. mathematics m\py

Article
Stability of the Fréchet Equation in
Quasi-Banach Spaces

Sang Og Kim
School of Data Science, Hallym University, Chuncheon 24252, Korea; sokim@hallym.ac.kr
check for
Received: 24 February 2020; Accepted: 24 March 2020; Published: 1 April 2020 updates

Abstract: We investigate the Hyers—Ulam stability of the well-known Fréchet functional equation
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1. Introduction

About eighty years ago, Ulam [1] raised a problem of finding conditions under which there exists
an exact additive map near an approximate additive map. An answer to the problem between Banach
spaces was given by Hyers [2]. After that, many authors have studied the stability problems. We refer
to [3-7] for more information.

One of the most important outcomes of the stability of functional equations is the
following theorem.

Theorem 1. Let X, Y be two Banach spaces and f : X — Y be a mapping. Consider the following inequality

1f G +y) = f(x) = FWI < eCllxll” + llyllP), ©)

where ¢ > 0and p # 1 are real constants. Then the following statements hold.

(i)  Ifp > 0and (1) holds for all x,y € X, then there exists a unique additive mapping T : X — Y such that

_c
-2 7]

[f(x) = T(x)| < \|x||? for all x € X.

(i) Ifp < 0and (1) holds for all x,y € X \ {0}, then f is additive.

The case p = 0 is reduced to the stability by Hyers [2]. The case 0 < p < 1 is due to
Aoki [8] (see also [9]). Gajda [10] showed the stability of the Cauchy functional equation for p > 1.
Statement (ii) was proved first by Lee [11] and Brzdek [12] showed it on a restricted domain.

Let G be an additive abelian group and let Y be a linear space. We say that f : G — Y satisfies the
Fréchet equation if

fa+y) +fly+2)+flatz) =flx+y+z2)+f(x)+fy) + f(2), xyzeG @)
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The above equation was introduced by the classical equality
be -yl + lly + 217 + llx + 217 =[x +y + 217 + <+ lyI* + 21?2, xyzeY @

in real or complex inner product spaces Y. In 1935, Fréchet [13] proved that in a normed space Y, (3) is
equivalent to the fact that Y is an inner product space.
Recall that a map g : G — Y is said to be quadratic if it satisfies

q(x+y)+q(x—y) =29(x) +29(y), xy€GC.

It is known that every solution of (2) is of the form f = a + g, where a : G — Y is an additive
mapping and g : G — Y is a quadratic mapping. (see, e.g., [14]). The stability of (2) in Banach
spaces has been investigated by many authors (see, e.g., [15-22]). In particular, Bahyrycz et al. [15],
Brzdek et al. [16] and Malejki [21] have studied the generalized Fréchet functional equations with
constant coefficients using a fixed point theorem in metric spaces by Brzdek et al. [23].

In recent studies of the stability of functional equations, fixed point theorems play important
roles. Dung and Hang [24] generalized the fixed point theorem of Brzdek et al. [23] in metric spaces to
b-metric spaces, and hence to quasi-Banach spaces. By using that fixed point theorem, they obtained a
hyperstability of general linear equations. For more information on the stability of functional equations
and fixed point theorems, we refer to [25,26].

Several authors have studied the stability of many functional equations in quasi-Banach spaces
(see, e.g., [24,27-32]).

The purpose of this paper is to obtain the (hyper)stability of (2) by using the fixed point theorem
of Dung and Hang [24].

This paper is organized as follows.

In Section 2, we consider the hyperstability of (2) on a restricted domain. More precisly, let X
be a nonempty subset of a quasi-normed linear space and Y be a quasi-Banach space. We say that a
function f : X — Y satisfies the Fréchet equation on X if

faty) +fly+2)+ fx+z) = flx+y+2) + f(x) + f(y) + f(2)

forall x,y,z € X suchthat x +y +z,x +y,y + z,x + z € X. We will show that Fréchet equation on X
is hyperstable; that is, if f : X — Y satisfies

Ifx+y) +fly+2)+ f(x+z) = flx+y+z) = f(x) = fy) = @I < cllxlP + NyllP +11z17) @)

forall x,y,z in some set X, p < 0 and ¢ > 0, then f must satisfy the Fréchet equation on X.

In Section 3, we consider the Hyers—Ulam stability results of (2) in quasi-Banach spaces. Especially,
we investigate (4) for various p > 0.

In Section 4, we show that the Fréchet equation is not stable for p =1, 2.

Throughout this paper, N stands for the set of all positive integers, R := [0,0) and A® denotes
the family of all functions mapping a set B # @ into a set A # @.

We recall some relevant notions of quasi-Banach spaces:

Definition 1. Let X be a nonempty set, k > 1and d : X x X — Ry be a function such that for all x,y,z € X,

1.  d(x,y) =0ifand only if x = y.
2. d(x,y) =d(y,x).
3. d(x,z) <x(d(x,y)+d(y,z)).

Then

1. dis called a b-metric on X and (X, d, «) is called a b-metric space.
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2. The sequence {xy} is convergent to x in (X, d, x) if limy,_e0 d(xpn, x) = 0.
3. The sequence {xy} is called a Cauchy sequence if limy, y—o0 d(Xy, Xm) = 0.
4. The space (X, d, ) is said to be complete if each Cauchy sequence is convergent.

Definition 2. Let X be a vector space over the field K = R or C,x > 1and || - || : X x X — Ry be a function
such that for all x,y,z € Xand all a € K,

1. ||x|| = 0ifand only if x = 0.
2. ax|| = |afl|x[]

3. x+yll < wllxll + llyl)-

Then || - || is called a quasi-norm on X and (X, || - ||, x) is called a quasi-normed space.

Note that if (X, || - ||, x) is a quasi-normed space, letting d(x,y) = ||x —y|| for x,y € X, (X,d, «)
becomes a b-metric space. Complete quasi-normed spaces are called quasi-Banach spaces.
A quasi-norm || - || is called a p-norm (0 < p < 1) if

e +ylP < lxllP +1yl?, xyeX

In this case, we call the quasi-Banach space a p-Banach space. It is well-known that each quasi-norm
is equivalent to some p-norm (see [33]). Since working with p-norms is much easier than working
with quasi-norms, authors often restrict their attention to p-norms when they study the stability
of functional equations between quasi-Banach spaces. However we will investigate the stability in
quasi-Banach spaces with quasi-norms.

One of the most important class of quasi-Banach spaces is the class of L7 () for 0 < p < 1 with

the usual quasi-norm
1
P
151 = [ 1) "

IfF+gly <27 (1l + lglly), frg € LP(n).

Hence, taking a particular case of L? (), we have the following example.

In this case,

Example 1. For (x1,x2) € R?, define the quasi-norm of (x1,x2) by

mﬂﬂgn=(¢ﬁn+¢ﬂgf.

Then (R?, || - ||,2) is a quasi-Banach space.
The following lemma can be seen easily from 3 of Definition 2.

Lemma 1 ([31]). Let (X, || - ||, ) be a quasi-normed space and x4, ..., X241 € X. Then

2n+1

L%
j=1

12n+1
<"yl
j=1

2n
L%
j=1

2n
<«" ) llxl,
j=1

2. Hyperstability of (2) on a Restricted Domain

The following theorem, which is a generalization of the outcome of [23], is the main tool in
proving the results of this paper.

Theorem 2 ([24], Corollary 2.2). Suppose that
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Throughout this section, we denote X := X \ {0} for a subset (0 €)X of a quasi-Banach space.

X is a nonempty set, (Y, || - ||, x) is a quasi-Banach space, and ] : YX — YX is a given function.
There exist f1,...,fn 1 X = Xand Ly,...,L, : X — Ry such that for every ¢, u € YX xe X,

116(x) = Ju(x)|l < iLi(X)HC(fi(x)) — u(fi(x)-

i=1

There exist € : X — Ry and ¢ : X — Y such that forall x € X,

¢ (x) = p(x)]| < e(x).

For every x € X and 6 = log,, 2,

where

forall 6 € R¥ and x € X.
Then we have

For every x € X, the limit

lim J"p(x) = ¢(x),

n—o0

exists and the function ¢ : X — Y so defined is a fixed point of | satisfying

lg(x) = p(x)[|° < de*(x)

forallx € X.
For every x € X, if

00 4
e*(x) < <M Z%)(A”e)(x)) < o

for some positive real number M, then the fixed point of | satisfying (10) is unique.

4 0f 20

Q)

©)

@)

®)

)

(10)

(11)

Now we state the main result of this section. Note that the domain of the mapping f is a subset of
a quasi-normed space that is not necessarily a commutative group. We adapt some ideas from [34,35].

Theorem 3. Assume that X is a nonempty subset of a quasi-normed space such that 0 € Xog = —Xo and there
exists ny € N with nx € X for all x € X and for all n > ng. Let (Y, || - ||, x) be a quasi-Banach space, p < 0
and ¢ > 0. If f : Xo — Y is a mapping that satisfies f(0) = 0 and

Ifx+y+2) + f() + f(y) + f(z) = fx+y) = fy+2) = flx+ 2] < c(lxlP + [yl]P +[12]17) (12)

forallx,y,z € X suchthat x +y+z,x+y,y +z,x +z € Xo, then f satisfies the Fréchet equation on X.

Proof. First observe that lim;, .. m” = 0, so there exists an integer mg such that

K% (2(m +1)F +2mP + (2m +1)P) < 1 for m > my,.
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Let us fix m > max{ng, mp}. Replacing (x,y, z) with ((m +1)x, mx, —mx) in (12), we have
12f ((m +1)x) + f(mx) 4+ f(—=mx) — f((2m +1)x) — f(x)|| < c((m+1)P +2m?) ||x||?

forall x € X.
Consider the mappings ] : YX — YX and e : X — R, given by

JE(x) = 2¢((m +1)x) + &(mx) + &(—mx) — &((2m +1)x), € YX, x€X,

and
e(x) =c((m+1)P +2mP)|x||P, xeX.

The inequality (13) then becomes
1Jf(x) = fF()Il < e(x), x€X,

so that (6) holds true. For every ¢, i € YX and x € X, we have by Lemma 1

176 (x) = Ju(x)|l

50f 20

(13)

<o (28— ) ((m 4+ D)x) || + 1§ — ) (mx) | + /(& — p) (—=mx) || + [|(§ — ) ((2m + 1)x)||)

Mus

Li(0)[I(G = m) (fix) I,

I
—

i

so that | satisfies (5) with f1(x) = (m+1)x, fo(x) = mx, f3(x) = —mx, fo(x) = (2m+1)x, L1 (x)
and Ly (x) = L3(x) = Ly(x) = x2.

Let A : RX — R¥ be given by

An(x) = 265 ((m + 1)x) + 1% (mx) + 1>y (—mx) + K*y((2m +1)x), 7€ RY, x € X.
Then

Ae(x) = x*(2e((m +1)x) + e(mx) + e(—mx) + e((2m + 1)x))
=1*(2(m + 1) +2mP + (2m + 1)P)e(x), x € X.

Since A is linear, we have by induction
n
AN'e(x) = [KZ(Z(m +1)P +2mP + (2m + 1)”)} [c((m+1)P +2mP)||x|[P], neNxeX

Hence, noting that 0 < 6 = log,, 2 < 1, it follows that

€)’(x)

m
*
=
I
agk
>
=

3
Il
o

[KZ(Z(W! +1)P +2mP + (2m + 1)1’)}71(9 [e((m+1)P +2mP) || x|[7]°

I
e

3
Il
o

_ [c((m+ 1) +2mP) || x||P]° ex
1— K2 2(m +1)? +2mP + (2m +1)7)]%’ '

Thus, by Theorem 2, there is a solution F : X — Y of the equation

2F((m+1)x) + F(mx) + F(—mx) — F((2m + 1)x) = F(x)

= 2x?,

(14)

(15)

(16)

(17)
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such that ,
4 [c((m+1)P 4 2mP)||x||7]
— F(x)||® , X.
176x) = FOll” < 1—[K2 (2(m+1)P +2mP + (2m +1)P))° e (19
Moreover,
F(x) = lim J"f(x), xeX. (19)

n—o0

To prove that F satisfies the Fréchet equation on X, observe that
1T"fix+y+z)+T"f(x)+T"f(y) +T"f(z) =" flx+y) = T"fly+2z) = ]"f(x+2)|
< c [+ 1) + 207 + @m+ 1)) (2P + |yl + 1207) 20)

forall x,y,z € Xsuchthatx +y+2z,x+y,y 4+ z,x +z € X. In fact, this can be obtained from (12) by
inductiononn € N.
Letting n — oo in (20), it follows from (19) that

F(x+vy+2z)+F(x)+F(y)+F(z)—F(x+y)—F(y+z)—F(x+z) =0

forallx,y,z € Xsuchthatx+y+z,x+y,y+z,x+z € X.
Until now, we have proved that for every integer m > max{ng, mg}, there exists a mapping
Fy : X — Y satisfying

Fu(x+y+z) + Fu(x) + Fu(y) + Fu(z) — Eu(x+vy) — Eu(y +2) — Fu(x +2) =0,

forallx,y,z € Xsuchthatx+y+z,x+y,y+2z,x+z € X,and

I1f(x) — Eu(x)]|f < 4 [c((m+1)P +2mP)||x||P]°

T 11— [KR2Q2(m+1)P +2mP + (2m +1)7)]° 1

forall x € X.

Now, we show that F,, = F for all m, k > max{mg,ng}. Fix m,k > max{mg,np} and denote
em(x) = c((m+1)7 +2mP)||x||P and ex(x) = c((k+ 1)P + 2kP)||x||? for all x € X.

By (21), we get

[[Fm (x) = Fe(x)

1
< K40 € (x)

SIS

[1— 2 @0m + 1) + 20 + (2 + 1)) (22)

K4%ek(x)

+

D=

1= [ @k +1)7 + 207 4 (2% + 1)7)]]
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Noting that F,, and Fj are fixed points of ], and A is linear, we have by (16) and (22)

[[F (x) = Fe(x)]]
= [J"Fn(x) = " Fi(x) |

1
< x40 A"y (x)

SSTY

[1- 162 20m + 1)P +2m7 4 (2m + 1)7)]’|

1
x40 Aer(x
n k(%)

=

{1 — [ (2(k +1)P 4 2kP + (2k + 1)”)]9}

K4 [K2 (2(m + 1) +2mP + (2m +1)P)]" e (x)

- 1
9 4

(1= 62 (20m +1)P +2mP + (2m +1)?

. Kdd [12 (2(k+1)P +2kP + (2k +1)7)]" ex(x)

=

|1 [ 20k +1)P 267 + (2K +1)0))]

— 0asn — oo.

Hence F,, = F; and we denote it by F := F;; = F;. Then, by (21), it follows that

4vc((m+1)P +2mP)||x||?

1f(x) = F(x)|| < (23)

1
[2

{1 — k2 (2(m +1)P +2mP + (2m + 1)’7)]9}

for all x € X. Since p < 0, the right hand side of (23) tends to zero as m — co. Hence, we conclude that
f(x) = F(x) for all x € X. Therefore, f satisfies the Fréchet equation on X, completing the proof. [

Notice that the assumption of unboundedness of X is indispensable.

Example 2. Let Xo = [—1,1], R? be the quasi-Banach space in Example 1 and f : Xo — R? be defined by
f(x) = (|x],0), x € Xo. Then forall x,y,z € X suchthatx +y+z,x+y,y+z,x+z € X,

1fx+y+2)+ () + fy)+ f(2) = fx+y) = fy+2) = flx +2)[| <3(|x[ + [y[” + [2[7)

for p < 0. However f does not satisfy the Fréchet equation on X.
In the case of p > 0, the Fréchet equation is not hyperstable.

Remark 1. Let X = R\ [—1,1], Y be a quasi-Banach space and let f : X — Y be a constant function
f(x) =c,x € X forsomec #0€Yandp > 0. Then f satisfies

1f(x+y+2)+ () + fy) + f(2) = fle+y) = fy+2) = fx +2) | < llell([x]7 + [y]7 + 12]7)

forall x,y,z € X suchthat x +y+z,x +y,y +z,x +z € X. However f does not satisfy the Fréchet equation
on X.

3. Stability of (2) on Abelian Groups

In this section, we investigate the stability of (2) and as byproducts we get stability results of (4)
for various p > 0 similar to Theorem 1 (see Corollaries 2, 3 and 4 below).
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Lemma 2. Let G be an additive abelian group and Y be a linear space. If f : G — Y is a mapping satisfying (2)
with f(2x) = 2f(x) forall x € G, then f is additive.
Proof. We first note that f(0) = 0. Replacing (x,y,z) with (x, x, —x) in (2), we have

3F(x) + f(—x) = f(2x) = 2f(x), x€G,
and hence,

f(—=x)=—f(x), xeG.

Replacing (x,y,z) with (x,y, —y) in (2), we get

fety)+flx—y) =2f(x), xyeGC (24)
Replacing (x,y) with (y, x) in (24), we have

fety) +fly—x) =2f(y), xyeG (25)
Adding (24) and (25), we obtain

fxty) =f) +fly), xyeC

O

Lemma 3. Let G be an additive abelian group and Y be a linear space. If f : G — Y is a mapping satisfying (2)
with f(2x) = 4f(x) for all x € G, then f is quadratic.

Proof. Replacing (x,y,z) with (x,x, —x) in (2), we have

3f(x) + f(—x) = f(2x) =4f(x), x€G,
and hence,
f(=x) = f(x), xeG.
Replacing (x,y,z) with (x,y, —y) in (2), we get
fat+y)+fx—y) =2f(x) + f(y) + f(=y) =2f(x) +2f(y), xy€eG.

Hence, by definition, f is quadratic. O

Theorem 4. Assume that (X, +) is an abelian group, (Y, || - ||, k) is a quasi-Banach space and L < 1 is a real
number such that 0 < 5(2L +1) < 1. Let ¢ : X3 — Ry be a function such that

¢(2x,2y,2z) <2Lp(x,y,2), ¢(x,y,2) = ¢(—x,—y,—z), xyz€X.
If f : X — Y is a mapping that satisfies f(0) = 0 and

Ifx+y+2) +f()+ ) +f2) - flr+y) - fly+2) - fx+2) < olvyz)  (26)

forall x,y,z € X, then there exists a unique mapping g : X — Y satisfying (2) such that

I

4
[30 — x0(2L +1)°] ¥

1f(x) =g < ¢(x,x,—x), xeX (27)
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Proof. Replacing (x,y,z) with (x,x, —x) in (26), we have

1£(2x) =3f(x) = f(=x) < p(x,x, —x), x€X,

so that .
< ggo(x, x,—x), x€X.

370 - 370 - 1)

Consider the mappings ] : YX — YX and € : X — R given by

Jo(x) = 5E2x) - 38(-x), feYX xeX,

and

The inequality (28) becomes
IT7f(x) = f()] < e(x), x€X,
so that (6) holds true. For every &,57 € YX and x € X, we have

176(x) = Jy() ] < Fl12(@x) = 20+ 5 e(=x) —n(=x)]

and hence, | satisfies (5) with f;(x) = 2x, fo(x) = —x and Ly (x) = Lo(x) = 5.
Let A : RY — RX be given by

An(x) =« (:1))11(23() + ;ﬂ(x)) , neRY, xe X

Then we have

Ae(x) = & (;e(zm 4 ;e(—x)> <

Note that A is order-preserving, that is, if {(x) > #(x) for all x € X, then

(2L+1)e(x), x€X.

W R

Ag(x) = Ag(x) — An(x) + An(x) = A(G —n)(x) + An(x) = An(x).
Hence, we have foralln € N

n
Ae(x) < (KZL;1> e(x), xeX.

As % < 1 ando < 0= 10g2K2 S 1, we Obtain

00 o0 né
€ (x) = Z (A”e)g (x) < Z <K(2L3+1)> ee(x)

n=0 n=0
1( (xx—x))e !
_1_ x(2L+1) \? 3P - 30 —xf(2L+ 1)
(25)

Therefore, by Theorem 2, there exists a mapping g : X — Y such that

g(x) = lim J"f(x),  x€X,

n—oo

8(x) =38(20) — 38—, x€X,

ggo(x, x,—x)g, x e X.

9 of 20

(28)

(29)



Mathematics 2020, 8, 490 10 of 20

and

4
£ =8I < g n ) xeX,

from which inequality (27) follows.
Now we show that g satisfies (2). From (26) and the definition of |, we have

Jf(x+y+z)+]f(x) +Tf(y) +]f(z) = Jf(x +y) = Jf(y +2) = Jf(x +2)||
< gfp(Zx,Zy,ZZ) + gqo(fx, ~Y,—z)

< @@(x,y,z), x e X.

By induction, we have forall n € N,

" fx+y+2)+ ] f () + ] fy) +Tf @) =T flx+y) =" fy+2) =] f(x + 2)|

< <K(2L3+1)) o(x,y,2), xyzeX. (30

Therefore, letting n — oo in (30), we get

gixty+z)+g(x)+gy) +g(z) —glx+y) —gly+z) —glx+2)=0, xyzeX

Next, we show the uniqueness of g. Assume that g1, g : X — Y are mappings satisfying (2) and

4
0 0 c_
1 (x) =i (I < 55 e CTR o(x,x,—x)?, i=12 xeX.
Then, by inequality 3 in Definition 2,

2. 40k
1
30 — k0(2L 4 1)¢] 7

1g1(x) — g2(x)|| < p(x,x,—x), x€X.

Note by (29) that
1 1 )
8i(x) = 38i(2x) — 38i(-x), =12 xeX.

Then

181(x) — g2(x)]|
- |51 - g222) - 301 (=) - (=)
240k
[39 — x0(2L +1)0]7

i K 2.4k
3130 — x®(2L +1)°]°
_x(2L+1) 240k
T3 [ kRL+1)]¢

< ¢(2x,2x, —2x)

SIS

o(—x,—x,x)

p(x,x,—x), x€X.
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Applying the same argument repeatedly, it is easy to show that foralln € N,

n 1
K(2L+1)] 240k oot ), reX 1)
3

s ()~ g2 < 225 1
0 _ K9(2L + 1)9] 9
Letting n — o0 in (31), we obtain g; = g, as desired. [

Putting ¢(x,y,z) = ¢, we have the following classical Ulam stability of the functional equation
under consideration.

Corollary 1. Assume that (X,+) is an abelian group, (Y, || - ||, x) is a quasi-Banach space with x < 3 and
¢ > 0isaconstant. If f : X — Y is a mapping that satisfies f(0) = 0 and

Ifxty+2)+ )+ fy) + () = flx+y) - fly+2) - flx+z)[ <c

forall x,y,z € X, then there exists a unique mapping g : X — Y satisfying (2) such that

1
, x€X.

1f(x) =g £ ——
[39 _ 291(9] [

Proof. We use Theorem 4 applied with L = } and ¢(x,y,z) = cforallx,y,z € X. O

As an example of Theorem 4, we have the following stability of (4) for 0 < p < 1.

Corollary 2. Let (X,+) be an abelian subgroup of a quasi-normed space and (Y, || - ||, k) be a quasi-Banach
space. Assume that, for some 0 < p < 1 and some ¢ > 0, the mapping f : X — Y satisfies

Ifx+y+2)+ () + fy) + f(2) = fx +y) = fly+2) = flx+ 2| <c((lxlIP + NlyllP + 11217),

forallx,y,z€ X. If1 <x < ﬁ, then there exists a unique mapping g : X — Y satisfying (2) such that

3.4ic
30 — k6(27 +1)¢]

|x]|F, x€X.

1f(x) =)l <

D=

Proof. Taking L = 2P~! in Theorem 4, we obtain the result. []

Recall that an abelian group (X, +) is called uniquely 2-divisible if for each x € X, there exists a
unique y € X such that 2y = x. We denote y = 5.

Theorem 5. Assume that (X, +) is a uniquely 2-divisible abelian group, (Y, || - ||, x) is a quasi-Banach space
and 0 < L < % is a real number. Let ¢ : X> — R be a function such that

L
o(xy,z) < 7o(2x2y,22), ¢(xy,2) = ¢(=x,~y,~2)
forallx,y,z € X. If f : X — Y is a mapping that satisfies

Ifx+y+2)+f()+ W)+ f2) = flx+y) - fly+2) - fx+2) < o(xy2) (B2

forall x,y,z € X, then there exists a unique mapping g : X — Y satisfying (2) such that

SN

4

——¢(x,x,—x), xeX. (33)
[1— (xL)?]?

1£(x) =g <

A~
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Proof. We first note that f(0) = 0. Replacing (x,y,z) with (3, , —3) in (32), we have

51 (2) -1 () <0 (33-3). vex

Consider the mappings ] : YX — YX and € : X — R given by

Jex) =3¢ (5) +¢(-5), cexiixex,

and

Then inequality (34) becomes
1f(x) = f(x)[| < e(x), xeX,
so that (6) holds true. For every ¢, € YX and x € X, we have
X

e <3¢ ()0 () o5 () -0 ()

so that ] satisfies (5) with fi(x) = 3, fa(x) = —3,Li(x) = 3x and L(x) = «.
Let A : RX — RX be given by

7

Ay(x) = 3ky (%) + K7 (—%) , neRY, xeX.

Then we have

X X X X X X

Ae(x) = 3ke (g) +Ke (—g) = 3k¢ (2—2, ?,—2—2) +xg (_27, —53 57

X X X X
—4K(P (27,?,—27) = 4ke (E), x e X.

By induction on 1, we get

A'e(x) =4"«"e (2%) , x€X,
and hence
. o > x x x \?
()= LN (x) = LW (soer gor et

n=0 n=0

(kL)

so that (7) holds true. Therefore, by Theorem 2, there exists a mapping g : X — Y such that

g(x) =lim J"f(x), x€X,

n—oo
st () rs(3). vex

and

0
IF6) = 8I° < (§) Tpepeeleos =)' xeX,

Inequality (33) follows from (36)

o0 L (n+1)6 L 0 1
< Z 4100 <4) (p(x,x,—x)e = (4> 1_79(];)(x,x,—x)9, x e X,

12 of 20

(34)

(35)

(36)
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Now we show that g satisfies (2). From (32) and the definition of |, we have

[Jf(x+y+z)+]f(x)+]f(y)+Tf(z) = f(x+y) = ]fly+z) = Jf(x+2)]
Xy z X y oz

<39 (355) txe(~3-573)
Xy z

=450 (333)

<kLe(x,y,z), xeX.

By induction, we have foralln € Nand x,y,z € X,

1" f(x+y+z)+ ] f(x)+T"f(y) + ] f(z) =" f(x+y) = ]"fly+z) = ]"f(x+2)| 37)
< (xL)"¢(x,y,2).

Therefore, letting n — co in (37), we obtain
gr+y+z)+e(x) +8(y) +8(z) —g(x+y) —gy+2) —g(x+2) =0, xyzeX

Next, we show the uniqueness of g. Assume that g1, > : X — Y are mappings satisfying (2) and

1
L 49 )
()~ i) < 5 ————p(x,x—x), i=12xEX

[1— (xL)?]?

Then )
kL 49
I$10) — ()l < 5 ————g(xx,—x), reX
[1— (xL)?]7

By (35), we have

x x .

gix) =3 (5) +ai(-3), i=1l2xex

Hence

llg1(x) — g2(x)||

s (5) s () + ol (-5) - )|
<h (35D (35

IN

p(x,x,—x), x€X.

In this way, it is easy to show that for alln € N,
(kL)' 4b
LGN

Letting n — oo in (38), it follows that ¢; = g». This completes the proof. [

181(x) — g2(x)[| <

p(x,x,—x), xe€X. (38)

=

As an application of Theorem 5, we have the following stability of (4) for p > 2.
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Corollary 3. Let (X, +) be a uniquely 2-divisible abelian subgroup of a quasi-normed space and (Y, || - ||, ) be
a quasi-Banach space. Assume f : X — Y is a mapping that satisfies

Ifx+y+2)+ () + fy) + f(2) = fx +y) = fly+2) = flx+2) || < c((lxlP +NlyllP + 11217),

forp>2,c>0andforall x,y,z € X. If 1 < x < 2P~2, then there exists a unique mapping g : X — Y
satisfying (2) such that

1) gl < 22 e, xe x.
1 @]}

Proof. Taking L = 2277 and applying Theorem 5, we get the result. [

Theorem 6. Assume that (X, +) is a uniquely 2-divisible abelian group, (Y, || - ||, x) is a quasi-Banach space
and L < 1is a real number. Let ¢ : X3 — R be a function such that

L
9(2%,2y,22) < 4Lo(x,y,2), 9(x,y,2) < 59(2%,2,22), 9(x,y,2) = ¢(=x,—y, —z)  (39)
forallx,y,z € X. If f : X = Y is a mapping that satisfies

1f(x+y+2) + () + fy) + f(2) = flx+y) = fy+2) = fx +2)[| < o(x,y,2)

forall x,y,z € X, then there exist a unique additive mapping g, : X — Y and a unique quadratic mapping
Qe : X — Y such that

40 1%2(1 4 2L)

—¢(x,x,—x), x€X (40)
(1-19)"

1£ (%) = o (x) = &e(x)[| <

Proof. Note first that f(0) = 0. Let f : X — Y and f, : X — Y be the even and odd parts of f,

respectively. That is, f.(x) = [t (=) f( %) , folx) = [@-f(=x) f( Y for x € X. Then f.(0) = f,(0) = 0. Itis
easy to show that

[fe(x +y +2) + fe(x) + fe(y) + fe(2) = felx +y) = fe(y +2) = fe(x +2)|| <wo(x,y,2)  (41)

and analogously,

[fox+y+2) + fo(x) + fo(y) + fo(2) = fo(x +Y) — foly +2) — folx +2)|| <xp(x,y,2),  (42)

forall x,y,z € X. Replacing (x,y, z) with (x, x, —x) in (41), we have

[1fe(2x) = 3fe(x) = fe(=2)|| < xg(x,x, —x),

so that
| fe(2x) — 4fe(x)|| < kep(x,x, —x), x€X.

Hence, it follows that
1 1
I3fe(22) = fe(0)ll < gxop(x, 2, —x), x€X. (43)
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As before, define mappings |, A and € by

o) = 362, fevX, xex,

Ad(x) = ié(Zx), JeRX, xeX,
1
e(x) = Exgo(x, x,—x), x€X.

Then, we have by (43)
1 fe(x) — fe(x)|| < e(x),

so that (6) holds true.
Forevery¢,n € YX and x € X, we have

176(x) = Tn(x)]| < %H(é(ZX) =)l

from which | satisfies (5) with f;(x) = 2x and L;(x) = 1. Note that

1
A'e(x) = 476(2”x)
= mx(p(znx, 2"x, —2"x)
1 K
< W(ALL)"Kgo(x, X, —Xx) = ZL”q)(x, x,—x), x€X.

Hence, we get
) K\6
6*(X) — Z(Ane)(-)(x) < 1(1)

n=0

so that (7) holds true. Therefore, by Theorem 2 there exists a mapping g. : X — Y such that
8e(x) = y}ggo]”fe(x), x e X,
1
Qe(x) = Zgg(Zx), xeX,
and

x\0
() — £ < 28 g x, ), xex

Since, by (41)
7o+ 2)+ L)+ TLely) + T fo2) = el )
—J'fely+2) = J" fe(x + 2) ||
= Gl y+2) + 2050+ £2") + fule')

— fe(2"(x +y)) — fe(2"(y + 2)) — fe(2" (x + 2)) ||
@(2"x,2"y,2"z)

IA
| =

n

IA
| =%

(4L)"¢(x,y,z) = xL"p(x,y,2), x€X,

n

i~

15 of 20

(44)

(45)

it follows that g, satisfies (2). Then, on account of Lemma 3 and (44), we infer that g. is a

quadratic mapping.
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We apply a similar argument to the mapping f,. Replacing (x,y,z) with (x, x, —x) in (42), we have

1fo(2%) = 2fo(x)[| < x@(x,x,—x), x€X.
Replacing x with 3 in (46), we have

X

w2 () < (355). vex

Let
x
Jex) =22 (3), cex, xex,
Ad(x) =26 (g) SeRY, xeX,
X x X
e(x) =x¢ (5' 5,—5) , xeX.
Then, it follows by (47)
1 fo(x) = fo(x)[| < €e(x),
so that (6) holds true.

For every &, 7 € YX and x € X, we have

X

et - el <2z (3) -n (3)

from which | satisfies (5) with fi(x) = 5 and L; (x) = 2. Note that

4

A'e(x) =2"¢ (%)

on x x x
=2 k¢ (2n+1’ on+1’ _2n+1)

Hence

so that (7) holds true. Therefore, by Theorem 2, there exists a mapping g, : X — Y such that

Qo(x) = lim J"f,(x), x€X,

n—oo

So(X) = 280 (g) , xeX,

and
xL

0
lsote) —fs(1° < (55 ) o geoton =)', wex.

(46)

(47)

(48)

(49)
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Since, by (42)

1" fo(x +y +2) + T fo(x) + " fo(y) + 1" fo(2) = J" fo(x +y)
" foly+2) = J"fo(x +2)]|

# () e (2) o (E) < ()

_fo(x+y> fo(y—l-z) (x+z>H

x z L\"
S anq) (zn Zyn 2}’1) S an <2) 47(x,y,2) = KanD(x/y/Z)

="

for all x,y,z € X, it follows that g, satisfies (2). Then by Lemma 2 and (48), we infer that g, is an
additive mapping. Thus g = g. + o also satisfies (2).
By (45) and (49), we obtain

[f(x) = g(x) || < x(llfe(x) = ge(X)[| + [| fo(x) — go(x)]])
455 L 47

<Kk|—2% My

- [(1_L9)9 +<2> (1_Le)$

45 43(142L)
(1-10)}

¢(x,x, —x)

p(x,x,—x), x€X,

as desired. Finally, we show the uniqueness. Assume there exists another additive mapping g, : X — Y
and a quadratic mapping g, : X — Y such that

47-12(1 4 2L)

I (x) = 8o(x) — ge(x)]| < T
(1-19)]

o(x,x,—x), xe€X.

407 L2(1401)
(1-12)?
we have from (39)

Letting o := , and taking the even part of the mapping f — go — e (resp. f — g, — <L),
Ife(x) = 8e (V)| < xag(x, x, —x) and | fe(x) — go(x)|| < xaq(x,x,—x), x€X.

Then

1
Ige(x) = ge(x) Il = 7118e(2x) — ge(2x)|
< iKzoc(p(Zx,Zx, —2x) < ikzrx -4Lo(x,x, —x)
= Lc*ag(x,x —x), x€X.
In this manner, we get foralln € N
Ige(x) = ge ()| < L"k*ag(x, x - x),

which goes to zero as n — co. Hence g, = g/. Similarly, we can show that g, = g/. O

Applying Theorem 6, we have the following stability of (4) for 1 < p < 2.
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Corollary 4. Assume that (X,+) is a uniquely 2-divisible abelian subgroup of a quasi-normed space and
(Y, || - ||, x) is a quasi-Banach space. Let the constants 1 < p < 2 and ¢ > 0 be such that the mapping
f+ X = Y satisfies

Ifx+y+2)+ f(x)+ fy) + f(2) = fx +y) = fly+2) = flx+ 2| < c((lxlP + NlyllP + 11217),

forall x,y,z € X. Then there exist a unique additive mapping g, : X — Y and a unique quadratic mapping
Qe : X — Y such that

c- %_1;(2
() — golx) — el < XA R gy e
(-1’

where L = max{2P—2,21=F},

4. Nonstability of the Fréchet Equation

In this part, we show that the Fréchet equation is not stable for p € {1,2}. The following example
comes from Gajda [10].

Example 3. Let ¢ : R — R be the function defined by

—x, x< -1,
px)=<ax, —-1<x<1,
w, 1<x,

where a > 0. Then the function f : R — R given by

flx) = i (P(Z:x), xeR

n=0 2
satisfies
[f(x+y+2) + f(x) + fy) + f(z) = fx +y) = fly +2) = flx+2) < 1da((x] +[y| + [z]),
but there is no function g satisfying (2) with ¢ > 0 such that
[f(x) —g(¥)| <clx|, xeR
Proof. Following the proof of [10] with |x| + |y| + |z| instead of |x| + |y|, we easily get the result. [
For p = 2, we consider the following example coming from [36].

Example 4. Let ¢ : R — R be the function defined by

o(x) = {rx, x € (—o0,—1]U[1,00),

ax?, —1<x<1,

where & > 0. Then the function f : R — R given by

f(x) = i 4)(2:x)/ xeR

n=0 4
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satisfies

fx+y+2)+ f(x)+fy) + f(2) — f(x+y) — fly+2) — flx+2)| < 40a(|x* + [y[> +[z[*),

but there is no function g satisfying (2) with ¢ > 0 such that
f(x) —g()| <clxl?, xeR.

Proof. Following the proof of [36] with x? + y? + z? instead of x> + y? and using the fact that f is an
even function, it is easy to get the result. [

5. Conclusions

Using a recently developed fixed point theorem, we have proved the Hyers-Ulam stability of the
Fréchet equation in quasi-Banach spaces. We also have shown the hyper-stability of the equation on
a restricted domain. The method and results in this paper extend the existing ones in the literature
mentioned in the Introduction.

Funding: This work was supported by Hallym University Research Fund, 2020 (HRF-202002-017).
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