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Abstract: In order to simulate the fracture process of particle-reinforced materials on the micro-scale,
an image-based double-smoothing cohesive finite element framework is proposed in the present
paper. Two separate smoothing processes are performed to reduce the noise in the digital image and
eliminate the jagged elements in the finite element mesh. The main contribution of the present study
is the proposed novel image-based cohesive finite element framework, and this method improved
the quality of the meshes effectively. Meanwhile, the artificial resistance due to the jagged element is
reduced with the double-smoothing cohesive finite element framework during the crack propagation.
Therefore, the image-based double-smoothing cohesive finite element framework is significant for
the simulation of fracture mechanics.

Keywords: particle-reinforced materials; finite element reconstruction; double-smoothing
method; fracture

1. Introduction

Particle-reinforced materials, such as concretes, particle metal matrix composites, polymer binder
explosives, and dispersion nuclear fuel, are widely used in engineering applications as an expanded
new category of materials. [1–3]. Since the microstructure of particle-reinforced material is complex
(e.g., the size and distribution of particles are random), the simulation of fracture behavior on the
micro-scale becomes a challenged issue. Meanwhile, cohesive finite element framework is a powerful
methodology to simulate the fracture process on the micro-scale explicitly. However, how to reconstruct
the real microstructure of the particle-reinforced materials is a common challenge in the cohesive finite
element framework.

To elaborate the microstructures of these materials, many researchers develop reconstruction
methods to generate finite element (FE) meshes from digital images. [4–17]. Mainly, these reconstruction
methods can be classified into two categories [18]: based on geometry and pixel method.

In the geometry-based method [12,13,17], there are two steps to reconstruct the FE mesh from
digital images. Firstly, different components of material (e.g., particles and matrix) are segmented and
the corresponding geometric models (body or surface) are generated using commercial software or
in-house program. It should be noticed that this approach requires a lot of efforts and cannot be easily
automated. Then these geometrics are usually meshed normally.

In the pixel/voxel-based method [11,14–16], elements are generated directly and automatically
by mapping pixels/voxels in the digital image [19,20]. The material regions selected for analyzing
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are determined based on the gray level of corresponding pixel/voxel. Comparing these two FE
reconstruction methods, the pixel/voxel-based method is more efficient and can be easily automated.
In particle-reinforced materials, with respect to the distribution of particles, which is always arbitrary,
the unit cell models can not accurately represent the microstructure. Meanwhile, the boundaries of
particles are extremely complicated for manual segmenting. Therefore, the automatic pixel/voxel-based
method is more suitable for the reconstruction of particle-reinforced materials than the geometry-based
method. However, since the shape of element generated directly from the pixel/voxel is limited to
a square or a cube, the mesh at interfaces is relatively rougher than that in geometry-based mesh.
Obviously, the excessive rough mesh will lead to the stress concentration [14,16]. To overcome this
limitation in pixel/voxel-based meshes, a double-smoothing pixel/voxel-based reconstruction method
is proposed. Two separate smoothing processes are performed to reduce the noise in the digital image
and eliminate the jagged element in finite element mesh, respectively.

2. Method of Image-Based Reconstruction

The digital images used for finite element reconstruction can be captured by the microscope or the
X-ray tomography. As mentioned in the above section, a gray level threshold can be utilized to segment
the digital image into different parts corresponding to different materials. However, the quality
of meshes generated directly by segmenting the image is extremely low. As shown in the “direct
reconstruction” of Figure 1, some particles are lost at edges of the image, and some unreasonable
voids appear in particles. Moreover, the material interfaces are extremely rough, much like sawteeth.
There are two reasons leading to this rough mesh:

(1) The uneven illumination and noises in digital image give rise to the loss of particles and the
appearance of unreasonable voids;

(2) The meshes with square elements lead to the appearance of jagged interfaces.
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Figure 1. Flow chart of smooth processing in digital image.

To overcome these problems, a double-smoothing method is developed to reconstruct the
microstructure of particle-reinforced material in this study. The first smoothing process is performed
in the digital image before the pixel-to-element mapping. A combination of several digital filters
is utilized to correct the uneven illumination and reduce the noises in original images. The second
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smoothing process is conducted in the pixel-to-element FE meshes. The jagged interfaces are repaired
by an effective smoothing algorithm. Therefore, the whole process of double-smoothing reconstruction
is divided into three stages: smoothing digital image, pixel-to-element mapping, and smoothing FE
mesh. These three steps are presented in the next subchapters, respectively.

2.1. Smoothing Process for Digital Image

In this step, a combination of top-hat filter [21] and Wiener filter [22] is applied to improve the
quality of digital images. The top-hat filter is utilized to correct the uneven illumination, and the
Wiener filter is used to reduce the noise created during capturing image. It should be noted that the
true image of microstructure described by function f (x, y) cannot be captured accurately without any
noises. Actually, the captured image is a special mapping of the true image f (x, y) with some digital
noises and finally is represented by the function of g(x, y). For convenience, the mapping function
h(x, y) and the noise function n(x, y) are assumed to be independent from the f (x, y). Therefore,
the captured image function g(x, y) is as follows:

g(x, y) =
∫

f (x− x′, y− y′)h(x′, y′)dx′dy′ + n(x, y). (1)

The aim of the smoothing process is to restore the true image f (x, y) from the captured image g(x, y).
The top-hat filter [21], a signal processing technique, is utilized to correct the uneven illumination in
the captured image firstly. Then, the Wiener filter [22] is performed to reduce the noises, as follows:

f ′(x, y) = µ
σ2
− ν2

σ2 (g(x, y) − µ), (2)

where f ′(x, y) is the restored “true” image, g(x, y) is the captured image. The estimated local mean µ
and variance σ2 around each pixel can be got by the following equations.

µ =
1

NM

∑
x,y∈η

g(x, y) , (3)

σ2 =
1

NM

∑
x,y∈η

g2(x, y) − µ2, (4)

where η is the N ×M neighborhood of the current pixel. Since the local noise variance ν2 is unknown,
the global mean value of the estimated variances is used in present work.

The comparison of the direct reconstructed model and reconstruction after digital filtering is
present in Figure 1. It can be observed that the combination of top-hat filter and Wiener filter can
restore and smooth the model effectively.

2.2. Pixel-to-Element Mapping

In this step, a smoothed image is mapped into FE mesh. Different from the one-to-one
pixel/voxel-based mesh, each pixel of image is mapped into a box with four triangular elements
in FE meshes. The schematic of the one-to-four mapping is shown in Figure 2. It should be notice
that the linear triangular element is adopted in the present work. Although the quadratic element is
better suited to present complex geometries and bending deformations. The linear element is easier
to implement and takes less computational cost than the quadratic element. Moreover, the present
method can be extended to quadratic element by adding the mid-side nodes easily.
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Assuming the width of the image is M and the height is N. The four elements corresponding to
the pixel with coordinate (x, y) are numbered as follows:

E(x, y, c) = 4M(y− 1) + 4(x− 1) + c ( c = 1, 2, 3, 4), (5)

where c is a constant describing the order of elements in a box, as shown in Figure 2.
The material property P(x, y, c) of each box is determined by the gray level f ′(x, y) in corresponding

pixel. That is

P(x, y, c) =
{

particle, ( f ′(x, y) ≤ T)
matrix, ( f ′(x, y) > T)

( c = 1, 2, 3, 4) (6)

Here, f ′(x, y) is the restored “true” digital image, and T is the gray level threshold.
Comparing with the one-to-one mapping method, this mapping method mainly has two

advantages:

• Since triangular elements are used to smooth the meshes, the rough interfaces caused by square
elements are improved effectively;

• The present model can be expanded to an cohesive finite element framework, a significant model
for the simulation of damage and fracture, easily.

It should be notice that present work is focusing on the simulation of fracture. Therefore,
the one-to-four mapping method is adopted to provide more propagating directions for fracture
simulations. For the other purpose, each pixel of image can also be mapped onto another type
of element.

2.3. Smoothing Process for FE Mesh

It is obvious that the first smoothing process has restored the true image as accurately as possible.
However, even if a true image is used in the reconstruction, rough meshes at interfaces still cannot
be avoided. In this step, the second smoothing process of FE mesh is introduced to improve the
rough interfaces. The main idea is that some triangular elements with particle/matrix properties
around the interfaces are selected as transition elements, and the material properties of the transition
elements are replaced by the material property of matrix/particles. After this smoothing process,
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the rough meshes are remarkably improved by enlarging the angles between elements from 90◦ to
135◦. Two different smoothing modes with the enhancement of particle or matrix are illustrated in
Figure 3, respectively. It can be observed that the transition elements used in different modes are
completely differently. Therefore, a universal pseudocode of the smoothing algorithm is illustrated in
Figure 4. Firstly, the enhanced mode should be selected as either particle or matrix. Then, transition
elements around interfaces are marked, and the properties of these elements are changed into the
enhanced property.
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3. Comparison of the Smoothed and Unsmoothed Model

In order to evaluate the influence of the double-smoothing method, the comparison is given in this
section. Firstly, models with one circular particle are compared with a referenced model. Situations with
and without damage are considered, respectively. Then, an image of a particle-reinforced material is
reconstructed, and the results of crack lengths and damage zones are compared between the smoothed
model and the unsmoothed one.
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3.1. One Circular Particle Model

3.1.1. Models without the Consideration of Damage

To evaluate the effect of the smoothing method in the reconstruction, an FE model built in
ABAQUS with finer mesh is adopted as the referenced model (shown in Figure 5a). Based on this
model, the unsmoothed mesh (shown in Figure 5b), the smoothed model with a particle-enhanced
mode (shown in Figure 5c) and the smoothed model with a matrix-enhanced mode (shown in Figure 5d)
are generated. In the following sections, “Smoothed-P” and “Smoothed-M” represent the models
with the particle-enhanced smooth mode and matrix-enhanced smooth mode, respectively. It can
be observed in Figure 5 that the rough interfaces of unsmoothed model are effectively improved in
the smoothed meshes. Moreover, the “Smoothed-P” model is more similar to the referenced model.
The volume fractions of particles in different models are presented in Table 1. The referenced volume
fraction is calculated as follows:

fr =
πr2

l2
, (7)

where r represent the particle radius, and l represent the edge length of the model. The volume fractions
of other models are calculated as follows:

fn =

∑
sp

S
, (8)

where S is the area of the whole model, and sp is the area of each particle element.
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Table 1. Volume fractions of particles in different models.

Referenced Unsmoothed Smoothed-P Smoothed-M

The volume fraction of particle (%) 28.27 27.56 27.18 27.92
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In the following analysis, all the freedoms of nodes on the left boundary is fixed, and a uniaxial
tension loading along x+ direction is applied on the right boundary, as shown in Figure 6. The length
of each edge is 1, and the maximum element size is 0.01. The reference model contains 11,500 linear
quadrilateral elements, and the other models contain 40,000 linear triangular elements, respectively.
The elastic modulus ratios of particle Ep to matrix Em is Ep/Em = 5.0, and the Poisson’s ratios of particle
and matrix are 0.25. The static analysis is performed in ABAQUS to compare the stress distribution in
these models.

Mathematics 2020, 8, x FOR PEER REVIEW 7 of 15 

 

In the following analysis, all the freedoms of nodes on the left boundary is fixed, and a uniaxial 
tension loading along x+ direction is applied on the right boundary, as shown in Figure 6. The length 
of each edge is 1, and the maximum element size is 0.01. The reference model contains 11,500 linear 
quadrilateral elements, and the other models contain 40,000 linear triangular elements, respectively. 
The elastic modulus ratios of particle Ep to matrix Em is Ep/Em = 5.0, and the Poisson’s ratios of 
particle and matrix are 0.25. The static analysis is performed in ABAQUS to compare the stress 
distribution in these models. 

 
Figure 6. Boundary condition and loading. 

The von Mises stress distributions and the detail views at interfaces for (a) the reference model, 
(b) the unsmoothed model, (c) the smoothed model—particle enhanced, (d) and the smoothed 
model—matrix enhanced are illustrated in Figure 7. Meanwhile, the x-directional stress 
distributions and y-directional ones are illustrated in Figures 8 and 9, respectively. It can be 
observed that the overall stress contours in the smoothed and unsmoothed models all agree well 
with that in the referenced model. Meanwhile, the stress concentrations are observed at the 
particle/matrix interface in all models. Elements with stress values higher than the maximum values 
in the referenced model are colored gray. Obviously, there are much less gray elements in smoothed 
models than in the unsmoothed model. 

Figure 6. Boundary condition and loading.

The von Mises stress distributions and the detail views at interfaces for (a) the reference model,
(b) the unsmoothed model, (c) the smoothed model—particle enhanced, (d) and the smoothed
model—matrix enhanced are illustrated in Figure 7. Meanwhile, the x-directional stress distributions
and y-directional ones are illustrated in Figures 8 and 9, respectively. It can be observed that the overall
stress contours in the smoothed and unsmoothed models all agree well with that in the referenced
model. Meanwhile, the stress concentrations are observed at the particle/matrix interface in all models.
Elements with stress values higher than the maximum values in the referenced model are colored gray.
Obviously, there are much less gray elements in smoothed models than in the unsmoothed model.
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In order to compare the stress at the interfaces directly, stresses are normalized by dividing the
maximum value of von Mises stress in the referenced model as follows:

σn =
σ

σ
re f
max

(9)

where σn is the normalized stress, σ is the original stress and σre f
max is the maximum of von Mises stress

in the referenced model.
The normalized von Mises stresses along the particle–matrix interface of these four models are

illustrated in a polar coordinate system in Figure 10. The radial distances in these curves represent the
normalized stress. It can be observed that the stresses in the unsmoothed model are very different
to other ones. While the maximum in the smoothed models and the referenced one are around 1.0,
the maximum in the unsmoothed model almost reaches 1.3, i.e., 30% higher than the referenced value.
Moreover, at most regions along the interface, stress values in the unsmoothed model are much higher
than those in the referenced model. However, the stress value in smoothed models (especially in the
“Smoothed-P” model), agree well with the result in the referenced model.
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Figure 10. Normalized von Mises at the interfaces of the four models.

The relative bigger stress values in the unsmoothed model are mainly caused by the rough meshes
at interfaces. The comparison indicates that the smoothing method can reduce the artificial stress
concentration caused by the jagged mesh at interface effectively. It should be notice that the reduction
in artificial stress concentration is a positive effect for the local simulation (e.g., damage and fracture).

3.1.2. Models with the Consideration of Damage

Since the interface debonding is a main failure mode in particle-reinforced materials [23–25],
the cohesive element framework [26,27] is adopted to represent the damage and failure occurrence in
the interface. To evaluate the influence of the smoothing methods, cohesive elements with the same
parameters are inserted at the interfaces. Moreover, boundary conditions are the same as those in the
case without the consideration of damage, as shown in Figure 11. The simulations are performed on
a server with Intel Xeon E5-2678W 3.10 GHz CPU and 256GB Memory. The reference model with
11,500 linear quadrilateral element and 188 cohesive elements takes around 5 min, and other models
with 40,000 linear triangular elements and 240 cohesive elements take around 20 min, respectively.
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(b) unsmoothed model; (c) smoothed model-particle enhanced; (d) smoothed model-matrix enhanced.

The cracks due to debonding and the stress distributions for (a) the reference model, (b) the
unsmoothed model, (c) the smoothed model—particle enhanced, (d) and the smoothed model—matrix
enhanced are illustrated in Figure 8. It can be observed that the debonding of interface occurred at both
sides of the particles. Since the shape of the particle is circular, the radian of the debonding crack is
used to evaluate the level of damage in each model. The radians of the crack regions and relative errors
to the referenced model are illustrated in Table 2. It can be observed that errors in the “Smoothed–P”
model are around 1%, but in the case of the unsmoothed model it reaches 14% and 19%, respectively.
This indicates that the jagged meshes at interface have restricted the propagations of debonding cracks.
As well as in the model without the consideration of damage in the above section, the “Smoothed–P”
model performs better than the “Smoothed–M” model.

Table 2. Radians of the debonding cracks.

Radian of the Cracks (Degree) Errors (%)

Left Side Right Side Left Side Right Side

Referenced model 91.57 70.17 0 0
Unsmoothed model 73.74 59.96 14.54 19.47
Smoothed–P model 92.73 71.08 1.29 1.26
Smoothed–M model 87.21 65.24 7.03 4.77

4. Application in Polymer Binder Explosive Model

Polymer binder explosive is a special particle-reinforced material with polymeric matrix and
crystal particles. Some researches [10,23] indicate that the sizes, shapes, and distributions of particles



Mathematics 2020, 8, 543 12 of 15

influence the damage growing. Therefore, an accurate image-based reconstruction method is very
significant for investigating damage following. In this section, the unsmoothed and “smoothed-P”
models are adopted to simulate the damage state of this material under quasi-static loading. A digital
image in Ref. [24] is utilized to reconstruct the FE model, as shown in Figure 12. The material parameters
and cohesive elements’ properties are according to Ref. [10].
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Figure 12. Boundary and loading conditions and detail meshes of the finite element (FE) model.

Here, the damage increase is evaluated by the total length of cracks. For convenience, the total
length in each model is normalized by dividing the whole interface length. The normalized lengths of
cracks at different time are illustrated in Figure 13. It can be observed that at the beginning of the crack
initiation, the crack length represented by the unsmoothed model is longer than that in smoothed one.
This is because, in the unsmoothed model, the bigger level of stress concentration leads to earlier crack
initiations. However, with the growth of cracks, the total crack length in the smoothed model becomes
greater than that in the unsmoothed one.
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The cracks due to debonding at the end of the simulation are shown in Figure 14. It can be
observed that not only the crack lengths in these two models are different but also the distributions
of the cracks are different. The cracks in the unsmoothed model are more dispersive than that in
the smoothed model. According to the above analysis, cracks initiated relatively more easily in the
unsmoothed model due to the stress concentrations. However, the rough boundary in the unsmoothed
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model provides more resistance during the crack propagation. Since the initiated cracks cannot fully
propagate, many dispersive cracks appear in the unsmoothed model. Meanwhile, once cracks initiate
in the smoothed model, they can fully propagate with less external resistance caused by the rough
meshes. Therefore, the simulations with the smoothed models are closer to the actual conditions than
unsmoothed ones.
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(a) unsmoothed model; (b) smoothed model.

5. Conclusions

In this paper, a double-smoothing image-based reconstruction method for cohesive finite element
is proposed. In the present method, two independent smoothing processes are performed to repair
the rough meshes in the pixel/voxel-based reconstruction method. The comparison between the
unsmoothed model, the referenced model, and the smoothed models is performed in a simple model.
The result indicates that the present method improved the quality of the finite element meshes effectively.
In particular, the results in the particle-enhanced smoothed model agree well with those in the referenced
one. Meanwhile, the artificial resistance due to the jagged element is reduced with the double-smoothing
cohesive finite element framework during the crack propagation. Therefore, the particle-enhanced
smoothed model is recommended in the simulation of particle-reinforced materials.

Furthermore, smoothed and unsmoothed cohesive finite element frameworks are used to analyze
the damage growing in particle-reinforced materials. It can be observed that the artificial resistance
due to the jagged element is reduced with the double-smoothing cohesive finite element framework.
Therefore, the uses of smoothed models are necessary and will provide more realistic results when the
damages evolution are concerned.
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