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Abstract: The paper is devoted to the optimal state filtering of the finite-state Markov jump processes,
given indirect continuous-time observations corrupted by Wiener noise. The crucial feature is
that the observation noise intensity is a function of the estimated state, which breaks forthright
filtering approaches based on the passage to the innovation process and Girsanov’s measure change.
We propose an equivalent observation transform, which allows usage of the classical nonlinear
filtering framework. We obtain the optimal estimate as a solution to the discrete—continuous stochastic
differential system with both continuous and counting processes on the right-hand side. For effective
computer realization, we present a new class of numerical algorithms based on the exact solution to
the optimal filtering given the time-discretized observation. The proposed estimate approximations
are stable, i.e., have non-negative components and satisfy the normalization condition. We prove
the assertions characterizing the approximation accuracy depending on the observation system
parameters, time discretization step, the maximal number of allowed state transitions, and the applied
scheme of numerical integration.

Keywords: stochastic differential observation system; nonlinear filtering problem; state-dependent
observation noise; numerical filtering algorithm; filtering given time-discretized observations;
stable approximation; approximation accuracy

1. Introduction

The Wonham filter [1], as well as the Kalman-Bucy filter [2], is one of the most practically
used filtering algorithms for the states of the stochastic differential observation systems. It is
applied extensively for signal processing in technics, communications, finance and economy, biology,
medicine, etc. [3-6]. The filter provides the optimal in the Mean Square (MS) sense on-line estimate
of the finite-state Markov Jump Process. (MJP) given indirect continuous-time observations, corrupted
by the Wiener noise. The elegant algorithm represents the desired estimate as a solution to
a Stochastic Differential System (SDS) with continuous random processes on the Right-Hand Side (RHS).

The fundamental condition for the solution to the filtering problem is the independence of
the observation noise intensity of the estimated state. It provides the continuity from the right
for the natural flow of c-algebras induced by the observations, with subsequent utilization of
the innovation process framework. The condition violation breaks these advantages. In the case of
the state-dependent observation noise, the author of [7] presents the optimal estimate within the class
of the linear estimates. Further, the authors of [8,9] use filters of a linear structure for the solution
to the Hj-optimal state filtering problem. To find the absolute optimal filtering estimate, one has to
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make extra efforts. First, for proper utilization of the stochastic analysis framework, one needs to
reformulate the optimal filtering problem, “smoothing forward” the flow of c-algebras induced by
the observations. Second, in the case of state-dependent noise, the innovation process contains less
information than the original observations. One has to supplement the innovation by the observation
quadratic characteristic, which represents a continuous-time noiseless function of the estimated MJP
state. In general, the optimal filtering given partially noiseless observations is a challenging problem.
Its solution can be expressed either as a sequence of some regularized estimates [10] or by the additional
differentiation of the smooth observation components or their quadratic characteristics [11-14]. In both
cases, one needs to realize a limit passage, which is difficult in computers.

Even in the traditional settings, the numerical realization of the MJP state filtering is a complicated
problem. For example, the explicit numerical methods based on the It6-Taylor expansion applied
to the Wonham filter equation, diverge: the produced approximations do not meet component-wise
non-negativity condition. Over time the approximation components reach arbitrary large absolute
values. Further, in the presentation, we refer to the approximations, preserving both the component
non-negativity and normalization condition as the stable ones.

The Wonham filtering equation is a particular case of the nonlinear Kushner-Stratonovich
equation. To solve it, one can use various numerical algorithms

e the procedures based on the weak approximation of the original processes by Markov
chains [15,16],
some variants of the splitting methods [17],
the robust procedures based on the Clark transform [18,19],
the schemes, which represent the conditional probability distributions through
the logarithm [20], etc.

All the algorithms are developed for the case of additive observation noise and based on
the Girsanov’s measure transform. Hence, they are useless for the estimation of the MJP given
the observations with state-dependent noise.

The goal of the paper is two-fold. First, it presents a theoretical solution to the MS-optimal filtering
problem, given the observations with state-dependent noise. Second, it introduces a new class of stable
numerical algorithms for filter realization and investigates its accuracy. We organize the paper as
follows. Section 2 contains a description of the studying observation system with state-dependent
observation noise along with the MS-optimal filtering problem statement. To solve the problem,
one needs to transform the available observations both to preserve the information equivalence
and suit for application of the known results of the optimal nonlinear filtering. Section 3 describes
both the observation transformation and the SDS defining the optimal filtering estimate. The SDS
is discrete—continuous and contains both continuous and counting random processes on the RHS.
Previously, the author of the note [21] presents a sketch of the observation transform, but it cannot
guarantee the uniqueness of that SDS solution.

Section 4 presents a new class of the stable numerical algorithms of the nonlinear filtering.
The main idea is to discretize original continuous-time observations and then find the MS-optimal
filtering estimate given the sampled observations. The authors of [22] use this idea to solve a particular
case of the estimation problem, namely the classification problem of a finite-state random vector given
continuous-time observations with multiplicative noise. Section 4.1 contains a general solution to
the problem. The corresponding estimate represents a ratio, which numerator and denominator are
the infinite sums of integrals. They are shift-scale mixtures of the Gaussians. The mixing distributions,
in turn, describe the occupation time of the system state in each admissible value during the time
discretization interval. In Section 4.2, we suggest approximating the estimates by a convergent
sequence bounding number s of possible state transitions, which occurred over the discretization
interval. We replace the infinite sums in the formula of the optimal estimate by their finite analogs
and also investigate the accuracy of the approximations. We refer these approximations as the analytical
ones of the s-th order. One cannot calculate the integrals analytically and have to replace them with some
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integral sums, and this brings an extra error. Section 4.3 analyzes the value of this error and the total
distance between the optimal filtering estimate given the discretized observations and its numerical
realization. Section 4.4 presents a numerical example that illustrates the conformity of theoretical
estimates and their numerical realization. Section 5 contains discussion and concluding remarks.

2. Continuous-Time Filtering Problem Statement

On the probability triplet with filtration (), 7, P, { F }+>0) we consider the observation system

t
X; = Xo + / AT (s)Xsds + M, (1)
0
t t N
Yt:/o f(s)Xsds—i—/O Y X!GL/2(s)dW. @)
n=1

Here

e X;=col(X},...,XN) € SN is an unobservable state which is a finite-state Markov jump process
(MJP) with the state space SN £ {e1,...,en} (SN stands for the set of all unit coordinate
vectors of the Euclidean space RV) with the transition matrix A(t) and the initial distribution
= col(rt,..., iN); the process Mf( isan Fi-adapted martingale,

o Y = col(Ytl, .. .,YtM) € RM is an observation process: W; = col(th, .. .,WtM) € RM
is an Fj-adapted standard Wiener process characterizing the observation noise, f(t) is
an M x N-dimensional observation matrix and the collection of M x M-dimensional matrices
{Gnu(t)},_1 defines the conditional observation noise intensities given X; = ey.

The natural flow of o-algebras generated by the observations Y up to the moment ¢ is denoted by
V2 o{Ys:s€[0,t]}, D = {00}
The optimal state filtering given the observations Y is to find the Conditional Mathematical
Expectation (CME)
Xt £ E{X:|Vi+}. @3)

3. Observation Transform and Optimal Filtering Equation

Before derivation of the optimal filtering equation we specify the properties of the observation
system (1) and (2).

1. All trajectories of {X; }>0 are continuous from the left and have finite limits from the right, i.e.,
are cddldg-processes.

2. Nonrandom matrix-valued functions A(t), f(t) and {Gu(f)},_gxy consist of
the cddlig-components.

3. The noises in Y are uniformly nondegenerate [10], i.e., min G,(t) > «l for some « > 0;

1<n<N,
>0

here and after, I is a unit matrix of appropriate dimensionality.
4. The processes

Kij(t) £ 110y (Gi(t) — Gj(t)), i,j=1,N @)

have a finite variation; here and after, I 4(x) is an indicator function of the set A, and 0 is a zero
matrix of appropriate dimensionality.

Conditions 1-3 are standard for the filtering problems [10]. They guarantee the proper description
of MJP distribution 7t(t) £ E {X;} by the Kolmogorov system 7(t) = 7 + fot AT (s)7t(s)ds. Condition 4
relates to the quadratic characteristic of the observation process as a key information source itself.
Below we show that collection of G,(+), distinguished for different n, allows to restore the state X;
precisely given the available noisy observations. Condition 4 guarantees the local regularity of the time
subsets, where G, (-) coincide and/or differ each other: one can express them as finite unions of
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the intervals. The condition is not too restrictive: for instance, they are valid when Gy () are piece-wise
continuous with bounded derivatives.

Both the system state and observation are special square-integrable semimartingales [6,23] with
the predictable characteristics

(X, X); éxtxj—/ot XS_dXST—/Ot X X1 =
- /Ot (diag (AT(S)XS> — AT (s) diag X; — diag (Xs) A(s)) ds (5)

and

t t N ot
YY) 2 Yy, — /0 Yo dy] — /0 vyl =Y /0 X" Gy (s)ds. ©)
n=1

Conditions 1-3 and the properties of X; guarantee P-a.s. fulfilment of the following equalities for
the one-sided derivatives of (Y,Y):

d(Y,Y)s
ds

s=t— 2 X;LG‘VI (t_) = ZnNzl thGn(t_)/
@)

s | o= TN X (Galt=) + AGu (1)) = TNy X1Gult),

where AG,(t) £ Gu(t) — Gu(t—) is a jump function of G,(t). So, if there exists a nonrandom
instant +* > 0 such that Y\, 7" (£*)AG,(t*) # 0, then Vpr C Ve = Vi V{0, XEAG,(£)}.
The inclusion presumes the flow of o-subalgebras { ) }+>¢ is not necessarily continuous from the right
for the considered observations [24]. This is a reason to define a filtering estimate as a CME of X; with
respect to the “smoothed” flow ); for subsequent correct usage of the stochastic analysis framework.

Let us transform the available observations in such a way to derive the optimal filtering estimate
by the standard methods [6,23]. Initially, the idea of this transform is suggested in [11]. As the result,
the authors introduce the pair

-1/2
u 2 / Wb |yy ) Y, ®)
N ot
Y= Y [ XUGa(s)ds )
n=10
The authors of [11] prove coincidence of the o-algebras

Vi=0{Us, 0<s<t}Vo{(Y,Y);, 0<s<t} for the general diffusion observation systems.
However, they do not pay attention to the continuity of {);} from the right. The authors of [12,14]
suggest to replace the observations (Y, Y); by their derivative

N

Q(r) & XXsy 2 : (10)

Then, one can construct the optimal estimate either to use Q; as a linear constraint or to
differentiate (10) for extraction of the dynamic noises. The papers [12,14] contain a rather pessimistic
conclusion: the number of differentiations is unbounded in the general case of diffusion observation
system. In contrast, we estimate a finite-state MJP and can construct the optimal filtering estimate
using Q without additional differentiation.

So, the transformed observations will contain

diffusion processes with the unit diffusion,
counting stochastic processes,
indirect state observations obtained at the nonrandom discrete moments.
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The first transformed observation part is the process U; (8), and in view of (2) and (7) it can be
rewritten as

U = /0 " F(s) Xods + W, (11)

where f(s) £ YN_| G, 1/%(s) f(s) diag(e,) and W; is an Fi-adapted standard Wiener [10].

The process Q; could play the role of the second part of the transformed observations since
Vi = o{lUs,Qs, s € [0,t]} [11], however the natural flow of o-algebras generated by the couple
(U, Q) is not continuous from the right yet. Moreover, the process Q; is matrix-valued and looks
overabundant for the filter derivation. The point is, Q; = Q(t, X;—) (10) is a function of the finite-set
argument X;, and it affects the estimate performance through its complete preimage

Q= 0t X)L {ey €SN ¢ Gult—)en = Q).

To go to the preimage we introduce the following transformation of Q;:

N
Hi2 Y 1) (Qi = Gu(t)) en.
n=1

Hy is a Vi-adapted vector process with components 0 or 1, but the trajectories H; are not cddldg
processes. Due to the fact X;_ = X; P-a.s. for V t > 0 the equalities below are valid

N
= Y Loy (Ge(t) — Gu(t)) Xfe, = K()X; = K(H)X,— P —as, (12)
k=1

n,

where K(t) is the N x N-dimensional matrix with the components (4).
The function K(t) has the following properties.

K(t) =K' (t) forany t > 0.

The number of K(-) jumps occurred in any finite time interval is finite due to condition 4.

K(t) isnota cddlig-function [25].

P {||AK(t)]|||[AX¢]| > 0} =0forany t >0

For any t > 0 there exists a transformation T(t) such that the matrix T (¢)K(t) is trapezoid with
orthogonal strings and 0 and 1 as the components.

6. P{T(t)H €SN} =1foranyt>0.

Gl W=

Let us define a Yy -adapted process V; = col(V}, ..., VN) with the cddldg-trajectories:
Vi & T(t+)Hys. (13)

From (12) and (13) it follows that V; = J(t)X; P-a.s., where J(t) £ T(t+)K(t+).

We denote the set of the process V' discontinuity by V, X’ stands for the set of X discontinuity
and J for the analogous set of the process J. The sets VV and X’ are random, in contrast J is nonrandom.
The process V; is purely discontinuous, and due to property 4 it can be rewritten in the form

Vi=J(0)Xo+ Y. AVe=]O0)Xo+ Y. AM®Xe+ Y J(K)AXc =

keV: k<t keJ: k<t keEV\J: k<t
—JOXo+ ¥ AWXe+ ¥ J0X=J0)Xo+ ¥ M(m+/ )X, (14
KEJT: k<t KeEX: k<t keJ: k<t _
AD, =Ry

Due to the definition V; € SN for V t > 0. The process D; characterizes the observable jumps at
the nonrandom moments caused by J(t) changes, and R; is an observable part of the state X; jumps,
occurred, at some random instants.
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As a second part of the transformed observations, we choose the N-dimensional random process
Ct £ col(C},...,CN): the components C}' count the jumps of the process V; into the state e, occurred
at the random instants over the interval [0, £]:

t
cr :/ (1— el Vil )e dRs. (15)
0

The third part of the transformed observations is the N-dimensional process D; with the jumps at
the nonrandom moments.

Lemma 1. IfY; £ ¢{(Us,Cs, Ds), s € [0,t]}, then the coincidence Yy = Yy is true for any t > 0.

Correctness of the Lemma assertion follows immediately from the fact the composite process
(Ui, Ct, Dy) is constructed to be )i -adapted, and one-to-one correspondence of the (U,C,D)

and Y paths:
t -1/2
d(Y,Y)y
ut:/Ot ( <du> |u:s+) dys,

C = / (I—diagVe )dVi— Y (I—diagV, AV,
0 KET: k<t

Di= )  (I—diagV, )AV,, (16)
KET: k<t

Vi = T(t+)Hy,

N N d(Y,Y)s
H; = 21[{0} ( d’s 2
n—=

S:t_—Gn(t)) en,

t N . .
Vi = Dy +/0 Z V;,(e]- — ei)dCé.
(i.): i#]
. (17)
Yt = / Z ‘/SHG%/Z(S)dus,
0

n=1
Below we use the following notations: 1 is a row vector of the appropriate dimensionality formed
by units, J,,(s) = e, J(s) is the n-th row of the matrix J(s),

Tn(s) £ diag(Ju(s)) AT (s)(I — diag Ju(s)). (18)

Lemma 2. The process C; = col(C},...,CN) has the following properties.

1. n-th component C}' allows the martingale representation

Cr = /Ot ll"n(s)Xsds—l—/Ot(l — Ju(8) X5 ) Ju (s)dME.

2. [C",C™]y =0 forany n # m;
t
(", = /O 1T, (s) Xods. (19)

3. The innovation processes

t Py
e / (act —10,(5)Rods), n=TN 20)
Jo
are Yi-adapted martingales with the quadratic characteristics
t -~
W vty = / 1T, (s) Xsds. (21)
0

Proof of Lemma 2 is given in Appendix A.
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Finally, the transformed observations (U, C, D) take the form

[ _
ut:/O F(s) Xods + Wi,

I = /Ot 1T, (s) Xsds + /Ot(l —Jn(8)Xs ) u(s)dMZX, n =1,N, (22)
Di=J(0)Xo+ Y AJ(x)X.
KkeJ: k<t

Theorem 1. The optimal filtering estimate X; is a strong solution to the SDS

% = ((00) JO)m) " diag(D)I(O)o+ [ AT (5)%uds + [ (diag X KX ) 7 (5)dos
+ nil/ot (Fn(S) — lrn(s)}?s_l) X5 (1r”(s))?s—)+d1/;l+

+ ¥ <(ADKTA](K))?K_>+diag(ADK)A](K)—1>)A(K—/ (23)

KET: k<t

where ,
w & Uy —/ 7(S)Xsds (24)
0

and A" is a Moore—Penrose pseudoinverse. The solution is unique within the class of nonnegative
piecewise-continuous Vi -adapted processes with discontinuity set lying in V.

Proof of Theorem 1 is given in Appendix B.
The transformed observations (22) along with Theorem 1 prompt a condition of the exact
identifiability of the state X; given indirect noisy observations Y; (2).

Corollary 1. If for any n # m (n,m = 1, N) the inequalities G, (s) # Gu(s) are true almost everywhere on
[0, t], then X; = X; P-a.s., and X; is the solution to SDS (23).

The proof of Corollary 1 is given in Appendix C.

4. Numerical Algorithms of Optimal Filtering

4.1. Optimal Filtering Given Discretized Observations

The latter section contains the stochastic system (23) defining the optimal filtering estimate
X;. The problem of its numerical realization seems routine: we should apply the corresponding
methods of numerical integration of SDS with jumps on the RHS [26]. However, this simplicity
is illusory. The problem is that the “new” countable observation C; and discrete-time one D; are
results of certain transform of the available observation Y, and this transform includes a limit passage
operation. In fact, to obtain C; we have to estimate/restore the current value of the derivative %.
First, this leads to some time delay to accumulate observations Y;. Second, any pre-limit variant of C;
either has a.s. continuous trajectories or represents their sampling, which demonstrates oscillating
nature. Third, the considered filtering estimate is the CME of the state X; given the observations
Y up to the moment t. The CME has natural properties: its components are a.s. non-negative
and satisfy the normalization condition. The estimates and approximations having these properties are
referred in the paper as the stable ones. Mostly, the conventional numerical algorithms do not provide
these properties for the calculated approximations. They can preserve the normalization condition
only, but the components can have the arbitrary signs and absolute values.

In the paper we present another approach to the numerical realization of the filtering algorithm
above. We discretize the available observations Y by time with the increment & and then solve
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the optimal state filtering problem given discretized observations. The estimate can be considered
as approximation of the one given the initial continuous-time observations. Properties of the CME
guarantee the stability of the proposed approximation.

To simplify derivation of the numerical algorithm and its accuracy analysis we investigate
the time-invariant subset of the observation system (1), (2), i.e.,, A(t) = A, A(t) = A, Gu(t) = Gy,
n = 1, N. The observations are discretized with the time increment h:

Y, & / FXods + / ZX”Gl/ZdWs, ren, (25)

i’ln

where t, £ rh are equidistant time instants. We denote ), £ o{Ys : 1 < s < r} non-decreasing
collection of o-algebras generated by the time-discretized observations; )y = {®, Q}.

The optimal state filtering problem given discretized observations is to find X, 2 E {X;, |9, }.

Let us consider asymptotics of X. We fix some T > 0 and consider a condensed sequence of
binary meshes {%}rzﬁ with time increments h, = zln and corresponding increasing sequence
of o-subalgebras {94, }: 94, = o{Y,, 1 < r < 2"}. The observation process {Y;} is separable,
hence o {U®_;9,} = Vr. Then, by Levy theorem Xy» £ E{Xr|9,} —> E{Xr|Vr} =
E{Xr|Vrs} = Xt P-a.s. Moreover, since E {XT} =E {in} = 71(T), the £q-convergence is also

true: limy, o E { | X7 — Xon| } = 0. The convergence also holds, if we replace the sequence of the binary
meshes by any condensed sequence with vanishing step. So, we can conclude that the optimal filtering
given the discretized observation is a way to design the stable convergent approximations without
observation transform Y — (U, C, D) introduced in the previous section.

To derive the filtering formula we use the approach of [27] and the mathematical induction.

In the case r = 0 we have

Xo = E{Xo|Do} = E{Xo} = 7. (26)

Let for some r € N the estimate X,_; = E {Xt, ,19,-1} be known. Now we calculate X, at
the next time instant. To do this we have to specify the mutual conditional distribution (X;,,Y,) with
respect to 9),_1. From the observation model and ([10] Lemma 7.5) it follows that the conditional
distribution of Y, given c-algebra ]—'t)f V 9),_1 is Gaussian with the parameters

N
E{VIFS} = for, cov(Yn Y| FY) = 1 0lG. (27)
n=

tr
Here, v, = col(v},...,vl) £ / Xsds is a random vector composed of the occupation times of

—1
the process X in each state e, during the interval [t,_1, t,].
Below in the presentation we use the following notations:

e D2 {u=col(u,...,uN) : u" >0, YN u" = h} is an (N — 1)-dimensional simplex in
the space RM; D is a distribution support of the vector v;;

o I12 {m=col(rl,...,7iN): 7" >0, YN 7" = 1} is a “probabilistic simplex” formed by
the possible values of 7;

N X is a random number of the state X; transitions, occurred on the interval [t,_1,t,],

{CUEQ NX <S}ASA :Ilq/
. pk LA(du) is a condltlonal distribution of the vector X ol {q}( X)v, given Xy, = ¢, i.e., for any

G € B(RM) the following equality is true:

E {IQ(UV)I{q}( XX, = ek} = /ng’é'q(du);
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e N(ymK) 2 (21) M2det 2Kexp {—% ly —m) ||%<,1} is an M-dimensional Gaussian

probability density function (pdf) with the expectation m and nondegenerate covariance matrix K;
o ek =aTKe, (ap)x = aTKp.

Markovianity of {(Xt,,Y;)}r>0, formula of the total probability and Fubini theorem provide
the equalities below for any set A € B(RM)

E{X,14(Y,)|D, 1} = E {E {Xt,IA(Yr)|fff VQJH} |@H} _
N
=E {Xtr /AN(:V'fUY/ Z Upr)dy‘EDrl} =

E{E{Xtr/ y,fv,,Zv,Gp)dy’Xtr VY, 1} ’QJT 1}
Y

N
) e

(=1 q=0

Il
[ws]
——

N
YelX, [ / (v, fu, Eu”G )y (du) |, - 1}

=1

P

dy.

= ;W/A L—Zl >A<Ir<—1 E)/DN(%]C”/};“pGP>Pk'K'q(du)

This means that the integrand in the square brackets defines the conditional distribution (X4,,Y;)
given 9),_1. Further, the conditional distribution X; is defined component-wisely by the generalized
Bayes rule [10]

IR B0 Jp N (Yo fu BN PGy ) 00 (d)
LN Xy B Jp N (Yo fo, Ty 0Gy ) it (do)

j=1N. (28)

So, we have proved the following

Lemma 3. If for the observation system (1), (2) conditions 1-3 are valid, then the filtering estimate X,
given the discretized observations is defined by (26) at v = 0, and by recursion (28) at the instant t, of
the discretized observation Y, reception.

4.2. Stable Analytic Approximations

Recursion (23) cannot be realized directly because of infinite summation both in the numerator
and denominator. We replace them by the finite sums, and the corresponding vector sequence X, (s),
calculated by the formula

Zk 1Xr 1( ofD (Yr/f” Z 1qup)P ]’q(d”)
Zi,zzl xrfl s) Yoo JpN (Yr,fv, N ann)Pi'E’c(dU)

X (s) = j=1,N (29)

is called the analytic approximation of the s-th order of X,. Obviously, that X, (s) is stable.
Let us introduce the following positive random numbers and matrices:

il
.
>

s N i
J—Z/vawzmwwmw,
we y [ n (vofu 2 Y- G, )i (),

m= s+1 =1

(30)

(1>

ki
2 2190 002 1090,
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The estimates X, (28) and X, (s) (29) can be rewritten in the recurrent form:

X, = (1(¢r + Gr)T)A(rfl)il (Gr + 6,) "X, 1, (31)

Xr(s) = (18 X,21(5)) 718 X1 (). (32)
Let us define the global distance [28] between the estimates {X,(s)} and {X,} as

=, (s) 2 sup E {|\>?, —X,(s)nl} = sup %E {|>?£ —Xﬁ(s)|}. (33)

mell neszl

The pretty natural characteristic shows the maximal expected divergence of the recursions (28)
and (29) at the r-th step.
The assertion below defines an upper bound of the characteristic X (s).

Lemma 4. If the conditions of Lemma 3 are valid, then

s+1
z(s) <2-2(1- Y, (34)

where A £ maxi< <y |Ann|, and C; = C1(h, A) € (0,1) is the following parameter:

= —)Lh S-‘rl

(35)

k=s+1

. . . (Xh)sﬂ
which is bounded from above: Cq (521! 1

The proof of Lemma 4 is given in Appendix D.

Assertion of Lemma brings the practical benefit. The Lemma does not contain any asymptotic
requirements neither to the approximation order s nor to the discretization step h: inequality (34) is
universal. Mostly, in the digital control systems the data acquisition rate is fixed or bounded from
above. There are some extra algorithmic limitations of the rate: the “raw” data should be preprocessed,
smoothed, averaged, refined from outliers, etc. For example, utilization of the central limit theorem [29]
and diffusion approximation framework [30] for the the renewal processes is legitimate with significant
averaging intervals, and their length depends on the process moments.

Now we fix the time instant T and consider an asymptotic # — 0. In this case r = % — oo and

T
h

. (Ah) - (Xh)s
Zr(s) <2- (1 o )) ~ AT

4.3. Stable Numerical Approximations

In the recursion (32) we use the integrals ¢/, which cannot be calculated analytically.
The numerical integration brings some extra approximation error. Let us investigate its affect to
the total accuracy of the filter numerical realization.

The integrals &/ (y) are usually approximated by the sums

Ei(y) ~ 9ily) & Ty Ny, fon DX wlgp ol ) 2 199 () (36)

which are defined by the collection of the pairs {(wy, Ql[])} -1 Here, wy £ col(w}, ..., w)) € Dare
the points, and Qle] > 0 (¢ =1, L) are the weights: Z]-Zil N Qle] <0<l
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In complete analogy with &, we define the approximations 1, = || (Y,)|| i j—T,N- By construction,

the elements of ¥, are positive random values, hence the approximation X;
Xr & (1 %) T Kea, Xo = (37)
is stable. Below we denote the numerical integration errors and their absolute values as follows

YL K,y 2 Y o

TR, 7,2

P, (39)

So, the recursion (32) is replaced by the scheme (37), holding the common initial condition 7.

Both (32) and (37) are constructed in light of the event A}: the state transition numbers do
not exceed the threshold s over any subintervals [t4—1,tq] belonging to [0,t,]. So, the distance
between X, and X, (s) should be determined taking into account A$. In view of this fact, we propose
the pseudo-metrics

N
£:(5) 2 sup E {Las() % =X, (s) 1 } = sup Y B {Las(w)|X} = X[ (5)] } . (40)
mell mell p=1
This index reflects maximal divergence of the algorithms (32) and (37) after r steps, being started from
the arbitrary but common initial condition.

Theorem 2. If the inequality
max Y [ 9(y) =& )ldy <o (41)

i=1,N j=1

is true for the numerical integration scheme (36), then the distance &E,(s) is bounded from above:
E(s) <2rQ 1o (42)

The proof of Theorem 2 is given in Appendix E.

The chance to describe the accuracy of the numerical algorithm for the stochastic filtering using
only the condition (41), related to the calculus, looks remarkable. Furthermore, if the total weight
Q= E[,j Qle] separates from the unity, i.e., Q < 1, then the index &,(s) is a sublinear function of r, so as
the index X (s) of the analytic accuracy is. Notably, that in the classic numerical algorithms of the SDS
solution the global error grows linearly with respect to the number of steps r [26].

The precision characteristics of both the analytical approximation and its numerical realization
should be aggregated into the one. If the conditions of Lemma 4 and Theorem 2 are valid, then the local
distance (i.e., the distance after one iteration) between the optimal filtering estimate and its numerical
approximation can be bounded from above:

7(s) 2 sup E {8 — X1 } < sup B {1s (@) % = X (5) + X (5) = Xl + T (@)% = Xa (o)l } <
mell ell

<2P (@} + sup E {|[X1(s) = Kul } + sup E {T (@) % =X (s)llr } =
mell mell

= 2P (@i} +o(s) + &(s) <4 28 (43)

The global distance between X, £ E {X,|?),} and X, can be bounded in the similar way:

A Y _¥X _ _ (Ah)stt r r—1
T(s) £ sup E (1% =%} <4 [1 (1- G } +2rQ 6. (44)
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We could choose the parameters (h, s) of the analytical approximation and J of the numerical
integration independently each other. However, both the limitation of the computational resources
and the accuracy requirements lead to the necessity of the mutual optimization of (1, s, 9).

Let us fix some time horizon T along with the order s of analytical approximation, and consider
the asymptotic r — oo, or, equivalently, h = % — 0. Due to the Bernoulli inequality, and condition
0 < Q < 1 wehave that

~ -~ Ah)st1 r _ Ah)stl _
sup E {HXT/h - XT/h”l} <4 [1 - (1 - ((As+)1)z ) } +2rQ 18 < 474(();31)! +2rQ" 16 =
mell

— g Ahe -1 TAn° s
= AT +2rQ e < 2T (ZAW + E) . (45)

The first summand in the brackets represents the contribution of the analytical approximation
error, the second one reflects the error of the specified numerical integration scheme. Obviously,
the optimal choice of the parameters provides an equal infinitesimal order for both the summands,

and it is possible when 6 ~ @

4.4. Numerical Example

To illustrate the correspondence between the theoretical estimate and its realization along with
the performance of the numerical algorithm, we consider the filtering problem for the observation
system (1) and (2) with the following parameters: t € [0,1], N = 3,

-1.0 02 08 0.333 0.0 G =10,
A= 08 —-10 02 |, m=|[0333 ]|, f=]00]|, Gy=40,
02 08 -10 0.334 0.0 Gz =9.0.

The specified observation system is the one with state-dependent noise, and the conditions of
Corollary 1 hold, so the optimal filter (23) restores the MJP state precisely under available noisy
observations. Let us verify this theoretical fact, using the recursive algorithm (37). We choose
the analytical approximation of the order s = 1 with numerical integration by the simple midpoint
rectangle scheme and calculate estimate approximations with decreasing time-discretization step:
h = 0.01; 0.001; 0.0001; 0.00001. We expect the descent of the estimation error characterized by

the MS-criterion S;(h) = \/ E {HXt X ¢ H%} To calculate the criterion, we use the Monte—Carlo

method over the test sample of the size 1000. Figure 1 presents the corresponding plots of the quality
index S;(h) for various values of h.

1_

0.75F
\\
N
: TNl --h=001
Si(h) |} B el e h = 0.001
Tt —h = 0.0001
—h = 0.00001
0.251

0 0.25 0.5 0.75 1
Time ¢

Figure 1. Estimation quality index Sy (/) depending on the time-discretization step h.
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The determination of the precision order provided by the chosen numerical integration method is
out of the scope of this investigation. Nevertheless, one can see the expected decrease of the estimation
error when the time-discretization step descends. We appraise this result as a practical confirmation of
both the theoretical assertions and numerical algorithm.

5. Conclusions

In this paper, we investigated the optimal filtering problem of the MJP states, given the indirect
noisy continuous-time observations. The observation noise intensity was a function of the estimated
state, so it was impossible to apply the classic Wonham filter to this observation system. To overcome
this obstacle, we suggested an observation transform. On the one hand, the transformed observations
remained to be equivalent to the original one from the informational point of view. On the other
hand, the “new” observations allowed to apply the effective stochastic analysis framework to
process them. We derived the optimal filtering estimate theoretically as a unique strong solution
to some discrete—continuous stochastic differential system. The transformed observations included
derivative of the quadratic characteristics, i.e., the result of some limit passage in the stochastic settings.
Hence, the subsequent numerical realization of the filtering became challenging. We proposed to
approximate the initial continuous-time filtering problem by a sequence of the optimal ones given
the time-discretized observations. We also involved numerical integration schemes to calculate
the integrals included in the estimation formula. We prove assertions, characterizing the accuracy
of the numerical approximation of the filtering estimate, i.e., the distance between the calculated
approximation and optimal discrete-time filtering estimate. The accuracy depended on the observation
system parameters, time discretization step, a threshold of state transition number during the time
step, and the chosen scheme of the numerical integration. We suggested the whole class of numerical
filtering algorithms. In each case, one could choose any specific algorithm individually, taking into
account characteristics of the concrete observation system, accuracy requirements, and available
computing resources.

We do not consider the presented investigations as completed. First, the characterization
of the distance between the initial optimal continuous-time filtering estimate and its proposed
approximation is still an open problem. Second, we can use the theoretical solution to the MJP filtering
problem as a base of numerical schemes for the diffusion process filtering, given the observations with
state-dependent noise. Third, the obtained optimal filtering estimate looks a springboard for a solution
to the optimal stochastic control of the Markov jump processes, given both the counting and diffusion
observations with state-dependent noise. All of this research is in progress.
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Appendix A. Proof of Lemma 2

From (14), (15), the identity diag(a)b = diag(b)a, the fact that J,(f) # J.(t—) at most at finite
points of any finite interval and property 4 of the function K(t), the following equalities are true

Cl = /Ot(l —e, Vs egdRs = /Of(l — TV, )el J(s)(AT (s)Xe_ds + dMX) =
= /;(1 — Ju(s=)Xs ) Ju(s—)AT (s)Xs_ds + /(;t(l —e) Vs ) u(s)dMX =
= ./O‘t Ju(s)AT (s)(I — diag J,.(s)) Xsds + /Ot(l — e Ve )Ju(s)dMX =
= /Ot 1T, (s) Xsds + /(:(1 —e) Vs ) u(s)dMZX. (A1)

Assertion 1 of Lemma is proved.
The definition of the processes C!' (n = 1,N) guarantees their strong orthogonality, i.e.,

P{Aciac] =0} =0foranyi # jand t > 0,50 [C',C/); =0,
Let us use (5), (19) and properties of X and ], to derive the quadratic characteristics of C":
t 2 T
(€, = [0 = Jus) X (X, X)) (5) =
— /0 (1= Ju(8) Ko ) u(5) (diag(AT (5)X;— — AT (s) diag Xs- — diag(Xe—)A(s)) J; (s)ds =
t t
- /0 (1= Ju(8)Xs_ ) (s) diag(Ju (s)) AT (5)Xs_ds = /0 Ju(s)AT (s)(I — diag J(s)) Xeds =

- /0 AT, (5) Xods. (A2)

Assertion 2 of Lemma is proved.
If s and t are two arbitrary moments, such that s < ¢, then

B8 o219} = B{ [ AT ()1~ ding Jo (1) { (X, — Ro) D} dul . +

t —
+{e{ [[0-MOX w7} 7.} =0,
S
ie., v is a Yi-adapted martingale. Note, that v} is purely discontinuous with unit jumps, hence
V" v = ) (Avg)? = [C,C"r = Y (AC)? = Cf =
<t T<t
t t t o
= [ In(AT(5) (1 = diag Ju(6)) Xods + [ (1= Ju(s)Xe ) u(6)AME = [ 100(5)Redls + 1,

where 1) is some Y;-adapted martingale. From the uniqueness of the special martingale representation
[v", "]y it follows that (v",v"); = fot 1T, (s) Xsds. Lemma 2 is proved. [J

Appendix B. Proof of Theorem 1

We use the same approach as in ([6], Part III, Sect. 8.7) to derive the MJP filtering equations.
The idea exploits the uniqueness of the representation for a special semimartingale along with
the integral representation of a martingale [23].
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From the Bayes rule it follows that Xo = E {Xo|Dp} = (DOT](O)TE)Jr diag(Dy)J(0)7. Let 5, 1 be
a random instant of the 7 — 1-th discrete observation AD,, ,. We investigate evolution of X; over
the interval [5¢, 1, 3,):

t
Xi = X0, + AT(s)Xsds + M = ME |, t€ 3,1, 5).
Hn—1

Conditioning the left and right parts of the latter equality over ), one can show that

Zi=% [ AT R,
n—1

where {u} Yte[s, 1,5 1S an Viadapted martingale. For any ¢ € [, 1, 3;) the equality V; = V,,,_, V
o{Us, s € (sen_1,4]} V{CL s € (564_1,t], j = I, N} holds. The process {w;} (24) is a J; -adapted
standard Wiener process [10].

The process U; is a V-adapted semimartingale with FX-conditionally-independent increments,
meanwhile {Ci } j—T,N are YVi-adapted point processes. Hence, the martingale u} admits an integral
representation ([23], Chap. 4, §8, Problem 1), i.e.,

t N .
Y Bldvl, (A3)

Xn—1 j=1

~ ~ t . ot
Xi =X, |+ AT (s)Xsds + xsdws +

V-1 v -1

where a; and { ﬁjt } j—T,N are Y-predictable processes of appropriate dimensionality, which should be
determined.
Due to the generalized It6 rule

of _T
XU = X Uj [ (AT)XUS + diag(Xs)f ' (s)) ds + i,
v -1
where 2 is an F;-adapted matringale. Conditioning both sides of the latter equality over J;, we can

show that t
Xl =R UL+ [ (ATERUT + diag(R)f (5)) ds+ i, (A4)

Hn—-1

where 13 is a V;-adapted martingale. On the other hand, using the Ito rule, representation (A3)
and the fact that w; is the Wiener process, we can obtain

- - t A T
X =R U+ [ (ATORU + KXTF () + ) ds+ pf, (AS)

Hn—1 2
th—1

where i} is a Y;-adapted martingale. One can see that (A4) and (A5) are two representations of
the same special semimartingale X;U,", hence due to the representation uniqueness the );-predictable
process a; should satisfy the equality

/ " diag(R)F (s)ds = / t

Xn—1 Hn—-1

S oTHT
(XsXsTf (s) + ocs> ds,
and «; may be chosen in the form

ay = (dlag th — th)?t—r,) 7T (i’) (A6)
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Due to the generalized Ito rule, formulae (5), (18) and the properties of X and | j we can obtain, that

. . t .
X0l =X o+ [ (ATEXCLHTH()X, ) ds + 46,

Hn—1

where 37 is an F;-adapted martingale. Conditioning both sides of this equality over J;, we get

PR . t . ~
XiCl = R 1 Cly | (AT(8)XCLA4Ty(5) K, ) ds + 4, (A7)

Hn—1

where 4¢ is a Yi-adapted martingale. On the other hand, using the Itd rule, representation (A3)
and quadratic characteristic (21) we deduce, that

N . - . ot N . - - . -
XCl=X, C. + (AT (5)XoCL+ KA1 (5) X, + LT () X, ) s + 4], (A8)

Xn—1

where y7 is a Vj-adapted martingale. Since the representations (A7) and (A8) correspond to the same
special semimartingale X; C] we conclude that the process ,B] should satisfy the equality

/t Fj(s))A(sds = /t [)A(sll"j(s)f(s + ,Béll"j(s)f(s} ds.

Hn—-1 Hn—1

Acting as with the coefficient at, we choose the predictable processes } in the form

j e 5 s \7
Bl = ( (£) — 1T (¢ )Xt,l) R (1rj(t)xt,) , i=1,N. (A9)
So, on the interval [,_1, 3,) the optimal filtering estimate X; is described by the SDS

~ ~ t ~ t ~ P
X=X + [ ATS)Xeds+ [ (diagX, — Xe X )F' (s)dws+

Hn—1 1
N t R . . + .
+ Z/ (Fj(s) - 1rj(s)Xs,1) X (1rj(s)xs,) dvl. (A10)
j=1 Hn—1

Since P {AX,,, = 0} =1, equation (A10) presumes P-a.s. fulfilment of the equality

E{ X0 | Vs, Vo{Us, s € Gaur, 0} V(T s € (a1, 50], j =T N}} =

~ Hn ~ M . ~ ~ ~ i
=X, ,+ AT (5)Xs ds + (diag Xs— — Xs- X, )f (s)dws+

Hn—1 M1

+2/

Hn—1

—1T(s )5(5_1) X (1r]-(s)5<5_)+ dvl = Xe, .

Finally,

Vi = Voo N o{Us, s € (5001, 5]} \/O'{Cs, s € (36,1,5m), j=1,N}Vvo{AD,,},

so, by the Bayes rule we get that

Xy, = (AD;A](Tn)iTn_f diag(ADy, )AJ (t) Xz, - (A11)
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Equation (23) can be obtained as “gluing” of local equations (A10), which describe the evolution
of }A(t on the intervals [5;,_1, 5¢,), and formula (A11), which describes the estimate correction given
the observations available at the moments s,.

Uniqueness of the strong solution within the class of nonnegative piecewise-continuous
Vi +-adapted processes with discontinuity set lying in }’ can be proved in complete analogy with ([31]
Chap. 9, Theorem 9.2). Theorem 1 is proved. U

Appendix C. Proof of Corollary 1

The conditions of Corollary guarantee, that the elements of K(t) (4) satisfy the equality

Kpm(t) = dpm almost everywhere, hence J(t) = I. This means that in (23) Dy = Xy, P-as., ie.,

Xo = Xo. Further, from the properties of transition intensity matrix A(-) and the identity J,(t) = e,

it follows that T, (t) = diag(en)KT(t), where A(t) £ A(t) — A(t), A(t) = diag(A11(t),..., ANN)-
In this case
C = /A Xsds+/ (I — diag X, )dMZ,

and the n-th component counts the jumps of X; into the state e,, occurred on the interval (0, t].
This means X; is the unique solution to the “purely discontinuous” equation

t
X; = Dy + / (I - X,_1)dC,, (A12)
0

i.e., the state X; is measurable with respect to c{Dy, Cs, 0 < s < t}, so )A(t = X; P-as.

Further, we substitute X; into (23) and verify its validity. To do this we simplify the RHS of
the equality using the explicit form of J,(t), [;(t) and C;, along with the identities diag X; — X;X,| = 0
and AJ(t) =0

+ Z /0 [diag(en)KT(s) — EIKT(S)XS,I} Xs— (e,l—KT(s)XS,)Jr {dCZ — e;KT(s)Xs,ds] =
n=1
= Do+ nil /Ot [diag(en)KT(s) — e;KT(s)XS_I} Xs_ (eIKT(s)XS_) ’ dcr.

The properties of counting processes also provides the following implication: if for some ¥ C [0, T

the equality [ ey KT(S)XSdS = 0 holds, then [ dCl = 0. Hence, the latter transformation can be
continued:

X; = Do+2/ ~ Xe_]eldC, = Do+/ (I — Xs_1)dC,,

which leads to (A12). So, we have verified that under conditions of Corollary 1 the state X; is a solution
to the filtering equation (23). Corollary 1 is proved. [

Appendix D. Proof of Lemma 4

Using notations &, = ¢162...Crand O, £ 0,0, ...6, we can rewrite the estimates )A(r and X,(s) in
the explicit form

X, = (1 (B, +0,)" 71) B (E,+0,) 7, X, (s) = (IE;rﬂ> B z .
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To simplify inferences we will omit the index r in &, and ®;. The following relations are valid

(%%} - J=

=E {1(:+®)1T7ﬂ:Tﬂ [1ET7m0 T — 1@T7TET7T||1} <

1 = ® T 1 =T
— (& T — - =TT
1(2+0) ' 7 (E+0) 12T

1 =T T T =T — T
<E {1(E+®)Tnmn (12" @' 7| +10" 7|2 n||1)} 2E {1( o) 10 } (A13)
Let us consider an auxiliary estimate X, = E {X1,145(w)|;}. From the Bayes rule it follows that
X, = —L —ETmrand
" 1E+re)
o v _ . 1 a7
X, — X, =E {Xt,I w)|D, } e @ (A14)

From (A13) and (A14) we deduce, that forr =1and V 7t € I1

E {||>A(1 7%(5)”1} < 2E {”E {Xﬁlﬁi (‘U)@l} ||1} =

_2E { i E {xglai(w)m]}} = 2E {E {Iﬁi(w)ml}} =2P{a@}. (Al5)

n=1

The counting process NX has the quadratic characteristic (NX, NX); = — fo n—1 Ann X ds, hence
the probability P {a] } can be bounded from above as

X Tk Th)s+1
P {7} < ‘MkZ Y = a8 (A16)

Formulae (A15) and (A16) lead to the fact, that sup_ . ; E { X1 — X1 (s) Hl} 2C, ((S+)1)

Markovianity of the pair (X;, NX) and mequahty (A16) also allow to bound the probability

P {A,} from above: P { ,} <1- (1 -G ((tli)l) ) , that leads to (34). Lemma 4 is proved. O

Appendix E. Proof of Theorem 2

We have X; = (1¢] 7)1y 7, X; = (1&] 7)1/ m and A; = X; — X;(s). Using the matrix
algebra it is easy to verify that [y 711 — 19" 7tI]y"w = 0. Both the estimates are stable, hence
X1]l1 = |[X1(s)|l1 = 1. The following relations are valid:

1]l = Wlllﬁfmﬁfﬂ—lﬂﬂéfﬂ\ll = Wllléfﬂ’ﬁﬂ— 1y gl =

= WH[’YFTH — 1y wl]g 7|1 =

= WH[%TTH— 1y mel][g] 7w+ 7 7l = ICT I[y] 71 = 1o ] Xa 1 <

71T7r N 2]1\11711]
< lér I[7] w1 = 1] ] [[1 1 X1 lx < lgr =Yt HIW'

Using the last inequality, (41) and (A20), it can be shown that

E {1 ()81} zznl/ zw Jdy < 26.
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Since the latter inequality is valid for any 7r € I1, we have an upper bound for the local distance
characteristic:

sup E {Ls () |X1 = X (5) |1 } < 26.

(A17)
mell

Let us define the following products of the random matrices ¢, and ,:

[I]

A { Cqlgit--Gr 10 <7,
e

otherwise,

¥ A{ Polgi1---Yr, ifg<r,
qr — I

otherwise,

A —_
rq,r = 1Ijq,r -

Egr-

To proceed the proof of Theorem 2 we need the following auxiliary

Lemma Al. If ¢, £ ¢r(Y1,...,Yr) is a non-negative ) ,-measurable random value, and IS

, then
1H1 .

E {Iss(w)®r} = /RM + Jou Or(y1, - yr)dyr ... dys. (A18)

Proof of Lemma A1. We consider a non-negative integrable function ¢; = ¢;(y) : RM — R and
a %)1-measurable random value

A $1(Y1) $1(Y1)
P = = — . Al19
VAT () I Do Jp N (Y S Ly Gy ) ) (A1)

We find E {Iai (w)d, }:

E / / Y) Thrmr neo N (v, fo, TiLy 07Gy) o (do)
RM /D 1] 1 m:O fD y/fu Z 1qup)pl/m(du)7'[l
' Zké 1Zn 0 JoN (. fo, Eq 1Uqu)PkM(dv)7Tk
= = )dy.  (A20)
RM 1 ) z] 1 o= Jp Ny, fu, E Ly uPGp)p" (du) ; / nly)dy.

Let us consider a non-negative integrable function ¢» = ¢1(y1,¥2) : R?M — R, and a
),-measurable random value

q) A ¢1(Y11Y2) _
2= 5T N v
1&1/2(Y1,Y2)T[
$2(Y1,Y2)

2 2 //N Y1, fuq, Z uP Gy )N (Yo, fua, E uP2Gp, ) o2 (duy ) p™"™2 (duy) 11;

i,ip,j=1mq,my=0 p1=1 p2=1
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We find E {IAZ (w)cbz}:

E IAs(wCDz} / / $2(y1,y2) %

N S N
Z ) / / N, for, Z 01 Gy )N (y2, foa, Y 07 Gy, )p"*2™ (doy )p*>'™ (doy) i
kkp,0=1n1,n2=0 ql 1 L]Z 1
X S dyadyy =
/ /N 1, fu, Z uPr Gy )N (y2, fua, Z uP2Gp, )" (duy ) o7 (duz) i
112] 1 my,my=0 p1=1 pa=1

= /RM o 9201, Y2) Y2y

The correctness of the Lemma assertion in the general case of E {Is(w)®;} can be verified
similarly. Lemma Al is proved. O

Let us define an upper estimate for the norm of A, = X, — X,. From the definitions of =, ¥ and T
it follows that

r
Ty 2Y¥, — 81, =) Y17 ¥ (A21)
=1

Making the same inferences as for A;, we can deduce that

1Al < Z=I[T] ,m1 =11 7d]y < 22 HT 1‘1’t+1m ¥, (A22)

=T
18, 7

To estimate the contribution of each summand in (A22) we use (A18). To simplify derivation we
consider the case r = 3, function ¢(y1, 2, y3) : R*M — R

Py1,y2,y3) =19 (y3)7 ' (y2)y ' (y1)7

.y P(Y1,Y2,Y3)

- . Let us estimate from above
12{5(Y1,Y2,Y3) 7

and the 2)3-measurable random value &

the mathematical expectation

E {1y ()@} = /R . /R y / Z ! (y1) 7" (y2) 9" (y3)dyadyadyr =

i,jkm=1
N )
:ZmZQl/ k( yzdyzZEQ QZmZQeZ/ F* (y2)dy, <
i,jk=1 /=1 m=1n= ij=1 /=1
L.
<Q52ﬂiZZQZ<Q25
=1 j=1i=1

Acting in the same way, we can prove that for arbitrary r > 2 the inequality
E {IAi( )ﬂjrﬂlr:/rTlY]r 1”} <Q s
is valid for all r summands in the RHS of (A22). Finally E {I4s(w)|Ar|1} < 2rQ"14, and

the correctness of (42) follows from the fact that the latter inequality is valid for arbitrary = € I1.
Theorem 2 is proved. [
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