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Abstract: Nonlinear scalar Riemann-Liouville fractional differential equations with a constant
delay and impulses are studied and initial conditions and impulsive conditions are set up in
an appropriate way. The definitions of both conditions depend significantly on the type of fractional
derivative and the presence of the delay in the equation. We study the case of a fixed lower limit of
the fractional derivative and the case of a changeable lower limit at each impulsive time. Integral
representations of the solutions in all considered cases are obtained. Existence results on finite time
intervals are proved using the Banach principle.
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1. Introduction

The dynamics of many real world processes are adequately modeled by differential equations
with impulses and such processes are natural in biology, physics and engineering. The introduction of
impulses in fractional calculus might affect the solution’s behavior and its integral representation of
fractional order. In connection with the memory property of fractional derivatives, in the literature
there are mainly two approaches used to introduce impulses to fractional equations: one with a fixed
lower limit of the fractional derivative at the initial time and the other with a changeable lower
limit of the fractional derivative at each time of impulse. Many results are obtained for Caputo
fractional differential equations by applying both approaches for the interpretation of impulses
(see, for example, [1-5]). We note in the case of the Caputo fractional derivative there is a similarity
of both the initial conditions and the impulsive condition between fractional equations and ordinary
equations. However for Riemann-Liouville (RL) fractional differential equations both the initial
condition and impulsive conditions have to be appropriately given (which is different than the ordinary
case). In [6] the impulsive condition at a point #; is given in the form ¢, Itlqu(t) li=t, — 4 Itlqu(tk) =
¢ (x(tr)). This form is strange since it connects the values at two consecutive points of impulses and
the meaning of the abrupt change occurring at the impulsive point is lost. Impulsive RL fractional
differential equations are studied in [7,8] with the impulsive condition at the impulsive point f; given
in the form oltl_qx(t) lt=ty+ — oltl_qx(t) lt=t,— = ¢r(x(t)) with a very complicated definition of a mild
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solution. Impusive RL fractional differential equations are studied in [9] with a very special type of
impulsive conditions.

Additionally, the presence of delays in the fractional differential equations can cause several
difficulties especially, when the RL fractional derivative is applied. This is connected with the type
of the initial condition. In [10,11] the lower bound of the RL fractional derivative coincides with the
left side end of the initial interval but we note that this does not correspond to the idea in the case of
delay differential equations with ordinary derivatives and the idea of the initial value problem of RL
fractional differential equations.

In this paper we study scalar nonlinear RL fractional differential equations with impulses:

- We define the initial conditions and the impulsive conditions based on the physical meaning to
initial conditions expressed in terms of Riemann-Liouville fractional derivatives or integrals given
by Heymans and Podlubny in [12].

- We set up appropriate initial value problems for delay RL fractional differential equations with
the lower limit of the RL derivative equal to the right side end point of the initial interval.

We study two different types of interpretation of the solution of impulsive equations, i.e., fixed
lower limit of the RL fractional derivative at the initial time and the RL fractional derivative with
changeable lower limit at each impulsive time. Both approaches are applied to set up the impulsive
conditions for RL fractional differential equations with impulses in two different ways—the integral
form of the impulsive condition and the weighted form of the impulsive condition. Both types of
impusive conditions are used to define initial value problems for RL fractional differential equations
with a delay and impulses. Integral representations for their solutions are given in all studied cases.
The existence and uniqueness is studied.

2. Preliminary Notes on Fractional Derivatives and Equations

Let ] = (to, T}, t0 > 0, tg < T < oo (if T = oo then the interval ] is open). Let Llloc(], R) be the
linear space of all locally Lebesgue integrable functions m : ] — R"™, J € R. In this paper we will use
the following definitions for fractional derivatives and integrals:

- Riemann-Liouville (RL) fractional integral of order q € (0,1) ([13,14])

t
1 m(s
wIim(t) = / (s )_ ds, te],
to

where I is the Gamma function.
- Riemann-Liouville (RL) fractional derivative of order q € (0,1) ([13,14])

t
d - 1 d _
REDIm(t) = E(toltl Tm(t)) = 1"(1—q)dtt/<t_s) Tm(s)ds, te].
0

We will call the point ¢y a lower limit of the RL fractional derivative.

The definitions of the initial condition for fractional differential equations with RL-derivatives are
based on the following result:

Lemma 1 (Lemma 3.2 [15]). Let q € (0,1) and m € Ll°([ty, T], R).

(a)  If there exists a.e. a limit limy_4 [(t — to)!~Tm(t)] = C, then there also exists a limit

Wl "m(B)]— = lim gL "m(t) = CT(g).

—to+
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(b)  Ifthere exists a.e. a limit 4, Itl_qm(t) |t=t, = Band if there exists the limit limy_,s,+ [(t — to) " Tm(t)] then

Jim (1= 1) Im(t)] = £

Let 0 <a < b < oo and consider the scalar RL fractional differential equation
REDlx(t) = f(t,x(t)), t€ (a,b] ¢))
where f : [a,b] x R — R.

Remark 1. Note that according to [15] the initial conditions to (1) could be one of the following forms:
- integral form (see (3.1.6) [15])

1—

al; qx(t)|t:a = B, B = constant; )

- weighted Cauchy type problem (see and (3.1.7) [15])

lim ((t - a)lqu(t)) =C, C = constant. ®)

t—a+

Remark 2. According to Lemma 1 if the function x(t) satisfies the initial conditions (3), then, x(t) also satisfies
the conditions (2) with B = CI'(q).

Proposition 1 (Lemma 5.2 [13]). Suppose the function f : [a,b] x R — R is continuous, bounded and
Lipschitz with respect to the second variable.
Then the solution of the Cauchy type problem (1), (2) satisfies the Volterra integral equation

x(t) = F(q)(tB—a)lq n r(lq) /ut(t_s)q—lf(s,x(s))ds, € [a,b)

and vise verse.

3. Interpretations of the Impulses in the RL Fractional Equations

Let an increasing sequence of non-negative points {t;}°, be given, limy_,, tx = 00, T > 0 be a
given number (it will measure the delay) and T : typ < T < co. Without loss of generality we could
assume T = t,, 1 where m is a natural number (in the case T = oo we have m = c0).

Remark 3. The points ty, k =1,2,...,m, are called points of impulses.

We recall the interpretation of the impulses in ordinary differential equations: The impulse at
the point f means that there is an instantaneous jump of the solution x(t) from the value x(f — 0) =
lim, 0+ x(f — €) before the jump to the value x(f + 0) = lim,_,o4 x(f + ¢) after the jump and for t > f
the solution is determined by the same differential equation but with the new initial value x(f + 0).

Now, let us discuss the interpretation of the impulses in the RL fractional differential equations:

1.  The significant dependence of the RL derivative on the lower limit (different than the ordinary
derivative) leads to two basic types of interpretation:

- Fixed lower limit of the RL fractional derivative—in this case the lower limit of the fractional
derivative is kept equal to the initial time over the whole interval of consideration. At points
of impulses the amount of jump is taken into account.
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- Changed lower limit of the RL fractional derivative at each time of impulses—each time of impulse
is considered as an initial time of the fractional differential equation. Then the lower limit of
RL fractional derivative, being equal to the initial time, is changed at each impulsive time.

2. The initial value of the RL fractional equation (see [15]) leads to a non-useful impulsive condition
at point f of the type x(f +0) = G(x(f — 0)). Combining the type of the initial conditions (see
Remark 1) and the idea for the meaning of impulses, described above, it leads to two types of
impulsive conditions at the point f:

- integral form of the impulsive condition
1— -
iy Tx(D)]o; = G(x(f - 0)).
- weighted form of the impulsive condition

lim ((t - E)Hx(t)) = G(x(F—0))

t—i+

where G : R — R is a given function.

. - Nl
Remark 4. Note that for ¢ — 1 we have ;Itlqu(t) limr = hmH”[(rt(qi) Tx(t)

condition ;Itlqu(t) li—; = G(x(f— 0)) is reduced to the well known impulsive condition x(f +0) = G(x(f))
at the impulsive time f for equations with the ordinary derivative.

— x(f+ 0) and the impulsive

In connection with the above descriptions we will introduce the following set
PLY(],R) = {u ] R:we LU (ke teyr ), R),
ty) =u(ty—0) = L t —
u(ty) = u(ty — 0) sg&u(k g) < oo, @)
(t—t) " Tu(t) € C((te trra), R) fork =0,1,2, .. m}
Foranyk =0,1,2,...,mwelet ||u||x1 = SUP; ¢ (1, 44 1] (t — t)'79]u(t)|. Then introduce the norm
in the set PL¢(],IR) defined by ||u||; = maxx—o12, _m |||[x11-

4. Integral Representation of the Solution of RL Fractional Differential Equations with Impulses

We study scalar RL fractional differential equations with impulses and two types of both initial
and impulsive conditions. We will apply the two different approaches in the interpretation of the
solution of impulsive RL fractional differential equations described in the previous section.

4.1. Fixed Lower Limit at the Initial Time of RL Fractional Derivative

4.1.1. Integral form of the Initial Condition and the Impulsive Conditions

Consider the scalar Riemann-Liouville delay fractional differential equations with a fixed lower
bound of the RL fractional derivative at the given initial time:

REDIx(t) = f(t,x(t), x(t — 1)) for t € (t, tya], k=0,1,...,m, (5)
with the integral form of the initial condition

x(t+to) = p(t), t € [-7,0], and 1,1} "x(t)|i=t, = $(0), (6)
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and the integral form of the impulsive condition

1—

L 7x(t))e=t, = Be(x(4 — 0)), for k=1,2,...,m, @)

te

where By € C(R,R),k=1,2,...,m,¢ € C([—7,0], R) with [¢(0)| < oo, f € C([to, T] x R x R, R).

Theorem 1. Let the following conditions be satisfied:

1. The function f € C([to, T] x R x R,IR) is bounded and there exist constants L, M > 0 such that
|f(t,x,u) — f(t,y,0)] < L|x —y|+ M|u—o| forall t € [t,.T], x,y,u,v € R.
2. The function ¢ € C([—7,0],R.

Then the solution x € PL¢(],IR) of the initial value problem for the nonlinear scalar RL fractional delay
differential equation with impulses (5)—(7) satisfies

dy = B 1) 2 =T+ (s)
T(g)(t—t)=1  T(q) Jy (t—s)ta ' 8)
fOl’ t e (tk/thrl]/ k=0,1,2,...,m,
where By(x) = x,
() = = (1’77 5 / 0 ic(ss))1+qu, te (totial, k=1,2,...,m, )

and vice verse, i.e., if the function x : [tg — T, T| — R satisfies the integral equalities (8) on ] and x(t +ty) =
¢(t), t € [—7,0] then it is a solution of the initial value problem for the nonlinear scalar RL fractional delay
differential equation with impulses (5)—(7).

Proof. Let the function x € PLY*(],R) be a solution of the initial value problem for the nonlinear
scalar RL fractional delay differential equation with impulses (5)-(7).
Lett; < tg+ 7. For t € [to, 1] from Proposition 1 with a = ty and (6) we have

90) 1 [ flsx(s) s —T—t)) 4
T(q)(t—to)=7 ~ T(q) Jt (t— )11 ’

i.e., equality (8) holds for k = 0.
Let t1 > to+ 7. Then for t € [ty, fp + 7] the inequality (10) holds. From Proposition 1 with
a=ty b=t wegetforte (ty+ T, 1]

x(t) = (10)

_ ¢(0) L [tT f(s,x(s), ¢(s — T — to))

= e T (GESIE o

n 1 t f(s,x(s),x(s—r)ds

[(q) Jig+r  (t—s)!71 '

where x(s — T), s € [to + T, 11] is defined by (10).
Lett € (t1,t]. Then
h t

RLDJx(t) = r(l_q)dtto/(t_s) 7 x(s)ds + m_q)dt!a—s) 7 x(s)ds N

= —Iy(t) + FEDx(t).
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From (5) and (7) we get the following initial value problem

RED]x(t) = F(t,x(t)), t€ (t, 1]

_ (13)
w1t Tx (D)1=, = Bi(x(t — 0)).

where F(t,x) = f(t,x,x(t — T)) + hy(t) for t € (t1, 2] with x(t — T),t € (t1, 2] and x(t; — 0) defined

by (10) and (11).
According to Proposition 1 with a = t1, b = f, we get
By (x(t; —0) / f(s,x(s),x(s — 1)) + h1(s)
t) = ds, t t1, 12, 14
*(t) F(q)(t—tll‘i t—s)lq s tE (] (14

i.e., (8) holds for k = 1.
Lett € (tp,t3]. Then

t
1 d _
RL q g\ 1 _ — q
D{x(t) = 1_ dt/t s) deS+F(1—q)dt/(t s) Tx(s)ds
2

(15)
= —hy(t) + fEDJx(t).
From (5), (15) and (7) we get the following initial value problem
SED]x(t) = F(t,x(t)), t€ (ta t3]
1—g (16)
pli "x(H)|i=, = Ba(x(t2 = 0))
where F(t,x) = f(t,x,x(t — 7)) + hp(t) with x(t — 7),t € (t, 3] and x(t, — 0) defined by (14)
According to Proposition 1 with a = t,, b = t3 we obtain
By (x(t2 = 0)) 1 " f(s,x(s),x(s = 7)) + ha(s)
t) = ds, t € (t, t3], 17
U TR () S R

i.e., (8) holds for k = 2.

Continue this process to prove the integral presentation (8).

Now, let the function x : [ty — T, T| — R satisfies the integral equalities (8) on J and x(t + ty) =
¢(t), t € [~7,0]. From conditions 1, 2 and Equation (8) it follows x € PLI(], R).

Let t € (t, tys1]. Then applying tkltlfq(t — )17 =T(q) we get

1—- . 1-
bl qx(t)‘t:fk:tgm bl Tx(t)

te+

o 1 1 By (x(t))
= tgﬁl{r(l —9q) / (t—s)7 <F(q)k(s - fk)lf‘7

1 fo,x(0),%(0 — 1)) + (o)
@ (5— o) k da)dS}
- W tEIt?Jr tkItl_q(t — )7

1 _ 1 s flox(o),x(0 — 1)) + hi(0)
n O] tkg& (/ t—s) )i, (s —o)l— k d0d5>

= Bi(x(tr)),

_|_
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and from the equality % f;(t —5)79(s —a)9~'ds = 0 we obtain

t

RLDIx(t) = r(ll_q);t/(t—s)_qx(s)ds
to

e t
_ 9 '
__F(l—q)t{(t s)7! qx(s)ds+r(1_ )E/(t—s) Tx(s)ds
= —hi(t) + T (11 y :;tt/ (t—s) T x(s)ds

1 Bi(x(t)) d 1 _ 1 (18)
=)+ w70 Crggy i, 9 Gy

d [t o 1 s flo,x(0),x(c—1))) + h(0)
—i—a . (t—s) qI’(q) . o) k da)ds

1 d rt o 1 s fo,x(0),x(c —1))) + h(0)
=m0+ s ga ), 9 4r(q>.tk = k da)ds
——MU%+ratqwiﬁ:G—ﬂq(&ﬁﬂmxwxﬂv—ﬂ)+nﬁm@ﬂ%

= —(t) + FD] (I F (6 x(8), x(E =)+ IiIe(8)) = F(t (), x(t = 7).

Also,
- 1 _¢(0) . I—q/, _ , \q-1
tglt?+< wli Tx () = T'(q) tglt?+ wli (E=to)
: 1q 1 (5 flox(0)x(c—1)),
- tggl tolt T'(q) Ji (s —o)l-a do = 9(0).

Therefore the function x(t) is a solution of the initial value problem (5)-(7). [

4.1.2. Weighted form of the Initial Condition and the Impulsive Conditions

Consider the scalar impulsive Riemann-Liouville delay fractional differential equations with a
fixed lower bound of the RL fractional derivative at the given initial time (5) with weighted form of
the initial condition

x(t+ 1) = ¢(t), t € [-7,0], and  lim ((t— to)l’”’x(t)) = ¢(0), (19)

t—tp

and weighted form of the impulsive condition

i — ) = - =
Jim, ((t= 1)1 7x(t)) = B(x(t —0)), for k=1,2,...,m (20)
where By € C(R,R),k=1,2,...,¢ € C([-7,0,R).

From Theorem 1 and Lemma 1 (a) the following result follows for the weighted form of both the
initial condition and the impulsive condition:
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Theorem 2. The solution x € PL(],IR) of the initial value problem for the nonlinear scalar RL fractional
delay differential equation with impulses (5), (19), (20) satisfies

_ Bi(x(tx —0)) 1 Ef(s,x(s),x(s —T))) + hi(s)
{0 =g e e I o1
for t € (tg,tk1), k=0,1,2,...,m

where By(x) = x, hy(t) is defined by (9) and vice verse, i.e., if the function x : [to — T, T] — R satisfies the
integral equalities (21) on | and x(t + to) = ¢(t), t € [—7,0] then it is a solution of the initial value problem
for the nonlinear scalar RL fractional delay differential equation with impulses (5), (19), (20).

4.2. Changed Lower Limit of the RL Fractional Derivative at Each Impulsive Time

4.2.1. Integral form of the Initial Condition and the Impulsive Conditions
Consider the scalar Riemann-Liouville delay fractional differential equations with a changeable
lower bound of the RL fractional derivative at any impulsive time :

SEDIx(t) = f(t,x(8), x(t — h)) for t € (b, ], k=0,1,...,m, (22)

with the integral form of the initial condition (6) and the integral form of the impulsive condition (7)
where By € C(R,R),k=1,2,...,m,¢ € C([-7,0],R), f e C(J x R x R, R).

Theorem 3. Let the conditions of Theorem 1 be satisfied. Then the solution x € PLlfC( J, R) of the initial value
problem for the nonlinear scalar RL fractional delay differential equation with impulses (22), (6), (7) satisfies

COBx(t) . 1 [ (s x(s)x(s - 1))
W= Tt T (T b G=sT 23
for t € (b, tki), k=0,1,2,...,m

where By(x) = x and vice verse, i.e., if the function x : [ty — T, T] — IR satisfies the integral equalities (23) on
Jand x(t + tg) = ¢(t), t € [—7,0] then it is a solution of the initial value problem for the nonlinear scalar RL
fractional delay differential equation with impulses (22), (6), (7).

Proof. Let the function x € PLlloc( J,R) be a solution of the initial value problem for the nonlinear
scalar RL fractional delay differential equation with impulses (22), (6), (7). Using induction for any
integerk =0,1,2,...,mand t € (t, ;1] it satisfies the integral equality (23).

Let the function x € PLY°(], R) satisfies the integral equality (23).

Let t > ty be such that t € (t,tx;1] fork =0,1,...,m. Then applying tkItlfq(t — )71 =T(q)
we get

1- Bi(x(tx — 0))

tklt qx(t)\t:tk = r(q) tggl tkltl_q(t — tk)‘i—l
1 , 1 o flo,x(0),x(0 — 1)) + Ik (0) (24)
TTa—gr i (/tk (t=s)T Jy, (s —o)t-a d""ls)

= By(x(t = 0)),
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and from the equality % f;(t —5)79(s —a)i1ds = 0 we get

RLDJx(t) = r(ll_q);t/(t—s)—qx(s)ds

_ 1 (Bk(x(fkfo)) d /t( _g)1 v

I'(1—q) Mg athy 7% T

d [t .1 s f(o,x(0),x(c—T
O g by . ((ssz)(lq md”)‘is (25)
_ 1 d rt . 1 S f(o,x(0),x(c—1)))
“Ta—gdth (t—s)"1 o) e da)ds

#i t(t
I'(1—gq)dtJy

= 8§D oI £t x(8), x(t = 1)) = f(tx(8), x(t = 7).

—s) 1 tklgf(a,x(a),x(a —1))ds

Also,
— x(tO) _+\q-1
tggl+(t01t x(t)) = T(q) tE%ﬁ wly " (t—to)
. 1-q 1 (3 flo,x(0),x(c—1)),
* tlgghr tolt T'(q) Ji (s —o)t-a do = 9(0).

Therefore the function x(t) is a solution of the initial value problem (22), (6), (7). O

4.2.2. Weighted form of the Initial Condition and the Impulsive Conditions

Consider the scalar Riemann-Liouville delay fractional differential equations with a fixed lower
bound of the RL fractional derivative at the given initial time (22) with weighted form of the initial
condition (19) and the weighted form of the impulsive condition (20).

From Theorem 5 and Lemma 1 (a) the following result follows for the weighted form of both the
initial condition and the impulsive condition:

Theorem 4. Let the conditions of Theorem 1 be satisfied. Then the solution x € PLY°(],R) of the initial value
problem for the nonlinear scalar RL fractional delay differential equation with impulses (22), (19), (20) satisfies

_ Br(x(t—0)) 1t f(s,x(s),x(s — 7)))
X0 = Igt—tljc)“q T(q) Jy, (t—s)t=1 s (26)
fO?’ t e (tk,i’k+1], k=0,1,2,...,m

where By(x) = x and vice verse, i.e., if the function x(t) : [to — T, T] — R satisfies the integral equalities (26)
on J and x(t +to) = ¢(t), t € [—7,0] then it is a solution of the initial value problem for the nonlinear scalar
RL fractional delay differential equation with impulses (22), (19), (20).

4.3. Fixed Lower Limit vs. Changeable Lower Limit
Now we will compare formulas (8) and (23). Note both formulas coincide iff i (t) = 0, i.e., in the

case of zero solution.

Remark 5. Note that both formulas (8) and (23) are applied step by step w.r.t. the intervals (ty, tyy1], k =
0,1,...,m.

Now we will consider a particular example. Letq = 05,7 =1, =2k, k=0,1,2,...,¢(t) =1
fort € [—1,0], Bx(x) = 2x and f(t, x,y) = y.
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We will calculate the solution in both cases—when the lower limit of RL fractional derivative
is fixed at 0, and when the lower limit of RL fractional integral equals to the impulsive time.
The calculations are done using CAS Wolfram Mathematica.

Case 1. (Fixed lower limit of RL fractional derivative at 0.)

For t € (0,1] Equation (8) gives the solution

1
x(t)zﬁwLﬁ/o ot = T (142 27)
For t € (1,2] we get
1 1 1 1 s—l
A PN s S / 23‘1 (28)
7Tt f \/s—l t—s
1
- = 7(2\/1‘— +2Vt) + Tl+2\/ t+2t) +t.

1 [ 1+25) o F (14252 — 5 4 25)
zno/ (t—5)is ds+27tl/ EDE as
2 2 2 2
1 1 NG 24/s—1 s
- d d (29
27r<0/\/§(t—s)15 S+/(t 15 S+1/(t—s)15 s+1/(t_s)15ds) )
V2 2.1
= —— 4+ 1.88561 ,F;[1.5,1.5,2.5,
-2 Al G
2 1 (B—2t)t—1  4-+t(2t—6)

2F[1.5,15,2.5,

+37z(t—1)\/t—1 t—1] n(tfl)\/t71+n(t—2)\/t—2'

for te€ (2,4],

where ,Fj[a,b,c,z] is the hypergeometric function.

Then
fx x(s—1)
X(t)_ \/T / t—SOS \/»/ i’—SO5 ds
5+2v2(1
_ot \Zi(th\)/E + 3\7{2F1[0.5,2,2.5,t}+ 2(t 2)—1—7(215—1)\/ )
1 2 Vi-2 (30)
— —\/t—2 (1,152 5]+ —~—= ,F([1,15,2,
T m Al tH\/E(t—l)“[ 1
1 2
+- ﬁ\ﬁ( 0353553F1[2,1,0.5,3, -, 0.5] +3.7712361 211[1,2,2.5, 7]
7T
fort € (2,3].

Case 2. (Changeable lower limit of RL fractional derivative at the impulsive times 2k).
For t € (0,2] the solution is defined by (27) and (28).



Mathematics 2020, 8, 607 11 of 16

Fort € (2,3] we get

Vx (2 x(s—1)

X0 = W / t—sO5
F(5+2\f +2 /
Vit—2 (s—1)(t—s)0

2 pt =2, 1t 25—1 s—1
;/2 (t—s)0'5ds+ \s — (t—s) \/>/ f—SO5

ks Zﬁézjz\)ﬁ) + 3‘{ 2F1[0.5,2,2.5,1] +2(t —2) + 3\7(21& WS

As it is seen from the example, both solutions coincide in the interval [—1,2] where t; = 2 is the
first time of impulse. For ¢ > 2 both solutions differ (see (30) and (31)).

t24/(s—1)
/ t—505
31)

5. Existence of the Solution

Based on Lemma 1 we will study only the RL fractional differential equation with the integral
form of the impulsive conditions and the integral form of the initial condition.

We will consider the case T < co. Without loss of generality we assume there exists a natural
number m with T = t,,,11, m < oo.

5.1. Existence for the IVP (5), (6), (7) with Fixed Lower Limit of RL Fractional Derivative

We consider the following conditions:

(A1) The functions By € C(R,R), k = 1,2,...,m and there exists a constant C; > 0 such that
|Be(x) — Br(y)| < Celx —y| forx,y € R.

(A2) The function f € C([to, T] x R x R,R) is bounded and there exist constants L, M > 0 such
that |f(t,x,u) — f(t,y,0)| < L|x —y| + M|u —o| forall t € [to, T]|,x,y,u,v € R.

Theorem 5. Let the conditions (A1), (A2) be satisfied on | = [to, T] and the inequality

Ck L(ter1 — )T (q) M(tis1 — ti)
= +
o= tk 1>1 g I(20) Mep-t-w'™
byt 1912 e — B\ 71 T(g)
+(tk—to> ; tk—t (tk—tk,l) (tk—tk,l)q}<1
holds.
Then the IVP (5)~(7) has a unique solution x € PLY*(J,R).
Proof. Existence. Define the operator E : PL/°(],R) — PL(],R) b
P(t) te [ 7,0]
- o By (x(t)) t f(s,x(s),x(s—7)))+Hg(s,x)
E(x(H) = F(q)k(t ti)l T q) ft (t—s)1-4 s,
for t € (fk,fk+1] k=0,1,2,...,m
where Hy(t,x) = 0and Hy(t, x) : (ty, try1] x PL°(J,R) — R are defined by
[ )
__ 1 x\s _
Hy (L) = Fp) / oy € il k=12 m (33)

fo
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Letz,y € PC(J,R). Then fort > t;1,i=0,1,2,...,m we have

1=t 2s) — v, llz= vl (tia = 8]
r(l—q)/ Gt i(t—s)t o= F(l—qg1 (t—f:1)‘7(f—ti)' o

1

Then from (34) with i = 0 we obtain

=yl (=t )

|Hi(t,z) — Hi(t,y)| = T1—q) (t—t)(t—t)

and
* [Ha(s,2(s)) — Hi(s,y(s))| Iz =yl (t — to)"
e < T | e 56
I'(q)
— (t _ to)l—q(tl — tO)q HZ - y“]/ te (tl/t2]‘
For t € (ty,t3] applying (34) withi = 1 and i = 2 we get
|z(s)
|Ha(t,z) — Ha(t,y)| 1_ / (t—s) l+q
__ 1 [2(s) —y(s)]| q [2(s) —y(s)| (37)
B r<1—q>/ (£=5)'* d”r(l—q)/ GERET
lz—ylli (b —t)" 2=yl (2 —1)
T T —g) (t-h)i(t—to)  T(1—gq) (E=t)I(t—t)
and
tHa(s,2(5)) ~ Ha(s,y(s))]
5] (t—s)11
vl : 1
ST{-g </2 (s —t)1 t—s)1 i—t0)” " (S_tz)q(t_s)l_q(s_tl)ds) (38)
||z—y||f t L 1
- F 1—¢q (/2 (s —t)1 t—s)1 q(s—to)ds+. t (s—tz)q(t—s)lfq(s—tl)ds)
1 1
: ((t —t0)!7(ta — to) " (t—t)'(t — tl)q)l"(q)Hz Yl te (bl
By the induction process we obtain
| Higls, () ~ Hels,y$)]
Jh (t—s)t4 )

<Pl -yl (i T ! ), re b
= NG00 B o~ )7 (e~ te 1)1t — e )17/ ko b1
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Let t € (o, t1]. Then we obtain

1t f(s,2(5),2(s = 7)) = f(s,y(s), y(s = D))

[x]

[2(z(1) = E(y(1)] <

I(q) Ji (£ =)t ’
t
SLré)Aft@%Wsmﬂ;wﬂhym @
_qu ]
- T el

_ -1
<1 - Ty,

and

e (= )T(g)
(t—to) 1E(z(t)) —E(y(t))| < L I'(29)

Lett € (t, trr1], k= 1,2,...,m. If f < ty + 7 then the inequality (40) holds. Let ty > ty + 7.
Then for any s € [ty, t], t € (t, txy1] the inequality ty < ty — T < s — T holds. Let j < k be a natural
number such that s — T € (t;,t;,1] for s € [t t]. Then by inequality (39) we have

| Be(2(te)) — B1(y(t))|

|z =yl

(t = ) T71E(z(D) — Ey ()] <

I'(q)
n (L=t 1t f(s,2(s),2(s — 7)) — f(s,y(s),y(s — 7)) + |Hi(s, z) — He(s, )l
I(q) (t—s)i—
Cilz(t) —y(t)| | Lllz—yllx [ ds
= I'(q) - T'(q) /tk (s =) (t —s)t-1

Mllz—yllj/ ds
T(q) b (s —T— )17 (t =)0
1 [ [Hi(s 2) = Hils,y)]

T b (E—sr (41)
< ( Cr n L(t — )T (q) M(t — ty)
T \I(q) (ke — t 1)1_‘7 I'(2q) T(14q)(t —T—to)t71

t—t = t—t \1=0  T(q)

+1() (t—tz) ; k—t (t—tk:> (tk—tk,l)fi)”z_y”’
< ( Cr L(te1 — )T (q) M(t1 — k)
= \T(q) (e — tg—1)t 1 I'(29) T(1+q)(t—T—to)1~

teer — B\ 177522 T(g) teo1 — b7 T(q)
* ( I;Jkrl— t0k> = (e — 1)1 * (f?j tk—I;) (tx — tk—l)q> ==yl

Therefore,

12(z(8) = E(y(O)llk < pllz=yllj, 1€ (t el (42)

Then, [|Z(z(t)) — E(y(1))|]; < pl|z — y||; and the operator E : PL?*(],R) — PL"*(],R) is a
contraction.

Uniqueness. Let z(t),y(t) be two solutions of the IVP (5), (6), (7). According to Theorem 1
each of the functions z(t) and y(t) satisfies the integral presentation (8). Similar to the proofs of
inequalities (39), (40) and (41) we obtain that ||z — y||; < p||z — y||;, which proves the uniqueness. [
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Example 1. Consider the RL fractional differential equation

0.05¢

w D) = 75

sin(x(t)) +0.01 cos(x(t — 1)) for t € (t, txi1), k=0,1,2, (43)
with the integral form of the initial condition
x(t) = p(t), t € [-1,0], and oI)?x(t)|i=o = ¢(0) (44)
and the integral form of the impulsive condition
B 102 (B =g, = (~1)F0.1x (8 —0), fork =1,2 (45)

where t, =3k, k=10,1,2, ¢ € C([-1,0],R).
In this special case we have T =9, f(t x,y) = 0051t sin(x) +0.01 cos(y), Bx(x) = (—1)%0.1x, Cx = 0.1,
g=08L=005M=001,7=1]=109]

The condition ( 32) is reduced to

0.05%3%8T7(0.8 I'(0.8 I'(0.8 I'(0.8
(008§302 + T 6)( ) + (105%%02 +( )02 éo ) + (%)0'8 éos) + (%)0'2 go.s) = 0981519 < 1

According to Theorem 5 the IVP (43)—(45) has a unique solution x € PL'¢([0,9],R). This solution according
to Theorem 1 satisfies

g(QO) S 0(]’55 sin(x(s))+0.01 cos(x(s—1))
x(t) = (Oj))tloz(;)F 08 fO . 00% sm((t (3310.01cos(x(sdf;)fhe(sga3]
r(os)(tx 3)02 + I( 08 f3 (:; (t=s)02 ds, t€ (3,6
- (O%)l(xﬁé)m + r(o.g) fe ST Sln(x(s))+?£(1ls§gz(x(sfl))+h2(s) is, te (6,9
3 6
where hy(t) = %Of (tf(ss))l‘gdsfort € (3,6] and hy(t) = %Of . ())1'3dsf0rt € (6,9].

5.2. Changeable Lower Limit of RL Fractional Derivative-Existence for the IVP (22), (6), (7)
Theorem 6. Let the conditions (A1), (A2) be satisfied and the inequality

Cr L(ti1 — t)7T(q) M(tiqq — ty)
+
A T = ey I(29) T+ )t -t fo

o= )Hi}<1 (46)
holds.
Then the IVP (22), (6), (7) has a unique solution x € PL’O"(],R).

Proof. Existence. Define the operator E : PL/°(J,R) — PL(],R) b

¢(t) te[ 7,0]

B, 5,x(s),x
(x(1) = § i + el i T s

for t € (tk/tk+1]r k=0,1,2,...,m

[1]

where By(x) = x.
Letz,y € PL¢(],R).
For t € (tp,t1] as in the proof of Theorem 5 the inequality (40) holds.
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Lett € (tg, tei1], k= 1,2,...,m. If t < ty + T then the inequality (40) holds. Let t; > ty + T.
Then for any s € [ty, t], t € (t, try1] the inequality ty < ty — T < s — T holds. Let j < k be a natural
number such that s — T € (t;,t;,1] for s € [t t]. Then we have

(t— )17 1IE(2() — E(y(1))] < Bk<Z<fk>>r(—q )Bl<y<tk>>|

(t—t)'7 1 1f(s,2(5),2(s = 7)) = f(s,y(s),y(s = D))

+

I(q) Jy (t—s)-4
Cilz(t) —y(t)| | Lllz—yllx [* ds
: I'(q) T T /tk (s —tp)-a(t — )14 (47)

+M||Z_y||j /t ds
I(q) o (s—t—t)a(t—s)t74

c L(ter1 — 1)L (q) Mty — 1)
< (f@G—fg= " @ e ) Ll

Therefore, ||Z(z(t)) — &(y(t))||; < pl|z — y||; and the operator Z is a contraction.

Uniqueness. Let z(t), y(t) be two solutions of the IVP (22), (6), (7). According to Theorem 3 each
of the functions z(t) and y(t) satisfies the integral presentation (23). Similar to the proof of inequality
(47) we obtain that ||z — y||; < p||z — y||; which proves the uniqueness. [

Example 2. Consider the RL fractional differential equation (21) but with cheangable lower limt of the RL
fractional derivative, i.e., consider

RLDP8x(t) = % sin(x(t)) 4+ 0.01cos(x(t — 1) for t € (3k,3(k+1)], k=0,1,2, (48)

with the integral form of the initial condition (44) and the integral form of the impulsive condition (45). In this

special case we have T =9, f(t,x,y) = % sin(x) 4 0.01 cos(y), Bx(x) = (—1)¥0.1x, Cy = 0.1, = 0.8,

L=005M=001,7=17]=[0,9.

- . 0.05%3%81(0.8 :
The condition (46) is reduced to F(O%;B.Ol + ?(1.6)( ) 4 r(ﬁ'go)géo.z = 0.247094 < 1. According to

Theorem 6 the IVP (48), (44), (45) has a unique solution x € PL"¢([0,9], R) (compare with Example 1).
This solution according to Theorem 3 satisfies

o(t), te [—1695],
0 1 t 537 sin(x(s))+0.01 cos(x(s—1))
x(t) = r(ff.%)%?(; 1o {0 Ht 005 sirl((t;(g(;io.o1 cos(x(sf;) He o3
Fasiarz T s s =02 ds, t€(3,6],
e 4 0D ()

Now consider (48) with changed coefficients, i.e., consider

2t
RLDPBx(t) = t0+ 7 sin(x(t)) +0.1cos(x(t — 1) for t € (3k,3(k+1)], k =0,1,2. (49)
Then condition (46) is satisfied because r(o%}so»z o.z*gf(’f.ggo.s) + r(19é)380»2 = 0.90903 < 1 and

according to Theorem 6 the TVP (49), (44), (45) has a unique solution x € PL"([0,9], R).
Now, consider the equation (49) with fixed lower limit of the RL fractional derivative at 0, then
condition (32) is not satisfied and Theorem 5 cannot be applied to conclude the existence.
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