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Abstract: In this paper, we prove the almost sure convergences for the maximum and minimum of
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1. Introduction

The extreme phenomena in nature and human society can be explored by the classical extreme
value theory [1-3]. Almost sure convergence shows a nice behavior of the various ways of
convergences [4-6]. Brosamler and Schatte firstly put forward the almost sure central limit theorem
(ASCLT) on partial sums for independent identically distributed (i.i.d.) random variables [7,8]. Let

n
X1,X>, ... beiid. random variables with E(X,) = 0, Var(X,) = land T, = Y} X;. Under some
k

=1
regularity conditions, we have

1 M1 T
— — < = .S.
nlglc}olognk;kl(\/];_x> Ox) as., )

for any x, where I denote the indicator function and ®(x) stands for the standard normal distribution
function. Later, Ibragimov and Lifshits extend Equation (1) to the functional form [9]. Cheng et al. [10],
Fahrnar and Stadtmdiller [6] and Berkes and Csaki [11] respectively consider the ASCLT on maximum
of i.i.d random variables. Csdki and Gondigdanzan investigate the ASCLT for the maximum of
a stationary weakly dependent Gaussian sequences [12]. Chen and Lin extend the ASCLT to
nonstationary Gaussian sequences [13]. Chen et al. provide an ASCLT for the maxima of multivariate
stationary Gaussian sequences under some mild conditions [14]. Zhao et al. explore the ASCLT for
the maxima and sum of a nonstationary Gaussian vector sequence [15]. Weng et al. put forward an
ASCLT for the maxima and minima of a strongly dependent stationary Gaussian vector sequence [16].

The purpose of this paper is to extend the result of the ASCLT for the maximum and minimum
to multivariate general normal vector sequences, which include the two cases of nonstationary and
stationary, under some suitable conditions. Throughout this paper, {Xj, Xy, ...} is a standardized
nonstationary Gaussian sequence of d-dimensional random vectors (i.e., each component of the random
vectors has a zero mean and a unit standard deviation). The covariance matrix is denoted by

rii(p) = Cov(Xi(p), X;i(p)), rii(p,q) = Cov(Xi(p), X(q))
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such that |r;j(p)| < p;i_j(p) and |r;(p, )| < pji—j|(p,q) where

sup pa(p) <1, sup pu(p,g) <1

1<p<d 1<p#q<d
forn > 1.
We set
My = (Miu(1),..., My ,(d)), My,(p) = kj{ljllqu i(p),
especially

My = Mo, Mu(p) = Mon(p)

forp =1,...,d. Thelevel uy, = (un(1),...,us(d)) and v, = (v4(1),...,v,(d)) are two real vectors.
The expression u, > v, implies u,(p) > v,(p) forallp = 1,...,d and a < b stands for a = O(b).
Finally, we write a, = (2log n)% and b, = a, — 3a; ' log(4mlogn).

2. Results
Theorem 1. Let { X}, be a standardized nonstationary normal d-dimensional vector sequence satisfying
(a) —1;12?(511}7 (\rn( ) ra(p,g)l)) <1
(b) there exists v > (Hé) , such that
1 & . 1
=0 I7if(p)] exp (7]75(p)| log(j — i) < (loglogm) =1+, @)
p=11<i<j<n
1 ¢ )
= LY Im(palexp (vlrii(p,9)|log(j — ) < (loglogn)~ 1+ 3)

1<p#q<n1<i<j<n

where e > 0.
Suppose that the levels u, (p) and vy (p) satisfy n (1 — @(un(p))) — 19, n®(vu(p)) — np for 0 <
Tp,Mp < o0and p=1,2,...,d, then

1 ¢ d
i fogn k; El(vk <mp < Mg <uy) = ljlexp(—('rp +1p)) as. 4)

Especially, let u,(p) = a, 'xp + by and v, (p) = —a, 'y, — by, where x, and y,, are real numbers for
p=12,...,d then

n d
L Y. %I(vk <mp < Mg <u)=[Jexp(— (e +e7 %)) as. (5)
k=1

m
n—s00 log n

Corollary 1. Under the conditions of Theorem 1, if the levels uy(p) satisfies n (1 — ®(u,(p))) — Tp as
n — oo, then

1 &1
Y (M| < uy) = Hexp —21p). 6)
k=1

lim

n—00 log n

Especially, the level uy(p) satisfies un(p) = ay 1xp + by for p =1,2,...,d, then

n d
C Y L T(IM < ) = [ T exp(~2e7%). %
p=1

lim ——
n—00 logn =
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Theorem 2. Let {X,,}°_; be a standardized nonstationary normal d-dimensional vector sequence satisfying
on(p) logn(loglogn)~ 148 = 0(1), pu(p,q)logn(loglogn)~(1+e) = O(1). (8)

Ifn(1—®(uu(p))) — tp and n® (v,(p)) — npasn — oo for 0 < 1,17, < coand e > 0, then (4)
holds.

Especially, set u,(p) = a,'xp + by and v,(p) = —a, 'y, — by, where x, and y,, are real numbers for
p=12,...,d, then (5) holds.

Theorem 3. Let Zy,Zy,... be a standardized stationary normal sequence of d-dimensional random
vectors satisfying

(@) ry(p,q) > O0and ry(p) = 0for1 < p #g<dasn — oo,

(b) there exists y > (H‘S) with § = 1;12;( (sup (Irn(p)|, Irn(p.q)])) <1, such that

1 4. 7 C(lae
— 2 Y- lr(p)[logkexp (vlre(p)| log k) < (loglogn) =11+, ©)
p=1k=1

1 z (ke

w2 Llr(pa)[logkexp(rlre(p,q)[logk) < (loglogm) ™. (10)
I<p#q<dk=1

Ifn(1—®(uu(p))) = 1 and n®(v,(p)) — npasn — oo for 0 < 1,17, < 00 and e > 0, then (4)
holds.

Especially, set u,(p) = a, xp + by and v,(p) = —a, 'y, — by, where x, and y,, are real numbers for
p=1,...,4d, then (5) holds.

Theorem 4. Let Z1,Z,, ... be a standardized stationary normal sequence d-dimensional random vectors
satisfying

ra(p)logn(loglogn)'¢ = O(1), r4(p,q)logn(loglogn)!™ =0(1), 1<p#q<d. (11

Ifn(1—®(uy(p))) — 1p and n® (v, (p)) — npasn — oo for 0 < 1,1, < coand e > 0, then
(4) holds.

Especially, set u,(p) = a,, 'x, + by and v, (p) = —ay 'yp — by, where x,, and y,, are real numbers for
p=1,...,d, then (5) holds.

Notice: We replace the nonstationary sequence { X, }7° ; with the stationary sequence {Z, }>_; in
Theorem 3 and 4. The symbols of { X}, }°° ; are used to denote the random vector sequence {Z, }$_; in
the two theorems without ambiguities.

3. Proofs of the Main Results

In the section, we present and prove some lemmas which are useful in the proofs of the
main results.

Lemma 1. Let {G,}5 , and {n,}5", be standardized nonstationary normal sequences of d-dimensional

random vectors with (p) = Cov(Cl( ),¢i(p)), 15(p.a) = Cov(Ci(p),¢j(q)) and ri(p)
Cov(ni(p),mi(p)), 75(p.q) = Cov(ni(p),nj(q)). Denote pij(p) = max(|r(p)l, |ri:(p)]), pij(p.q) =
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max(|r?j(p,q)|, \r;‘j(p,q)|) and let {uy},{vn} be real vectors. Ur;l;;(sup (Irn(P)|, lra(p,q)|) =6 < 1and
n>1

wyi(p) = min ([uyi(p)|, [0ni(p)|), then

n

PO (o < & < ) = () (o < 1 < )|
j= j=
d . wyi(p) + wyi(p)
<K p;l 1Si§§n V%(P) - rij(P)| eXP(—z(lepl]))
whi(p) + wyi(q)
0 — ex _mrs
+K2 1Sr;§d 1§i<zjgn|7’1](p/q) FIJ(PIQ)‘ p( ( _|_p1](p’q)) )

with the positive constants Ky, Ky which depend on 6.
Proof. It follows from Theorem 11.1.2 in Leadbetter et al. [17]. O

Lemma 2. Let { X, }5 , be a standardized nonstationary normal d-dimensional vector sequence satisfying the
conditions (a) and (b) of Theorem 1, then

wyi(p) + wpi(q)
rii(p.q)| ex —m < (loglogn)~(+9), (12)
1§;§;7gd 1§i<2j<n’ (b9 p( 2(1+rii(p,q)) ) 808

! 2 (p) + 2,
2 2 ’rij(p)‘ exp(—W) < (loglogn)—(l+e). (13)

p=1 1<i<j<n

Proof. Firstly, we peove Equation (12). This sum can be divided into two terms T; and T»,

wm( )—i—w% (9)
L tealee(-5i o)

1<p#q<d 1<i<j<n

+ 2
- T T Inalee(- M)

1<pFq<d 15157 2(1+ |rij(p,9)|
7 wyi(p) + wpi(q)
+ Z Z |Vij(P/’7)|eXP( m)

1§p7équ 1<i<j<n
2
j—i>n"

= T+ Th.

Smce exp (- %(p)) ~ Y 1sgn,we have wy;(p) = min (|uyi(p)|, [vni(p)]) ~ ¥ lzgn. Let g = %,that is
0<B< 1 T 5, then the first term T

7 < ri(p,q)| exp(——t L m
1 < 13};@ K;SJ i(p,9)] p( T
j—isn

< n'*P(n2logn) T
= 1+:B 1+§ (logn)

L

T+

;
+3

Asl—l—ﬁ—lzw < 0, we get
Ty < (loglogn)~(+¢), (14)
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Note that j — i > nf, we have logn < log(j — i)/ B. Then, we consider the second part Ty,

wi(p) +w;i(q)

I, < ri(p, )| exp(— st

2 = B % Fieolee(—npan)
j—i>n

1
< Y Y |rlpa)|(n*logn)
1<p#q<d 1<i<j<n
j—i>n
2|r;i(p.a)l 1
= n 2 Y Y |ri(pg)|n i logn ]
1<p#q<d 1<i<j<n
j—i>n

2Jrjj(p)|

< 0?2 Y Y nlp|G—i) P log(j—i)
]Sp;ﬁqu 1<i<j<n
j—i>n

n? Y Y Ini(pa)|exp(vlrii(p, ) log(j — 1)) log(j — ).
1<p#q<d lﬁiﬁjfﬁ;n
j—i>n

IN

By the condition (a) of Theorem 1, we get
T, < (loglogn)~ (149, (15)

Combining Equation (14) and Equation (15) induces that Equation (12) holds. Equation (13) can
be proved in the similar way. [J

Lemma 3. Let {X;}9  be a standardized nonstationary normal sequence of d-dimensional random vectors
satisfying (a) of Theorem 1 and

(c) there exists v > zglff),asn—)oo
1 ¢ o
2. Y. Iri(p)lexp (vlrij(p)llog(j —)) =0, (16)
p=11<i<j<n
1 & .
= Y ) Ir(p@)lep (vlr(p.g)llog(j 1)) — 0. (17)
1<p#q<n 1<i<j<n
We have 2( ) ) )
d Wy (p) +w;:p
ni 11] n—,oo
Tii exp|l—————+) — 0, (18)
L X Fi@le(—5aim o)
d wai(p) +wii(q)
ni 71] n {e0)
ri(p,q)|exp( —————12) =50 (19)
1§P§7§n1§;§n| ip4) p( 2(1+|Tif(?7/‘7))|>

Proof. The proof of Lemma 3 is similar to Lemma 2. O

Lemma 4. Suppose that {X, }$_, is a standardized nonstationary normal sequence of d-dimensional random
vectors satisfying the conditions (a) and (b) of Theorem 1.

Let uy(p) and v, (p) be such that n (1 — ®(un(p))) — 1 and n®(v,(p)) — np asn — oo for all
p=12,...,4d, then

d
P(og < mp < My < ug) = [ [ exp(—(1p +1p))- (20)
p=1
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Especially, let u, (p) = %xp + by and v, (p) = —alnyp — by with xp,yp € Rforallp =1,2,...,d, then
d
P(og < my < My <) = [ Jexp(—=(e7 +e7¥)). (21)
p=1

Proof. We consider the joint distribution of the maximum M, and the minimum m,, of {X; }_;
’P(vn <ty < My < uy) Hexp (T +17p))‘

d
‘IP’ (00 <my <My <up) =[] (® p))n’
=1

=

HIT (00 - @)~ TTew(-(5+1)]

p=

[uy

4 Ly + L.

By Lemmas 1 and 3, we have

d
L= ’P(vn <ty < My < uy) H p))”
p=1
d wzi(p) + wii(p)
<K r?- —rf; exp(———" M’
1; 1§i<zj§n| ](P) ](p)| p( 2(1+P1](P)) )
~(p) + Wl i(a)
+Ky 0 (p,0) = ()| exp (- oD
1§r§q§d 1§i<2jgn’ ! ! lexp (- 2(1+ pij(p.q)) )
=2 0. (22)

Based on the definition of u, and v,, we get

L, = Fﬁ[l(qa(u,,) HexP Tp+’7p))‘
_ f[l 11— (1 ®(uy)) - B(0y)]" — Uexp(—(rp )
_ ﬁ(l—’jf—ffﬂ %) Hexp Tp+’7p))’
iy ﬂexp(—(rp+np)) —ﬁexp(_("'p"’ﬂp))‘
— 0. (23)

Combining Equation (22) and Equation (23) induces that Equation (20) hold. Equation (21) is a
special case of Equation (20). Then Lemma 4 holds. O

Lemma 5. Let { X}, be a standardized nonstationary normal d-dimensional vector sequence satisfying the
conditions (a) and (b) of Theorem 1, then

E|I{My <up} — I{My, <up}| < = k — (loglog n)~(1+9), (24)
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k
E’I{mn >op) — H{my, >0} < p + (loglog n)~(1+9). (25)

Proof. We firstly consider Equation (24),

E I{Mn < un} - I{Mk,n < un}

= E‘I(Xl <Upp, ..., Xy < unn) - I(Xk+1 < Up(k+1)7 - X < unn)

= IED(Xk+1 < Up(k+1)7 - X Stpn) —P(Xq <ttty X < tln)

IN
=
2
+
AR
IN
=
=
=
+
=
>
=
A
=
=
=
o
=
3
S

STT TT @) - I TT0Gmi(0)

p=1 j=k+1 p=1 j=1

(1>

A+B+C.
By Theorem 4.2.1 in Leadbetter et al. [17] and Lemma 2, we obtain
A < (loglogn)~1+¢), (26)

B < (loglogn)~(1+¢), (27)
As Ay (p) = 11212 uni(p) > c(logn)%, then u,;(p) > c(logn)% forp =1,2,...,d. Define u, by
Sisn
1—®(uy) = %, then we have u,;(p) > u, for some cas p = 1,2,...,d. The third part C can be
controled as below,

n d n d
C= H H CD(”nj(p)) - Hcp(un](fj))
j=k+1 p=1 j=1 p=1
k d
<1 _H 1—[ Cp(un](p))
j=1 p=1

IA
=
N
—_
|
I~
o
—~
=
=
)
i
N—
SN—
N———

p=1 j
d
<Y (1—@F(un))
p=1

IN
M=

(1-a-2

ki
L

A
S

(28)

Using Equations (26)—(28), Equation (24) can be proved.
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Next, we prove Equation (25). Asm, = min X;, then —m;, = max (—X;).
p q ( ) k,n kil<i<n i kn k+1§iSn( l)

E|H{my > o0} = Hmin > 04}
=P(my, > vn) —P(my > vy)
=P(—my, < —vp) —P(—my < —vy)
d
< [Py < —on) = TT@"*(=on(p))
p=1

Since
we have
(29)
By Theorem 4.2.1 in Leadbetter et al. [17] and Lemma 2, we get
Ay < (loglog n)~ 1+ k=12 (30)
Using Equations (29) and (30), Equation (25) can be obtained. Then Lemma 5 holds. O

Lemma 6. Let { X} ; be a standardized nonstationary normal d-dimensional vector sequence satisfying the
conditions (a) and (b) of Theorem 1, then

COU(I{Mk <y, myg > v}, I{My, < wiy, my, > vn})‘ < (loglogn)*(lﬁ). (31)

Proof. By Lemmas 1 and 2, we have

Cov(I(Mk < ug, my > vg), I(My,, < sy, My > vn))’

=P(vp < my < My < g, v <ty < My, < 1)
—]P)(Uk <m < My < uk)IP’(vn < Mgy < Mk,n < Mn)

d k n w02
<L ¥ L olee(505)

p=1 i=1 j=k+1

K oon 2 o
+ Z 2 Z |rij(P/Q)|exp(—M)

1<pAq<d i=1j=k+1 2(1+1i(p.q))

< (loglogn)~(1+e),

where @(p) = min (|0 (p)], [on (p)], [ (p)], [un (P)]), p = 1,2,...,d. O3
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Lemma 7. Let Y1,Y5 ... be a sequence of bounded random variables. If

n
1
Var() EYk) < (logn)*(loglogn)~1+e), (32)
k=1
for some & > 0, then
. 1 &1
lim ogn k:Zl %(Yk —EY)) =0 as. (33)

Proof. The proof can be found in Lemma 3.1 [18]. O

Proof Theorem 1. Let x; = I(vx < my < My < uy), then

L] L | cov(xr,
Var(z EXk> = Y k—ZVar()(k) +2 ), 7(;3 X1)
k=1 k=1 1<k<l<n
= 1 cov( Xk X1)
< Ygt? L Kl
k=1 1<k<iI<n
£ A+B.

Note that for k < I, the absolute value of the numerator of the second term B can be expressed
as below,

‘COU(Xerz)‘ = ’COU(I(vk <y < My < ug), (o <myp < M < ”1))‘
< 'cov(l(vk <my < Mg <), Iy <my < M; < uy)
—I(v; <my < My < ul))’ + ‘cov([(vk <myp < My < uy),
I(op <mp < My < up) = I(op < myy < My < Ml))’
+‘COU(I(01 <myp < My < up), I(op <myy < My < ”l))’
£ By + By + Bs.

By Lemma 5, we get

B; < ZE‘I(ZJZ <myp <M;<u)—I(vp <my < My, < ul)‘
< ZE‘I(MZ <uy) — I(My; < up)
< % + (loglog n)*(l“), (34)
and
B, < 2E‘I<Ul <my < My < up) — (o < myy < My < uy)
< ZE‘I(ml > vp) — I(my; > vp)
< % + (loglogn)~(1+9), (35)

By Lemma 6, we obtain

Bs < (loglogl)~(1+9), (36)
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Combining Equations (34)—-(36), we can estimate B,

1k
B < Y —=(5+(loglogn)~ 1+
PRI )
1 1 _
< ) 2 + ) H(loglogn) (1+e)
1<k<lI<n 1<k<I<n
< logn+ (logn)?(loglogn)~(1+¢),
Lastly, we can draw the conclusion

Var(i L

f)(k) < (logn)*(loglogn)~ (178
k=1 k

By Lemma 7, Theorem 1 is proved. [J

Proof Theorem 2. If we use Equation (8) instead of the conditions (a) and (b) of Theorem 1, Lemma 2,
Lemma 3, Lemma 5 and Lemma 6 still hold. Theorem 2 can be proved. O

Proof Theorem 3. Replace (a) and (b) of Theorem 1 with (a) and (b) of Theorem 3, then Equations (4)
and (5) still hold. O

Proof Theorem 4. If we use Equation (11) instead of Equation (8), Theorem 4 can be completed. [

4. Conclusions

The almost sure central limit theorems for the maxima and minimum of general normal vector
n

sequences under suitable conditions are put forward. We note that 1i_r>n @ Y % is greater than 1 and
converges to 1 as N — co. The convergence rate is mainly decided by the log # and the rate is not so
fast. The extreme value theory deals with extreme phenomena which are less likely to occur, but more
harmful [1-3]. The maximum and minimum can be used to depict the extreme risk in the economy
and natural disaster (such as floods, hurricane, stock market crash, megaseism and so on), and then
their joint limiting distribution computes the probability of the controllable risk in an interval.
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