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Abstract: In this paper, we derive and propose basic differential operations and generalized Green’s
integral theorems applicable to multidimensional spaces based on Cartesian tensor analysis to solve
some nonlinear problems in smooth spaces in the necessary dimensions. In practical applications,
the theorem can be applied to numerical analysis in the conservation law, effectively reducing the
dimensions of high-dimensional problems and reducing the computational difficulty, which can be
effectively used in the solution of complex dimensional mechanical problems.

Keywords: vector; tensor; tensor analysis; generalized differential operation; generalized integral
theorem for tensor analysis

1. Introduction

In modern mathematical systems, the research on vectors and tensors is a hot topic. The analysis
of both has been applied in many new subject areas, not only in the field of pure mathematics [1,2],
but in the mechanics field [3,4] and engineering extending from these areas [5]. Vector analysis is
a branch of mathematics that extends the method of mathematical analysis to two-dimensional or
three-dimensional vectors [6–9]. Tensor analysis is a combination of generalization and tensor of
vector analysis. It studies the differential operators in the differential domain D (M). Therefore, trying
to combine the usual differential integration operations and some differential operators with vector
tensor analysis can improve the efficiency of the calculation or reduce the difficulty of the calculation.
For example, in continuum mechanics, some physical quantities are vectors and tensors or their
functions. If we want to study mathematical models related to continuum mechanics, the research on
the related vector tensor inside the model will allow us to better understand the laws of the model and
even reveal the motion of certain non-linear physical quantities; because there are many non-linear
systems in engineering problems, the study of vector tensor analysis has important engineering
significance [10].

Specifically, this research can also solve some scientific problems. For example, engineering
problems always involve issues such as elastic mechanics [11], electrodynamics [12], fluid mechanics [13],
and other fields of mechanics. These fields are built around characteristic equations, such as the
Navier–Stokes equation for fluid mechanics, the Maxwell equation for electrodynamics, and the Hamilton
equation for analytical mechanics. From the perspective of algebra, these characteristic equations can
be regarded as scalars, vectors, and tensors in the Cartesian coordinate system. Therefore, the research
of vector tensor analysis is helpful for studying the fundamental meaning of vector tensor operations,
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and it can promote the development of applied mathematics and related mechanics fields, thereby
solving scientific problems in engineering. However, the vector tensor operations in the Cartesian
coordinate system still have certain limitations. For example, for the research of second-order operators,
only the properties of basic operators such as the Laplace operator are obtained, which hinders our study.
Therefore, in this paper, we hope to study the properties of common operators in continuum mechanics
and solve some engineering problems.

In the current research on continuum mechanics, according to the continuity assumption,
in mathematics, continuum mechanics is an expression consisting of vector, tensor, and scalar systems.
Therefore, developing tensor analysis in Cartesian coordinates can help to promote the development of
continuum mechanics. As we all know, the boundary element method (BEM) is an effective numerical
method. This method is based on the boundary integral equation, which can simplify the calculation
of the solution domain to the boundary calculation. Therefore, this method is successfully used to
solve the cases of the complex plane, space, and fixed and non-stationary engineering problems.
Many studies based on BEM have proven that the boundary element method plays a significant
role in the solution of viscous fluid linear and nonlinear problems, as well as convergence and error
analysis. However, during the research, we found that the boundary element method has certain
limitations in high Reynolds number fluids, such as turbulence, which is specifically reflected in the
inaccurate calculation results. We believe that the problem lies in the calculation of points. Therefore,
we considered the characteristics of the integral calculation by the boundary element method, studied
the integral operator based on the Green’s formula, generalized the integral calculation, and derived
the generalized Green’s formula to solve the related problems.

2. Definition and Base Vector for the Auxiliary Space

There will be some operators defined in this paper. The meaning and calculation rules of these
operators will be introduced here.

Definition 1. Let the existence normed vector space E, F, G, H, ∀ f , g ∈ Lp(E, F),

(a) if mappings f and g are satisfied:

(1) ρ( f , f ) = ‖ f ‖2

(2) ρ( f , g) = ρ(g, f )
(3) ρ(λ f , g) = ρ( f , λg)= λρ( f , g)

then mapping ρ : F× G −→ R is defined as ( f , g).

(b) if mappings f and g are satisfied:

(1) ρ( f , f ) = 0
(2) ρ( f , g) = (−1)ρ(g, f )
(3) ρ(λ f , g) = ρ( f , λg)= λρ( f , g)

then mapping ρ : F× G −→ H is defined as [ f , g].

The curly braces do not represent any operators; they just separate the vectors in the equation.
Currently, there are many feature geometries that we cannot describe with two-dimensional geometry,
that is vectors i, j, such as vorticity. Therefore, we need to define auxiliary space to represent it
to introduce curl in two dimensions. In Cartesian coordinates, operations (,) and [,] can be seen
as dot multiplication and cross-multiplication, satisfying all algorithms of dot multiplication and
cross-multiplication for modern vectors and tensors analysis.
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Definition 2. Let existence normed vector space Ω ⊂ Rn and K ⊂ R,

(a, k) = 0, ∀a ∈ Ω, ∀k ∈ K

then normed vector space K is the auxiliary space of Ω. When |k| = 1, then k is defined by the base vector in K.
The space consisting of Ω and K is defined as Ω + K.

The base vector k can be analogized to the normal vector n of a two-dimensional plane, that is
on a straight line perpendicular to the plane. The purpose of introducing k is to locate two-dimensional
space in three-dimensional space. kk is the dyad of k.

The unit vectors are i, j, and k, where k is the normal vector of the plane τ where the vectors i
and j lie (Figure 1) [6], and x, y, z corresponds to i, j, k one-to-one.

Figure 1. Positional relationship of vectors i, j and k.

In summary, referring to the the research of Krashanitsa [9] and Kochin [14], this paper proposes
a generalized Green’s formula, which can be used to solve complex problems related to continuous
mechanics further, to solve nonlinear problems, and can be used to promote the development of
applied mathematics related content, which has great theoretical and engineering significance.

3. Generalization of the Tensor Analysis Differential Calculation Form

In classical field theory, we can use vector and field theory analysis in Cartesian coordinates for
the description of continuum mechanics. Therefore, we can write down the following generalized
differential operation of vector tensor analysis performed using operator ∇.

Lemma 1. Let Ω ⊂ R2, K be the auxiliary space of Ω, manifold M = (Ω, S ), ∀a ∈ TM (0, 1) and
∀ϕ ∈ TM (0, 0), and k be the basic vector of auxiliary space K, then the following identity relationship can
be proven.

(∇, (Iϕ)) = ∇ϕ

[∇, (Iϕ)] = [kk,∇ϕ] = [∇ϕ, I]

[∇, kkϕ] = [∇ϕ, kk] = [I,∇ϕ]

(∇, [I, a]) = [∇, a]

[∇, [kk, a]] = [∇, [a, I]] = ∇∗a− I (∇, a) (1)

[I, [∇, a]] = ∇∗a−∇a

(∇, [I, a]) = −kk (∇, a)

∇ (∇, a) = (∇,∇∗a) = ∆a + [∇, [∇, a]]
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where∇a and∇∗a are conjugate tensors, which with the help of the basic vectors i and j of the two-dimensional
system can be expressed as:

∇a = i
∂a
∂x

+ j
∂a
∂y

∇∗a = i∇ax + j∇ay

As a famous vector analysis theorem [6–8], we can write out the second lemma.

Lemma 2. Let Ω ⊂ R2, manifold M = (Ω, S ), ∀a ∈ TM (0, 1), ∀B ∈ TM (1, 1) and ∀ϕ ∈ TM (0, 0);
the following relationships can be proven:

[∇, [a, B]] = (∇∗a, B)− B (∇, a)− (a,∇)B + a (∇, B) ; (2)

(∇, ϕB) = ϕ (∇, B) + (∇ϕ, B) ; [∇, ϕB] = ϕ [∇, B] + [∇ϕ, B] ; (3)

Theorem 1. Let Ω ⊂ R2, K be the auxiliary space of Ω, manifold M = (Ω, S ), N = (Ω + K, S ),
∀a, c ∈ TM (0, 1) and ∀ϕ ∈ TM (0, 0), and k be the basic vector of auxiliary space K. If ∃B ∈ TN (1, 1) can
be expressed as:

B = kBx + kBy, ∃Bx, By ∈ Ω2

then the following equation exists:
(a, [c, B]) = ([a, c] , B) (4)

Proof. By virtue of ∀a, c ∈ TM (0, 1), the second partial derivatives of a and c are continuous. For a
more intuitive understanding, in two dimensions, we can prove it with the help of the basic vectors i
and j in two-dimensional space. At this time, vectors a and c can be expressed as:

a = iax + jay, c = icx + jcy, B = kBx + kBy

Then, the left part of (4) can be written as:

(a, [c, B]) =
(
axi + ayj

)
·
((

cxi + cyj
)
×
(
kBx + kBy

))
=(

axi + ayj
)
·
(
j
(
cxBx + cxBy

)
− i
(
cyBx + cyBy

))
= −ax

(
cyBx + cyBy

)
+ ay

(
cxBx + cxBy

)
and the right part of (4) can be written as:

([a, c] , B) =
[(

axi + ayj
)
×
(
cxi + cyj

)
·
(
kBx + kBy

)]
=
(
cxay − cyax

)
·
(
Bx + By

)
=

cxayBx + cxayBy − cyaxBx − cyaxBy = ay
(
cxBx + cxBy

)
− ax

(
cyBx + cyBy

)
and the poof is completed.

Theorem 2. Let Ω ⊂ R2, K be the auxiliary space of Ω, manifold M = (Ω, S ), ∀a, b, c ∈ TM (0, 1), and k
be the basic vector of auxiliary space K:

([b, c] , [kk, a]) = [[b, c] , a] (5)

Proof.
[b, c] =

[(
bxi + byj

)
,
(
cxi + cyj

)]
=
(
bxcy − bycx

)
k

[kk, a] =
[
kk,

(
axi + ayj

)]
= k

(
axj− ayi

)
([b, c] , [kk, a]) =

((
bxcy − bycx

)
k, k

(
axj− ayi

))
=
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((
bxcy − bycx

) (
axj− ayi

))
=
[((

bxcy − bycx
)

k,
(
axj− ayi

))]
= [[b, c] , a]

and the poof is completed.

We substitute tensor [kk, a] and scalar ϕ into Equation (3), and for Ω ⊂ R2, K is the auxiliary
space of Ω, manifold M = (Ω, S ), k is the basic vector of auxiliary space K. We can get:

[∇, ϕ [kk, a]] = ϕ [∇, [kk, a]] + [∇ϕ, [kk, a]] , (6)

∀a ∈ TM (0, 1) , ∀ϕ ∈ TM (0, 0)

Multiplying both sides of the equal sign by the normal unit vector n for an arbitrary curve in
Ω gives:

(n, [∇, ϕ [kk, a]]) = ϕ (n, [∇, [kk, a]]) + (n, [∇ϕ, [kk, a]]) (7)

∀a ∈ TM (0, 1) , ∀ϕ ∈ TM (0, 0)

The second expression to the right of the equal sign can be simplified by (4):

(n, [∇ϕ, [kk, a]]) = ([n,∇ϕ] , [kk, a]) (8)

Therefore, Equation (7) can be transformed into:

Theorem 3. Let Ω ⊂ R2, K be the auxiliary space of Ω, manifold M = (Ω, S ), ∀a ∈ TM (0, 1) and
∀ϕ ∈ TM (0, 0), k be the basic vector of auxiliary space K, and n be the normal unit vector for arbitrary curve
in Ω.

(n, [∇ϕ, [kk, a]]) = [[n,∇ϕ] , [kk, a]] = [[n,∇ϕ] , a] (9)

4. Generalized Integral Theorem for Tensor Analysis

In continuum mechanics or classical physics, many famous partial differential equations can be
formulated as the operator form ∇ (∇, ...), for example the Navier–Stokes equation in fluid mechanics
and Maxwell’s equations in electrodynamics. Therefore, it is necessary to study the properties of the
operator mathematically.

Definition 3. Let Ω ⊂ R2, manifold M = (Ω, S ), ∀a ∈ TM (0, 1), ∀B ∈ TM (1, 1), and ∀ϕ ∈ TM (0, 0).
Then, the fundamental equation in mechanics can be expressed as:

∇ (∇, a) = 0;∇ (∇, B) = 0 (10)

where a and B are vectors and tensors related to the solution of specific problems in mechanics.

Theorem 4. Let Ω ⊂ R2, manifold M = (Ω, S ), ∀a ∈ TM (0, 1), and ∀B ∈ TM (1, 1).

(∇ (∇, a) , B)− (a,∇ (∇, B)) = (∇, ((∇, a)B− a (∇, B)))

Proof. The left side of the equation can be written as:

(∇ (∇, a) , B)− (a,∇ (∇, B)) = (∇ (∇, a) , B) + (∇, a) (∇, B)− ((a,∇ (∇, B))− (∇, a) (∇, B)) ,

expanded in Cartesian coordinates, where the first item can be expressed as:

(∇ (∇, a) , B) + (∇, a) (∇, B) =

∂

∂x

(
∂ax

∂x
+

∂ay

∂y

)
Bx +

(
∂ax

∂x
+

∂ay

∂y

)
∂Bx

∂x
+

∂

∂y

(
∂ax

∂x
+

∂ay

∂y

)
By +

(
∂ax

∂x
+

∂ay

∂y

)
∂By

∂y
=
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∂

∂x

[(
∂ax

∂x
+

∂ay

∂y

)
Bx

]
+

∂

∂y

[(
∂ax

∂x
+

∂ay

∂y

)
By

]
= (∇, (∇, a)B) ;

the second item can be expressed as:

(∇, a) (∇, B) + (a,∇ (∇, B)) =(
∂Bx

∂x
+

∂By

∂y

)
∂ax

∂x
+

[
∂

∂x

(
∂Bx

∂x
+

∂By

∂y

)]
ax +

(
∂Bx

∂x
+

∂By

∂y

)
∂ay

∂y
+

[
∂

∂y

(
∂Bx

∂x
+

∂By

∂y

)]
ay =

∂

∂x

[(
∂Bx

∂x
+

∂By

∂y

)
ax

]
+

∂

∂y

[(
∂Bx

∂x
+

∂By

∂y

)
ay

]
= (∇, a (∇, B))

then from the first item minus the second item, we can obtain:

(∇ (∇, a) , B)− (a,∇ (∇, B)) = (∇, ((∇, a)B− a (∇, B)))

and the poof is completed.

Therefore, these operators operating on the domain (τ) can be obtained as:∫
τ

(∇ (∇, a) , B)− (a,∇ (∇, B)) dτ =
∫
τ

(∇, (∇, a)B− a (∇, B)) dτ

According to the generalized Stokes theorem [15], for (∇, a)B − a (∇, B), we can write the
following transformations:∫

τ

(∇, ((∇, a)B− a (∇, B))) dτ =
∮
∂τ

(n, ((∇, a)B− a (∇, B))) dσ

After a simple vector operation, we obtain:∫
τ

(∇, ((∇, a)B− a (∇, B))) dτ =
∮
∂τ

(∇, a) (n, B)− (n, a) (∇, B) dσ

where ∂τ = Σ + L in Figure 2. In order to get a more widely useful theorem, we give a common lemma.

Figure 2. The position of the region τwith the boundaries Σ and L.
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Lemma 3. Let Ω ⊂ R2, manifold M = (Ω, S ), ∀a ∈ TM (0, 1), ∀B ∈ TM (1, 1), and n be the normal
vector of the boundary ∂τ, so:

(∇, a) (n, B)− (n, a) (∇, B) =
(

∂∗a
∂n

, B
)
−
(

a,
∂∗B
∂n

)
− (n, [∇, [a, B]]) (11)

Proof. Utilizing the basic vectors in two-dimensional Cartesian space, the left side of the equation can
be expressed as:

(∇, a) (n, B)− (n, a) (∇, B) =

nxBx
∂ax
∂x + nyBy

∂ay
∂y + nyBy

∂ax
∂x + nxBx

∂ay
∂y −

(
nxax

∂By
∂y + nyay

∂Bx
∂x + nxax

∂Bx
∂x + nyay

∂By
∂y

)
=(

nxBy
∂ax
∂y + nyBx

∂ay
∂x + nxBx

∂ax
∂x + nyBy

∂ay
∂y

)
−
(

nyax
∂By
∂x + nxay

∂Bx
∂y + nxax

∂Bx
∂x + nyay

∂By
∂y

)
−(

nxBy
∂ax
∂y + nxax

∂By
∂y − nxBx

∂ay
∂y − nxay

∂Bx
∂y

)
+
(

nyax
∂By
∂x − nyBy

∂ax
∂x + nyay

∂Bx
∂x + nyBx

∂ay
∂x

)
=(

∂∗a
∂n , B

)
−
(

a, ∂∗B
∂n

)
−
[
nx

∂
∂y
(
axBy − ayBx

)
− ny

∂
∂y
(
axBy − ayBx

)]
=
(

∂∗a
∂n , B

)
−
(

a, ∂∗B
∂n

)
− (n, [∇, [a, B]])

and the poof is completed.

Combined with the above derivations, the generalized Green integral theorem has the
following form:

Theorem 5. Let Ω ⊂ R2, manifold M = (Ω, S ), ∀a ∈ TM (0, 1), ∀B ∈ TM (1, 1) and ∀ϕ ∈ TM (0, 0),
and n be the normal vector of the boundary ∂τ, so:

∫
τ

{(∇ (∇, a) , B)− (a,∇ (∇, B))} dτ =
∮
∂τ

(
∂∗a
∂n

, B
)
−
(

a,
∂∗B
∂n

)
− (n, [∇, [a, B]]) dσ. (12)

According to the generalized Stokes theorem [6,8], we can write the following form:∮
∂τ

(n, [∇, (a, B)]) dσ =
∫
τ

(∇, [∇, (a, B)]) dτ

As is known,
∫
τ
(∇, [∇, X]) dτ = 0, where [∇, X] = 0, and X is any vector or tensor [6,15].

Therefore,
∮
∂τ

(n, [∇, (a, B)]) d(σ) = 0, and (12) is expressed as:

∫
τ

(∇ (∇, a) , B)− (a,∇ (∇, B)) dτ =
∮
∂τ

(
∂∗a
∂n

, B
)
−
(

a,
∂∗B
∂n

)
dσ (13)

5. Properties of the Conjugate Normal Derivative

However, in the actual application process, we hope to get its own operation. Therefore, we need
to study the basic properties of “*”.

Lemma 4. Let Ω ⊂ R2, manifold M = (Ω, S ), ∀a ∈ TM (0, 1), and n be the normal vector of the boundary
∂τ, so:

∂∗a
∂n

=
∂a
∂n

+ [n, [∇, a]] (14)

or it can be written as:
∂∗a
∂n

= (n, [∇, [kk, a]]) + n (∇, a) (15)
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Proof. In the Cartesian coordinate system, we use the basic vectors to represent:

∂∗a
∂n

= inx
∂ax

∂x
+ iny

∂ay

∂x
+ jnx

∂ax

∂y
+ jny

∂ay

∂y
= inx

∂ax

∂x
+ jny

∂ay

∂y
+ iny

∂ay

∂x
+ jnx

∂ax

∂y
=

iny
∂ay

∂x
+ jnx

∂ax

∂y
− iny

∂ax

∂y
− jnx

∂ay

∂x
=

∂a
∂n

+ [n, [∇, a]]

or we can express it in another way:

∂∗a
∂n

=
∂∗a
∂n
− n (∇, a) + n (∇, a) = (n, (∇∗a− I (∇, a))) + n (∇, a) = (n, [∇, [kk, a]]) + n (∇, a)

and the poof is completed.

Lemma 5. Let Ω ⊂ R2, manifold M = (Ω, S ), ∀B ∈ TM (1, 1), and n be the normal vector of the
boundary ∂τ. ∮

∂τ

∂∗B
∂n

dσ =
∫
∂τ

{
∂B
∂n

+ [n, [∇, B]]
}

dσ (16)

Simultaneously, Theorem (13), (14), and (15) can be obtained:

Theorem 6. Let Ω ⊂ R2, manifold M = (Ω, S ), ∀a ∈ TM (0, 1), ∀B ∈ TM (1, 1), and n be the normal
vector of the boundary ∂τ. ∫

τ

{(∇ (∇, a) , B)− (a,∇ (∇, B))} dτ =

∮
∂τ

[(
∂a
∂n

, B
)
+ ([n, [∇, a]] , B)

]
dσ−

∮
∂τ

[(
a,

∂B
∂n

)
+ (a, [n, [∇, B]])

]
dσ (17)

Multiplying the theorem (17) on the left and right by the scalar ϕ, we have:

Theorem 7. Let Ω ⊂ R2, K be the auxiliary space of Ω, manifold M = (Ω, S ), ∀a ∈ TM (0, 1) and
∀ϕ ∈ TM (0, 0), k be the basic vector of auxiliary space K, n and be the normal vector of the boundary ∂τ.

∂∗a
∂n

ϕ = (n, [∇, ϕ [kk, a]])− [[n,∇ϕ] , a] + ϕn (∇, a) (18)

Proof. Consistent with the above, we still choose to represent the left of (18) in Cartesian coordinates.

∂∗a
∂n

ϕ = ϕ (n, [∇, [kk, a]]) + ϕn (∇, a) = (n, [∇, ϕ [kk, a]])− (n, [∇ϕ, [kk, a]]) + ϕn (∇, a) =

(n, [∇, ϕ [kk, a]])− [[n,∇ϕ] , a] + ϕn (∇, a)

and the poof is completed.

For any vector a, b, and c, the following theorem holds:

[[a, b] , c] = − [c, [a, b]] = − (c, b) a + (c, a) b, ∀a, b, c ∈ TM (0, 1)

Therefore, let Ω ⊂ R2, manifold M = (Ω, S ), ∀a ∈ TM (0, 1) and ∀ϕ ∈ TM (0, 0), and n be the
normal vector of the boundary ∂τ.

[[n,∇ϕ] , a] = − (a,∇ϕ) n + (a, n)∇ϕ = − (a,∇ϕ) n + an∇ϕ (19)
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Theorem 8. Let Ω ⊂ R2, K be the auxiliary space of Ω, manifold M = (Ω, S ), ∀a ∈ TM (0, 1) and
∀ϕ ∈ TM (0, 0), k be the basic vector of auxiliary space K, and n be the normal vector of the boundary ∂τ.

∂∗a
∂n

ϕ = (n, [∇, ϕ [kk, a]]) + (a,∇ϕ) n− an∇ϕ + ϕn (∇, a) (20)

Simultaneously, Theorem (12) can be obtained:

Theorem 9. Let Ω ⊂ R2, K be the auxiliary space of Ω, manifold M = (Ω, S ), ∀a ∈ TM (0, 1) and
∀ϕ ∈ TM (0, 0), k be the basic vector of auxiliary space K, and n be the normal vector of the boundary ∂τ.∮

∂τ

(n, [∇, ϕ [kk, a]]) ϕdσ =
∫
τ

(∇, [∇, ϕ [kk, a]]) dτ

and decomposition property of the integral:∮
∂τ

∂∗a
∂n

ϕdσ =
∮
∂τ

[(a,∇ϕ) n− an∇ϕ + ϕn (∇, a)] dσ (21)

6. Paper Summary and Prospects for the Future

Based on some existing tensor theorems, this paper proved and derived the relationship between
some vector and tensor theorems, obtained the conjugate derivative with respect to the normal
vector, and finally proposed the generalized Green’s theorem. This theorem has great theoretical and
practical significance in solving continuum mechanics problems and can promote the solution of initial
boundary value problems in fluid dynamics, elasticity, and plasticity. Furthermore, the aerodynamic
characteristics of an aircraft in different environmental flowing media can be solved, and combined
with the relevant research content of the aerodynamic characteristics of the wing, it can help solve
the problem of instability that may occur when the aircraft takes off and lands. With the help of
the generalized Green’s theorem proposed in this paper, the dimensionality reduction of complex
dimensional problems can be solved, which further eliminates the complex calculation problems
that may arise during the calculation process and makes it easier to solve complex dimensional
engineering problems.
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