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Abstract: In this paper, we assume that the reserve level of an insurance company can only be
observed at discrete time points, then a new risk model is proposed by introducing a periodic capital
injection strategy and a barrier dividend strategy into the classical risk model. We derive the equations
and the boundary conditions satisfied by the Gerber-Shiu function, the expected discounted capital
injection function and the expected discounted dividend function by assuming that the observation
interval and claim amount are exponentially distributed, respectively. Numerical examples are
also given to further analyze the influence of relevant parameters on the actuarial function of the
risk model.
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1. Introduction

In the classical risk model, the reserve process of an insurance {U(t) };>¢ has the following form,

N(t)
U(t)=u+ct—S(t)=u+ct— ) Y, t>0, (1)
k=1

where the initial reserve is U(0) = u, the parameter ¢ > 0 is the incoming premium rate per unit
time, the aggregate claims process S(t) = Z,I(\]:(? Y} is a compound Poisson process, where the Poisson
process {N(t)}>o is the number of claims up to time t with intensity A > 0, claim amount { Y} ;
is a sequence of independent identically distributed random variables with common density fy(y).
{N(t)}+>0 and {Yj };>, are independent of each other.

The classical risk model and extended risk models, such as those with dividend, investment or
capital injection strategy, all require insurance companies to continuously observe the reserve process,
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which will greatly increase the operating costs of insurance companies. Relevant literature can be
consulted Chi and Lin [1], Yin et al. [2], Li and Lu [3], Zeng et al. [4,5], Yu et al. [6], Zhou et al. [7],
Yu [8], Zhang et al. [9], Zhou et al. [10], Yu et al. [11], Xu et al. [12], Liu et al. [13], Peng and Wang [14],
Wang et al. [15]. In order to reduce operating costs, insurance companies usually choose to observe
reserve process regularly. Thus, the risk model under discrete-time observation emerges as the times
require. Asmussen and Albrecher [16] study a series of compound Poisson risk models with discrete-time
observations. Albrecher et al. [17,18] propose to observe reserve level only at some discrete time points,
and assume that the observation interval obeys Erlang distribution, and study the risk model accordingly.
Choi and Cheung [19] consider a generalized model in which ruin is monitored at all observation times
whose intervals are Erlang(n) distributed, whereas dividend decisions are made at a subset of these times
ruin is checked. Avanzi et al. [20] study a dual risk model with a dividend barrier strategy, in which the
dividend decisions are made periodically whereas solvency is monitored continuously. Zhang et al. [21]
propose a spectrally negative Lévy insurance risk model with periodic tax payments, and assume that
the event of ruin is only checked at a sequence of Poisson arrival times. Zhang et al. [22] assume that
capital injections are only allowed at a sequence of time points with inter-capital-injection times being
Erlang distributed under a compound Poisson risk model. Cheung and Zhang [23] consider a compound
Poisson risk model in which it is assumed that the insurer observes its reserve level periodically to
decide on dividend payments at the arrival times of an Erlang(n) renewal process. Peng et al. [24] model
the insurance company’s reserve flow by a perturbed compound Poisson model and suppose that at
a sequence of random time points, the insurance company observes the reserve to decide dividend
payments. Yang and Deng [25] study the discounted Gerber-Shiu type function for a perturbed risk
model with interest and periodic dividend strategy. Other recent articles on risk models with dividend
strategy and capital injection involving periodic observations can be found in Zhang and Liu [26],
Zhang [27], Zhang and Han [28], Zhao et al. [29], Pérez and Yamazaki [30], Noba et al. [31], Dong and
Zhou [32], Xu et al. [33], Zhang et al. [34], Liu and Yu [35], Zhang and Cheung [36], Yu et al. [37] and
Liu and Zhang [38].

In this paper, considering the operating cost of insurance companies, we only observe the
reserve level at the discrete time point {Z;}}° ;. Let Ty = Z; — Z;_4, that is, the variable T is
the interval between the (k — 1)th observation and the kth observation. It is assumed that {Tj };° ;
is a series of independent and identically distributed random variables, and that {Tj }3> ;, {N(¢) }+>0
and {Y;}{2 , are independent of each other. On the basis of this discrete assumption, we further study
the introduction of capital injection and barrier dividend strategy. At the observational time point
Zy, if the reserve level is less than O, ruin will be declared immediately. When the reserve level u is
such that u € [0, by ), it should be injected immediately to make its reserve reach the capital injection
line by, that is, the amount of capital injection is by — u. When the reserve level is above the dividend
line by (by > by), the reserve that exceeds b, will be paid immediately, so that the reserve will return
to by immediately. In addition, in the absence of observation, no matter what the level of reserve,
there will be no ruin declaration, capital injection, dividend payment and other acts (see Figure 1).
Denoting the modified process of the new risk model with periodic capital injection and barrier
dividend strategy as UZIZ = {Ué’lz(t)}tzo, its dynamics can be jointly described with the auxiliary

processes {U®)(t) }>z, , by

uft), k=1,t>0,
u®(t) = 2
( ) { U;’f(Zk,l) + U(t) - U(Zkfl)/ k=2,3,... > 71, ( )
and fork =1,2,3,......
u® (), Zgq <t <Z
ubz(t) — max{u(k) (Zk)/bl}r t= Zk/ U(k)(Zk) < bl/ (3)
by min{U®) (Z,),b:}, t =2, UN(Z,) > by,
k

u®(zy), t=Zg, by < U (Z) < by.
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Then, in the kth observation, the reserve level of the new risk model should be expressed as
b b
Uy (k) = Uy (k= 1) + cTp — [S(Zi) = S(Z-1)], k=1,23,... @)

Without loss of generality, we assume that Zy = 0—. (i.e., time zero is not a capital injection time
and dividend payment time.) So that the initial reserve level Uglz (0) =uevenif 0 < u < byoru > by.

The ruin time '(512 is defined as ’Lff = inf{t > 0| UZIZ (t) < 0} with the convention inf@ = co. Based on
the assumption of the above model, the key quantity of interest in this paper is study of the Gerber-Shiu
function, the expected discount injection function and the expected discount dividend function.

L‘V:: }:idend

) A
U
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capitalg in_iectiox:i s
H ' Zg (7 '
: : : ! bA—
O Zl Z:‘. Z_: 24 V Z:’v Zé 27 V 4
Figure 1. A sample path of Ule (#).
The Gerber-Shiu function is defined as follows:
—o12 b b b

b1, 2) = B [ (U2, U ) e U52(0) = . ©)

where the parameter 6 > 0 is the force of interest, the symbol I is the indicator function of the event A.
The penalty function w(x1, x2) : [0,00) X [0,00) — [0, 00) is a continuous nonnegative bounded penalty
function of the reserve before ruin and the deficit at ruin. The Gerber-Shiu function was first proposed
by Gerber and Shiu [39]. Since then, it has become a standard tool for studying ruin related quantities.
We refer the interested readers to Lin et al. [40], Huang and Yu [41], Ruan et al. [42], Li et al. [43],
Wang et al. [44], Yang et al. [45], Yu [46,47], Yuen et al. [48], Huang et al. [49], Xie and Zou [50].

The expected discount injection function is described by

[0 9)

L e o~ U@, e U2(0) = ] : ©

Vi(u;01,b7) = E

where the function x1 (x) is a nonnegative function about the amount of capital injection for x € (0, by],
and x1(x) =0forx < 0.
The expected discount dividend function is defined as follows:

(M bl/ b2

]ge 5ka2(ub2(zk ) b ) {Z <Tb2}|uh2<0) = M] 4 (7)

where the function x,(x) is a nonnegative function about the amount of dividends payment for x > 0,
and xz(x) = 0forx < 0.

The outline of the paper is organized as follows. In Section 2, we derive integro-differential
equations for Gerber-Shiu function and give the explicit solution. Similarly, the expected discount
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injection function and the expected discount dividend function are studied in Section 3 and Section 4,
respectively. In Section 5, some numerical examples are given to analyze the effect of relevant parameters
on the actuarial function. Finally, Conclusions are given in Section 6.

2. Gerber-Shiu Function

In this section, we assume that the observational time interval T, and claim arrival time are
exponentially distributed with parameters 7y and A, respectively. It should be noted that this paper only
considers that the penalty function only depends on the ruin deficit, that is w(x1, x2) = w(x2), where
w(x2), (x2 > 0) is a continuous nonnegative bounded penalty function. On this basis, in the period of
(0, h), according to the observation of the reserve level and the occurrence of claims, the Gerber-Shiu
function m(u; by, by) satisfies the following integro equation.

! :
g (1; by, bp) =~ Ay (4 4 ch; by, by) + / e~ MOy H (1)dt
0

h ©
+/ e_(‘sﬂ)t)xe_’\t/ my(u + ct —y; b1, by) fy (v)dydt, (8)
0 0
where,
H(t) =ms(ba; b1, ba) Lygcrspyy + ms(u + et b1, b2) L, cytersny)
+ ms(b1; b1, b2) Locurer<ny + w(—=(u+ct)) Iy i<y

It is noted that if the claim occurs before the observation, the reserve level may be less than 0
without being observed. Therefore, the initial reserve u € R. The function ms(u; by, by) is a right
continuous function defined on R. According to Albrecher et al. [18], the function ms(1; by, by) is
differentiable at u € R except for zero. By taking the derivative of /1 on both sides of formula (8) at the
same time and then making h = 0, the following integro-differential equation satisfied by m(u; by, by)
can be obtained

0=—(0+A+7)ms(u;bq,b2) + cm'é(u; by, by) + A/O ms(u —y; b1, b2) fy (y)dy

+ y[ms(b; b, b2) L,y 4+ ms (1501, b2) Ly, <y
+ m;(b1; b1, b2) Ljocusp,y +w(—1) I <01]- )

According to the different value range of u, formula (9) can be divided into

0=- (5 +A+ ’Y)m<5(u; blrbZ) + cmf;(u; bl/ bz) + ’ymﬁ(bZ; blrb2>

+ A/Ooo ms(u—y; by, bo) fy(y)dy, u> by, (10)
0 =— (6 + A)ymy(u; by, bp) + cmls(u; by, by)

+ A/OOO ms(i — y; by, bo) fr(y)dy, by < u < by, (11)
0=—(8+A+y)ms(u; by, by) + cmls(u; by, by) + yms(by; by, b)

£ [T mstu - by ) ey, 0<u <y, (12)

0=~ (0+A+7)ms(u; by, b2) + cmj(u; b1, ba) + yw(—u)
+)L/O ms(u—y;b1,02) fy(y)dy, — u <O0. (13)
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For the convenience of description, according to the range of values of u, the Gerber-Shiu function
mg(u; by, by) is rewritten to

mg, (u;b1,02), 1> by,
ms, (u;b1,b2), by <u < by,
m()‘,us(u;bl,bz), 0<u<b,
H15/L(M;b1,b2), u <0.

m(5(u; bl/ bZ) =

Thus, the integro-differential equations mentioned above can be divided into the following
four cases:
When u > by,

0 =— (6 +A+)myu, (u;b1,b2) + cmy p (u; b1, b2) + ymg u, (ba; by, b2)

u—bz u_bl
+ /\/0 mgar, (4 —y;b1,02) fy (y)dy + A , ms, (4 —y; b1, b2) fy (y)dy
u—by
+A /u , ms,, (1 — y; b1, b2) fy (y)dy + A /u ms (1 —y;b1,b2) fy(y)dy, (14)
V1

and when by < u < by,

u—>by
0=— (04 A)mg 1, (u;b1,b2) + cmgruz(u; by, by) + A/O ms, (U —y; by, by) fy (y)dy
u (o)
+ )\/u . Mo (1 = yiby, ba) fy (y)dy + )\/u ms,L (1 —y; b1, b2) fy (y)dy, (15)
-9
and when 0 < u < by,

0=— (84 A+)mgu, (u; by, by) + cm . (u; b1, b2) + ymg uy, (by; by, ba)

u [ee]
A [ s (e =y b2) e W)Y + A [ s (0= i, ba) )y, (16)

and when u <0,

0=— (64 A+)msp(u; by, ba) + cmg p (u; by, b2) 4+ yw(—u)
+A /0 s (it — 3 by, ba) fr (y)dy. (17)

Further, from the continuity of ms(u; by, by), we can get

sz,L(O*} bl/ bZ) = m5,U3 (0+/ blrbZ)/
m&,U3(bl_} bl/ bZ) = m(S,Uz (bl+/ bl/bZ)/
mg, (ba—; b1, ba) = mgp, (ba+; by, b2),

and the boundedness of m;(u; by,by). As long as the form of penalty function w(x;) is properly
selected, we can solve the specific analytic formula of m;s(u; by, by). Next, based on the assumption
that the claim amount obeys the exponential distribution, we give the concrete solving process of
m,;(u; bl/ bz).

Assuming that the claim amount obeys the exponential distribution with parameter v, its density
function is fy(y) = ve~%, (v > 0,y > 0) and w(xy) is differentiable. Inserting fy(y) = ve” % into
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the formulas (14) to (17), and after applying the operator (% + v) to them respectively, the following
results are obtained.

_dtAtY

mg,ul (u;b1,b7) + (v )mﬁ;,ul (;b1,b7) (18)
—}y+70m@uﬂuﬂhih)=<—%?m@uﬂbzbhbﬁ, (19)
S+ A 0
M, (1561, 02) + (0 = == )i, (w31, b2) — o, (u; b1, b2) = 0, (20)
S+ A+
iy, (03b1,b2) + (0 — STyl (w301, by) (21)
1)
— +,)/Um(5,u3 (u,' bl,bz) = —%mo‘,us (bl,' bl,bz), (22)
O+ A+
!, (1;01,b2) + (0 — %)mﬁu(u; b1, bs) (23)
/ J— J— _—
— 5+,)/UTH5,L(M; bl, bz) = rw ( Ll) ’va( u) . (24)

c

Obviously, differential Equation (19) and (22) are identical in form, and it is easy to obtain
that m; 1, (u; b1, bp) and mg 1, (u; by, by) have the same general solutions. Furthermore, we give the
characteristic equations of the above four differential equations:

0+ Aty _5+vv_

eﬁ—i—(v . )€1 : 0, (25)
e+ (v— HT/\)SZ - 570 =0, (26)
&+ ( 5+/Z+7)83 (Hc_ryvzo, (27)
&5+ ( 5+/Z+7)s4—51—77}:0. (28)

It is noted that the characteristic Equations (25), (27) and (28) have the same characteristic roots,
which are denoted as p1, (p1 > 0) and —py, (—p2 < 0), respectively. Thus, the general solution
of mg 1, (u; by, b2) is obtained as follows: mg iy, (u;b1,b2) = Aqef" + Aze™ 2" + A3, u > by, where,
the symbol A3 is a set of special solutions of differential Equation (19), the symbols A; and Aj; are the
coefficients to be determined. Because 1113)1}:00 msu, (u; by, by) is bounded, then A; = 0 can be obtained,

so the general solution of s, (u; by, by) is
ms, (u; b1, bp) = Age P2 + Az, u > by. (29)
Similarly, the general solution of m 1, (u; by, by) is
g, (101, b) = Cief1" 4 Coe P2 4-C3, 0 <u < by, (30)

where, the symbol C3 is a set of special solutions of differential Equation (22), the symbols C; and C;
are the coefficients to be determined. Note that the two characteristic roots of Equation (26) are Ry and
—Rj, (—Rj < 0) respectively, so the general solution of s, (u; by, by) is

m&uz(u,‘ bl,bz) = B1€R1u + BzeiRzu, by <u <by, (31)

where, the symbols By and B, are the coefficients to be determined. The general solution of characteristic
Equation (28) depends on the form of penalty function w(x1,x2) = w(x,). In this case, let w(xp) = e~ 22,
where r, > 0, so that the general solution of m  (u; by, by) is
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TH5/L(M; bl/bZ) = Dleplu + Dye P24 D3€7r2u, u <o,

where, the symbols Dy, D; and D3 are the coefficients to be determined. The case of 1_i>m mg,(u; by, b2)
Uu——00

depends on the case of r; = 0 or rp > 0. If r, = 0, then m; 1 (1; by, bp) is the Laplace transformation
of the ruin time. When u — —oo, the ruin will be declared at the first observation. If r, > 0, then

lim my 1 (u; b1, by) represents the deficit at the time of ruin, there must be lim m (u;bq,b2) = 0.
U——00 U——00

That is

E[e—¢T] = — -
[e™"] Pl rp =0,

lim mg; (u;b1,b7) =
U——o0 0, rp > 0.

From the boundedness of Lim mg 1 (u;b1,b2), the general solution of m; 1 (u; by, by) is
u —00

THg;’L(u,' bl,bz) = D1eP™ + Dze 2%, u < 0. (32)

Now, the general solutions of mgs(u;b1,by) in different ranges are brought into the four
Equations (14)—(17) for calculation. The solution of Equation (14) is as follows:

0=—(8+A+y)myu, (u;b1,b) + cmg/u] (u;b1,bp) + ymg p, (bo; by, bo)
M—bz M—bl
+ )\/0 mg, (4 — y; b1, b2) fy (y)dy + /\/u , mau, (4 = y; b1, b2) fy (y)dy
—02

U o0
+A s (= y; b1, ba) fy (y)dy + )\/u ms (1 —y;b1,b2) fy(y)dy

Ju—b

=—0A3 + yAze 21

A A
+ {—(5 +A+y) —cp2— jv] Age P2+ A [ﬂ’e(va)bz — Ase™

02 p2—0
Biv  (Rito)b,  (Ri+o)b By (“Rytv)br  (—Rpto)b Civ (o140l
219 (p(Rito)by _ p(Ri+0)bry 4 P29 ((=Rotv)by _ p(—Roto)byy o 1Y (p(prito)br _q
R1+U( )+—R2—|—0( )+p1—|—v( )

C2U (—p2+0)b b Dlv D3U _
— 20 (elmp )b 1) 4 Ca(ettt — 1) + + e,
—p2+v( )+ Gl ) pi+o o

Since —p; is a characteristic root of the characteristic Equation (25), it can be obtained

Av
—(0+A+7y)—co2— =0
( v) — cp2 0o

By comparing the constant terms with the coefficients of e=%* , the following relations can
be obtained

— 6A3 4 yAze b2 =, (33)
AzU (0—p2)b> b Blv R BQU _ _
— AqePP2 (Ri+o)by _ ,(Ri+0)by (=Ra+v)by _ ,(—Ra+v)by
pz_ve 3e +R1—|—v(6 e )+_R2+v(e e )
Cio Cov Djv D3v

(p1+o)by _ _22Y  (p(=p2tv)br _ oby _ —
p1+v(e 1) _p2+v(e 1)+ Cs(e 1)+p1+v _——— 0. (34)
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The solution of Equation (15) is as follows:

M—bl
0=-— (5 + )L)Tﬂ5’u2(u,‘ by, bz) + cmg,UZ(u; by, bz) + A/O TH&UZ(M -y by, bz)fy(y)dy

u o0
+)\/ , Mg (U —y; blrbz)fY(y)d]/Jr)\/u ms(u—y;b1,b2) fy(y)dy
u—>by

Av
Ri+v

= {—(5 +A)+cRy + } Byefit 4 [—((5 +A)—cRy+ } Bye Ra

—Rry+v

Bv B G

A — 76(121-‘1-‘0)1)1 76( R2+U)b1 - e(P1+U)b1 —1

+ { (R1+U +—Rz—i-v )+p1+v( )
&(@(*FU*U)IH — 1)+ Cae™ — 1) + Do Dsv | —ou.
—02+ 70 o1+ov 1rn+t+o

Since Ry and —R; are the characteristic roots of the characteristic Equation (26), it can be obtained

Av
—((5+/\)+CR1+R1+U—O,
Av
—(6+A)—cR — =0,
( + ) ¢ 2+—R2+U

then we have

0=\ _(ﬂe(RlJﬂ’)bl + Ae(*R2+U)bl) + ﬂ(e(mﬂfﬂh ~1)

Ri+v —Ry+vo p1+0
7(:22] (e(7p2+v)bl —-1)+Cs (evbl —-1)+ Do Dsv e o,
—02+0 pprt+v rp+4vo

By comparing the coefficients of e~°* , the following relations can be obtained

Blv Byv _ Cll) b
0= —(—21% p(Ri+0)by 4 P2°  (—Roto)bry 4 _~1Y (,(o+o)br _ q
(R1+Ue +—R2+Ue )+p1+v( )
CZU (—p2+0)by b DlU D3'U
-1 1—1 . 35
—P2+v(e )+ Gle )+p1+v+r2+v 35

The solution of Equation (16) is as follows:

0= — (8 +A+)msu, (u; by, ba) + cm . (u; by, b2) + ymg , (by; by, ba)
u [
+ )»/0 m,u, (1 — y; b1, b2) fy (y)dy + /\/u m, 1 (u — y; b1, b2) fy (y)dy
=—06C3+ 7(C16P1b1 + Cze—leh)

A
+ [—(5 +A+) +co1+ piv} Cref1" + {—(5 +A+9) —cp2+ Cope P2
1

v
—02+0

Clv sz Dlv ng :| _
+A |- + +C3) + + e
[ o T T T T oo T
=—-0C3+ ’)’(Cleplbl + Cze_pzbl)
Clv Cgl) Dlv ng ] _
+A |- + +C3) + e U
[ (p1+v —p2+0 3) p1+v  rp+v
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ou

By comparing the constant terms with the coefficients of e~%* , the following relations can

be obtained
0= —6C3 + y(CreP1t1 4 Cre—r2b1), (36)
C]U Cyo Dlv D3Z)
0=-— C . 37
(p1+v+—p2+v+ 3)+p1+v+r2+v (37)

The solution of Equation (17) is as follows:

0=-— (5 + A+ 'y)mtg,L(u; bl, bz) + Cm:;[L(u,' bl, bz) + 'yw(—u) + )\/0 mM(u -y bl, bz)fy(y)d]/

/\D3?) pery
2+ 0

A
=|-(6+A+7)+co1 + piv} Dyeft" + {—(5+A+7)D3 +cDsry + 7 +
1

By comparing the coefficients of "2 , the following relations can be obtained

/\D3U
rmn+o

0=—(6+A+7)Ds+cDsra+ v+ (38)

In addition, according to the continuity of ms(u; by, by), the following relations can be obtained

Ci+Cy+Cs = Dy + Ds, (39)
Byefilt 4 By Reb1 — C o1ttt 4 Che P2l 4 5, (40)
Age™P2b2 1 Ay = Biefib2 4 ByeReba, (41)

According to the above Equations (33) to (41) a total of nine equations, we can find an explicit
expression of Gerber-Shiu function m;(u; by, by) in case of specific assignment of relevant parameters.
See Example 1.

3. Expected Discounted Capital Injection Function

Similar to deriving Gerber-Shiu function, in the period of (0,4), based on the observations of
the level of reserve and the occurrence of claims, the expected discounted capital injection function
V1 (u; b1, by) under the observational time interval with an exponential distribution can be written
as follows:

h
Vi (u; by, by) =e~ OtV (4 4 ch; by, by) +/ e~ M)ty e H (1) dt
0

h 00
+ /0 e~ O+ /0 Vi (u+ ct — y; b1, b2) fy (y)dydt, 42)
where

H(t) =Vi(b2; b1, b2) Ly crsbyy + Vi + et b1, 02) Ly, <o ersy)
+ [x1(b1 — (u+ct)) + Va(b1; b1, 02)] Locuter<hy) + 0 Luger<oy

Taking derivative on both sides of (42) with respect to /1, and let & = 0, we can get the following
integral-differential equation

0=—(0+A+7)Vi(u;b1,b2) + CV{(L{; by, by) + ¥ [Vi(bo; bl/bZ)I{x>b2} + Vi(u; blrbZ)I{b1<x<h2}

+ [xa (b1 — u) + Vi(b1; b1, b2) jo<usoy] + /\/0 Vi(u —y; by, b2) fy (y)dy.
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According to the range of values of u in the above equation, the equation can be rewritten
as follows

0=—(64+A+7)Va(u; by, b2) + cVy (1; b1, b2) + Vi (bp; by, by)
+/\/0°° Vi(u—y;b1,02) fy(y)dy, u>by,
0= —(8+A)Vi(u;b1,b2) + cV{ (u; b1, b) + /\/Ooo Vi(u—y;b1,b0) fy(y)dy, by <u<by,
0= (04 A+ 7)Vi(u;by, ba) + Vi by, ba) v [xa (by — ) + Va(by; by, b))
—|—/\/00o Vilu—y;b1,b2) fy(y)dy, 0<u<b,

0= —(6+A+7)Va(u;by, b) + Vi (u: b1, by) + A/Ow Vil — b1, b0) fr(y)dy,  u <O,
Similar to the Gerber-Shiu function, rewrite V; (1; b1, b) as follows
Vi, (;bq,b2),  u > by,
Vilibybe) = 252 EZ Zi 23 glguu;blf,

Vl,L(u}blbe)r u <0.
The integral part of the above equation is changed into elements. Let z = u — y, so that it can be
rewritten as follows
When u > by,
0=—(0+A+7)Viu, (b1,b2) + Vi y, (u; by, b2) + v Vi, (b2; b1, b2)
0 by
+A L Va,L(z b1, b2) fy (u — z)dz + )\/0 V1,u, (201, 02) fy (u — z)dz
bz u
2 [T Vi (b b fr(n =2z A [ Vi (a3 b) fy(n = 2)d, (43)
1 2

and when by < u < by,
0=— (64 A)Viu, (u;b1,b2) +cVy y, (u; b1, b2) + A /_Ooo Vi (zb1,b2) fy (u — z)dz
+A /O " Vius (2 b1, b2) fr (1 — 2)dz + A /b :’ Vi, (201, 02) fy (u — 2)dz, (44)
and when 0 < u < by,
0=—(8+A+7)Viu,(u;b1,by) + eV 1, (w501, b2) 4+ v [x1(by — u) + Va1, (b1 by, b))
+A /7000 Vi,0(z b1, b2) fy(u —z)dz + A /O” Vi, (201, by) fy (u — 2)dz, (45)
and when u <0,
0=—(04+A+7)Va,r(u;b1,b2) +cV]p (u;b1,b7) + A '/-_uoo Vo a5 o — 2 )
Assuming that the claim amounts obey the exponential distribution with parameter  and its

density function is fy(y) = Be Y, B > 0,y > 0, and that 1 (x) is differentiable. The following results
can be obtained by substituting fy(y) = Be PY into four formulas (43)—(46) and acting on operator

(% + ,B) , respectively.
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Vi, (01, b2) + [ — (04 A+ 7)] V], (b1, b2) — (6 +7) BVa,u, (5 b1, b2)

+vBVa,u, (bo; b1, b2) =0, (47)

Vi, (u; b1, b2) + [ — (6 + A)] V] 1y, (u; b1, b2) — 0BVi u, (45 b1, b2) = 0, (48)
Vi, (1401, b2) + [cB — (0 4+ A+ 7)] V] g, (b1, b2) — (6 +7) BVa,u, (15 b1, b2)

+ x1 (b — x) + B [x1(b1 — u; b1, b) 4+ Va,u, (b1; b1, b2)] =0, (49)

V'L (b1, b2) + [cB— (6 + A+ 7)) V] (u;b1,b2) — (6 + ) BVa,(u; b1, b2) = 0. (50)

The characteristic equations corresponding to the above four differential equations are respectively

&+ (p- T E e g, 6D
g+(6- "1 - 2p=0, 62
R 63
R e

Obviously, characteristic Equations (51), (53) and (54) have the same characteristic roots, which
are marked as p; and —p; (—p2 < 0), respectively. We also assume that Ry and —R, (—R; < 0) are
the two characteristic roots of the characteristic Equation (52). It is easy to get the general solution of
Vi, (u; b1, bp):

VLU] (u; by, bz) = Aqe" + Are 2" + Az, u > b,.

From the boundedness of V; i, (1; by, by), we have Ay = 0, then
Vi, (u;b1,b) = Age P2 4~ Az, u > by. (55)
The general solution of V; i, (u; by, by) is
Vi, (u;b1,by) = Byefi" 4 Bye R, by < u < by. (56)

The general solution of differential Equation (49) depends on the form of loss function x1(x).
It may be assumed here that x;(x) = x, so that differential Equation (49) can be rewritten as follows

V], (61, b2)+ [eB — (8 + A+ 7)] V] 1y (401, b2) — (6 +7) BVi,u (5 b1, b2)
+ox1 (b —u) + 9B [x1(br — u) 4+ Vi, (b1;b1,b2)] = 0.

Thus, the general solution of Vi i1, (; by, b) can be obtained as follows
Vi, (u; b1, by) = Cref" 4 Coe™ P2 + Cau + Cy. (57)
The general solution of V; 1 (u; by, by) is
Vi0(u;b1,by) = Dy 4+ Dpe P2", u < 0.

By virtue of the boundedness of function V; 1 (1; b1, b2), Dy = 0 can be obtained, so the general
solution of V; 1 (u; by, by) is

Vi,L(u; by, b2) = Def", u <0. (58)
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Now, the general solutions of Vj(u;by,b;) in different ranges are brought into the four
Equations (43)—(46) for calculation. The solution of Equation (43) is as follows
- (5 + A + ’Y)Vl,ul (u/ blr bZ) + CV],,Lh (M, bl/ bZ) + ’)/Vl,ul (b2/ blr bZ)
0 by
+A /_ Vi,L(z b1, b2) fy (u — z)dz + A/o Vi,uy(z: b1, b2) fy (u — z)dz

'bz u
+ A /b Vl,U2 (Z; bl, bz)fy(u — Z)dZ + A/h VLU1 (Z; bl, bz)fy(u — Z)dZ
Jby 2

= —0A3 + yAze P21

A b Bip , (r Ry +B)b
+A e(B—p2)b eﬁ 2 _|_ 1+B)b2 _ p(R1+B)by
[Pz y Ry + ﬁ( )
Baf (“RytB)br _ (~Rotp)by CiB  (o1+p)b Cof  (—prtpb
] _ 4+ P _(plor Bl 1y 4 2P (o2 tp)br g
_R2+5(6’ e ) ler/3(6 ) _p2+ﬁ(6’ )
D

+C3 (<b1 - ﬁ) Pbr 4 ﬁ> + Cy(ePr —1) + mfﬁ] e Pu, (59)

The solution of Equation (44) is as follows
0
0 = — (84 A)Vauy (b, ba) + V] 1, (136, B2) + A /f Vi1 (23 b1, bo) fy (u — 2)dz

bl u
+)\/ Va,u, (23 b1, b2) fy (u —Z)dz+/\/ Vi,u, (23 b1, b2) fy (u — z)dy

=1 {_ BiB_riippr _ BB (—rorpiy 4 =P GE (elr+B)br _ 1)
Ry + ,B Ry + ,3 p1+p
CoB(—prtBiby (( > b 1) Bb Dip | —pu
2P D) 4G (b1 — =) e 4 ) 4yl — 1) B (60
_p2+ﬁ(€ )+Cs | (b1 5)e 5 a(e ) i (60)

The solution of Equation (45) is as follows
0=—(6+A+7)Viu, (b1, b2) + Vi g, (u; b1, b2) + v [x1(b1 — u) + Vi1, (b1; b1, b2)]
0 u
+A /_ V1,0(z: by, b2) fy (u — z)dz + )\/0 Vi,u, (201, 02) fy (u — z)dz

AC
- [—5C4 +¢Cs + v(by + C1eP101 + Cre=P201 4 C3by) — 53} +[=(6+7)Cs — 7] u

_ Clﬁ _ C2‘B %_ ] —Bu Dlﬁ
—I—A[ Py —p2+,3+,3 C +A1+,B . (61)

The solution of Equation (46) is as follows

U
— (5 + A+ "}/)VLL(M; bl,bz) + CV{,L(L{; bl,bz) + A /_ Vl,L (Z; bl,bz)fy(u — Z)dZ

= [—(5 +A+7) +cpr+ p;‘fﬁ} Dyeft". (62)

In addition, according to the continuity of V; (u; by, by ), the following relations can be obtained

Aze—pzbz + A3z = BleRlbz + Bze_szZ, (63)
BieRh 4 ByeRebt — ettt 4 ChemP2b1 4 Caby + Cy, (64)
C1+C+Cy=Ds. (65)

According to the above Equations (59) to (65), we can find the display expression of Vi (u; by, by).
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4. Expected Discount Dividend Function

Similar to the Gerber-Shiu function, in the period of (0, 1), based on the observations of the level
of reserve and the occurrence of claims, the expected discount dividend function V,(u; by, by) under
the observational time interval with an exponential distribution can be written as follows

h
Vo (43 by, bp) =e~ OHATDI, (4 4 ch; by, by) + / e~ Mty e= " H(1)dt
0
h -0
+/ e_(‘5+7)t)\e_’\t/ Vo(u + ct — y; b1, ba) fy (y)dydt, (66)
0 Jo
where

H(t) = [x2(u +ct — by) + Va(b; b1, b2)] Ly crspyy + Vot + et b1, b2) Ly < g er<iy)
+ Va(b1; b1, b2) Ljocuscr<ny + 0 Iuger<oy-

Taking derivative on both sides of (66) with respect to 1, and let i = 0, we can get the following
integral-differential equation:

0=—(+A+7)Va(u;b1,b2) + CVZI(M; b1,b2) + [[){2(1/! —by) + Vo (by; b1, b7)] I{uzhz}
+Va(u; b1, b2) Iy, cuscyy + Va(b1; b1, b2) Ljo<y<pyy +0- I{uSO}}

+)\/0 Va(u —y; b1, b2) fy (y)dy.

According to the range of values of x in the above equation, the equation can be rewritten
as follows:

0=—(6+A+7)Va(u;by,by) +cVy(u;b1,b2) + v[x2(u — by) + Va(bo; by, bo)]

+ )\/Ooo Vo(u—y;b1,b0) fy(y)dy, u> by,
0 = — (6 -+ A)Va(u; b1, by) + cVA(u; b1, by) + A/O'w Valu — y; b1, bo) fr(y)dy, by < u < by,
0=—(6+A+7)Va(u;b1,b2) 4+ cVy(u; b1, b2) + Y Va(br; by, b2)

w2 T Valu—yibybo) fr(y)dy, 0 <u < by,

0=—(64+A+7)Va(u;b1,b2) 4+ cVy(u; by, b2) + A/O Vo(u—y;b1,b2) fy(y)dy, u<O.

Similar to the Gerber-Shiu function, rewrite V(u; by, by) as follows:

Vour, (u;b1,b2),  u > by,
Vou, (u;b1,b2), by <u<by,
Vo(u; b1, by) := e
Z(M ! 2) VZ,U?,(u; bl/bZ)/ 0<u< bl,
Voo (u;b1,b2), u<O.

The integral part of the above equation is changed into elements. Let z = u — y, so that it can be
rewritten as follows:
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When u > by,
0=—(6+A+7) Vo (b1, b2) + cV3 1y (u;b1,b2) + v (x2 (1 — b2) + Vo, (ba; by, b2))

A /7000 Va,1(2b1,b2) fy (u — z)dz + A /Obl Vou, (2 b1, 02) fy (u — z)dz

+A /:2 Vau, (2301, b2) fy (u — z)dz + A /b: Vo, (z; b1, 02) fy (4 — z)dz, (67)
and when by < u < by,

0=— (64 A)Vou,(u;b1,b2) +cVy y, (u; b1, b2) + A /7000 Vo1 (21, by) fy (u — 2)dz
+A /O b Vo,u, (2 b1, b2) fy (u — z)dz + A /b 1 Vo, (2 b1, b2) fy (u — 2)dz, (68)

and when 0 < u < by,

0=—(8+A+7)Vous(u; by, ba) +cVy yy, (401, b2) + Y Vau, (b1; b1, b2)
+A /io Vo,1(z; b1, b2) fy (u — z)dz + A /Ou Vo, (2 b1, 02) fy (u — z)dz, (69)
and when u <0,
0=—(0+A+7)Vo,(u;by,b2) + CVZ’,L(u; bi,by) + A /_uoo Vo,1.(z; b1, b2) fy (u — z)dz. (70)
Assuming that the claim amounts obey the exponential distribution with parameter  and its

density function is fy(y) = Be Y, B > 0,y > 0, and that () is differentiable. The following results
can be obtained by substituting fy(y) = Be~PY into four formulas (67)—(70) and acting on operator

(d% + [3), respectively

Vo, (01, b2) + [ — (0 4+ A+ 7)] Vo, (401, b2) — (6 +7) BVa,u, (b1, b2)

+ 9+ 9B [x2(u = b2) + Vo, (ba; b1, b2) ] =0, (71)

Vo, (u; b1, b2) + [ — (6 + A)] Vo, (u; b1, b2) — BV, (4;b1,b2) = 0, (72)
Vol (b1, b2) + [cB — (0 + A+ 7)] Va y, (b1, 02) — (6 + ) BVa,u, (1301, bo)

+BVa,us (b1;b1,b2) =0, (73)

cVzlfL(u; by,bp) + [cp— (6 +A+7)] V2”L(u; by, by) — (6 + v)BVa,L(u;b1,b7) = 0. (74)

The characteristic equations corresponding to the above four differential equations are respectively

0+ Aty b4y

g+(p-—_—)a-——B=0, (75)
g+(p- e - 2p=0, 76)
R 7)
G (p- T, X 78)

Obviously, characteristic Equations (75), (77) and (78) have the same characteristic roots, which
are marked as p1 and —p; (—p2 < 0), respectively. We also assume that Ry and —R; (—Ry < 0) are the
two characteristic roots of the characteristic Equation (76). It is easy to know that the general solution
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of Vo, (u; by, by) is related to that form of x»(x). Let’s assume x»(x) = x, so that the differential
Equation (71) is rewritten to

Vo, (01, b2) + [¢B — (0 + A +7)] Vo, (401, b2) — (6 +7) BVa,u, (b1, b2)
+ 94+ 9B [u—ba+ Vo, (b by, b2)] =0, (79)

then the general solution of V5 iy, (u; by, by) is
Vo, (u; b1, by) = AjeP" 4 Ape P2 4 A3, u > by.
From the boundedness of V; i1, (1; b1, by), we have Ay = 0, then
Vo, (u;b1,b2) = Age P2 4 Agu + Ay, u > by. (80)
The general solution of V; i1, (1; by, by) is
Vaou, (u;b1,b) = ByeR 4 Bye R4, by < u < by. (81)
The general solution of V; i1, (1; by, b2) is
Vo, (; b1, b) = Cref" 4 Coe P2 +C3, 0 < u < by. (82)
The general solution of V, 1 (1; by, by) is V1 (u; b1, by) = D1ef1" 4+ Dye™P2%, 1 < 0. By virtue of the
boundedness of function V, 1. (u; by, by), the coefficient D, = 0 can be obtained, so the general solution
of Voo (u;bq,by) is
Vo, .(u;b1,b2) = Dyef™, u <O0. (83)

Now, the general solutions of V,(u;by,by) in different ranges are brought into the four
Equations (67)—(70) for calculation. The solution of Equation (67) is as follows:

0=—(6+A+7)Vou, (u;b1,b2) + cVy g, (b1, b2) + v (x2(u — b2) + Vour, (b2; b1, b2))
+A /_Ooo Vo 1(z: b1, b) fy (1 — z)dz + A /Ob1 Vo, (2 b1, bo) fy (1 — 2)dz
A fz Vo (2:b1,b2) (= 2)dz + ) | 2 Vo, (2301, bo) fy (1 — 2)dz
=[-(0+7) A3 +]u

+ |:—5A4 — by + ”}’Aze_mbz + (’ybz — AA3> + CA3:|

B

A | 2P bt _ g Bt (bz _ 1) _ A4eﬁbz} obu

Lo2— P p

_L'B (Ri+B)b2 _ ,(R1+B)by Lﬁ (=Ro+B)by _ ,(—Ra+B)by —Bu
+/\_R1—|—,B(e e )+—Rz+ﬁ(e e )| e

[ GiB GB - _

A p1+pbL _q (=p2+B)b1 _ 1) 1, (P — 1 pu

A )+ e )+ (P —1) | e
A DIP p, (84)

p1+p
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The solution of Equation (68) is as follows:

0
0=— (5 + )\)szuz(u,' bl/bZ) + CVZ/,UZ (u; b1,b2) + /\/_ VZ,L(Z/' bl,bz)fy(u —2z)dz

b] U
+/\/O Vz/u3(Z,' bl,bz)fy(u —Z)dZ—F)\ /b Vzruz(z;bl, b2)fy(1/l —z)dz
v U1

S A) Ry =P BRI (5 A) Ryt P By

Ry + B "R+ B
A {_Rffge(&ﬂ%bl _ %E(R2+ﬁ)hl] o—Bu
A [plcfﬁ(ewﬁm 1)+ el 1) (o 1)] e
Ap? f ﬁe*ﬁ“. (85)

The solution of Equation (69) is as follows:
0=~ (6 +A+7)Vou, (b1, b2) + cV3 1y, (u; b1, b2) + Y Va,u, (b1 b1, b2)

0 u
+)\/; VQ’L(Z;bl,bz)fy(u—Z)dZ-F)\/O V2ru3(Z;b1,b2)fy(u—Z)dZ

:[—5c3+7(c1eﬂlbl+c2echl)]jm{— Gp __GP —C3| e Pt

pr+p  —p2+p

Dif _
+A—" Bu 86
o1+ B° (86)

The solution of Equation (70) is as follows:

u
0=—(64+A+7)Var(u;b1,by) +cVy; (u;b1,by) + /\/ Va,1.(z; b1, b2) fy (u — z)dz

A
- —(5+A+7)+Cm+plfﬁ Dyeftt. (57)

In addition, according to the continuity of V;,(u; by, by ), the following relations can be obtained

Age P22 - Asby 4+ Ay = BieRi?2 4 Bpe Rz, (88)
BleRlbl + Bze_szl = C1€p1b1 + Cze_pzbl + C3, (89)
C1+C+Cy=Ds. (90)

According to the above Equations (84) to (90), we can find the display expression of V;(u; by, by).

5. Numerical Examples

In this section, we give numerical examples of the Gerber-shiu function, the expected discounted
capital injection function and the expected discounted dividend function.

Example 1. Suppose the observational time interval, claim arrival time and claim amount are exponentially
distributed with parameters v = 5, A = 1 and v = 1, respectively. The net premium rate ¢ = 2, and
rp=0,by =5, bp =10, 6 = 0.01. Then by Equations (25) and (26), we get p1 = 2.876, po = 0.871,
Ry = 0.0099 and R, = 0.5049. By Equations (33) to (41), we have Ay = 0.394, A3 = 0.0325,B; =
0.0.0288, B, = 0.0.1147, C; = —0.000000000648, C, = 0.0949, C3 = 0.0394, D1 = —0.8637, D3 = 0.998.
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Based on the above data information, we give the display expression of the Gerber-Shiu function. In the next two
examples, we can also provide a similar display solution without repeating it.

= 0.394e 081" 10,0325, u > 10.

= 0.0288¢0009%% 40,1147 70504 5 < 4 < 10,

= —0.000000000648¢>876% + 0.0949¢ =871 10,0394, 0 < u <5,
= —0.8637e2876 < 0.

msr, (u; b1, by
(
(
(

mg, 1, (u; b1, b2

m(5,u2 u, blr vl

ms i, (u; b1, by

~— — ~— ~—

It should be noted that the above formula indicates that we can give explicit expressions under
certain circumstances. In order to fully show the influence of parameters change on the function,
we will give the numerical simulation as a whole, which is independent of the above explicit
expressions. In fact, now the Gerber-Shiu function becomes the Laplace transformation of ruin
time. The influence of interest force ¢, injection line b; and dividend payment line b, on Laplace
transformation of ruin time is considered separately.

As can be seen from the three graphs in Figure 2, the Laplace transformation of ruin time is
a decreasing function of initial reserve u, which is inconsistent with the conclusion of traditional

classical model. This means that the higher initial reserve u is, the smaller the Laplace transformation
b

.. . . —01,% . . . .. b L.
of ruin time is. The reason is thate = '1 is a decreasing function of ruin time Tblz. Increased initial
b 52
reserve 1 means greater ruin time Tb]Z' which in turn leads to smaller function ¢ %1 . In addition,
if the initial reserve u is fixed, the Laplace transformation of ruin time is a decreasing function for

parameters 6, by and b, respectively. Take b, as an example, larger b, means larger 7512, which in turn

b

. -T2 . . ..
leads to smaller function e ~ 1. The same conclusion appears in by and J, and we are not explain it
one more time.

0.16

0.14

0.12

0.1

E‘c 0.08
0.06
004

0.02

(Al: by = 5,by = 10) (A2: 6 = 0.01,5 = 10) (A3: 6 = 0.01,b; = 5)

Figure 2. The Laplace transformation of the ruin time.

Example 2. Suppose the observational time interval, claim arrival time and claim amount are exponentially
distributed with parameters v = 5, A = 1 and B = 1, respectively. The net premium rate c = 2, Now the
influence of interest force d, injection line by and dividend payment line by on expected discount capital injection
until ruin is considered separately.

As can be seen from the three graphs in Figure 3, the expected discount capital injection until ruin
is a deceasing function of initial reserve u. In addition, if the initial reserve u is fixed, the expected
discount capital injection until ruin is a deceasing function for parameters ¢ and by, respectively, and
an increasing function of parameters b;.
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10 16 8
__b=5
U~ 1_
b6
12 \\ __b1:7
10 \\\
S N N ] >
8
6
4
2 L 0
0 5 10 15 0 5 10 15
u u u
A4: by =5,b, = 10 A5: 5 =0.01,6 = 10 A6: 6 =001,b; =5

Figure 3. Expected discount capital injection until ruin.

Example 3. Suppose the observational time interval, claim arrival time and claim amount are exponentially
distributed with parameters v = 5, A = 1 and = 1, respectively. The net premium rate c = 2. Now the
influence of interest force J, injection line by and dividend payment line by on expected discount capital injection
until ruin is considered separately.

As can be seen from the three graphs in Figure 4, expected discount dividend function until ruin
is an increasing function of initial reserve u. In addition, if the initial reserve u is fixed, expected
discount dividend function until ruin is a deceasing function for parameters ¢ and by, respectively, and
an increasing function of parameters b;.

110 T T 25
—0=0.04 — b1=5

100 4=0.05 400
- -0=0.06
%

u u u

A7:b; =5,bp =10 A8:5=0.01,6 =10 A9:0=001,b; =5
Figure 4. Expected discount dividend function until ruin.

6. Conclusions

In this paper, on the basis of the classical risk model, we assume that the reserve level of
an insurance company can only be observed at discrete time points, then a new risk model is proposed
by introducing periodic capital injection strategy and barrier dividend strategy into the classical
risk model under the assumption that the observation interval is subject to exponential distribution.
This new risk model is of great practical significance since it is much closer to the actual operate
model of an insurance company. On the assumption that the claim amount is subject to exponential
distribution, the explicit expression of the Gerber-Shiu function is derived by means of the integral
and differential method, and the explicit expression of the expected discount capital injection function
and the expected discount dividend function is further derived. Finally, some numerical examples are
given to further analyze the influence of relevant parameters on actuarial quantity of the risk model.
These results will provide reference for risk management of insurance companies.

However, it is worth noting that the level line of capital injection and dividend in this model are
assumed in advance, not necessarily the optimal level line of capital injection and dividend. So in the
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later stage, we can also focus on the selection of the optimal level of capital injection and dividend.
In addition, we can also consider that the observation interval obeys Erlang(n) distribution.
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