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Abstract: In this paper, we combine the periodogram method for perturbed block Toeplitz matrices
with the Cholesky decomposition to give a parameter estimation method for any perturbed vector
autoregressive (VAR) or vector moving average (VMA) process, when we only know a perturbed
version of the sequence of correlation matrices of the process. In order to combine the periodogram
method for perturbed block Toeplitz matrices with the Cholesky decomposition, we first need to
generalize a known result on the Cholesky decomposition of Toeplitz matrices to perturbed block
Toeplitz matrices.
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1. Introduction

The Cholesky decomposition has been widely used in statistical signal processing. For instance,
it has been used for parameter estimation of vector autoregressive (VAR) processes and for parameter
estimation of vector moving average (VMA) processes. Specifically, the parameters of a VAR process
can be directly obtained from the Cholesky decomposition of the inverses of its correlation matrices,
and the parameters of a VMA process can be directly obtained from the Cholesky decomposition of its
correlation matrices. However, when real-world problems are considered, what we usually know is
a perturbed version of the sequence of correlation matrices of the process involved.

In this paper, we use the Cholesky decomposition to give a parameter estimation method for
any perturbed VAR or VMA process, whenever the sequence of correlation matrices of the perturbed
process is asymptotically equivalent to the sequence of correlation matrices of the original process in the
Gray sense [1]. Specifically, our parameter estimation method combines the Cholesky decomposition
with the periodogram method for perturbed block Toeplitz matrices presented in [2]. In order to
combine them, we first need to generalize a result given in [3] on the Cholesky decomposition of
Toeplitz matrices to perturbed block Toeplitz matrices.

The paper is organized as follows. In Section 2, we set up notation and we review the periodogram
method for perturbed block Toeplitz matrices presented in [2]. In Section 3, we generalize a
result given in [3] on the Cholesky decomposition of Toeplitz matrices to perturbed block Toeplitz
matrices. In Section 4, we give a parameter estimation method for perturbed VAR and VMA
processes. Our parameter estimation method for perturbed VMA processes is there also applied
in another statistical signal processing problem, namely, in multiple-input multiple-output (MIMO)
channel identification.
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2. Preliminaries

In this section, we set up notation and we review the periodogram method for perturbed block
Toeplitz matrices presented in [2].

2.1. Notation

In this paper, IN, Z, R, and C denote the set of natural numbers (that is, the set of positive integers),
the set of integer numbers, the set of real numbers, and the set of complex numbers, respectively.
CM*N is the set of all M x N complex matrices, Iy stands for the N x N identity matrix, 05« denotes
the M x N zero matrix, and Vj, is the n x n Fourier unitary matrix, i.e.,

1 271(j—1)(k=1) .
Vilix i= —=e™ n L i, ke {1,...,n},
V== ke {Lm)
with i being the imaginary unit. We denote by A1(A),..., A, (A) the eigenvalues of an n x n Hermitian
matrix A arranged in decreasing order, * denotes conjugate transpose, ® is the Kronecker product,
E stands for expectation, and x5 denotes the characteristic (or indicator) function of S C R, that is,

(@) = 1 ifwes,
s "] 0 otherwise.

If xy € CN*1 forallk € {1,...,n}, then x,. is the nN-dimensional vector given by

Xn

Xn—1
Xp:1 =

X1

If x, is a (complex) random N-dimensional vector for all # € IN, {x, } denotes the corresponding
(complex) random N-dimensional vector process.

Let A, and B, be nM x nN matrices for all n € IN. We write {A,} ~ {B,} if the
sequences {A,} and {B,} are asymptotically equivalent (i.e., {||A.|2} and {||By||2} are bounded

M = 0 with || - ||z and || - || being the spectral norm and the Frobenius norm,

and lim,,
respectively). We recall that the concept of asymptotically equivalent sequences of matrices was
introduced by Gray in [1] for the case in which M = N = 1.

If F: R — CM*N is a continuous 27r-periodic function, we denote by T;,(F) the block Toeplitz

matrix generated by F whose blocks are given by
(Ta(F)]jx == Fit nelN, jke{l,...,n},
where {Fy }rcz is the sequence of Fourier coefficients of F, that is,

1

Fp:= —
k 27T

27T .
/ e MIE(Wdw Ve Z.
0

2.2. The Periodogram Method for Perturbed Block Toeplitz Matrices

The following theorem, which was given in ([2], Theorem 4), provides a method to estimate the
generating function F when we only know a perturbed version of the sequence of block Toeplitz
matrices {T,(F)}, namely, we only know a sequence of matrices {A,} which is asymptotically
equivalent to {T,,(F)}.
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Theorem 1. Let Ay, be an nM x nN matrix for all n € IN. Suppose that there exists a continuous 27t-periodic
function F: R — CMXN sych that limy,—seo W = 0. Then

) 1 2t
lim 7/0 1Ps. (w) — F(w)|2dw = 0, )

n—oo 27T

where ﬁAn : R — CM*N js the 27t-periodic step function given by

n

ﬁAn (CU) = Z X {27‘[(1{71) M)(W)[(Vn ® IM)*An(Vn ® IN)]k,k Vw S [0,277:)
k=1 n ’n

Moreover, if F is a trigonometric polynomial there exists K € [0, 00) such that

1[5 2 [An — Tu(F)|lF K
w) — w o< — "~ 77" .
\/271/0 IPa, (@) = Flw)lfpdeo < Vn Vn vn e N

The estimation method of the generating function F provided in Theorem 1 consists of the
sequence of functions {ﬁAn}. Observe that from Equation (1) the squared error made, when F is
estimated (approximated) by 13A,,/ tends to zero as n grows.

The correlation matrix of a random vector is a positive semidefinite matrix. Furthermore, if A is
a positive semidefinite matrix, then there exists a zero-mean random vector whose correlation matrix
is A. Therefore, {T,,(F)} is a sequence of positive semidefinite matrices if and only if {T,,(F)} is
the sequence of correlation matrices of certain wide sense stationary (WSS) N-dimensional vector
process (we recall that a random vector process {x,} is said to be WSS if its correlation matrices
E (xp1x7.,) are block Toeplitz and its random vectors x, have the same mean). If {T,,(F)} is the
sequence of correlation matrices of a WSS vector process, the generating function F is called the power
spectral density (PSD) of the process. Therefore, Theorem 1 provides a method to estimate the PSD
(a spectral estimation method) of any WSS vector process, when we only know a perturbed version
of its sequence of correlation matrices. This spectral estimation method is a modified version of the
(averaged) periodogram method, because if N = 1 then

Pr, (M) = TV = ZE 05 T Vol = B Vol S5 s
27 (j— )(hl _
= S Valin Vil Tl = 2 e [Tljx = Pr, (FG2), new, he{l..n,

where {Pr, } is the conventional spectral estimator, which is also known as the method of (averaged)
periodogram or as the Bartlett method (see, e.g., [4]), defined as

1
Pr,(w EZ “UT,)ix, neN, weR.

3. A Note on the Cholesky Decomposition of Perturbed Block Toeplitz Matrices

We recall that if A is an n x n positive definite matrix, then there exists a unique n x n lower
triangular matrix L with [L];; > 0 forall j € {1,...,n} satisfying that A = LL*. This decomposition
of A (A = LL*)is called the Cholesky decomposition of A. In ([3], Section 6.3) Gray gave a result on
the Cholesky decomposition of Toeplitz matrices. The following theorem generalizes this result to
perturbed block Toeplitz matrices. Furthermore, unlike in ([3], Section 6.3) we also give the convergence
speed of our result.

Theorem 2. Consider a continuous 27t-periodic function F : R — CN*N whose sequence of Fourier coefficients
{Fxtkez satisfies that Fy is lower triangular with [Fo|;; > 0 forall j € {1,...,N} and F_; = Onxn for all

k € IN. Suppose that A, is an nN x nN positive definite matrix for all n € N with { A, } ~ {T,,(F)(Ta(F))*}
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(or equivalently, {An} ~ {T,(FF*)}, where FF*(w) = F(w)(F(w))*, w € R). Let A, = L,L; be
the Cholesky decomposition of A, for all n € W. If {L,} and {T,(F)} are stable (that is, {||L; |2} and
{I(Tw(F))~ Y2} are bounded) then

{Ln} ~{Tu(F)}- ()
Moreover, there exists K € [0, 00) such that
Lo = Tu(E)llE _ o 1An = Tu(F)(Tu(F))" ||
N <K NG Vn € IN. ®)

Proof. Applying ([5], Lemma 4.2) and ([5], Theorem 6.2) yields {T;,(F)(Tx(F))*} = {Tu(F)Ta(F*)} ~
{T.(FF*)} (we recall that ([5], Theorem 6.2) was previously given for Hermitian generating functions
(see, e.g., [6,7], or ([8], Theorem 2))). Hence, since the relation ~ is symmetric and transitive (see ([5],
Lemma 3.1)), {An} ~ {Tn(F)(Tu(F))*} ifand only if {A,} ~ {T,(FF*)}.

The sequence {||T,(F)||2} is bounded (see, e.g., ([5], Theorem 4.3) or ([9], Corollary 4.2)).
As {||A4||2} is bounded and

(el = a1y = {ymceaei f = { il = {y/144]2}

{||Ln||2} is also bounded. Consequently, to finish the proof we only need to show Equation (3), or
equivalently, we only need to show that there exists K € [0, 00) such that

[1Ln — Tu(F)|lF < K[[An — Tuo(F)(Ta(F))"lF  Vn €. 4)
We have

1L =T (F)|[p = 1T (F) (T (F)) ™' Lu— T (F) |
<N Tu(F) 21 (Tu (F)) ™ Ln = Lanll < I Ta (F)|2(I|(Tu (F)) ™ Lu—Dallp+ | Du—Lan [[F), (5)
where D, denotes the nN x nN diagonal matrix satisfying that [Dy];; = (T, (F))~'Ly] j,j for all

j€{1,...,nN}and n € N. Since T, (F) is lower triangular for all n € IN, (T,,(F)) ! is lower triangular
for all n € IN (see, e.g., ([10], p. 44)), and therefore,

nN
1=y = [T BT 5= TPl T ) ey = L ()
forallj e {1,...,nN} and n € IN. Thus,
D]y = (Ta(E) "Ly = 3 [T ialLule = (T (E) 11y Ly = 29 5 0
: i~k jilLnli TalF);

forallj € {1,...,nN} and n € IN, and hence,

Dy — Lin||F
1)

_\/Z}Wl”Dn nN]] \/ |Dn]]] 2: E W

—\/ZanHDnDn]]]_l|2:HDnDn— nNHF:HDnDZ_ nNHF:HDnDZ_(Tn(F)) 1Ln(Ln) 1Tn(F)HF

<[ DaD— (Ta(F)) ™ LuDj |l +1|(Tu (F)) ™ LD (T ()~ L (L)~ Tu(F) | ©)
<D~ (Tu(F) =" Lullp | Diill2 + /(T (F)) ™" Lu |2 ]| D — (L)~ T (F) || £
:|‘Dn*(Tn(F))71Ln|‘FHDnHZJF“(T71(F))71LnH2HDn*(Tn(F))*(LZ)71HF

<IIDn—(Tu(F)) ™" Lullp]| Dull2

HITu(F) M2/ Lall2(1Dn = (Tu (F)) "Ll + (T (F)) "' Lu—(Tu(E))*(L3) "Hlp)  Vn €N,

nN ‘DnDn]/; —1[2
E ([Dn]; )2
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As T,(F) and L, are lower triangular for all n € N, (T,(F))~'L, and L, 'T,(F) are lower
triangular for all n € IN (see, e.g., ([11], p. 240)). Consequently, (T, (F))*(L}:)~! is upper triangular for
all n € IN, and therefore,

|(Ta(F)) Lo Dalle = /(T (F) LDl < /I (Ta(F)) "Ly~ Dal[2-+ [ Da— (Tu(F))* (L)~ 112
= ST (E) Ly (Ta(E) (L)1 = I(Tu(F) ' Lu— (T (B)*(Li) s VneN.

@)

Combining Equations (5), (6), and (7) yields

L —Tu(E) |

< ITa(E) |21+ 1 Dall2 + 20 (T (F)) M2l L l2) 11T (F)) ™ L= (T (F))* (L) e

< NTa(F)ll2(1 + 1Dl + 20 (T (F) M2 1L I2) 1T (F)) ™ 2l L — T (F)(Tu (F))* (L) I

< NTu(B)l2(1 + 1Dallz + 201 (Ta (F) 2| L ll2) 11T (F) ~Hl2 | L Ly = T (F) (T (F))* [l | (L) V2
= Kul|Au=Tu(F)(Tu(F))"[IF

F)
F)

with Ky = | T (F) |21+ [ Dz + 20T (F)) 2| Lsll2) | (T (F)) 2|y 212 for all n € N. To prove
Equation (4) we only need to show that {Kj, } is bounded, or equivalently, we only need to show that
{||Dnl|2} is bounded. For every n € N there exists jo € {1,...,nN} such that

IDuejyllr _ (Tu(F)) "' Luej, |17 _ _
| Dnll2=A1(Dn) = [Dnljy,jo = ||E'J|TF < TerTF o < I(Tu(E))  Lull2 < (Tu(F) M2 )| L2,
Jo Jo

where ¢;j; is the nN-dimensional (column) vector whose entries are given by [e; ];1 = d;;, j €
{1,...,nN}, with ¢ being the Kronecker delta. Thus, {||Dy||2} is bounded. [

Observe that Equation (3) shows that the sequence {%} converges to zero at least as

HAn*Tn(i%Tn(F))*HF

n
Equation (2) generalizes ([3], Section 6.3). Specifically, in ([3], Section 6.3) Gray proved Equation (2),

but only for the special case in which N = 1, F is in the Wiener class, and {A,} = {T,(FF*)}

(or equivalently, {A,} = {T:(|F|?)}). It should be mentioned that unlike here, the convergence speed

fast as the sequence { } does.

of {W} was not given in ([3], Section 6.3) for the special case there studied.

4. Applications of the Periodogram Method in Parameter Estimation

Using Theorems 1 and 2 we give in this section a parameter estimation method for perturbed VAR
processes and another for perturbed VMA processes. These methods can be applied in any real-world
problem where the random process involved is modeled as a VAR process or as a VMA process,
e.g., in damage detection for aeronautical structures or in MIMO channel identification.

4.1. Parameter Estimation Method for Perturbed VAR Processes

We begin by reviewing the concept of VAR process.

Definition 1. A zero-mean random N-dimensional vector process {x,} is said to be a VAR process if
n—1
Xp=wy— Y F_yx,p VneN, (8)
k=1

where F_ € CN*N for all k € IN, and {wy} is a zero-mean random N-dimensional vector process whose
sequence of correlation matrices is given by {E (wyqw}i,)} = {Tu(A)} with A being an N x N positive
definite matrix. If there exists p € IN such that F_ = Onxn for all k > p, then {x, } is called a VAR process of
(finite) order p or a VAR(p) process.
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Let {x,} be as in Definition 1. Assume that {Fj}icyz, with Fg = Iy and F; = Oynxn for all
k € IN, is the sequence of Fourier coefficients of a continuous 27-periodic function F: R — CN*N.
From Equation (8) we can obtain (see, e.g., ([12], Equation (20)))

(E (xp1¥50)) " = Tu(F)Tu(A)Tu(F)  YneW.
A l=L1L 1 L* - is the Cholesky decomposition of the positive definite matrix A1, then
(E (xn1%5:1)) " = T (F'Ly1) (T (F*Lp-1))* ©)
is the Cholesky decomposition of the positive definite matrix (E (x,:1x.,)) “forall n € IN, since

(E (xnaxy)) " = Tu(F)Tu(La-r Ly ) Tu(F) = Tu(F*) T (La-1) Tu(Ly 1) Tu(F)
= Ty (F'Ly-1) Ty (L5 1 F) = Ty (F'Ly-1) Ty (F'Ly-1)*)  Vn e NN

Observe that if we know the correlation matrix E (xnzle,;l) for certain n € IN, then the

Cholesky decomposition of (E (xn:lx;;ﬂ))_l provides A and the parameters F_1,...,F;_, of the
VAR process, because

Lp- OnxN OnxN -+ Onxn
FilLA—l LA—l ONXN s ONXN

Tu (F*Ly1) = Filola-t Fiqlaa La— o Onxn |, (10)
FT—HLA*1 I:zfnLA*1 FgfnLA*1 T LA*1

However, in practice what we usually know is a perturbed version {A,} of the sequence of
correlation matrices {E (Xn;leﬂ) } of the process. The following theorem allows us to estimate A and
the parameters {F_j }xc of the VAR process from the Cholesky decomposition of the matrices of the
sequence {A, '}, when {A,} ~ {E (x,1x%,)}.

Theorem 3. Let {x, } beas in Definition 1. Assume that {Fy }xcyz, with Fo = Iy and Fy = Onxn forallk € IN,
is the sequence of Fourier coefficients of a continuous 2rt-periodic function F: R — CN*N. Suppose that A, is
an nN x nN positive definite matrix for all n € N satisfying that { A, } is stable and {An} ~ {E (xpax%.) }.
Let At = Ly,L;; be the Cholesky decomposition of A, for all n € IN. Then

I : znﬁ F *Laot|[2dw =0 11
lmTAHuW%(M)wa_ an

and

dw

e P )L

i/znefk‘”il3 (w)dw — F* Ly
27 Jo L AT T 2

foralln € NWand k € {0,1,...,n — 1}, where A™1 = L-1L% _; is the Cholesky decomposition of A!.
Moreover, if {xy } is of finite order there exist K1, Ky € [0, 00) such that

|An — E (xn:lx;;j) IIF I Ky
Vn N4

Vn € IN.

1 2t
\/Zn/o |Pr, (@) = (F(w))*Lp-1][fdw < Ky

Proof. Since A, is positive definite matrix for all n € IN, A ! is positive definite matrix for all n € IN.
From ([12], Equation (20)) and ([5], Lemma 4.2) we have

|(E Guaxzo) |, = ITa PO T AT TulP) 2 < 1T (F) 2| T (A L2 T (F) 2
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= [(Tu(E)) 2| A 21 T (F) |2 = |AT 21 Tu (F) I3 ¥n € IN.

Hence, as {||T.(F)||2} is bounded (see, e.g., ([5], Theorem 4.3) or ([9], Corollary 4.2)),
{ H (xpaxy) _1 Hz} is also bounded. Consequently, applying ([13], Lemma A1) and Equation (9) yields

{4} ~ {(B (uaxp)) ™} = {Tw (FLp) (Ta (F'Ly0))

As {||An|l2} and {[|E (x41x};) [} are bounded, the sequences

{||L,:1|z}—{wl((Lnl)*Lnl)}—{ [ (at) Lt \2}—{ H<LnL:;>1HZ}—{ |An||2}

and

ULy = (e @E L,y 7, = {VIE Grania) L}

are also bounded. Thus, from Theorem 2 we have that {L,} ~ {T,,(F*L, 1)} and that there exists
K € [0,00) such that

* - * - * -1
ILo = To(E Lyl _ AT = Ta(E Ly ) (Ta(F Ly)) e _ AL = (E (i) Il
vn - Vn n

for all n € IN. Hence, applying Theorem 1 we conclude that Equation (11) holds.
Applying the Schwarz inequality (see, e.g., ([14], p. 139) yields

i/znefk“’ilg (w)dw—F* L
T Jo Ly —k=A—

7kw1 2 —kwi *
H PLn(w)dw—E/O e "“YF(w))*dwL

= ;
= ﬁ_l [ [ e (PLn<w>—<F<w>>*LA1)deSz
= i_l [ e [By o) = (Fl@) L] _deo]
<o rszlzn [ et B >—<F<w>>*LA1L,szdw
— [T rszlie w2 [Py, @) ~ (@)L ] [
T APy LA F@) L] [

¢ o [ Buate) (Pl

foralln € Nand k € Z.
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Moreover, if {x,} is of finite order from Theorem 1 there exists K, € [0, 00) such that

\/Zn/ 1P, (w) = (F(w ))*Lp1|2dw

[Ln — Tu(F*La-1)llF | Ko
< NG +ﬁ
_ " ~1
< K”Anl —(E (\j’%pcn:l)) e _’_\Ijzﬁ
_E ) - A K
NG NG
o (E (Ruaxin) " (An— E (raaxi)) Adlle | Ko
=K Jn +ﬁ

< K| (E (x1x50)) " 2

[An — E (xw1%.1) lIF

NG

-1 _
<K (E (xpax5:1)) " 2l A7 12

O

| (An = E (xu1x54)) Ax 'l LS

Vi Vi
K
+7

8 of 15

If we know A, for certain n € IN, Theorem 3 provides an estimation of the block entry F* , L, -1 of

the matrix T,, (F*L 1) in Equation (10) given by

i/zne_k“’il3 (w)dw
27 Jo Ln

1

1 X2 27
_Ei

27th
m Z /zn e[ (Vs ® In) LV © I

:{ %Ehzl[(vn@m) Ln<vn®1N)]hh

i n _k27'Lh
Tk L=1 (e "

27T . n
= oo [ Y X fan0t 2 @)V @ In) Lu(Vi © I
27 Jo = { o )

X (22t 21 ) (w)e ™ idw([(Vy @ In)*Ln (Vi @ IN)]ip

2rt(h—1) .
S (Ve @ ) La(Va @ In) i ik € {1,

Therefore, if we know A, for certain n € IN, Theorem 3 allows us to estimate A and the parameters

F_1,...,F1_, of the VAR process as follows

Ao = (5 [ @) (5 [T i) )
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Example 1. We consider the zero-mean 2-dimensional VAR(1) process {x, } in ([15], Example 2.3), where

4 1
A =
08 —07
Fa= ( 0.4 —0.6) '

Figure 1 shows the squared error made when A and F_q are estimated from the perturbed VAR(1) process
whose sequence of correlation matrices is

{An} = {E (xnzlx.::l) + (02n—2><2n—2 02n—2><2> } .

and

0252n—2 I

Observe that this perturbed process has been generated by corrupting the VAR(1) process in ([15],
Example 2.3) by an impulse at n = 1.

| —[|A(n) - AllZ

— 15, ‘\ B -||Ffl(n) - Ffl”%‘,
8 \

3

£ *
o]

=

o'

205+ §

0 .
0 40 50

Figure 1. Squared error made when A and F_; are estimated by A(n) and F_(n), respectively.
4.2. Parameter Estimation Method for Perturbed VMA Processes

We begin by reviewing the concept of VMA process.

Definition 2. A zero-mean random N-dimensional vector process {x, } is said to be a VMA process if
n—1
Xp=wn+ Y Gw,_y VneN, (12)
k=1

where G, € CN*N for all k € IN, and {w,} is a zero-mean random N-dimensional vector process whose
sequence of correlation matrices is given by {E (wy.,w3,,)} = {Tu(A)} with A being an N x N positive
definite matrix and
w1
Wiy = | - Vn € IN.

Wn

If there exists q € N such that Gy = Onx for all k > q, then {xy} is called a VMA process of (finite)
order q or a VMA(q) process.



Mathematics 2020, 8, 582 10 of 15

Let {x,} be as in Definition 2. Assume that {Gy }rcz, with Go = Iy and G_; = Oynxy for all
k € N, is the sequence of Fourier coefficients of a continuous 27-periodic function G: R — CN*N.
Since Equation (12) can be rewritten as

Xn = (Gn—l e Gy IN) Win vn €N,
we have
IN  Onxn Onxn -+ Onxn
Gy I Onxn - Onxn
= | G2 Gy In - ONxN | wyyy = To(G)wiy  Vn€eN,
Gu-1 Gp2 Gu3 - In

and consequently,

{E (x1:nx10) } = {E (Tu(G)wrnwl,, (Tu(G))") }
= {Tu(G)E (wr.nwy,,) (Tu(G))*} = {Tu(G) Tu(A)(Tu(G))" }. (13)

If A = LAL} is the Cholesky decomposition of A, then
E (xl:nxiﬁ:n> =T (GLI\) (T‘rl (GLA))* (14)
is the Cholesky decomposition of the positive definite matrix E (x1.,x},,) for all n € IN, because

E (x1:0%1.) = Tu(G) T (LALA)(Ti(G))* = Tu(G) Tu(LA) Tu (L) (Tu (G))*

— Tu(GLA)(Tu(La))*(Ta(G))" = Tu(GLA)(Tu(G)Tu(La))* Vi € IN.

Observe that if we know the correlation matrix E (xlznxf:n) for certain n € IN, then its Cholesky
decomposition provides A and the parameters Gy, ..., G,_1 of the VMA process, since

La OnxN OnxN -+ Onxn
G1La L OnxN -+ Onxn
T, (GLp) = | GaLa GiLa La <+ Onxn | . (15)
Gu1La Gupo2La Gu3La -+ La

However, in practice what we usually know is a perturbed version {A,} of the sequence of
correlation matrices {E (xlmxi‘:n) } of the process. The following theorem allows us to estimate A and
the parameters { Gy }xe of the VMA process from the Cholesky decomposition of the matrices of the
sequence {A, }, when {A,} ~ {E (x1.,,x},,) }.

Theorem 4. Let {x,} be as in Definition 2. Assume that {Gy }xez, with Gy = In and G_; = Onxn for
all k € W, is the sequence of Fourier coefficients of a continuous 27t-periodic function G: R — CN*N,
Suppose that A, is an nN x nN positive definite matrix for all n € W satisfying that {A,} is stable and
{Au} ~ {E (x1.4x7,,) }. Let Ay = LyL;; be the Cholesky decomposition of A, for all n € N. If {E (x1.,x7,,,) }
is stable then

. 1 2
lim o [ 1Py, (@) = Glw)La e =0, (16)
and
12*’@13 d GL2<127T13 Glw)Lall d
5= [ e p @)~ 6ita| < 5 [ [P @) - Gtal[ o
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foralln € Nand k € {0,1,...,n — 1}, where A = LAL} is the Cholesky decomposition of A. Moreover,
if {xn} is of finite order there exist K1, K € [0, 00) such that

1 2 A, — E (x1.,xF K
ﬁn L7190 - Gl@talide < A= EOLt v 58 g, o

Proof. From Equation (14) we have {A,} ~ {E (x1;,x.,)} = {Tu (GLA) (Tu (GLA))*}. As {|| A 1|2}

and {|| (E (xl:nxi‘:n))_l |2} are bounded, the sequences
= (s ) = (]}

(= {yfo () ) | = 4l
and
(et = {7, b = {1 o) 7]}
are also bounded. Consequently, from Theorem 2 we have that {L,} ~ {T,(GLA)} and that there
exists Kj € [0, 00) such that

ILy — To(GLA)|IF | An — Tn(GLA)(Tu(GLA)) [lp ||A"_E(x1:nxT:n)||F
<K K

= Vn € IN.
NG - Vi ! Vi !
Therefore, applying Theorem 1 we conclude that Equation (16) holds.
Applying the Schwarz inequality (see, e.g., ([14], p. 139)) yields
1 2 —kwip 1 2 —kwip 7k¢u1
= [T e MiB) (w)dw — GeLy|| = 7/ e PLn(w)dw——/ G(w)dwLn
0 F 27 Jo F
1 m —kwi (D
S /0 e i (B, (@) — G(w)Ly ) dw )
N 2
ERDS / g (pL (w) — G(w)LA) dew
21 re—1 0 " 7,8
1 N 27 L 2
=_— wi [P - L
=2\p | e [P (@) = G@)La] dw
1 N 27 L 2
< wi —
<5 rsz_:127r/o e [PL (w) G(w)LA} s dw
= \5m [ X fe k[P @) - Gle)La] y
= E/O = e L, (W W )LA rs w
1 2r N =N 2
= \|5= /O py) [PLH(w)—G(w)LA]r,S dw

_ \/zln /02” [ (@) - G(w)LAHidw

foralln € Nand k € Z.
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Moreover, if {x,} is of finite order from Theorem 1 there exists K, € [0, 00) such that

¢m/ 1P, (@) = Glw)La|[3dw
oy

n_Tn( )HF & HA"_E(xlileT:n)HF &
Vi sl NG NG

Vn € IN.

O

If we know A, for certain n € IN, Theorem 4 provides an estimation of the block entry G;La of
the matrix T,, (GLA ) in Equation (15) given by

1 27 Ckwid
ﬂ/o e “W'Pp (w)dw
5 Eha (Ve ® IN)*Ln (Vi © In) s ifk=0,
- { rig D (675 —e kG D (Ve @ ) La (Ve @ )i if k€ {1,...,m—1}.

Therefore, if we know A, for certain n € IN, Theorem 4 allows us to estimate A and the parameters
Gy,...,Gy_1 of the VMA process as follows

Ao = (5 [ @) (5 [T B @ie)

and

Ge(n) = (1 /027T e kwip (w)dw) <2171 /OZn P, (w)dw) B Vke{l,...,n—1}.

Example 2. We consider the zero-mean 2-dimensional VMA(1) process {xy } in ([15], Example 2.1), where

()

-08 —07
G = .
! ( 0.4 —0.6>
Figure 2 shows the squared error made when A\ and Gy are estimated from the perturbed VMA(1) process
whose sequence of correlation matrices is

I 02520
{An} =< E (xl:nxi‘:n) —+ 2 2x2n—2 .
O2n—2x2  O2n—2x2n-2

Observe that this perturbed process has been generated by corrupting the VMA(1) process in ([15],
Example 2.1) by an impulse at n = 1.

and
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2 :

‘ —[[A(n) — All%

C 15k --|Gi(n) — Gill7]
8 \

g

R |
<

=

o

@05 1

0 i
0 30 40 50

Figure 2. Squared error made when A and G; are estimated by A(n) and G; (1), respectively.

In [2], the periodogram method for perturbed block Toeplitz matrices was applied in spectral
estimation. In Theorems 3 and 4, it has been also applied in parameter estimation for perturbed VAR
processes and in parameter estimation for perturbed VMA processes, respectively. We finish the paper
by showing that the periodogram method for perturbed block Toeplitz matrices can be applied in
a fourth statistical signal processing problem, namely, in MIMO channel identification with perturbed
additive WSS noise.

In [16], an asymptotic result on block Toeplitz matrices was applied in single-input multiple-output
(SIMO) channel identification. We finish the paper by showing that Theorem 4 can be applied in MIMO
channel identification when the number of channel inputs and the number of channel outputs are equal.

We consider a MIMO channel with a discrete-time causal infinite impulse response (IIR) filter and
additive noise. Thus, the channel output process {y, } is of the form

n—1
Yn=2Xn+e€n =) Gewy_g+en Vn € IN.
k=0

We assume that the filter tap Gy € CN*N for all k € N and Gy = Iy. We also assume that
{G}kez, with G_; = Onxy for all k € NN, is the sequence of Fourier coefficients of a continuous
2rt-periodic function G: R — CN*N. We consider that the input process {wy,} is a zero-mean WSS
N-dimensional vector process with {E (wy.,w;.,)} = {Tu(A)}, where Ais an N x N positive definite
matrix. We assume that the noise process {€, } is a zero-mean random N-dimensional vector process
satisfying that there exists a continuous 27t-periodic function Y: R — CN*N such that {E (€,,€7,,) } ~
{T.(Y)}. We also assume that the noise process is uncorrelated with the input process.

Suppose that {E (x1.,x7.,) } is stable and {A,} = {E (y1..¥;.,) — Tu(Y)} is a stable sequence of
positive definite matrices. To show that Theorem 4 can be here applied, we only need to prove that
{Au} ~{E (x1:0x5,,) }

From Equation (13) we obtain

IE (x1:03%0) 12 = 1 Ta(G) T (A)(Tu(G))*[l2 < T (G) 2 T (M) 1211 (T (G)) |2 = | AlI2| T (G) 3

for all n € IN. Hence, as {||T(G)||2} is bounded (see, e.g., ([5], Theorem 4.3) or ([9], Corollary 4.2)),
{IlE (x1:4x7.,,) l2} is also bounded and {E (x1.,x3.,,)} ~ {E (x1.4x},,)}. Since {|| — T.(Y)[2} =
{IIT%(Y)|l2} is bounded, {—T,(Y)} ~ {—T.(Y)}, and consequently, applying ([5], Lemma 3.1) yields
{E (€1:€7,,) — Ta(Y)} ~ {Ounxnn}- Therefore, from ([5], Lemma 3.1) we conclude that

{An} = {E ((xlzn + el:n) (xlzn + el:n)*> — Ty (Y)}
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= {E (x1:1x7,) + E (x1:0€1,) + E (€1:0X7.,) + E (€1:0€7,) — Tu(Y) }
= {E (x1:X1.) + E (X1:0) E (€1:0)" + E (€1:0) E (x1:)" + E (€1:0€7.,) — Tu(Y)}
= {E (x1:n%1:) + E (€1:0€1:) — Tu(Y)} ~ {E (x1:0%7.) }-

Thus, Theorem 4 can be applied in the considered MIMO channel identification problem, that is,
it can be used to identify A and the filter taps {Gy }ren-

5. Conclusions

In ([2], Theorem 4) the (averaged) periodogram method for positive semidefinite Toeplitz matrices
was generalized to perturbed block Toeplitz matrices. Moreover, ([2], Theorem 4) was there applied to
perturbed positive semidefinite block Toeplitz matrices to solve a statistical signal processing problem:
spectral estimation for perturbed WSS vector processes.

In the present paper, ([2], Theorem 4) (Theorem 1) has been applied to perturbed lower triangular
block Toeplitz matrices to solve three statistical signal processing problems: parameter estimation for
perturbed VAR processes, parameter estimation for perturbed VMA processes, and MIMO channel
identification with perturbed additive WSS noise. To solve those problems we have first generalized a
result given in [3] on the Cholesky decomposition of Toeplitz matrices to perturbed block Toeplitz matrices.
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