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Abstract: Since the notion of T-equivalence, where T is a t-norm, was introduced as a fuzzy
generalization of the notion of crisp equivalence relation, many researchers have worked in the
study of the metric behavior of such fuzzy relations. Concretely, a few techniques to induce metrics
from T-equivalences, and vice versa, have been developed. In several fields of computer science and
artificial intelligence, a generalization of pseudo-metric, known as partial pseudo-metrics, have shown
to be useful. Recently, Bukatin, Kopperman and Matthews have stated that the notion of partial
pseudo-metric and a type of generalized T-equivalence are linked. Inspired by the preceding fact,
in this paper, we state a concrete relationship between partial pseudo-metrics and the aforesaid
generalized T-equivalences. Specifically, a method for constructing partial pseudo-metrics from the
new type of T-equivalences and, reciprocally, for constructing the generalized T-equivalences from
partial pseudo-metrics are provided. However, important differences between the new approach and
the classical one are established. Special interest is paid to the case in which the minimum, drastic,
and Lukasiewicz t-norms are under consideration.

Keywords: continuous t-norm; Archimedean t-norm; additive generator; T-equivalence; T-equality;
partial pseudo-metric

1. Introduction

The notion of T-equivalence (or T-indistinguishability operator), where T is a t-norm,
was introduced in fuzzy logic by Trillas with the aim of giving the minimal number of properties that a
fuzzy relation should satisfy in order to be considered as a graded equivalence relation (for a detailed
discussion of the topic, we refer the reader to [1,2]).

From now on, we make the assumption that the reader is familiar with the theory of triangular
norms. One of the best bibliographical references on this topic is [3].

According to [2] (see also [1]), a T-equivalence on a (nonempty) set X is a fuzzy relation
E: X x X — [0,1] satisfying for all x, ¥,z € X the following axioms:

(E1) E(x,x) =1,
(EZ) ( X,y ):E( y,x )/
(E3) T(E(x,y),E(y,z)) < E(x,z).

Following [1], a T-equivalence E is said to be a T-equality when, for all x,y € X, the following
condition is fulfilled:

(E1) E(xy)=1lex=y.
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On account of [2] (see also [1]), given x,y € X, the numerical value E(x,y) can be understood as
the degree of indistinguishability (or similarity) between x and y. Clearly, the condition E(x,x) =1
expresses that an element x is completely indistinguishable from itself. Moreover, condition
E(x,y) = E(y,x) states that the degree of indistinguishability from x to y is exactly the same
as the degree of indistinguishability from y to x. Furthermore, the third axiom expresses that x
and z are indistinguishable whenever x and y are indistinguishable and, in addition, y and z are
also indistinguishable. This last condition manifests the importance of T-equivalences. Indeed,
the T-transitivity provides, by means of the degree of indistinguishability from x to y and from y
to z, a threshold to the degree of indistinguishability from x to z. Thus, it allows us to introduce
equivalence relations (note that, for each t-norm T, we obtain a new fuzzy equivalence relation) that
avoid the Poincaré paradox which disclaims the transitivity in the physical universe (let us recall that
Poincaré’s paradox states that in the physical universe there are objects A, B, C such that A and B
are indistinguishable, B and C are also indistinguishable, but A and C are totally distinguishable).
Indeed, axiom (E3) (above) states that x and z cannot be very distinguishable provided that x and y
are indistinguishable and y and z are indistinguishable.

In the study of indistinguishability, the relationship between metrics (distinguishability relations)
and T-equivalences have been tackled by many authors (see [1,3-11]).

With the aim of exposing the aforesaid relationship, let us recall the well-known notion of
pseudo-metric. According to [12], a pseudo-metric on a (nonempty) set X is a functiond : X x X —
[0, co] such that forall x,y,z € X :

(d1) d(x,x)=0,
(d2) d(x,y) =d(y,x),
(d3) d(x,z) <d(x,y)+d(y, z).

The notion of metric can be retrieved from the notion of pseudo-metric. Indeed, a metric 4 on X is
a pseudo-metric which fulfills the next stronger version of axiom (d1) for all x,y € X:

(d1) d(x,y) =0 x=1y.

A (pseudo-)metric d is called a (pseudo-)ultrametric when it satisfies the following stronger
version of axiom (d3):

(d3") d(x,z) < max{d(x,y),d(y,z)}.

Notice that actually the preceding introduced notions can take the value co and, thus, they match
up with extended (pseudo-)metrics and extended (pseudo-)ultrametric in the sense of [12].

In the aforementioned references, the following concrete correspondences between pseudo-metrics
and T-equivalences were explored and stated.

Let us remember that given a t-norm T an additive generator fr : [0,1] — [0,00] of T is a
strictly decreasing function which is also right-continuos at 0 and satisfies fr(1) = 0, such that
fr(x) + fr(y) € Ran(fr) U[fr(0), 0], and T(x,y) = f " (fr(x) + fr(y)) for all x,y € [0,1], where
(=1 denotes the pseudo-inverse of f, i.e., f(-1(y) = sup{x € [0,1] : f(x) > y}. Observe that, if the
additive generator is continuous, then f§_1) (x) = f~1(min{fr(0),x}) for all x € [0, 0], where f~!
stands for the ordinary inverse of f. We refer the reader to [3] for a fuller treatment of the topic.

In order to introduce the first type of aforesaid relationship, let us consider a t-norm T that admits

an additive generator fr, a T-equivalence E on a nonempty set X and a function dg ¢, : X x X — [0, o0]
defined by

dr (%, y) = fr(E(x,y))
forall x, y € X. Then, it seems natural to wonder whether the function d f, is always a pseudo-metric.

An affirmative answer to the posed question was provided by the next result and, thus, a technique for
constructing pseudo-metrics from T-equivalences was developed (see, for instance, [4,5]).
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Theorem 1. Let X be a nonempty set whose cardinality is greater than 2. Let T and T* be two t-norms such
that T* admits an additive generator fr«. Then, the next conditions are equivalent:

1. T*isweaker than T (ie., T*(x,y) < T(x,y) forall x,y € X),
2. The functiondg s, : X x X — [0, 00] is a pseudo-metric on X for any T-equivalence E on X.
3. The functiondg s, : X x X — [0, 00] is a metric on X for any T-equality E on X.

Observe that in the statement of the preceding result the cardinality of the set X has been
assumed to be greater than 2. This is due to the fact that the function dg f is always a pseudo-metric
(metric) on X for every function f : [0,1] — [0,00] such that f(1) = 0 (f(x) = 0 & x = 1),
where dp ¢(x,y) = f(E(x,y)) for all x,y € X. Consequently, d r,, is always a pseudo-metric on X
for every t-norm T* and any additive generator of T* whenever the cardinality of X is lower than
3. Clearly, in order to show the equivalence between 2 and 3, it is not necessary to assume such a
constraint about the cardinality.

Since every t-norm T is weaker than T);,, the next surprising result which was deduced from
Theorem 1 and can be found, for instance, in [4].

Corollary 1. Let X be a nonempty set and let E be a Tyi,-equivalence (Tppi,-equality) on X. If fr is an additive
generator of a t-norm T, then the function d g, is a pseudo-metric (metric) on X.

The drastic t-norm Tp is the weakest t-norm the following result, which can be found in [4],
can also be deduced from Theorem 1.

Corollary 2. Let X be a nonempty set and let E be a T-equivalence (T-equality) on X. If fr,, is an additive
generator of the drastic t-norm Tp, then the function dg, fro, is a pseudo-metric (metric) on X.

With the aim of introducing the second type of relationship between pseudo-metrics and
T-equivalences that have been explored in the literature, let us now consider a pseudo-metric 4
on a nonempty set X and a t-norm T that admits an additive generator fr. Then, one can wonder

naturally if the fuzzy binary relation E is a T-equivalence on X, where

afi
E o(xy) = £V dxy)
d,f](fl) 7 T /]/

for all x,y € X. The next result answered affirmatively the question raised when the T-norm is,
in addition, continuous and, hence, it gave the following technique to generate T-equivalences from
pseudo-metrics (see, for instance, [4,10]).

Theorem 2. Let T be a t-norm which admits an additive generator fr. If T is continuous, then the following
assertions hold:

1. Ifdis a pseudo-metric on X, then the fuzzy relation E 4 is a T-equivalence on X.
2. Ifdis a metric on X, then the fuzzy relation E 4,/ is aTT—equality on X.
7JT

Notice that the converse of the assertions in the statement of the preceding result are not true in
general. As an illustrative example, take the function d : [0,1] x [0,1] — [0, co] defined by d(x,y) = x -y
forallx,y € [0,1]. Itis clear that E £ is a Tp-equivalence on [0, 1], but d is not a pseudo-metric on

T
[0,1] because d(1,1) = 1. 7
In view of Theorem 2, the question naturally arises about the necessity of the t-norm continuity.
However, it was proved that such an assumption cannot be taken out in Example 3 of [4].
Notice that the Lukasiewicz t-norm T; admits the function fr, : [0,1] — [0, 0], given by fr, (x) =
1 — x, as additive generator. Then, in the particular case in which the t-norms T and T* are taken as
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T = T* = Tr, Theorems 1 and 2 give the next celebrated result which can be found in [6]. Observe that
in this case the constraint about the cardinality is not necessary.

Corollary 3. Let X be a nonempty set and let E be a fuzzy relation on X. Then, the next conditions
are equivalent:

1.  Eisa Ty-equivalence (Ty-equality) on X.
2. The function1 — E (i.e., dg, fr, ) is a pseudo-metric (metric) on X.

It must be stressed that the minimum t-norm Ty, does not admit an additive generator.
However, a more explicit, than the given by Corollary 1, and a well-known relationship between
Trmin-equivalences and pseudo-metrics can directly be stated. Such a relationship was given in [11]
(see, also, [1]).

Corollary 4. Let X be a nonempty set and let E be a fuzzy relation on X. Then, the next conditions
are equivalent:

1. Eisa Tyyy-equivalence (Tyy,-equality).
2. The function 1 — E is a pseudo-ultrametric (ultrametric) on X.

In 1994, Matthews introduced a generalization of the metric notion which have shown to be
a useful tool for developing quantitative models in computer science [13-21]. Concretely, such a
notion is nowadays known as partial pseudo-metric. Let us recall, according to [12,15], that, given
a non-empty set X, a partial pseudo-metric on X is a function p : X x X — [0, co] that fulfills for all
x, Y, z the axioms below:

(D) p(x,x) < p(x,y)
P2) p(x,y) =p(y x)
P3) p(x,y) < p(x,z) +p(zy) — plz2).

7
7

Similar to the metric case, the partial pseudo-metrics can take the value co. Thus, such a notion
actually coincides with the counterpart to an extended pseudo-metric.

Note that a partial pseudo-metric satisfies all axioms of pseudo-metrics with exception of (d1).
Indeed, given x € X, a partial pseudo-metric p on X does not satisfy in general that p(x,x) = 0 such
as the next example shows.

Example 1. Consider the function pmax : [0, 0] x [0, 00] — [0, 00| defined by pmax(x,y) = max{x,y} for
all x,y € [0, 00]. It is not hard to verify that pmax is a partial pseudo-metric. In addition, pmax(x,x) = x # 0
forall x €]0, c0].

According to [12,15], a partial metric on a nonempty set X is a partial pseudo-metric p that satisfies
for all x,y € X the axioms below:

(P0) p(x,x) =p(x,y) =py,y) & x=y.

Clearly, the partial pseudo-metric pmax is exactly a partial metric on [0, co].

It is obvious that a (pseudo-)metric on a nonempty set X is a partial (pseudo-)metric p such that
p(x,x) =0forall x € X.

Following [22], a partial pseudo-ultrametric on a nonempty set X is a partial pseudo-metric p on
X which satisfies for all x, y, z the following:

®3) plx,y) <max{p(x,z),p(z,y)}.

When a partial pseudo-ultrametric p on a nonempty set X satisfies, in addition, the axiom (p0)
then it is called partial ultrametric.
An instance of partial ultrametric is provided by the next example.
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Example 2. Consider the set of all finite and infinite sequences X.°° over a nonempty alphabet *.. Given v € L%,
denote by 1(v) the length of v. Thus, 1(v) € NU {eo} forall v € £®°. Moreover, if £p = {v € £* : 1(v) € N}
and Yoo = {v € % : 1(v) = oo}, then £° = X U Xe. Consider the function py, : £° x £ — [0, o0
defined by

pr(o,w) =2710%)

forall v,w € X°, where 1(x,y) denotes the longest common prefix of x and y (of course, if x and y have not a
common prefix, then 1(x,y) = 0). We have adopted the convention that 2~°° = 0. It is not hard to check that
ps, is a partial (pseudo-)ultrametric on X°.

Recently, it has been showed that the notions of T-equivalence and partial pseudo-metric are very
closely linked. In particular, on the one hand, Demirci ([23]) and, on the other hand, Bukatin, Kopperman,
and Matthews ([22]) have elucidated that the logical counterpart for partial pseudo-metrics is, in some
sense, a generalized T-equivalence that we have called partial T-equivalence.

Let us recall that, according to [24] (see also [22,25]), a partial T-equivalence E on a (nonempty)
set X is a fuzzy relation E : X x X — [0, 1] satisfying for all x, y,z € X the following axioms:

(PE1) E(x,y) < E(x,x),
(PE2) E(x,y) = E(y,x),
(PE3) T(E(x,y), E(v,y) —1 E(y,2)) < E(x,2),

where — 1 denotes the residual implication generated from the t-norm T. Observe that, in general,
the t-norm is assumed to be left-continuous in order to guarantee that the residuation property is
fulfilled (see [3] and Proposition 2.5.2 of [26]).

Moreover, a partial T-equivalence E will be called a partial T-equality provided that

(PE0) E(x,y) = E(x,x) =E(y,y) ©x=1y.

Notice that the notion of partial T-equivalence retrieves as a particular case the classical notion of
T-equivalence whenever the partial T-equivalence E on X satisfies, in addition that E(x,x) = 1 for
all x € X. Indeed, the axiom (PE3) is transformed into the axiom (E3) because T(E(x,y),E(y,z)) =
T(E(x,y),1 —1 E(y,z)) = T(E(x,y),E(y,y) —1 E(y,z)) < E(x,z). However, there are partial
T-equivalences that are not T-equivalences like the next example proves.

Example 3. Consider the set of all finite and infinite sequences X.°° over a nonempty alphabet 3. Denote by
1(v) the length of v € £ as in Example 2. Define the fuzzy binary relation Ex, on %, where

Es(u,0) =1—271®)

forall u,v € £®°. The convention that 2=°° = 0 has been assumed. A straightforward computation shows that
Es is a partial Tyg,-equivalence. Note that Ey is not a Min-equivalence because Ey, (u,u) =1 — ﬁfor all
u € X*®°. Moreover,

Ex(u,u) =1« l(u) = oco.

Taking into account the exposed relationship between, on the one hand, T-equivalences and partial
T-equivalences and, on the other hand, between pseudo-metrics and T-equivalences, the purpose of the
present work is to explore more in depth the duality correspondence between partial pseudo-metrics
and partial T-equivalences. With this aim, we state a method for constructing partial pseudo-metrics
from partial T-equivalences in the spirit of Theorem 1. Reciprocally, a method for constructing partial
T-equivalences from partial pseudo-metrics is provided extending to the new context the technique
given by Theorem 2. However, important differences between the new framework and the classical one
are also established. Special interest is paid to the case in which the minimum, drastic, and Lukasiewicz
t-norms are under consideration. Hence, counterparts to Corollaries 1, 3, and 4 are obtained in this
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new approach. Nevertheless, we show that Corollary 2 cannot be extended to the new framework.
Finally, conclusions and future work are exposed.

2. Generating Partial Pseudo-Metrics from Partial T-Equivalences

In this section, we provide a method for constructing partial pseudo-metrics from partial
T-equivalences. Such a method is studied in the case in which the triangular norm is continuous,
since the t-norm under consideration in the notion of partial T-equivalence is left-continuous and we
are interested, motivated by Theorem 1, in those t-norms that admits an additive generator. Let us
recall that, when a triangular norm T admits an additive generator, the left-continuity of T is equivalent
to its continuity (see Proposition 3.26 of [3]) and thus the t-norm T is Archimedean and continuous,
i.e., T admits the following representation:

T(x,y) = fr ' (min{fr(0), fr(x) + fr(y)})

for all x,y € [0,1]. Note that for continuous and Arquimedean t-norms f;fl) = f7 . In this particular
case, the residual implication — is given as follows: x =1 y = f; ' (max{fr(y) — fr(x),0}) for all
x,y € [0,1] (see Theorem 2.5.21 of [26]).

The next result gives the aforesaid method in order to induce a partial pseudo-metric from a
partial T-equivalence. Let us stress that, if the set X in which the partial T-equivalences are defined
has cardinality lower than 3, then the function pg r is always a partial pseudo-metric (partial metric)
on X for every monotone (strictly monotone) function f : [0, 1] — [0, c0], where pg ¢(x,y) = f(E(x,y))
forallx,y € X.

Proposition 1. Let X be a nonempty set and let T be a continuous t-norm which admits an additive generator fr.
If E is a partial T-equivalence on X, then the function pg . : X x X — [0, 0] is a partial pseudo-metric, where

pefr(xy) = fr(E(x,y)),

forallx,y € X.

Proof. Let us see that pg f, verifies the axioms of a partial pseudo-metric. First, we show that pg ¢,
satisfies (p1). Since fr is strictly decreasing and E(x,y) < E(x,x) for all x,y € X, we have that

PEfr (%, %) = fr(E(x,x)) < fr(E(x,y)) = pE s (%, Y)-

Next, we show that p , satisfies (p2). However, this is straightforward because of the symmetry
of E. Indeed,

pefr (X y) = fr(E(x,y)) = fr(E(y,x)) = pe g (v, X).

Now, we show that p ¢, satisfies (p3). Since E is a partial T-equivalence, we have that
T(E(x,y),E(y,y) =1 E(y,2)) < E(x,z) forall x,y,z € X. Moreover, the fact that fr is an additive
generator of T gives that

T(E(x,y), E(v.y) =1 E(y,2)) =

frt (min{fr(0), fr(E(x,y)) + fr (E(y,y) =1 E(y,2))})

and
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fr(E(y,y) =1 E(y,2)) =
fr (£ (max{ fr(E(y,2)) = fr(E(y,9)),0})) =
fr(E(y,2z)) — fr(E(y,y))-

Hence, we obtain that

T(E(x,y), E(y,y) =1 E(y,2)) =

frt (min{fr(0), fr(E(x,y)) + fr(E(y,2)) = fr(E(,))})-

Next, we distinguish two possible cases:
Case 1. fr(E(x,y)) + fr(E(y,2)) — fr(E(y,y)) € Range(fr). Then, we have that
fr(E(x,y) + fr(E(y,2)) = fr(E(y,y))) < fr(0).

It follows that

frt (fr(E(uy)) + fr (E(v,y) =71 E(y,2))) = T(E(x,y), E(y,y) =7 E(y,2)),

since

T(x,y) = fr ' (min{fr(0), fr(x) + fr(y)})
forall x,y € [0,1].

The fact that E is a partial T-equivalence on X gives, in addition, that T(E(x,y),E(y,y) —1
E(y,z)) < E(x,z). Thus,

frt Fr(E(xy) + fr (E(y,y) =71 E(4,2))) < E(x,2).
Since fr is strictly decreasing, we deduce that

fr(E(x,y)) + fr (E(y,y) =1 E(y,2)) =

fr (F7 (Fr(EGoy) + fr (E(,y) =1 E1,2))) = fr(E(x,2).

Since x —71 y = fr ' (max{fr(y) — fr(x),0}) for all x,y € [0,1], fr is strictly decreasing,
and E(y,z) < E(y,y), we deduce that

fr(E(y,y) =1 E(y,2)) = fr(E(y,2)) — fr(E(v,¥)),

whence we obtain that
fr(E(x,y)) + fr(E(y,z)) — fr(E(y,y)) = fr(E(x,2)).

Case 2. fr(E(x,y)) + fr(E(y,z)) — fr(E(y,y)) ¢ Range(fr). Then, the fact that f is an additive
generator of T gives that

fr(E(x,y)) + fr(E(y,2)) — fr(E(v,y)) > fr(0) > fr(E(x,z)).
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Therefore, pg, s, satisfies (p3) as claimed. [

An example of partial pseudo-metric constructed by means of the technique given by Proposition 1
is the following one (see also Example 6).

Example 4. Consider again the set of all finite and infinite sequences £ over a nonempty alphabet ¥ and
fuzzy binary relation Ey, on £°° introduced in Example 3. It is clear that Es is a partial Ty -equivalence on
L. Proposition 1 guarantees that the function pg, g, is a partial pseudo-metric on £ with pg g (x,y) =
1 — Es(u,0) for all u,o € X%. Observe that the partial pseudo-metric pg, g, coincides with the partial
pseudo-metric py, introduced in Example 2.

When the partial T-equivalence is exactly a T-equivalence, we obtain the next result from
Proposition 1.

Corollary 5. Let X be a nonempty set and let T be a continuous t-norm which admits an additive generator fr.
If E is a T-equivalence on X, then the function pg . : X X X — [0, 00] is a pseudo-metric, where

Pefr (2 y) = fr(E(x,y)),

forall x,y € X.

Proof. Proposition 1 gives that the function pg s is a partial pseudo-metric on X. Moreover,

PEfr (X,%) = fr(E(x,x)) = fr(1) = 0. O

In the light of the preceding result and taking into account that, in the statement of Theorem 1,
the continuity of the t-norm is not required, it seems natural to ask if actually one can remove the
continuity from the statement of Proposition 1. The next example gives a negative answer to the posed
question and, thus, shows a difference between the new approach and the classical one.

Example 5. Consider the fuzzy relation E : [0,1] x [0,1] — [0, 1] given by

1 ifx=y
E(xy) =
max{x,y} otherwise.

It is not hard to check that E is a Tp-equivalence and, hence, a partial Tp-equivalence, where Tp is the drastic
t-norm. Nevertheless, the function pg. fro is not a partial pseudo-metric on [0, 1] because it does not satisfy the
axiom (p3). Indeed,

1 11 1 1
fio(5) = Pefr, (1 5) > PEfr, (1) T PEfr, (L 5) = PEfr, (L) = f1,(1) =0,

where
2—x ifxe[0,1]

frp(x) =
0 ifx =1

When the partial T-equivalence is exactly a partial T-equality, we obtain the following refined
version of the technique given by Proposition 1.

Proposition 2. Let X be a nonempty set and let T be a continuous t-norm which admits an additive generator
fr. If E is a partial T-equality on X, then the function pg s : X x X — [0, 0] is a partial metric, where

pefr (2 y) = fr(E(x,y)),
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forall x,y € X.

Proof. Itis only necessary to prove that the function p , fulfills the axiom (p0). Since fr is strictly
decreasing, we deduce that E(x,x) = E(y,y) = E(x,y) & pes(%,x) = pe (v y) = pEf (% 1)
Thus, we obtain, from the fact that E is a T-equality, that pg ¢, (x, X) = pe,; (v, y) = P (X, y) & x =
y. O

In the particular case in which the partial T-equality is exactly a T-equality, we obtain the next
result from Proposition 2.

Corollary 6. Let X be a nonempty set and let T be a continuous t-norm which admits an additive generator fr.
If E is a T-equality on X, then the function pg . : X x X — [0, 00] is a metric, where

P, (%, y) = fr(E(x,y))

forall x,y € X.

Proof. Corollary 5 gives that the function pg f, is a pseudo-metric on X. Moreover, taking into account
that fr is strictly decreasing and that fr(1) = 0, we have that 0 = pg f,(x,y) & 0 = fr(E(x,y)) &
E(x,y) =1 x =y. Consequently, pg ¢, is a metricon X. [

The next example gives an instance of a partial metric generated by means of the methodology
provided in Proposition 2, which is not a metric.

Example 6. Let E be the fuzzy relation on [0, 1] defined by

E(x,y) = min{x,y}

forall x,y € X. Consider the additive generator fr, of the product t-norm given by fr,(x) = —log(x) for all
x € [0,1], where we assume that log(0) = co. Since E is a partial Tp-equality, Proposition 2 yields that the
function p,g, is a partial metric on [0, 1], where

PE,fr, (X, y) = —log(min{x,y})
forall x,y € [0,1].

Next, we focus our effort on trying to obtain a version of Theorem 1 in our new framework.
Recall that, if the set X in which the partial T-equivalences are defined has cardinality lower than 3,
then the function pg ¢, is always a partial pseudo-metric (partial metric) on X.

Theorem 3. Let X be a nonempty set. Assume that T and T* are two continuous t-norms and that T* admits
an additive generator fr-. Then, the following assertions are equivalent:

1. The function pg ., : X x X — [0,00] is a partial pseudo-metric on X for the partial T-equivalence E
on X.
2. The function pg g, : X x X — [0, 0] is a partial metric on X for the partial T-equality E on X.

Proof. If the cardinality of the set X is lower than 3, then both assertions are equivalent. Assume that
the cardinality of the set X is greater than 3. Next, we show the equivalence between both assertions.

1. = 2. Assume that E is a partial T-equality on X. Then, the function pg ., : X x X — [0, ]
is a partial pseudo-metric on X. We only need to show that p f,, satisfies axiom (p0) when the
partial T-equivalence E is a partial T-equality on X. Since fr+ is strictly decreasing, we deduce that
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E(x,x) = E(y,y) = E(x,y) © PE,f. (%, %) = PEf. (Y, Y) = PE,fp. (X, y)- The fact that E is a T-equality
yields that

PEfr (X, X) = PEf (YY) = PEf (%, y) & X =Y.

Thus, pg f,. is a partial metric on X.

2. = 1. For the purpose of contradiction, we assume that there exists a t-norm T, a non-empty set
X, and a partial T-equivalence E on X such that the function pg ¢, is not a partial pseudo-metric on X.
It follows that pg f,, does not satisfy either condition (p1) or condition (p3).

First, we suppose that (p1) is not fulfilled. Then, there exists x,y € X such that pg ¢ (x,y) <
PE, f. (¥, X), whence we obtain that fr«(E(x,y)) < fr+(E(x,x)). However, the fact that fr+ is strictly
decreasing provides that E(x, x) < E(x,y), which is a contradiction because E is a partial T-equivalence
and, thus, E(x,y) < E(x, x).

Next, we suppose that (p3) is not fulfilled. Then, there exists x,y,z € X such that pg ¢, (x,y) >
PE, fre (x,z) + PE, fye (z,y) — PE, fye (z,z). Next, we show that max{E(x,y),E(x,z),E(y,z)} < 1.
We differentiate the following three possible cases:

Case 1. E(x,y) = 1. Then, we have that

0= pE,fT* (x’y) > pE,fT* (X’Z) + pE,fT* (ny) - pE,fT* (le) 2 O’

which is not possible.

Case 2. E(x,z) = 1. Then, E(z,z) = 1. Thus, pg . (%,2) = prf. (2,2) = 0and pgy. (x,y) >
PE,f,. (2, ). Since fr« is strictly decreasing, we have that E(x,y) < E(z,y). Hence, E(z,y)
1 —71 E(z,y) = E(2,2) =1 E(2,y). The fact that E is a partial T-equivalence yields that

T(E(x,z),E(z,z) =1 E(z,y)) < E(x,y).
Thus, E(z,y) = T(1,1 —7 E(z,y)) < E(x,y) < E(z,y), which is a contradiction.

Case 3. E(y,z) = 1. The conclusion can obtain the following similar arguments to those given in
Case 2.

Since max{E(x,y), E(x,z),E(y,z)} < 1, we define a binary fuzzy relation E' on Y = {x,y,z}
as follows: E'(w,v) = E(v,w) for all w,v € Y withw # vand E'(w,w) = 1forallw € Y\ {z}
and E'(z,z) = E(z,z). Itis clear that E'(w,v) = E'(w,w) = E'(v,v) & w = v forall w,v € Y.
Sincex w7y <z —ryforallz < xforallx,y € X, E(v,v) < E'(v,v) and E(w,v) < E'(w, v) for all
w,v € Y, a straightforward computation shows that

T(E'(w,v),E (v,0) =71 E'(v,u)) < T(E(w,v),E(v,v) =1 E(v,u)) <
E(w,u) < E'(w,u)

for all w,v,u € Y. Therefore, E’ is a partial T-equality on Y. By hypothesis, we have that PE fr. I8 @
partial metric on Y. Then,

pefre (0 Y) < PE g (X,2) + PE £ (2Y) — P g (2,2)

forall x,y,z € Y. However, this contradicts the fact that

PEfr (%,2) + PEfr. (2,Y) = PE £ (2,2) < PEfr (X,Y)
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The next result establishes what is the relationship between the t-norms T and T* when the
function pg . is a partial (pseudo-)metric on X for any partial T-equivalence (T-equality) E on X.
Notice that, in this direction, an important difference appears with respect to what occurs in the
classical case (see Theorem 1).

Theorem 4. Let X be a nonempty set with cardinality greater than 2. Assume that T and T* are two continuous
t-norms and that T* admits an additive generator fr«. If the function pg g : X x X — [0,00] is a partial
metric on X for the partial T-equality E on X, then T* is weaker than T.

Proof. Suppose that E is a partial T-equality on X. Leta, b € [0,1]. Our aim is to show that T*(a,b) <
T(a,b). With this aim, consider three different elements x,y,z € X and the fuzzy binary relation E on
X given by:

T(a,b) ifu=xandv=y

a ifu=xandv =1z
E(u,v) =E(v,u) =< b ifu=yandv =1z

1 ifu=v

0 otherwise

Notice that we can assume that a,b € [0,1] because, if max{a,b} = 1, then we have immediately
that T*(a,b) = T(a,b). A straightforward computation yields that E is partial T-equality on X.
By assumption, we have that pg ¢, is a partial metric on X. Thus,

pE,fT* (x’ y) S pE,fT* (x,Z) + PE,fT* (Z/ y) - pE,fT* (Z’Z)

for all x,,z € X, whence we obtain that
T(a,b) = E(x,y) = fr. ! (fr- (E(x,p))) >
A (Fre (B, 2) + fr(E(z,y)) — fr(E(2,2))) =
Y (fr(E(x,2) + fre (E(z,2) =1 E(2,))) =
T*(E(x,z),E(z,z) =71+ E(z,y)) =

T*(E(x,z),E(y,z)) = T*(a,b).
]

Contrary to the classical metric case, the converse of the preceding implication is not true in
general such as the next example shows.

Example 7. Let us recall that the family (T)]\VIT) ] of Mayor-Torrens t-norms are given by

A€(0,1

TMT (x,y) — max{x+vy—A,0}, ifA€]0,1]and (x,y) € [0,A]?
g ’ min{x,y}, elsewhere

According to [3,27], each t-norm T/{VIT is continuous.
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Next, consider the fuzzy binary relation E on a set X = {x,y,z} such that E(x,x) = E(y,y) = E(z,z) =
0.89, E(x,y) = E(y,x) = 0, and E(x,z) = E(z,x) = E(y,z) = E(z,y) = 0.45. It is not hard to check
that E is a T} -equivalence. Clearly, Ty, is weaker than T, ie., Ty (x,y) < TN (x,y) for all x,y €
[0,1]. Nevertheless, PEfr, (x,y) = 1— E(x,y) is not a partial pseudo-metric on X. In fact, PE, fr, (x,y) >
pE,fTL(x,z) + PEfr, (z,y) — PE.fr, (z,z), since 0.89 = E(x,y) + E(z,z) < E(x,z) + E(z,y) = 045+
0.45 = 0.90.

Combining Theorems 1 and 4, the following result can be stated.

Corollary 7. Let X be a nonempty set with cardinality greater than 2. Assume that T and T* are two continuous
t-norms and that T* admits an additive generator fr«. Then, each of the following assertions implies its successor.

1. The function pg s, : X x X — [0,00] is a partial pseudo-metric on X for any partial T-equivalence E
on X.

The function pg g, : X x X — [0, 0] is a partial metric on X for any partial T-equality E on X.

T* is weaker than T.

The function pg g, : X x X — [0, 00] is a pseudo-metric on X for any T-equivalence E on X.

The function pg f,.. : X x X — [0, 00] is a metric on X for any T-equality E on X.

AN

The fact that every t-norm T is weaker than Ty, allows us to deduce, from Proposition 1, the next
result which extends Corollary 1 to our context.

Corollary 8. Let X be a nonempty set and let E be a partial Tpy,-equivalence (partial Tyyin-equality) on X.
If fr is the additive generator of any continuous t-norm T, then the function pg r, is a partial pseudo-metric
(partial metric) on X.

Proof. Since E a partial Tyy;,-equivalence, we have that Ty, (E(x,y),E(z,y)) < E(x,y) forallx,y,z €
X. It follows that

T(E(x,2),E(z,2) =1 E(z,y)) < T(E(x,2),E(2,y)) < Tmin(E(x,y), E(z,y)) < E(x,y).

Therefore, E is a partial T-equivalence. Thus, by Proposition 1, we have that pg 7 is a partial
pseudo-metric on X. Similar arguments allow us to show that pg ¢, is a partial metric on X whenever
E is a Tppiy-equality on X but now applying Proposition 2.

O

We end this section pointing out another difference between the new approach and the classical
one. Indeed, observe that Example 5 shows that a direct extension of Corollary 2 to our context fails
to hold.

3. Generating Partial T-Equivalences from Partial Pseudo-Metrics

In the following, we show that the converse of Proposition 1 is fulfilled. Thus, we provide a
method for constructing partial T-equivalences from partial pseudo-metrics. Moreover, we show
that the classical method, given by Theorem 2, for generating T-equivalences from pseudo-metrics is
retrieved as a particular case.

Theorem 5. Let X be a nonempty set and let T be a continuous t-norm which admits an additive generator
fr-Ifp: X x X — [0, 0] is a partial pseudo-metric, then the binary fuzzy relation E, ¢ : X x X — [0,1]
given by

Eps(xy) = £V (p(x,y) forall x,y € X

is a partial T-equivalence on X.
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Proof. We first show that E, 7, satisfies axiom (PE1). Since p is a partial pseudo-metric, we have

that p(x,x) < p(x,y) for all x,y € X. The fact that the function fj(fl) is decreasing gives that
-1 -1

f; )(p(x,x)) > fé )(p(x,y)) and, hence, E, 1, (x,x) > Ep, ¢ (x,y) forall x,y € X.

The axiom (PE2) holds trivially. Indeed, E, ¢, (x,y) = i p(xy) = - py,x)) = E,f(y, x)
forallx,y € X.

Next, we prove that E,, ;. satisfies axiom (PE3):
T(Epfr(x,2), Ep fr(2,2) =1 By (v,2)) =
fr 't (min{ fr(0), fr(Ep(x,2)) + fr(Ep,f(2.2) =71 Ep 5y (4,2))}) =
fr Hmin{fr(0), fr(Ep(x,2)) + fr(Ep,f, (v,2) = fr(Epz(2,2))}) =

frH(min{fr(0), p(x,2) + p(y,2) — p(z,2)})

Since p is a partial pseudo-metric on X, we have that

p(x,y) < p(x,z)+py.z) —p(z2)

forall x,y,z € X. From the fact that f;fl) is decreasing and the preceding inequality, we deduce that

(D(p(x,2) +p(zy) —p(z2) < £ (0 y)).

It follows that

fr H(min{fr(0), p(x,2) + p(z,y) — p(2,2)}) < Epp(x,y).

Therefore,

T(Ep,fr (x,2), Ep s (2,2) =1 Ep £ (2,y)) < Ep g (3,7)
forallx,y,ze X. O

Combining Proposition 1 and Theorem 5, we obtain the following nice characterization of partial
T-equivalences.

Corollary 9. Let X be a nonempty set, let E be a fuzzy binary relation on X, and let T be a continuous t-norm
which admits an additive generator fr. Then, the following assertions hold:

1.  Eisa partial T-equivalence on X.
2. The function pg . is a partial pseudo-metric on X.

Of course, when we consider the Lukasiewicz t-norm T}, in the preceding result, we immediately
get the next result that extends the celebrated Corollary 3 to the partial Tr-equivalences.

Corollary 10. Let X be a nonempty set and let E be a fuzzy binary relation on X. Then, the following
assertions hold:

1.  Eisa Tr-equivalence on X.
2. The function 1 — E is a partial pseudo-metric on X.

Although the minimum t-norm Ty, is continuous, it does not admit an additive generator.
Nonetheless, the next explicit correspondence between partial Tys;,-equivalences and partial
pseudo-metrics can directly be stated. Observe that such a relationship extends Corollary 4.
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Corollary 11. Let X be a nonempty set and let E be a fuzzy binary relation on X. Then, the following assertions
are equivalent:

1. Eisa partial Tpgi-equivalence (Tyyi,-equality).
2. The function 1 — E is a partial pseudo-ultrametric (partial ultrametric) on X.

Proof. 1. = 2. Taking T = T, in Corollary 8, we deduce that 1 — E is a partial pseudo-metric on
X. Next, we show that, in addition, 1 — E is a partial pseudo-ultrametric on X. Since E is a partial
Tumin-equivalence, we have for all x, y,z € X that

min{E(x,), E(1,2)} = Tagin (E(x,y), E(W,y) =1, E(,2)) < E(x,2).
Moreover, it is clear that the following sequence of inequalities are equivalent for all x,y,z € X:
min{E(x,y),E(y,z)} < E(x,z)
~min{E(x,y), E(,2)} > —E(x2)
1—min{E(x,v),E(y,2)} > 1-—E(x,z)

max{1 —E(x,y),1—E(y,z)}

2. = 1. The fact that 1 — E is a partial pseudo-ultrametric on X gives that it is a partial
pseudo-metric on X. By Corollary 9, we deduce that E is a partial Tr-equivalence on X. Thus, E
satisfies axioms (PE1) and (PE2). It remains to prove that

%

1—E(x,2)

Tamin(E(x,¥), E(W,Y) =Ty EW,2)) < E(x,2).

We have that max{1 — E(x,y),1 — E(y,z)} > 1 — E(x,z), since 1 — E is a partial pseudo-ultrametric
on X. Since the preceding inequality is equivalent to min{E(x,y), E(y,z)} < E(x,z), we conclude that

TMin(E(x/y)/E(yly> _>TMiy, E(y,Z)) S E(X,Z).

Finally, 1 — E is a partial ultrametric if and only if 1 — E is a Tyy;,,-equality because of 1 — E(x,y) =
1-E(x,x) =1—-E(y,y) © E(x,y) =E(x,x) =E(y,y) ©x=y. O

It must be stressed that Corollary 11 ensures that the partial Ty;,-equivalence introduced in
Example 3 is the logic counterpart of the partial ultrametric py, introduced in Example 2 such as it was
suggested in [22].

We get Theorem 2 from Theorem 5 when the partial pseudo-metric is a pseudo-metric.

Corollary 12. Let X be a nonempty set and let T be a continuous t-norm which admits an additive generator
fr. Then, the following assertions hold:

1. Ifp: X xX — [0,00] is a pseudo-metric, then the binary fuzzy relation E, 7 : X x X — [0,1],
given by

Epsr(xy) = fi V(plx,y)) forall x,y € X,

is a T-equivalence on X.
2. Ifp: X x X — [0,00] is a metric, then the binary fuzzy relation E,, ¢ : X x X — [0,1], given by

Epp(xy) = f5 V(p(x,y)) forall x,y € X,

is a T-equality on X.
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Proof. 1. By Theorem 5, we have that the binary fuzzy relation E,, f, is a partial T-equivalence. We only
need to show that E,, ¢ (x,x) = 1 forall x € X. Certainly, we have that

Epp(%,%) = £ Y (p(x, %)) = £ (min{£r(0),0}) = f71(0) = 1.

2. By assertion 1. we have that E, f, is a T-equivalence on X. In order to show that it is a

T-equality, we assume that there exist x,y € X such that E, ¢, (x,y) = 1. Then, f§_1) (p(x,y)) =1.
Thus, f7!(min{fr(0),p(x,y)}) = 1. Clearly, it must hold that p(x,y) < fr(0) because otherwise
we have that f;!(fr(0)) = 0, which contradicts that E, . (x,y) = 1—in the case when 1 =
frHmin{fr(0), p(x,¥)}) = fr' (p(x,y)), whence we deduce that p(x,y) = 0. Since p is a metric
on X, we conclude that x = y. Thus, E,, ¢, is a T-equality on X. [

In view of Theorem 5 and Corollary 12, it seems natural to wonder whether the partial
T-equivalence E, r (x, ) is exactly a partial T-equality when we consider a partial pseudo-metric p,
which is, in addition, a partial metric. However, the next result provides a negative answer to that
question when considering the restriction to [0, o[ of the partial metric.

Example 8. Consider the restriction of the partial metric pyqy, introduced in Example 1, to [0, 00[x [0, oo].
Denote such a restriction again by pmax. Now consider the Lukasiewicz t-norm Ty. It is clear that pyax(3,2) >
is a partial Tr-equivalence on [0, 00[. Nevertheless,

fr,(0) = 1. Theorem 5 gives that E, fr,
Epmacsr, (3:2) = Eppu i, (3:3) = Epy fr (2,2) = 0.
Thus, Ey,,.., fr, is a partial Tr-equivalence on [0, 00|, but it is not a Ty -equality.

Taking into account Example 8, we give a sufficient condition in order to guarantee that the
induced partial T-equivalence is exactly a partial T-equality when one counts with a partial metric.

Proposition 3. Let X be a nonempty set and let T be a continuous t-norm which admits an additive generator
fr-Ifp: X x X — [0, 00| is a partial metric such that p(x,y) < fr(0) forall x,y € X, then the binary fuzzy
relation E,, ¢+ X x X — [0, 1] given by

Epse(vy) = fr U (p(xy)
is a partial T-equality on X.

Proof. By Theorem 5, we obtain that Ep, fr is a partial T-equivalence on X. Next, we show that it is,

in addition, a partial T-equality. Since p(x,y) < fr(0) for all x,y € X, we obtain that f§_1) (p(x,y)) =
fr 1 (p(x,y)) for all x,y € X. Assume that, given x,y,z € X, we have that

EPrfT(x’y) =Epfr (x,x) = Ep fr (v, y)-

Thus, f71(p(x,%)) = frl(p(xy) = fr'(p(y,y)). Suppose that p(x,x) < p(x,y). Then,
i (p(x,x)) > fr1(p(x,y)), which is a contradiction. Thus, p(x,y) = p(x,x). A similar reasoning
runs for proving that p(x,y) = p(y,y). The fact that p is a partial metric on X provides thatx =y =z
and thus that E,, 7, is a partial T-equality. [

Notice that, as an instance of partial pseudo-metric that satisfies the “boundness” condition
introduced in Proposition 3, we have the partial pseudo-metric py, introduced in Example 2 when the
Lukasiewicz t-norm is under consideration. Indeed, py. fulfills that py (1, v) = 2~/*?) < fr. (0) = 1 for
all u,v € . Furthermore, the restriction of the partial metric pmax, introduced in Example 1, to [0, 1]
provides another instance of partial pseudo-metric which fulfills the boundness condition when the
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Lukasiewicz t-norm is also considered. Indeed, pmax(x,y) < fr (0) = 1. Thus, Proposition 3 gives
that By fr, (x,y) =1 —max{x,y} is a partial T -equality on [0, 1].

Observe that, in assertion 2 in the statement of Corollary 12, we do not need to assume
the condition “p(x,y) < fr(0) for all x,y € X” because we always have that E, ¢ (x,y) =

frH(min{fr(0), p(x,y)}) =14 0= p(x,y) < fr(0).

From Proposition 3, we can derive the following result whose easy proof we omit. In order to state
such a result, let us recall that, according to Proposition 3.29 and Corollary 3.30 of [3], a continuous
t-norm which admits that an additive generator fr is strict provided that fr(0) = co.

Corollary 13. Let X be a nonempty set and let T be a strict continuous t-norm which admits an additive
generator fr. If p : X x X — [0, 00| is a partial metric, then the binary fuzzy relation E, 7 : X x X — [0,1]
given by

-1
Epsr(09) = fr D (p(oy)
is a partial T-equality on X.
Inspired by the classical pseudo-metric case (see Section 1), we wonder if the continuity of the

t-norm can be deleted in the statement of Theorem 5. We end the paper with an example which gives a
negative response to such a question.

Example 9. Let us consider the partial metric p4 on [0, co| defined by

Xty fx#Fy
p+(xy) =
0 ifx=y
Then, p+(%,0) = %, p+(0,1) = 1and p+(%, 1) = % Consider, in addition, the drastic t-norm Tp that is not
continuous and admits an additive generator. It is clear that the fuzzy binary relation E,,_ fr, ON [0, oo[ induced
by the technique stated in Theorem 5 is given by

0 if2<x+y

_ 2—x— fl<x4+y<2
Em,fTD(x,y)=f§01)(p+(x,y))= vy Y

1 fo<x+y<1

However, it is clear that Ep +frp is not a Tp-equivalence on [0, o[, since
1=Tp(1,1) = TD(EP+,fTD(%,0),Ep+,fTD (0,0) =1y Ep. 57 (0,1))

1 _1
> EP+/fTD(§’1) - z

4. Conclusions

The notion of T-equivalence, where T is a t-norm, was introduced as a fuzzy generalization of
the notion of crisp equivalence relation. Since then, many efforts have been devoted to the study
of the metric behavior of such fuzzy relations. Concretely, a few techniques to induce metrics from
T-equivalences, and, vice versa, have been deeply developed (see Theorems 1 and 2). Motivated by
the fact that partial pseudo-metrics, a generalization of of pseudo-metrics that have been shown to be
useful in computer science and artificial intelligence, have been suggested as the logical counterpart
of T-equivalences, we have studied the duality correspondence between partial pseudo-metrics and
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partial T-equivalences. Concretely, a method for constructing partial pseudo-metrics from partial
T-equivalences have been provided in the spirit of the classical case (see Propositions 1 and 2 and
Theorem 3). However, in contrast to the aforementioned case, in the new approach, the continuity of
the t-norm has been shown to be crucial. Moreover, a method for constructing partial T-equivalences
from partial pseudo-metrics is also provided in such a way that the classical one is retrieved as a
particular case (see Theorem 5 and Corollaries 9, 10 and 11). Important differences between the new
framework and the classical one have been shown (see Theorem 4 and Proposition 3).

As future work, we consider the possibility of exploring those conditions that allow us to induce
partial pseudo-metrics from partial T-equivalences according to the technique stated in Proposition 1
when the t-norms involved are not left-continuous. With this aim, we will try to take advantage of
the method to generate implications with respect to non left-continuous t-norms given by Biba and
Hlinéna in [28].

Author Contributions: All authors contributed equally in the preparation, development and writing this article.
All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by FEDER /Ministerio de Ciencia, Innovacién y Universidades-Agencia Estatal
de Investigacién/ _ Proyecto PGC2018-095709-B-C21, and by Spanish Ministry of Economy and Competitiveness
under contract DPI2017-86372-C3-3-R (AEL FEDER, UE). This work is also partially supported by Programa
Operatiu FEDER 2014-2020 de les Illes Balears, by project PROCOE/4/2017 (Direccié General d’Innovaci6 i
Recerca, Govern de les Illes Balears) and by projects ROBINS and BUGWRIGHT?2. These two latest projects
have received funding from the European Union’s Horizon 2020 research and innovation program under Grant
agreements No. 779776 and No. 871260, respectively. This publication reflects only the authors’ views and the
European Union is not liable for any use that may be made of the information contained therein.

Conflicts of Interest: The authors declare no conflict of interest. The funders had no role in the design of the
study; in the collection, analyses, or interpretation of data; in the writing of the manuscript, or in the decision to
publish the results.

References

1. Recasens, J. Indistinguishability Operators: Modelling Fuzzy Equalities and Fuzzy Equivalence Relations; Springer:
Berlin, Germany, 2010.

2. Trillas, E. Assaig sobre les relacions d’indistingibilitat. In Proceedings of the Primer Congrés Catala de

Logica Matematica, Barcelona, Spain, 30-31 January 1982; pp. 51-59.

Klement, E.P,; Mesiar, R.; Pap, E. Triangular Norms; Kluwer: Dordrecht, The Netherlands, 2000.

De Baets, B.; Mesiar, R. Pseudo-metrics and T-equivalences. Fuzzy. Math. 1997, 5, 471-481.

De Baets, B.; Mesiar, R. Metrics and T-equalities. . Math. Anal. Appl. 1997, 267, 531-547.

Bezdek, J.C.; Harris, ].D. Fuzzy partitions and relations: An axiomatic basis for clustering. Fuzzy Set. Syst.

1978, 256, 111-127.

. Gottwald, S. On t-norms which are related to distances of fuzzy sets. BUSEFAL 1992, 50, 25-30.

8.  Hohle, U. Fuzzy equalities and indistinguishability. Proc. Eufit 1993, 1, 358-363.

9. Ovchinnikov, S. Representation of transitive fuzzy relations. In Aspects of Vagueness; Skala, H.J., Termini, S.,
Trillas, E., Eds.; Springer: Berlin/Heidelberg, Germany, 1984; pp. 105-118.

10. Valverde, L. On the structure of F-indistinguishability operators. Fuzzy Set. Syst. 1985, 17, 313-328.

11. Zadeh, L.A. Similarity relations and fuzzy orderings. Inform. Sci. 1971, 3, 177-200.

12.  Deza, M.M.; Deza, E. Encyclopedia of Distances; Springer: Heidelberg, Germany, 2009.

ARSI

13.  Alghamdi, M.A ; Shahzad, N.; Valero, O. Fixed point theorems in generalized metric spaces with applications
to computer science. Fixed Point Theory A 2013, 2013, 118.

14. Alghamdi, M.A.; Alghamdi, M.A.; Shahzad, N.; Valero, O. A fixed point theorem in partial quasi-metric
spaces and an application to software engineering. Appl. Math. Comput. 2015, 268, 1292-1301.

15. Heckmann, R. Approximation of metric spaces by partial metric spaces. Appl. Categor. Struct. 1999, 7, 71-83.

16. Hitzler, P.; Seda, A.K. Generalized distance functions in the theory of computation. Comput. ]. 2010,
53, 443-464.

17.  Hitzler, P; Seda, A. Mathematical Aspects of Logic Programming Semantics; CRC Press: Boca Raton, FL, USA, 2011.

18. Matthews, S.G. Partial metric topology. Ann. N. Y. Acad. Sci. 1994, 728, 183-197.



Mathematics 2020, 8, 495 18 of 18

19.

20.

21.

22.

23.

24.

25.

26.
27.
28.

Mohammadji, Z.; Valero, O. A new contribution to fixed point theory in partial quasi-metric spaces and its
applications to asymptotic complexity analysis of algorithms. Topol. Appl. 2016, 203, 42-56.

Romaguera, S.; Tirado, P.; Valero, O. Complete partial metric spaces have partially metrizable computational
models. Int. . Comput. Math. 2012, 89, 284-290.

Shahzad, N.; Valero, O. On 0-complete partial metric spaces and quantitative fixed point techniques in
Denotational Semantics. Abstr. Appl. Anal. 2013, 2013, 985095.

Bukatin, M.; Kopperman, R.; Matthews, S.G. Some corollaries of the correspondence between partial metric
and multivalued equalities. Fuzzy Set. Syst. 2014, 256, 57-72.

Demirci, M. The order-theoretic duality and relations between partial metrics and local equalities.
Fuzzy Set. Syst. 2011, 192, 45-57.

Hohle, U. M-valued sets and sheaves over integral commutative cl-monoids. In Applications of Category
Theory to Fuzzy Subsets; Rodabaugh, S.E., Klement, E.P., Hohle, U., Eds.; Kluwer Academic Publishers: Berlin,
Germany, 1992; pp. 33-73.

Hohle, U. Many valued equalities and their representation. In Logical, Algebraic, Analytic and Probabilistic
Aspects of Triangular Norms; Klement, E.P., Mesiar, R., Eds.; Elsevier: Amsterdam, The Netherlands, 2005;
pp- 301-320.

Baczynski, M.; Jayaram, B. Fuzzy Implications; Springer: Berlin/Heidelberg, Germany, 2008.

Mayor, G.; Torrens, J. On a family of t-norms. Fuzzy Set. Syst. 1991, 41, 161-166.

Biba, V.; Hlinénd, D. Generated fuzzy implications and known classes of implications. Acta Univ. M. Belii
Ser. Math. 2009, 16, 25-34.

@ © 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Generating Partial Pseudo-Metrics from Partial T-Equivalences
	Generating Partial T-Equivalences from Partial Pseudo-Metrics
	Conclusions
	References

