cu. Then it is obvious that Sy(a) = Sg,(b) + Sy, (c). If, moreover

the limits lim> 5, ((u)) T, 1 SS’”(EI)) = T, do exist, then we call the sequence “a good(B, C)—mixture of b

and c¢”. One may notice that, for instance, if B = {1,3,5,...}, C = (2, 4, 6}, then a = b& c. Thus, combining
is indeed a particular case of mixture.
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The generalization is obvious. Split the positive integers in sets By, ..., By. Consider k sequences
by,...,byx. Suppose that all the sets B; = {ijl, ijz,...} are infinite. Let 8, = |B]» Nni{,z2..., n}| and

p] = lzmnﬁn Define the mixture by a, = b; if n € Bj, n = i;;. Then Sy(a) = Sg,,(b1) + S, (b2) +
-t Sﬁk,n (bk>

Good Mixtures. The mixture (By,...,By) of (by,...,by) is called a good mixture if all the limits 71; =

Sp. (b)) ‘
lim ﬁsj (a)] do exist. Remark that always 7y +mp + -+ = 1.
n n

Proposition 13. (i) Let a be a (B, C) —mixture of b and c. Suppose that F,(b) = Hj and F,(c) = H,.
Then F,(a) = pHy, +qH,.

(ii) Suppose that a is a good (B,C) mixture of b and ¢ and Fy(b) = H; and F;(c) = H{. Then
F,(a) = pH; o (hnb/lg)_l +gH; o (hm/q)_1 where hy(x) = Ax is the homothety. Here Ho f~! means
the image of H given by f, defined by Ho f~1(B) = u(f~'(B)) for all Borel sets B.

(iii) Generalization.

If Bisa (B, By, ..., By)) mixture of by, ..., by and Fy(b;) = H; then Fy(a) = Y., _, pjH;. If the mixture is
good and F(b;) = H* then Fj(a) = Zj:l piH, bj (hn]./pj)fl.

Proof. (i) Let f:[0,c0 ) — [0,00) be continuous and bounded. We know that as n — oo,
Zit f0) 1f(bk - f fdH, and Z f( ) f fdH.. We also know that = b, p€(0,1) and £ — g. Then

a b V
Zk:lnf( %) ﬁ:Zk 2%,{( %) +)7n2k:)1/f( _>Pfdeb+QIdec:ffd(PHb+ch)

nbk
7)

Zlf(

Lk-102,
(ii) Recall that Fj(a) = u We know by hypothesis that

nby

Yo 1f(5” )

— [ fdH; and

— [ fdH; for any uniform continuous and bounded f : [0,00) — [0,0) . We want to

H[lk
prove that M - pf f ohgn, pdH; + qf fohy,/qdH; for any bounded continuous f. It is

known (see, for mstance, Reference [26] p. 371) that it is enough to consider only continuous functions
with compact support, provided that the guessed limit is indeed a probability. This is our case.
Thus, we write:

n nsﬁn( ) ﬁnb ns n b,
Licf(s) _ g Zi S Sop 500y L o f( o)

n n ‘Bn n Vn

) Sg (b Sg, (b Sy, (b ..
Notice that when 1 — co, == 20 _ 0 3@ 4 Bwl |, me Taking into account the fact

=1z — =2 an -
Sn(ﬂ)ﬁn ﬁﬂ Sn(”) p Sn(“))’n q
that f is uniformly continuous and its support is included in some interval [0, M], the reader can

check that:

an nSﬁn Bnby an ny  Pnby
. Ll 1f(sn (@pn " Sp, (b )) . Ll (7'5/311(17)) .
lim 3 = lz;nﬁ— and in the same way that the same way
n n n
" nSyp ynby Bn ne  Ynby an . ﬁnbk
£ (e ) o f(Ce ) et S5 s, o)
. nyn  Syy(c T = 9 Syy(c) . .. 174 p 5[3 b) o
lzn o = l Vn . But, according to our hypothesis lzm — =
nSy,, ynbk
[ £(xar; ) and ==L S [ (Eapacs
f p-X)dH; (x) an zm > = g X)dHE(x).

The result is that

e
n q

limzklf ff x)dH; ( —i—qff—de ffdeo(hnb) FgH o (hx )Y

(iif) Same proof. 0.
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Corollary 1. Assume the same conditions as in Proposition 13. If Hy, =H foralj, then F,(a) = H and if
* * M * k * _1
Hh]_ = H* for all j, then F;,(a) = YiapiH o (hnj/pj) .

Proof. Obvious. O

Lorenz Domination. Let F and G be two probability distributions on [0, co) and let L, Lg be their
Lorenz curves. If Lr > Lg, we say that F is Lorenz dominated by G or, to quote Barry Arnold [28], that
“G exhibits more inequality than F”. Usually one denotes this domination by F <p G. It is known that
F<Ge f udF < f udG for all convex functions u : [0,00) —: [0,00) for which the integrals are finite.
See Reference [29].

It is interesting that a mixture of the type described in Corollary 1 always increases the inequality.

Proposition 14. Let F be a probability distribution on: [0,c0). Let (pj)1<],<k, and (7‘(]')1<],<k be convex

combinations with positive coefficients. Let A; = Z—]’ Then F <p, le;l piF o (h/\j)_l.

Proof. Let u be convex. Then, ffd(Z’;:leFo(hAj)_l) _ Zl;zlpjf(/\]’X)dF(x) S
[ F(EE piApdE(x) = [ fdF. 0

Example 6. a,, = n“.
The sequence (Ay),. If a« > 0 a, — oo and the sequence is increasing. (Fy(a)), has no limit (unless
we consider the abstract distribution 6). Thus Ay(a)(p) > . If a =0, a, =1 =F,=061. If a <0,
0 if a<0
a, = 0 = F,, = 0o hence the result is lirrln/\n(p) =qp if a=0.
o if a>0
The sequence (Ly),: If a > 0 the sequence is increasing. The extreme points of the polygonal line L,

(k+1)a+1_1
ol
a+1
O
1 a+1 1
(1+ﬁ) T el

are (K,%);1 < k < n. Here s = 19 +2% 4 ...+ k* Notice that e sp <

" s, i hence

(k+1)[¥+1—

ki A TTa L LetO<p<1land (kn),, be a sequence such that ’% — p. Then

(n+1)a+l_1
(kn+1 )a+1_ 1

Sk n o+l

on atl a

Sn 1 +,,a+1

Sk
<<

. Passing to limit as n — oo we obtain S:—n” — p*1. Thus, Ln(l%) — p**1. By Lemma 1,

we get that Ly(p) — p**'. Similar considerations may be applied in the other cases; the result is that
0 if a<-1
li;nLn (p)=3 1-(1- p)”‘+1 if —-1<a<0 . Noticethatif a < -1, the limit is a degenerate Lorenz curve.

ptl if  a>0

Example 7. a = (1,0,0,1,1,1,1,0,0,0,0,0,0,0,0,1,... (2* times),0,0, ... (2° times),....).

Let N = 1+2+..+2"m1 = 2n_1 If n = 2m is even, Op(a) =

(0,0...(3(2"-1 times),l,l,...(%(2“—1)times)) and if n = 2m+ 1 is odd, Op(a) =
1

(0,0...((2" = 1)times), 1,1,...(3(2" — V)times )). In the first case, F, = ( (2) 1 ) and in the second
3 3

one it is Fy, = ( ). For other types of n we obtain intermediate values. The pre-Lorenz curves move

W= O ~— ~—

1
3
between (p — %)+ and (p — %)+, and the Lorenz ones move between 3(p — %)+ and 2(p - %)+ The limits do
not exist.

Example 8. A generic example of injective sequences a with the property that F,(a) = U(0,1). Let (Ax);
be a sequence of positive numbers. Suppose that Ay > 1 is increasing and li}tnAk = oo. Let 6(0) = 0,

o(k) = [A1] + [A2) + -+ + [Ak] for k > 1. ([A]means the integer part of A). Suppose, moreover, that



Mathematics 2020, 8, 625 13 of 29

% — 1 and that the ratio ‘% is not a rational number. Any positive integer n can be written uniquely as
K K

n = o(k)+ jfor some k = k(n) and j = j(n) €{0,..., [Axy1] — 1}. For this n, define a, = %.

Then, all the elements of a are different, F,(a) = U(0,1) and Ly(a)(p) — p> = Ly (p)-

Proof. The first assertion is obvious: if a,, = a, for some m # n, then Alk = Alm for some i, j, k, m

positive integers, contradicting the fact that f}{” is not a rational number. For the second one,
t f(a1)+f(ﬂ2)+ +f(an)

f f(x)dx forany f: R — R bounded and continuous.
[A] S .
1% £ /)
[A] [A]
to see that Allm f fdly = fo f(x)dx for any bounded continuous f (even more general, for every

we have to check tha

(Proposition 7). Let us denote by Uy the distribution . Then f fduy = . It is easy

Riemann integrable f on [0,1]).
Letnow k > 1, j < [Agsq] and n = o (k) + .
Then f(a1)+f(a2)+ A fay) A [ fdUa +[Ad] [ fdUa,+. +[Ak]f faUp +f (a5 1)+ f(a5(0)1 )

= . Suppose
that f > 0. Then, as a(k) <n <o(k+1), wehave the evaluat1on

Z?:l[Ai]f fdUy, < 27:1/[(”7) Zk+1[ ]f fala,
ok+1) = n a(k)

[Agsa] [ fdUa,,
[Ags1] ¢

But both limits are the same,

Apply Stolz-Cesaro lemma: as k — oo, the right-hand term has the same limit as
[Aga] [ fdUa,,

[Ak2] ’
namely, fo x)dx. This ends the proof if f > 0. If not, write f = f. — f_ and that is all.

and the left hand one has the same limit as

2
Thus, Fy(a) = U(0,1) © Au(p) — % To prove the last assertion, we have to check that the
expectations e(F,(a)) converge to the expectation of U(0,1), i.e., converge to 3. The reasoning

]-: A,‘ . ZV’, aj }.<+1 Ai .
is the same as before. The expectation of Uy is e4 := [AL%” he Z’;(lk[ﬂ])gAl = 1711 L < Z'Zégk)]%

converges to % by the same argument of Stolz-Cesaro. O

4. The Empirical Lorenz and Pre-Lorenz Curves in the Broken Stick Models

Here, we suppose that the stick is not broken at random but using a deterministic sequence of
points. What happens when n is great? These sticks are called spacings or lags. We shall be interested
in the existence of limit for spacings of a.

Definition 2. Let a = (ay), be a sequence of reals. For any n > 2 we sort the first n terms of a as
Ay S g <o Sdpp. Forl < j < n—1letbj, = a1y, —ajn. These are the spacings of a at level n.

The vector Dy (a) = (b1, -+, bu-1)1< j<n-118 the vector of spacings after # trials.

nl(3
j=1 n-1

The probability measure G, = G,(a) =
n trials.

Remark 6. Let my(a) = a1, = min(ay, ..., a,) and My(a) = ayy = max(ay,...,a,). We may think that
the interval (my(a), My(a)) is a stick which is broken by points aj.,, 2 < j < n—1. The n -1 segments
obtained after this operation are the spacings. If two points coincide, the segment will be a degenerated one.
From the definition, we see that the Lorenz curve of spacings is invariant with respect to scalings.

Proposition 15. Lg, (4) = Lg, (aa+p) forany a >0, € R.
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Proof. The spacings which correspond to (a,a, + ), are abj, = a(aj 1.4, — aj;). O

Proposition 16. If the sequence a is bounded, then G, = &y and e¢(G,) — 0 as n — .

n-1 bjn _ My-my,
j=1 n— n-1

1 =
one, let f € Cy(R). Then f fdGpui1(a) = f(bl)+f(b;)+'"f(b”) with bj = a(j41)(ng1) — Aji(nt1)- SUppOse
bi1+by+...by, < M—-m
n - n

Proof. The second assertion is obvious: e(G,) = ), — 0 as n — oo. To check the first

thatm < a, < M for some m < M and for every n. Then —0asn—oo. Lete>0

be fixed and let 5 = §(¢) such that |[x] <6 = |f(x) - f(O)( < €. Notice that k;

smaller that (Mgm) hence % — 0.

{] <n:bjz (5}| is always

Let A = inff, B = supf. Then fo)+fb2)+..f(ba) _ Ljbj<o f(b6))+ L5 f (b)) < (1K) (F(Q)+e)+Bky

n n = n
And, similarly, f(bl)""f(b;)""mf(bn) > (”—kn)(f(g)_f)_"‘kn . Thus, w < f fdGn+1 (Cl)
(n—ky)(f(0)+¢)—Bky ‘

limsupf fdGy41(a) < f(0) 4 €. It means that G, = §g as claimed. O
n—oo

IA

IA

Passing to limit as n— oo we get f(0)—¢ < liminf [ fdGy1(a)
n—oo

Remark 7. That is why the distributions G, are not very informative if we want to study the asymptotic
behavior of the broken stick. We normalize them in such a way that their expectation be equal to 1, replacing
them with G}, = anl ):]’7;% S (-1, ,, - Now, e(G},) = 1 for any n. The Lorenz curve remains the same, but we

I

Mp—m
may hope that the weak limit of G, does exist and it is not trivial. Moreover, Ag =Lg,.
n n

n

Definition 3. G;,(a)) is called the normalized empirical distribution of the spacings generated by a.

Example 9. a = (1,0,1,0,1,0,....); as On(a) = (0,...,0,1,...,1) the spacings are (0,...,0,1,0,...0)
0 n-1

(n—2times 0 and oncea 1). Thus, Ag, > 0asn — 0. AsG,=( ,., 1 )=00, Ag, =Lg, =0
n=1  n-1
0 1
too as n — oco. Recall that Fy(a) = ( {1 1 ).
2 2

Example 10. a is a periodic sequence: a = (X1, ..., Xk, X1,..., X, ... ) Withxy S xp < -+ < xy;

AsOp(a) = (X1, , X1, X2, o, X2, Xry ooy Xp, Xyt 1y« oo, Xyt 1, - -, Xiy - - -, X ) We See that the spacings are
©,...,0,x3—x1,0,...,0,x3 —x2,0,...,0,..., X —xk41,0,...0) (n—k times 0 and once the differences Xjt1—
xj. If n = km, then:

_1\%2—x1 _1\X3=x2 .. 1) XXk
G = n(_)k (n 11) = (n 11) o (n 1)1 %= ) Thus, Ag,» = Lg, — 0.
n—1 n—1 n—1 n—1

Example 11. a,, = n®. If a > 1, the spacings are (2* — 1, 3% =2%,...,n* — (n —1)") hence,
@ _ a_na a_na a_(p—1)%
(-DER =D - <n—1>"1n&+1>

n nLY —_

G;, ). Then, Ag, is the

1 1
n—T1 n—1 n—T n—1
polygonal line given by the points (-1, &=1) i If kn = [np], these points converge to (p,p®). According to

nﬂ_
Lemma 1, Ag,(p) = Lg,(p) = p* as p — oo.
If « =1, the spacings are (1,1,...,1). G, = 01, Ag,(p) = Lg,(p) = p.
If a € (0,1), the spacings (2% =1, 3% =2%,...,n* = (n—1)"). As they are decreasing:

a_(n—1) —1)*~(n-2)* -2)"—(n-3)* a_
e e e - (R =

n

n-1 n-1 n—-1 n—1
Then, Ac,- is the polygonal line given by the points (ﬁ, %) v If kn = [np], these points
converge to (p,1— (1—p)*). According to Lemma 1, Ag,(p) = Lg,(p) = 1—(1=p)* as p — oo.
If &« = 0, The spacings are (0,0, ...,0) and G,, = &y. The Lorenz curve makes no sense.

If a < 0 the sequence a is convergent, then Lg, — 0 according to Proposition 17 below.
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a=(1,00,1,1,1,1,0,0,0,0,0,0,0,0,1,... (2% times), 0,0, ... (2° times), ....). The spacings are the same as
in Example 1. Ag,» = Lg, — 0 but Fy(a) has no limit.

A first question is: if we know that the sequence (Fj(a)), has a limit, does it result that the
sequence Gj (a) has a limit? First, we should notice that there is no connection between the limit of F;,
and the limit of G;,.

Here is an extension of Proposition 16: sometimes not only G,(a) = 6y, but Gj,(a) = 9y, too.
In addition, it is also possible that F;(a) has no limit even if G, (a) has one.

Proposition 17. Let a = (a,), be bounded. Suppose that it has only a discrete set of limit points.
Then G;,(a) = 6o, Lg,(a) — 0. It is possible that Lr, (a) and Ar, (a) have no limit.

Proof. A discrete set is at most countable. Let A = {a, : n > 1}. By hypothesis, the set of limit points
B = Closure(A)\A is at most countable hence Closure (A) is at most countable, too. Leta = inf(a)
andb = sup(a).

ThesetD = (a,b)\Closure(A) is open, hence it can be written as D = j¢y Ij, where [; = (o, B;)
are open intervals with endpoints in the set A. Let = (5]- - o and u = (un)n. As A, B are null sets,
Yie iy = b —a, hence the series is convergent. According to Proposition 8, Ln(p) — 0 as n — co.
If we relabel the sequence a in such a way that the sequence (un)n is non-increasing, we see that
Lg,(a) = La(n) — 0. Otherwise written, I}EIJOLGn*(a) (p) =0.0O

It is easy to find cases when Lg,_ has a limit but Ly, does not have one, it is enough to consider
Example 11 from above: it has the same spacings as the one from Example 9, thus Lg, — 0 but Lg_
has no limit.

Remark 8. A consequence of Proposition 17 is that if the sequence a is bounded, a condition in order that G},
have a limit different than 6y, is that A(Closure{ay, : n > 1}) > 0. The sequence should be dense in a set of positive
Lebesque measure. Here A is the Lebesgue measure. For instance, if a, = sin n, then (Cl{a, : n > 1}) = [-1,1].
(For this very sequence we are not able to decide if G;,(a) has a limit. The computer says it does not—if you can
believe it).

The converse holds too: it is possible that F;,(a) has a limit but G},(a) does not.

Proposition 18. Let € = (¢,,),, € [0, 1] and a = (1, 1 +¢1,2, 2+ €2,3, 3+ ¢3,...).
Then F;, = Uniform(0,2), but it is possible that G;,(a) has no limit.

Proof. Let= (1, 2, 3, ...),c = (¢e1, €2,¢€3,...).

Then Ar; (0)(p) = L, (b)(p) = p* = Auniform(0.2) (P) -

According to proposition 10, the fact that A, (a) = Ayniform(0,2) implies that Fj, = Uniform(0,2).
The sequence ¢ = b + ¢ has the same property: F;(c) converges to Uniform (0,2), too: this is a
consequence of Proposition 10. Notice that a = b&c c. As a is non-decreasing too, Proposition 11 says
that F;,(a) = Uniform(0,2).

The spacings are easy to compute:

If n =2miseventhen Dy(a) = (1, 1—¢€1, &2, 1 —¢3,...,&m-1, 1 — €1, €m) and

Ifn=2m+1,Dy(a) = (e1, 1—¢1, €2, 1—€2,...,€m, 1—€p).

Their sum S, is equally to [%] ifnisoddorto 5 -1+ ey if nis even.

2m Se, +02-2¢
If, for example, n = 2m then G},(a) = W

to exist. O

and the limit of this sequence has no reasons
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Remark 9. Sometimes it is not very difficult to compute G;,(a). If €, € {a,B}, where 0 < a < B <

2a0 28 2(1-B) 2(1-a)

1-B<l-a<landn =2m+1, then G,* = ( ) (if n = 2m is slightly

by Jm
m m

Im

Jm
m m

different). Here, we denoted iy, = |{] <Sm:gj= a}| and j, = m — N(a). Thus, G, is a distribution of the form

20 28 2(1-B) 2(1-a)

Pn  qn In Pn
then G}, has a limit, too, therefore Lg: has a limit too. But that is by no means the rule.

Gn* = ( ), where py + qn = 3. If the frequencies (py),, have a limit as n — oo,

20 28 2(1-8) 2(1-a)
pq q p

polygonal line given by the points (0,0), (p,2ap), (3, 2ap + 2bq), (1 — p,2(ap + q), (1,1). Its Gini coefficient
(ie., Gini(G) =1-2 fol Lg(x)dx) isequal to  —b — 4p(b — a) —4p>(b—a) lies between 3 —band 1 —a.
We think that the distributions G, given by Remark 9 have always the property that Gini(G},) < % . For instance,

if &n = a < % is constant, then Gini(G},) = 1522,

Remark 10. If G = ( Ywitha <b < and p+q =1, then L is the

Combining

Proposition 19. Suppose that the sequence a has the property that limG,*(a) = G and limL,(a) = L.
Then, limG,*(a&a) = 1 (8 + G) and limL,(a&a)(p) = L((2p - 1))

Proof. Letn =2m + 1.

Then Oy(a&a) = (a1m+1, A1mt1, 02m+1, 92m+1s - s Gt Lt 1, Gmm, A1) and the spacings
m50+2;”:1 medj
Am
2m

are Dy(a&a) = (0,dy,0,dy,...,0,dp), where dj = aj 1, i1 —ajmi1- Then Gj(a) =
where Ay, = apq1, w1 — 31, my1- O

Mixture. We can say something about a special case of mixture.

Proposition20. Let To < Ty < -+ < TyandI; = [T]-_l, T;). Let a bea sequence valued into [Ty, Ty) = U’]?: I

having the property that inf a = T and supa = Ty. Forn > 2letn; = '{1 <n:a; € I]-}|. Suppose that the

limitsp; = lim % doexistand p; > 0 forall1 < j < k.

n—o0
Let Aj = {n ta € Ij} = {i]’,l <ij2.. } and let the sequences bj be defined by bj, = aj,,. Suppose that
Gy, (b;) = H;, where H; are some probability distributions on [0, co) [0, 0) and e(H;) = 1.
For any fixed n > 2, let d; , = aj41.n41 — Ai:nt1 be the n spacings corresponding to (ay,...,a,41).
Suppose, finally, that there are no gaps: in f{an ‘ne A]-} =Tj-y and sup{an ‘ne A]-} = Tj-1. Then

. . -1 . T,-Tj_
(i) Gy(a) = L3y piHjo (hnyp;) ™ with 7t = ~—f.

(ii) The Lorenz curves Ly (a) converge to the Lorenz curve of Z?:l piHjo (hn], /pj)_l.
(iii) If all the probability distributions H; coincide with the same H then the Lorenz curves Ly (a) converge to the

Lorenz curve of 27:1 pjHo (hn]. /Pj)_l which is always below Ly. In words, the mixture of sequences of the
same type always exhibits more inequality.

Proof. (i) Let f: [0,00) — R be continuous and with compact support. We have to compute the limit
" nd; no g Min
of Lia f(””“r;”“_al:"” ) . Asinfa = Ty, supa = Ty, this limit is the same with the limit of Z’:%(T)
T = Ty — To— if it exists.
There are two kinds of spacings: spacings d; , for which both a1 ,,1 and 4; ,41 are in the same
B j,n| =n i~ 1.
The other kind of spacings are those d;,, for which a;,,,1 € I; but ;11,11 € Ij;1 for some
1 < j < k-1. The number of spacings of the second kind is finite—actually, if n is great enough,

for

interval [;. Call them spacings of type j and denote by B;, their set. If n is great enough,
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it must be equal to k — 1, due to the fact of our hypothesis that all p; are positive. That is why we can
neglect them in computing the limit. Then:

I LTS I R S S O s = I "
lim =521~ = lim ————— =} lim 4 - -+ I_I___ Notice that 7]—>p]',
n—o0 n—oo j=1 n—00 j
n dz n

”(Tj_Tj—l) ;i ZIEBJ n f( ] ] 1 )
—T 7 and — f fdH;

As f is uniformly continuous:

n(T-—T-,1) nid
Les,, f(Ig) . it
- FLa ().
]
n (”dtn)
Therefore, lim ==-—1— = 2 [ p; f H;(x) as claimed.
n—0o

n
(ii) Notice that e(]é1 piHjo (hﬂj/p/)_l) = 1 (since e(H;) = 1 for all j), but in that case A = L and
apply Proposition 3.
(iii) If f is convex, then:

-1

fdep]Hohn/p] _pr]f L )dH (x ff -—de fde

O

Remark 11. Here we supposed that there are no gaps: the spacings tend to 0. What happens if we accept
some gaps?

Proposition 21. Finite number of gaps. Let a be a bounded sequence, &« = infa, p = supa. Suppose that
CHay:n21}=0LU LU ...U Iy wherel; = [ajﬁj]witha:al <Pr<ap<Pop<---<ar<Pr=p
Letn; = |z <n:ael; ) Suppose that the limits p; = lzm “doexistandp; > 0foralll < j < k. Let Aj =
{n tay € I]} = { ij1 <ijp < } and let the sequences b] be deﬁned by b;,, = a;, . Suppose that Gy, (b;) = H;,
where H; are some probability distributions on [0, 00). For any fixedn > 2, let din = Qit1m41 — Qi1 be the
n spacings corresponding to (ay,...,a,4+1).

(u) = Z;l:] P]H ° (h‘l‘l]'/;?j)_l :
_1 where k = Z’;Zl bi

Let ﬂj = ﬁ[é:zj

The Lorenz curves Ly (a) converge to k Ly

j=1Pjtj o(h n]/p/-)
Lorenz curve.

Proof. The same proof, the difference is that now Zl;zl 7j < 1. Notice that e(Z;’:l piH;jo (hn], /p],)_l) =
Z =1 T Apply Proposition 5. O

Conclusion: Gaps or no gaps, the Lorenz curve of a mixture of sequences of the same type is
below the mother Lorenz curve.

5. The Empirical Lorenz Curves in the Stochastic Broken Stick Models

Now suppose that a stick of length 1 is broken at random into n smaller sticks by some i.i.d.
random variables Xj, ..., X;;+1. Empirical evidence shows that the empiric distribution function of
normed spacings always has a limit.

We shall prove that in some situations.
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Precisely, let X = (X,),, > 0 be i.i.d. random variables having a common distribution F. Suppose
that they are integrable and 0 < p = EX; < co. Leta = essinf X, b = esssup X, and Dy, = X1,y — 4,
Dy = Xow — X1y - - » Dun = Xpon — Xy—1- If b < 00, we could also add the (n + 1)-th spacing, namely,
Dn+1,n =b- Xyn-
j=1 n
|{j£n:Xj§x}‘
n

The Glivenko theorem says that the empirical distribution F,(X) = converges weakly to

F almost surely. More than that, the distribution functions F,x(x) =
uniformly to F(x).

converge almost surely

Z;::l oy
We prove that even the normed empirical functions defined by F;,(X) = Ts”k converge

almost surely to the distribution of %:

Lemma 2. Let F,, and F be distribution functions and (), be a sequence of non-negative numbers. Suppose
that F, = F and a, — «. Then F,(anx) — F(ax) at all continuity points of F.

Proof. Let ¢ > 0 and n, such that n>n, = ax—¢ < an < x+¢. Then Fy((ax—¢)x) < Fr(anx) <
Fn((ax+¢)x). Suppose that F is continuous at ax, (x—¢)x and (ec+ ¢)x (this is no problem,
the discontinuity set of points for F is at most countable). Then F((ax—¢)x) < liminf, Fn(axnx) <
liminf, Fp(anx) < Fr(( + €)x). As ¢ is arbitrary small, the result immediately follows. O

Remark 12. Another version of Glivenko’s theorem is in terms of order statistics. Note that F,(x) = % if
and only if Xy, < x < Xyi1.. Let p € (0,1) and let(ky),, be a sequence of positive integers with the property
that ]% — p (for instance k, = [np]). Then Fn(Xy,.n) = by Xy,.n — F~Y(p) almost surely for all p

n

for which F~1(x) is unique. As a special case, X, — F~(p) a.s. for all p € (0,1) if F is bijective.

Proposition 22. Let X = (X;,),, be i.i.d. non-negative F-distributed random variables.
ZZ:I Oy
S

Let F;,(X) =

n

£ Then F(X) = Fo (hl)_l almost surely, where . = EX; > 0. In other words, they
u

L X; ..
converge to the distribution of 7] Moreover, the empirical Lorenz curves Ly, (X) converge almost surely to the
Lorenz curve of F, denoted by Lr.

Proof. According to the strong law of large numbers, the sequence a;, = 57” converges almost surely
i o
to u. Let F,(x) be the empirical distribution function of X. The distribution function of i 1n o Tk
Fy(anx). We know that F,(x) — F(x) almost surely at all continuity points of F and @, — p almost
surely. Then, by Lemma 2 we see that F,(a,x) — F(ux) almost surely at all discontinuity points
of G(x) = F(ux). The distributions Fj,(X) were constructed in such a way that e¢(F},(X)) = 1. By

Proposition 4, their Lorenz curves converge to the Lorenz curve of F, denoted by Lr. O

is

The problem of convergence of G}, to some limit distribution is more delicate. We believe that the
almost sure weak limit does always exist, but we are not able to prove it. Besides, we can prove some
weaker convergence results.

Definition 4. Let F be a distribution on real line. We say that F has the property (D) if the weak limit
Lipdn_p,
of G(X) = — X M oes exist in probability for any sequence X of i.i.d. F-distributed random

n—1

k<n: 25— Dy ,<x
Xn—X*,n kn

variables. It means that the empirical distribution function G;,(X)(x) = — —which are random
variables—converge in probability to some distribution function G(x) al all continuity points of G. In that case

we say that F is the mother distribution and that G is the born distribution. Call the quantities XD+;('” the
normed spacings. /
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Proposition 23. If F has the property (D) and h(x) = ax + b, then F o h™! has the same property. Moreover, F
and F o h™! bear the same G.

Proof. Obvious. If Y; = aX; + B, then the normed spacings are the same for X and Y. O

The first positive result is that all discrete probability distributions have the property (D). All of
them bear 6.

Proposition 24. Suppose F = Y.7° | piby, is discrete. Then G;,(X) = Oq in probability.
Thus, any discrete distribution on the real line has property (D): it gives birth to the Dirac distribution dg.

Proof. Let X = (X},),5, be a sequence of F-distributed i.i.d. random variables, let ¢ > 0 be arbitrary
small, and let k such that p; +---+pr > 1-¢. Foranyn > 1letn; = ’{] <n:Xy= aj}'. By the
law of large numbers, % —pj. Atleastng —1+mn; -1+ -+ n —1 spacings will be equal to 0.

k
Thus, G;({0}) > Zf:+ - Yk i_1pj > 1-e. Itmeans that lim G;,({0}) = 11imy—e G "({0}) = 1. That
obviously implies G;,(X) = o in probabﬂity. o

Remark 13. All the random variables produced by computer using pseudo random numbers are discrete. Using
the computer to guess a limit can be misleading many times.

The second positive result is that F = Uniform (0,1) has the property (D)—it gives birth to the standard
exponential distribution, denoted by Exp (1). According to Proposition 25 below this will hold for any F =
Uniform(a,b). We shall use the following result:

Lemma 3. Let X = (X,,),, and Y = (Y,),, be two sequences of random variables. Suppose that X,, and Y,
have the same distributions. If X,, — ¢ (a.s.) for some constant c € R, then Y, — c (in probability).

Proof. P(|[Y,—c¢|>¢)=P(| X, —c|>¢) — 0.0

Remark 14. Unfortunately, it is not true that if we know that X, — 0 (a.s.) and Y, ~ X, = Y, — 0 a.s.
A simple counterexample on (0, 1) is if:

Y=o tay Loy (% %) ey loy tan ey tey ey
X= o1l 01y od o —)f1<o,31>'1<o,i> Loy tol :
And it is not true if the limit is not a constant.

.) and

0l
'3
1sn

Proposition 25. If F = Uniform(a,b), then F has the property (D). It gives birth to the standard exponential
distribution Exp (1).
As a consequence, the sequence of Lorenz Curves L, (X) converge in probability to L(t) = t+ (1 — t)In (1 —1¢).
Proof. Let (), K, P) be a probability space. According to Proposition 23, we can put a = 0,
b =1. Let X = (X;),5; be a sequence of i.i.d. random variables uniformly distributed, let O, (X) =
(X0, X2y -+ s Xnm), and Dy 1(X) = (Djps1) be the n + 1 spacings Dj,1 = Xjr1,0 = Xjn,
with the convention that X, 41, = 1.

It is well known that D, (X) ~Uniform (P,1), where P, = {x ERY :xy+-- 42Xy = 1} is the
unitary simplex—see any book of order statistics, for instance, References [10-12,17].

Let, on the other hand, & = (&,),>; be a sequence of ii.d. random variable distributed as

Exp (1). Let S, = &1 + -+ - + &,.. It is also known (see References [10-12,17]) that (‘Sl , gz, .., ‘g”) is also

uniformly distributed on P,,. Thus, D, (X) = (é—l, %, .. "” ) forany n > 2. Therefore, nD,(X) has

" Z?:1 511D]v,n
Consequently, the Lorenz curves of G, (X) = ——= and

0<j<n

the same distribution as (%, 2, "5”)
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Z?:] o né j
F(&)— 21 have the same distribution. According to Glivenko’s theorem, the empirical distribution
L35 Ligjen
functions F,,11(&)(x) = % converge almost surely uniformly to the distribution function

—X

of the Exp distribution, namely, to (x) = 1—¢™*. Otherwise written, the empirical distributions

S Y6k (e
F, = ]nilé, converge almost surely to FExp (1) Let )1 = {a) €e: %51() F} and () =
riq ¢
we: #() - 1}. According to Glivenko’s theorem and to the strong law of large numbers,

P(Q)y) = P(Qp) = 1. Thus, if © € O3 N O the sequence of empirical distributions F},(&(w)) =
"o nE
j=1 néj(w)

<u)+;z< 0)FFén(w) weakly converge to Exp (1). All these distribution have the same expectation,
namely, 1, hence for almost all w € ), the limit of the Lorenz curves Lp: (¢(,)(t) is the same, namely,
the Lorenz curve of Exp (1) whichis L(t) =t + (1 — t)In (1 —t). The curves Lg: x)(t) have the same

distribution with Lg: () (t); therefore, they have the same limit in probability—namely, L(t). O

Remark 15. The result has been known for some time and can be proved in several ways. For instance,
Stephens [14,15] gives an alternate proof of the fact that the limit of the Lorenz curves in the broken stick model
isL(t) =t+ (1 — t)In(1-1t).

Proposition 26. The exponential distribution has the property (D), too: it gives birth to §y.

Proof. Let X = (X;),s; be iid standard exponentially distributed random variables. The density
is m(x) = €™ 1(pw)(x). The reader can check that the density of the order statistics On(X)

is p(x1,...,x,) = nle-@tntetn)y 1 and the density of D,(X) is q(xi,...,xs) =
n!e—(nx1+(n—1)x2+...+xn)1[0oo)ﬂ(x).

Thus, the distribution of D,(X) is H?:l Exp(n+1-j), otherwise written D,(X) =P
(51,%"_ 5”) where (cf])

= are standard independent exponentially distributed.

no«
Z/:] 5an

The normalized empirical distribution is G;,(X) = ———", (since 27:1 Dij, = X, =
n
= 1(7”?{5/” >x]

max(Xj,...,X,)) and its empirical tail is G_n(x) = T’Z We shall prove that G_n(x) -0
in probability for any x > 0 and that will mean that G;,(X) = 6.

The idea is to prove that G,(x) — 0 in L!. As these random variables are positive, the only thing
we have to do is to check that EG,(x) — 0. But EG,(x) = & 7:1 P(n% >x) =1 ?:1 P(J;
Ly P(g> Bx;).

As the random variables & j are iid. and the function ¢(x) = max(xy,...,x,) is symmetrical,
the probabilities P(&; > £ Xz) coincide with P(&; > £Xz,).

Let /() = P(£1 > £X;,). Then we have EGy (x) = 1 X P(&1 > 5x;) = 10 (&),

Notice that 1 is decreasing therefore the sum 1 Z]'?_l gb(j—x) is smaller than fol Y(tx)dt. Tt follows

1<<

>x) =

that x > 0 = EGy(x j(; &1 > txX;,)dt. But the sequence (X},),, is non-decreasing and tends to

infinity almost surely. It follows that P(&; > txX3) | 0= EG,(x) = 0 as n — 00 = Gu(x) = 0 in
L! = Gy(x) — 0 in probability. O

Mixtures. The stochastic equivalents of Propositions 20 and 21.

Proposition 27. f: [a,b) — (0, 0) be a positive density and let F be its corresponding distribution. Next, let
a=Ty<Ty<-<Tx=Dbbeadivision of [a,b) and I; = [T]-_l,Tj], 1 < j < k. Let F; be the probability
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J s
distributions on I; given by the densities f; = % Suppose that all the probability distributions F;

have the property (D) and that F ; bears H;. Then F has the property (D).

(i) Gy (X) converges weakly in probability to 27:1 piH;jo (hﬂj/p/.)_1 with 7tj = b%, Aj=T;j=Tjand

pi = F(T;) = F(Tj-1).

(ii)  The Lorenz curves L, (X) converge to the Lorenz curve of 27:1 pjHjo (hnj/pj)_l. If all the probability
distributions H; coincide with the same H, then the Lorenz curves Ly (a) converge to the Lorenz curve of
Z;?:l pjHo (hn]. /pj)_lwhich is always below Ly. In other words, the mixture of sequences of the same
type always exhibits more inequality.

Proof. Let X = (Xy), be a sequence of iid F-distributed random variables. Let A; =
{n : X, € Ij} = {ij,l <ijp < i]',3;...} and n; = |Aj n{,2..., n}|. From the law of large numbers,
% — p;F(Tj) = F(Tj-1) > 0 almost surely. Define Y, = Xy if X, € [jand n = ij .

The sequences Y; = (Y,), are again i.i.d but their distribution is F;. We know that F; bears

Ly 88 () p . . ,
— 5 f gdH; for any g continuous with compact support. Here Ain(7)

L1 8(3%Din)
n

H;. Meaning that

are the spacings of Y and n; — oco. We want to find the limit in probability for , where
Diy = Xit1:n — Xim, 1 < i < n—1 are the n—1 spacings of X.
Let Bj, = {i<n:ii+1€Aj,}. Then [Bj,| = n;—1and i€Bj, = Djy = Apu(j) for some

. i . . ,'/L LDi n
m < n;. All butk spacings are of one of these k types. Then, as blTa = X—;, we can write llm% =

o D
limY, i1 -2 r]lj L
When n — o0, nj — co almost surely and nn—? - Z—]j almost surely. Then, as g is uniformly
1 i 1B ()

]

ni—
]
Lisy

1’17'[]
. Sy )b - . .
continuous and has a compact support, L - f g(Z—]’_x)dH j(x). The remaining claims

have the same proof as in Proposition 21. O

Corollary 2. Leta =Ty < Ty < --- < Ty = b, If F has the density f = 21;11 ajl[T]-,T]-H) then F has the property

(D). It bears the distribution H = Z’;Zl ajAjexp((b—a)a;) which dominate always Exp (1) in Lorenz order. Here,
Aj = T;—Tj_1. Therefore, the Lorenz curves L,(X) converge in probability to the Lorenz curve of H.

Proof. Let A; = T; — Tj_1. If f is a density, then ):‘];:0 ajA; must be equal to 1. Suppose that a; > 0 for
alll < j < n. Apply Proposition 27. The densities are f; = ZI;:O /\ll[Tj T

AT and p; = ajA;. AllH; are
the same, by Proposition 25, namely, H = exp (1). O

ft -1
Next, p—]] = (b—}z)a]- hence Z?Zl piH o (hn],/p].) = Z?Zl ajdiexp ((b—a)a;).

Remark 16. What happens if we have gaps? Then we apply Proposition 21. The weak limit remains the same,
but the Lorenz curves converge to a defective one. Precisely:

Corollary 3. Suppose the mother distribution has the density F = 21;21 o jl[s/,t/)/ wheres; <t] <sp <tp <

A+ AAg
L

o Ssp <tk Let Aj=tj—sj, L=t —s1,9= . Then, F has the property (D)and bears the same

k
H =} ajAjexp((b—a)a;), but the Lorenz curves Ly (X) converge in probability to gLy which can be defective
j=1
if tj <sjq for some j.

Remark 17. One may see that the order of the intervals I; and of the possible gaps [tj, sj-1) is not important.
What matters is their lengths. For instance the probability distributions Fq, Fy having the densities fi =
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alp gy + Blys) and fo = Bl 1) + alpg) with a, p > 0 and 2a + B > 0 bear the same probability distribution
H = 2aexp(4a) + Pexp(4B). However, the empirical Lorenz curves L, (X) converge to the defective curve
L'=3Ly Here Ay =2, =1,m =4, mp = 1.

The Broken Rectangle. Suppose that the rectangle R = [a,a+ L) X [b,b+1) is broken by a sequence of
points z = (Xu, Yn),»1 Which belong to R as follows: for any n > 1 we sort increasingly the components
(xj)lstn and (yf)lgjgn obtaining (xf”’)lsjgz and (yﬁ”)lg]’gn' Then add the endpoints xo., = a, Xy 41y = a+1L,

Yo = b, Yni1n = b+ Land construct the rectangle D; j = [Xip, Xiy1:n) X [yj:n,ijrl:n) for0 < i,j < n
Its area is 0;j = (Xiy 1.0 = Xin) (Yit1:0 = Yicn)- Then consider the normalized empirical distributions Gj,(z) =
ZOSi,jS;z 6 (n+1)2
Ll
(n+1)
Do they have a weak limit?

U (qll of them have the expectation equal to 1).

Proposition 28. Let X = (X;;),;5 and Y = (Yy),;51 be two independent sequences of i.i.d random variables. Let
Fx be the distribution of X, and Fy be the distribution of Y. andZ = (X, Yn),q 1. Suppose bothFx and Fy have
the property (D), namely Fx gives birth to Hx and Fy gives birth to Hy. Let Ex and&y be two random variables
distributed as Hx and Hy and H be the distribution of Ex&y. LetDy(X) = (Xit1mt1 = Xint1)1<i<n (Ut - .- Un),
Dp(Y) = (Yjt1m41 = Yj:n+1)1San(V1, ... V). Thus, the assumption is that G;,(X) = Hx x and G;,(Y) = Hy

Yosij<n © Uy
(M1 (X)=myy41 (X)) My 1 (V) =11y 19

in probability. Finally, let G;,(Z) = - Y be the empirical distribution of the
normalized spacings produced by Z. Here M,,(X) = max (X, ..., Xn), my(X) = min(Xy, ..., Xn) a.s.0. Then

(i) Gn(Z) = H in probability and the Lorenz curves of (UiVj)lsian tend to L(p) = EExEEyLeye, (p)-
(i) If EEx = E&y = 1, the limit is the Lorenz curve L(p) = Lgye, (p)-
(iii) As a particular case, if Fx = Fy = Uniform(0,1), then Ex and &y are exponentially distributed hence H

has the tail H(x) = fooo e_(er%)dy. The empirical Lorenz curves converge in probability to the Lorenz
curve of H.
(iv) Leye, < min(Lyy, Ly, ) hence always L < min(Lyy, Ly, ).

In the particular case (iii), L(p) < p+ (1 —p)In (1 -p).

Proof. (i) We know that G;(X) = Hx and Gj(Y) = Hy in probability. It means that
f 2dG;,(X) 5 f gdHx and f <dG;,(Y) E f gdHy for any bounded continuous g. We claim that
G, (X)®G;,(Y) = Hx ® Hy in probability. The easy way is to use the equivalence “Xj, L Xifand only
if from any subsequence (X, ), one may extract a sub-sub-sequence (ng(n) )n such that X X

In our case, from any subsequence (kj <k <---) we can extract a sub-sub-sequence
GZGW (X) = Hy, ng(n) (Y) = Hy almost surely. In that case, sz, (X)® G]*<0<n) (Y) = Hx ® Hy almost
surely, because one knows that if F;, Gy, F, G are probability distributions, then F, = F, G, = G
implies F;, ® G, = F® G (prove follows immediately using characteristic functions).

In our case:
1<i<n 0 nl;
My, 41 (X) =11y 41 (X))
Gn (X) — n+rll nt1 , ‘
Yigj<n © nv; Lisijen b( nl; nv; )
Gu(Y) P @ G, (X) © G(Y) = St O B0 Pt Bt B0 i follows that
u.: nV;:
lei,an g( Vl_, ’ Y _] Y ) P
M1 m'7;21(x) M1 Orn® 5 [ §dHx ® Hy for any g : R — R bounded continuous.

As a particular case, we set g(x, v) = h(xy) with i : R = R bounded continuous and the result
n UV
y iV
Lasijen 1 (M, 1 (X) =1y, 1 (X)) (M, 1 (V) =1y

. ) p
is that 4 O % [ h(xy)dHx ®Hy (%, y) = ER(ExEy).
The remaining (i) is a consequence of Proposition 5.
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(iii) If Fx = Fy = Uniform (0,1), then Hx = Hy = Exp (1). If £x, £y are independent and
exponentially distributed, then P(Ex&y > x) = E(P(&y > x / Exléx)) = E(e_i) = fooo e_(w;)dy.
(iv) If X, Y are two non-negative independent random variables, EX = a > 0, EY = b > 0, then
Lxy < min(Lx, Ly ). Indeed, it is enough to considera = b = 1. If u: [0, ) — R is convex, then
Eu(XY) = E(E4(X7)|V) 2 E,(E(XY)[Y) (Jensen’s inequality) = E,(YE(X|Y)) = Eu(YEX) = Ey(Y).
Also, in the same way, E,(XY) > E,(X). O

Remark 18. Otherwise written, the stick broken at random exhibits always smaller inequality than the rectangle
broken at random.

Generalization is easy. If, instead of a square we have the hypercube [0, 1]k, then the empirical Lorenz curves
tend, in the uniform case, to the Lorenz curve of &1, ..., & where (&), <jck 1€ i.i.d. standard exponentially
distributed random variables.

Remark 19. Gini index. It is interesting that we can compute the Gini index for the broken rectangle, even if
we do not know its distribution analytically. It is known (see [3,27,28]) that the Gini index can be computed as
Gini(Lx) =1- EmmE—(;(’Y), where Y is an independent copy of X.

If X ~Exp (1), then min(X,Y) ~ Exp (2), hence it is obvious that in the uniform broken stick model the limit of
empirical Gini is %

In the broken square model, the limit distribution of spacings has the tail H(x f Wty

If X has the distribution H and Y is an independent copy of X, then the tazl of min(X, Y) is

— 00 00— X 2
Hz(x) As ch = 1, we get Gini(Lx) = 1-Emin(X,Y) = l—f f A )dy) dx = 1-

PR R e e e D dadydn=1- [ [ fe =D gy = 1 [ 7 gy = 1

fo yfyoo( ye” dudy—l fo (e V—yf u du))dy = fo fooyz‘f_“dudy—fo fo yz%dy du—fo
f dy du _ 00 4, 2,=U
Therefore, in the broken square model the limit for the Gini index is % It is empirically confirmed by the
computer.

6. Conclusions and Open Problems

We have proved that in many cases, the empirical distributions of the normed spacings generated
in the process of breaking the stick, denoted by G;,(X), have a limit and that the limit of their associated
Lorenz curves L, (X) lies below the Lorenz curve of the exponential distribution. Thus, they are more
inegalitarian that the exponential distribution. As a byproduct, the limit of their Gini coefficient is
always greater than 3. As a principle, no random division of a whole to many individuals according to
the principle of broken stick—be it land, wealth or income—can produce a Gini index less than 0.5.

We were not able to fix some problems such as:

Prove or disprove thatif X = (X,,) arei.i.d., then G}, (X) always has a weak limit ALMOST SURELY;
Prove or disprove that if essinf X;,, = —oo or ess sup X, = oo, then G},(X) = 69 ALMOST SURELY.
Leta, = {na}, where a ¢ Q. Is it possible to find a formula for weak nli')m Gy ((an),)?

1 12 12 1234 1 . P Y.
Leta=(0,1,0,5,1,0,3,5,1, 0,4,4,2,1 0,5,5,5,5,1 0,6,6, ...... ). Find lz;n Fn(a),lzzln G;(a);

11213123415123456135712 .
The same question for a = (0 1, 2/3/3/474/5/5/5/5/6767 777/ 7,7/ 7,778,787 87879797- ‘-),

Rearrangement. Empirical evidence suggests that if a mother distribution F has density f and
g is another density having the property that A({f > t}) = A({g > t})) for every t > 0, then
G is also a mother distribution and bears the same H as F. For instance, fi(x) = 2x1(91)(x),
fa(x) = 2(1=x)1(gq1)(x) and f3(x) = 4min(x, 1 -x), bear the same H. Or, in terms of random
variables: Let U = (Uy), and V = (V}),, be two independent sequences of i.i.d. uniform (0,1),

AL Y e
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distributed random variables. Then, Wy = max(U, V), W, = min(U, V), W3 = 3(U + V) have
the same limit distribution of the spacings. Prove or disprove that.

Funding: This research received no external funding.

Conflicts of Interest: The author declares no conflict of interest.

Appendix A

We prove some (maybe well-known) facts about convex functions, quantiles, and for other
technicalities for which we were not able to find appropriate references and also for the sake
of self-containment.

Convexity

Lemma Al. Let f : (a, b) = R be convex. Then

(i) its right derivativef] (x) = limw

i is non-decreasing and right continuous.

(ii)  its left derivativef] (x) = lg’%w is non-decreasing and left continuous.

(iii) moreover, f/(x) = f/(x +0) for anyx € (a,b).
(iv)  the two derivatives coincide with the possible exception of a (at most) countable set.

Proof. The convexity of f is equivalent with the chord inequality. For any a2 < x; < xp < x3 < b one has

flo)—fla) o fla)=fla) o flxa)=f(x2)

X2—X1 X3—X1 X3—X2

with the obvious consequence:

a<x;<xp<b=f(x)< flx2) = f(x) < fi(x2) (A1)
X2 — X1
These two derivatives are non-decreasing, therefore all the lateral limits f/(x+0), f/(x—0),
f{(x+0)and f/ (x - 0) do exist. Keeping x; fixed in (A1) and letting x, | x1 one gets f/(x1) < f/(x +0);
if one keeps x; fixed and lets x1 T x,, one gets f/(xp —0) < fl'(xz). Thus,

fr(x=0) < f{(x) < f{(x) < f/(x+0) foranya <x <b (A2)

In order to prove the continuities, we remark that for any a < x; < xp < b, there exist y1, 2
such that:

fy) —fx) _ fy2) = fly) _ flx) — fx)

a<x <y; <yz<x<band < <
1—-x —-n X2 — X1

(A3)

Indeed, if LX) _ fx2)=fx)

=3 = for some € (x1,x7), then f is affine on (x1, x2), hence any y1, y»

(y2)—f(x1) < fOx2)=f(x1)

2—X1 X2—X1

satisfy (A3). If not, choose y; € (x1,x7) arbitrarily such that ! . As f is continuous,

such that £82=fn)  fle)=f(x)

Y2—1 Xp—X1

there must exist y; € (x1,¥2) . Then, by chord inequality:

) < f(y1) = f(x1) < f(y2) = f(y1) < flx2) = f(x1) < f(x2) (Ad)

1—x Y2—n X2 — X1

If in (A4) we let yo | x1, then y1 | x1 1 too, and we get f/(x1) < f/(x1 +0) < J% < f] (x2).
If we let now xp]x;, we find that f/(x; +0) < f/(x1) < f/(x1 4+ 0).Thus, f/ is right continuous and,
moreover, the inequality f/(x+0) < f/(x +0) may occur only if f/(x) = f/(x+0). This equality
obviously implies the fact that f is right continuous: if we replace any function with its limits at right

(provided that they do exist) we get a right-continuous function. The fact that f/ is left continuous can
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be proved in a similar way. Finally, both f/ and f/ are non- decreasing, hence they are continuous with
the possible exception of some at most countable set. The equality f/(x) = f/(x + 0) implies that f/
and f/ coincide at continuity points. O

Lemma A2. Let f: [a,b) — R be convex and continuous at a. Let A = f] be the right derivative. Then A is
Riemann integrable on any interval [a.x] with a < x < b and, moreover:

) = £Ga) + [ At (A5)

Proof. Leta < x; < x <--- < x, = xbeadivisionof [a,x]. As f(x) - f(a) = L}_, ﬁ(xk —Xp_1)
we have, according to (A1) the evaluation:

Zfr (k1) (0 = x5-1) < f(x) <Zfl (k) (3 = Xk—1)

Both f and f; are bounded on [4, x] and continuous with the possible exception of a countable set.
Therefore they are Riemann integrable and, passing to the limit when the norm of the division tends to 0
we get f f/,(t)dt < f(x) f f')(t)dt. The claimed equality results from the fact that f/ > f/. O

The convex functions have a property that it is not true in general: the convergence of functions
implies the almost everywhere convergence of the derivatives. Precisely

Lemma A3. Let f,, f : [a,b] = R be convex and continuous. Suppose that f, — f.Then

i (fn),(x) = fi(x) at any point x for which f] (x) = f(x).

(ii)  If, moreover, f, and f are non-decreasing, then the convergence of (f;,), to f; holds in L(a,b), too.

Proof.

(i) Let x € (a D). Let 6 > 0 be such that 4 < x-6 < x4+06 < b, then,
according to (Al) w < filxy) < flx) < w It follows that:
fn(x)—gn(x—é) _ f(x+5g—f(x) < (fn) (x ) f! (x) < fal x+6 )=fax) _ f(x)—f(x—é) . Letting 1 — co, we get:

FOO) SO0 < Jiminf((f)’,(x) - f,(x )><llmsup((fn) () - (o) < Lttt

F)—fx=d) .
-5

|

which further implies:

timsupl(fn)',(x) = f',(x)] < b (A6)

Now let (A6) assume that 6 | 0. It follows that

lzmsup| (fn), | < "1(x) (A7)

(i) If we take into account Lemma Al (iv), it follows that (fn)’.(x) — f/(x) for x € [a,b] with
the possible exception of a countable set. As any countable set is a null set for the Lebesgue
measure, we can write that ( fn)'r — f/ almost everywhere (a.e.). From (A5) we have that
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fﬂb (fu"),(x)dx = f,(b) = fu(a), fb (f"),(x)dx = f(b) — f(a). To prove the convergence in L!, notice
that |x| = x; = x+|x| = |x| = 2x; —x. We write

b b b
fa 1(F),6) = (), () |dx = 2 f ((F),0) = (), (x)) f (F)(0) = (fur), (2))dx

The second integral is equal to (f(b) — fu(b)) — (f(b) — fu(b)) tends to 0 as n — oo as f, — f.
The second one tends to 0 too because of the domination ((f'), - (fu),), < (f'), € L'(ab).
Thus, we prove the convergence in L!. O

Now we know that the right derivative of a convex function A : [0,1) — R with the property
that A(0) = 0 is a mapping which is non-negative, right continuous, non-decreasing and, moreover, A
has the representation.

Ax) = fox/\(t)dt forallx € (0,1) (A8)

We claim that A is the superior quantile of some distribution function F : [0, c0) — [0,1].
Quantiles.

Definition 5. Let F : R — R be non-decreasing and not a constant. Let m = F(—o0) , M = F(o0) . A quantile
of F is any function Q : (m, M) — R with the property that Q(p) = x = F(x—0) <p < F(x+0).
The mappings Q*(p) = supF~'((=o0,p]), (Q (p) = infF~1([p,))) are called the superior (inferior)

quantiles of F. Sometimes one denotes the superior quantile by F~1.

Lemma A4. (i). If F is one to one, then the quantile is unique. Moreover, if Q1 and Qo are two quantiles of F,
then they coincide with the possible exception of a countable set.

(ii). Q(p —0) < Q(p + 0) if and only if the level set Ir(p) = {x : F(x) = p} is a non-degenerate interval.
Otherwise written, the continuity points of Q are those points for which either the level set Ir(p) is void or it is a
singleton. As a consequence, the unique quantile of a one to one non-decreasing function F is continuous.

(iii). The superior quantile is always right—continuous. Moreover, the only quantile which is right
continuous is the superior one.

(iv). If A:(m,M) — R is non-decreasing and right continuous, then there exists F: R — [m, M]
which is non-decreasing and right—continuous such that A is the superior quantile of F. As a particular case,
if A:(0,1) = R is non-decreasing and right continuous then there exists a distribution function F such that
A=F1

Proof. (i) Suppose that Q; and Q are two quantiles of F and that there exists some p such
that Qi(p) = x1 and Q2(p) = x. Thus F(x; -0) < p < F(x1+0), F(x2—0) < p < F(xp +0).
Suppose x; < xp. It follows that F(xj—0) < p < F(x3+0) < F(x2—-0) < p < F(xx+0) =
F(x;+0) =F(x2—0) =p = (x1,x2) CIr(p). Thus Q1 = Q. But the set {p € (0,1) : Ir(p) contains
an open interval} is always at most countable.

(ii) Suppose that Ir(p) contains the interval (x1,x2) and x1 < xp. We claim that Q(p —0) < x; and
Q(p+0) > xy. Indeed, let ¢, 6 be small enough such that x; < x; +¢& <x, -0 < x2. Letp’ < p and
¥ = Q(p’). Then x’ < x1 + ¢. Indeed, we know that F(x' —0) < p’ < F(x’ +0). If X’ > x1 + ¢, then
F(x’—0) > F(x; + € —0) and thatis absurd p’ > F(x’ —0) > p. Thus p’ <p = Q(p’) < x1 + ¢ for any
€ > 0. It means that Q(p’ — 0) < x;. In the same way one proves chat p’ > p = Q(p’) = xp — 6 for any
6> 0hence (p+0) = x;.

On the other hand, let us suppose that p € (m, M) has the property that I(p) has at most
one point. Then there exists x € R such that x’ <x = F(x’+0) <p and x” >x= F(x” —=0) > p.
We claim that Q(p —0) = Q(p +0) = x. Indeed, suppose that Q(p —0) = x’ < x or that Q(p + 0) =
x” > x. Suppose that we are in the first situation. Let p, < p be a sequence such that p, — p.
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Let x, = Q(pn) = F(xp —0) <pn < F(x, +0). As x, < x’ we see that F(x, —0) <p, < F(x'-0) <p
for all n. This is absurd, since p, — p. We are forced to accept that x’ = x. In the same way one checks
that x” = x.

(iii) The superior quantile is Q(p) = supf{x : F(x) <p}. If {x: F(x) = p} is at most a singleton,
Q is continuous at p and we have nothing to prove. If not, then Q(p) = sup{x: F(x) = p} hence
Q(p) =x = F(x—0) = F(x) = p. Let p, > p be a sequence such that p, — p and let (p,) = x,,. Let
x' = limx,,.

If x’ > x, then F(x) < F(x” —0) therefore p = F(x —0) < F(x’ —0) < F(x,, — 0) < py,,. Passing to the
limit we find the absurdity p = F(x) < F(x’ —0) <p.

Now suppose that Q is a quantile for F and it is right continuous. The discontinuities of Q are in
those points p where the level set Ir(p) contains non-degenerate intervals. This set is at most countable.
For those points, let a(p) = inflr(p) < B(p) = suplr(p). Then we claim that Q(p + 0) = B(p). Indeed,
it is clear that Q(p +0) = B(p). If, ad absurdum, Q(p + 0) > B(p), then there exists x* > B(p) such that
Q(p’) = x* forany p’ > p. Thenp = F(B(p)) < F(x*—0) < F(Q(p’) =0) < p for all p’ > p. This is an
absurdity: if p < p’ < F(x* —0) then p’ cannot be greater than F(x* — 0). It follows that Q(p + 0) = B(p).
If Q is right continuous, then Q(p) = Q(p + 0) = (p). But this is precisely the superior quantile, F~1.

m if x <A(m+0)
(iv) Define F(x) = {sup{p: A(p) <x} if m>A(p) . Then F is right continuous. It will be
M if AMM-0) <x

enough to prove that A is a quantile for F, since the only quantile which is right continuous is the
superior one. We have to check that A(p) = x = F(x—0) < p < F(x). The level set {g : A(q) = x} is an
interval with endpoints p; and pp. Then F(x) = p, > p, F(x—0) = p1 < phence F(x —0) < p < F(x).
It follows that A is the superior quantile for F. O

The connection between the weak convergence of the probability measures on the real line and
quantiles is given by following result.

Lemma A5. Let Fy,, F : R — [0, 1] be distribution functions. Then F,(x) — F(x) for all x which are continuity
points of F if and only if F;* (p) — F~(p) for p € (0,1) with the possible exception of a countable set.

Proof. LetI' = {x : F,,(x) = F(x)}. The complement of T is at most countable hence, I is a dense subset
of R. For x in I we have the equivalences

F(x) < p & Yk3m = m(k) such that Fyyu(x) < p + % v

F(x) = p © YkIm = m(k) such that Fy1,(x) >p— 1 Vn

k
Here, m, n, k are positive integers
Or 1 1
07y Uy Ny{ P <p 0 T= o liminf{Fy <p+ )0 T (A9)
k
(] () [} 1 0 .. 1
{F2pin T=uU2, 0y, mn:l{FWr” >p- E} N TI'= mkzllzm]:nf{l:n >p- %} NnTr (A10)

AsT isdense, sup({F < p}n T) =sup({F < p})andinf({F < p}n T) =inf({F < p}).



Mathematics 2020, 8, 625 28 of 29

Let QT = sup{F <p}, Q;) = sup{F, < p}, Q- = inf{F > p}, and Q;, = inf|{F, > p}, be the superior
(inferior) quantiles of F and F,. Taking the supremum in (A9) and infimum in (A10) we get
Q*(p) = lim (liminfQu*)(p + 1) < (liminfQu ™) (p +0).

— 00 n n

Q(p) = Jim (tmsupQ, ") (p = 1) > (limsupQy ™) (p=0) (A1)

Since all the four functions from (All)—namely, QF, Q~, (liminfQ,"), (limsupQ,~), are
n

n
nondecreasing, they are all continuous with the possible exception of a set which is at most countable.
Moreover, excepting another at most countable set, Q" (p) = Q™ (p) and Q;; (p) = Q;, (p). Put all
these exception sets in a set N which is at most countable. It follows thatif p ¢ N we have the inequalities:

(liminfQu ™) (p) = (liminfQu™)(p +0) = QT (p), (limsupQu~)(p) = (limsupQn~)(p—0) < Q™ (p)
which further implies (liminfQ,")(p) > Q*(p) = Q (p) > (limsupQ,~)(p) otherwise written

F, Y (p) — F! (p) forallpe (0,1)/ (MU N).

Conversely, suppose that F,!(p) — F~! (p) for p € T with T C (0,1) dense. According to
Lemma A4(iv) F, is the superior quantile of F,~! and F is the superior quantile of F~!. The proof goes
in the same way as before. O

Remark A1. Actually, one can be more precise: F, ' (p) — F~' (p) for all p which are continuity points for
F~1 (see Proposition 5 [30] (p. 250) or, for more general cases, [7,21,31]).
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