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Abstract: A theorem on unique solvability in the sense of the strong solutions is proved for a class
of degenerate multi-term fractional equations in Banach spaces. It applies to the deriving of the
conditions on unique solution existence for an optimal control problem to the corresponding equation.
Obtained results are used to an optimal control problem study for a model system which is described
by an initial-boundary value problem for a partial differential equation.
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1. Introduction

We consider an optimal control problem for the multi-term fractional equation
n
LD§x(t) = Mx(t) + Y Ne(H)Df*x(t) + Bu(t), t € (to, T). (1)
k=1

Here X, ), U are Banach spaces, L : X — ) is a continuous operator, a linear closed operator M with
a dense domain in & acts into ), linear and continuous operator B acts on control function u from
into ). Operators Ni(t) are linear and continuous for every t € (ty,T), k =1,2,...,n. We mean the
Gerasimov—-Caputo derivatives under notations D} and ka with0 < <ar < - <a,<m—1<
a < m € N. Equations, which are not solved with respect to the highest order derivative with respect
to time, are often called Sobolev type equations [1,2]. Moreover, if (1) contains the operator L with a
nontrivial kernel kerL # {0}, it often called degenerate evolution equation or degenerate equation [3].
Here we shall consider this case.

Equations of form (1) frequently encountered in applications (see references below). The natural
initial conditions for degenerate evolution Equation (1) are

(Px)(k)(to> = xk’ k:0/1/"’1m_1/ (2)

where P is the projector along the degeneration space of the equation. We require that control functions
have to belong the admissible controls set
(7S uar (3)

where Uj is a nonempty closed convex set of a control functions space L (to, T;U). The cost functional
has the form

I(X,M) = ||x — deC”’*]([tO,T];X) + ||D‘t"x - ;Xdezq(to,T;X) + (SHM - ”d”Zq(to,T;u) — inf, (4)

Mathematics 2020, 8, 483; d0i:10.3390/math8040483 www.mdpi.com/journal/mathematics


http://www.mdpi.com/journal/mathematics
http://www.mdpi.com
https://orcid.org/0000-0002-0904-518X
https://orcid.org/0000-0002-1629-7959
http://www.mdpi.com/2227-7390/8/4/483?type=check_update&version=1
http://dx.doi.org/10.3390/math8040483
http://www.mdpi.com/journal/mathematics

Mathematics 2020, 8, 483 20f9

where g > 1,6 > 0, x; and u, are given functions. We are going to establish solvability conditions of
problem (1)—(4).

In recent decades, fractional integro-differential calculus has become one of the most important
tools for solving mathematical modeling problems [4-8]. On the other hand various issues of the
control theory, including unique solvability, are of interest to many authors. However, not many
papers deal with control problems for fractional differential equations, see [9-12] and references
therein. The present paper is a continuation of the authors” works on optimal control problems for the
equations with a degenerate operator at the highest-order time-fractional derivative [13-19].

In the second section we give the definition of the Gerasimov—Caputo fractional derivative and a
result about the existence of a unique strong solution of the Cauchy problem for a semilinear equation
which is solved with respect to the highest-order fractional derivative. The third section contains the
proof of the unique solvability in the sense of the strong solutions for a class of initial problems of form
(1) and (2). Here we used the theory of the degenerate evolution equations (see works [2,20,21]). In the
fourth section the result on the existence of a unique strong solution for problem (1), (2) is applied to the
proof of the optimal control existence for (1)—(4). The last section of the paper illustrates the obtained
abstract results on an example of an initial-boundary value problem for a partial differential equation.

2. Solvability of Nondegenerate Semilinear Equation

Let Z be a Banach space. Denote g;s(t) := T(6) 1071, g5(t) := T(8)71(t — to)° L, JOh(t) :=
t
J gs(t —s)h(s)ds for6 > 0,t > 0. Letm —1 < a < m € N, D}" be the usual derivative of the order
to

m € N, ] be the identical operator. The Gerasimov—-Caputo derivative of a function & is (see [22]

(p-11))
m—1
DEh(t) = D} (h(t) — YW <to>g~k+l<t>> . t>h.
Consider the Cauchy problem
2O (ty) =2, k=0,1,...,m—1, (5)
for the nonlinear differential equation
Diz(t) = Az(t) + B(t,D}{'z(t), D{?z(t),..., D{"z(t)) (6)

where A € L(Z), i.e., linear and continuous operator from Zto Z,0 < ay <ap < ---<a, <m—1<
« < m € N, n € N, anonlinear operator B : (ty,T) x 2" — Z is a Caratheodory mapping, i.e., for
arbitrary zq,z5,...,2z, € Z it defines a measurable mapping on (ty, T) and for almost all ¢ € (fo, T) it
is continuous in z1, 2y, ...,2, € Z.

A strong solution of problem (5), (6) is a function z € C" 1([ty, T]; Z), such that

m—1
N (z -y z(k)(to)g”k+1> € Wéﬂ(t(), T; Z), equalities (5) and (6) for almost all ¢ € (o, T) are true.
k=0

Here we use some g > 1.
Denote as X = (x1, X2, ..., X;) a set of n elements. We shall say that operator B : (tg, T) x Z" — Z
is uniformly Lipschitz continuous in ¥ € Z7, if there exists [ > 0, such that the inequality ||B(t,x) —

n
B(t,¥)||z <1 Y ||xx — vkl z is true for almost all t € (ty, T) and forall X,y € Z".
k=1

Lemma 1 ([20]). LetI -1 < B <1 e N, t >ty Then

ACp >0 VheCl([to,th2) IDPhllcny 2y < Colltll iy 2)-
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Theorem 1 ([23]). Suppose that ¢ > (« —m +1)"1, z0,2,...,2n 1€ Z, A€ L(Z),B: (to, T) x 2" —
Z is Caratheodory mapping, which is uniformly Lipschitz continuous in X, at all y1,y>, ..., yn € Z and almost
everywhere on (ty, T) inequality

n

IB(ty1,y2, - yn)llz < a(t) +c ) lykllz )
k=1

is valid for some a € Ly(to, T;R), ¢ > 0. Then problem (5), (6) has a unique strong solution on (to, T).

3. Degenerate Multi-Term Linear Equation

Let X and ) be Banach spaces. As L(X; )) we denote the space of all linear continuous operators,
which act from the space X' to ). Denote by CI(X’; V) the set of all linear closed operators with a dense
domain in & and with an image in ). Suppose that L € L(X;)), M € CI(X;)), denote by Dy the
domain of M, endowed by the graph norm || - |[p,, := || - ||x + [|M - || 3.

Define L-resolvent set p(M) := {y € C: (uL — M)~! € L(Y; X)} of an operator M and its
L-spectrum ¢ (M) := C\p"(M), and denote Rﬁ(M) = (uL — M)7'L, Lﬁ = L(uL — M)~1

An operator M is called (L, r)-bounded, if

Ja>0 YueC (lu|>a)= (ucpt(M)).

Under the condition of (L, r)-boundedness of operator M we have the projections
L . L
T 2w /R Jdu € L(X 2w /L Jdp € L),

where v = {u € C : |u| = r > a} (see [2] (pp. 89-90)). Put X? := ker P, X! := imP, )° := ker Q,
V! :=imQ. Denote by Ly (M) the restriction of the operator L (M) on Xk (Dm, == Dm0 X9, k=0,1.
Theorem 2 ([2] (pp. 90-91)). Let an operator M be (L, c)-bounded. Then

() My € L(XLPY), Mg € CL(X0;)0), Ly € L(X5V8), k=0,1;

(ii) there exist operators MO_1 € L(Y%x0), Ll_1 e L(YL ).

Denote Ny := {0} UN, G := Mo_lLo. For p € Ny operator M is called (L, p)-bounded, if it is
(L,0)-bounded, G? # 0, GP*1 = 0.

Letn € N, N : (to,T) —» L(X; V), k=1,2,...,n,0<a; <ap < - <ay, <m—1 € Ny.
Consider the degenerate multi-term linear equation

LD x(t) )+ ENk +f(), te(tT) ®)

Fix a constant g > 1. Strong solution on (tg, T) of this equation is a function x € C"~1([to, T]; X) N
Ly(to, T; D), such that

tm—zx (x— 2 x f() gk+l> S Wgn(tO,T}y)r

and almost everywhere on (t, T) equality (8) holds.
A solution of the generalized Showalter-Sidorov problem

(Px)(k)(to):xkl kzolll"'/m_ll (9)
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to Equation (8) is a solution of the equation, such that conditions (9) are true. Note here that Px =
Ly I, Px = Ly 1QLx, hence the smoothness of Px is not less the smoothness of Lx, since Ly 0 e
L(Y; X) due to Theorem 2.

Lemma 2 ([19]). Let H € L(X) be a nilpotent operator of a power p € Ny, a function h : [ty, T] —
X, (HD¥)'h € C"Y([to, T|; X) and DF(HD#)'h € Ly(to, T; X) for | = 0,1,...,p. Then the equation

P
HD*x(t) = x(t) + h(t) has a unique strong solution. Moreover, it has the form x(t) = — Y. (HD*)'h(t).
1=0
Theorem 3. Let g > (« —m +1)~1, p € Ny, an operator M be (L, p)-bounded, mappings Ny : (to, T) —
L(X;Y) be measurable, essentially bounded on (to, T), imNi(t) C V! for almost all t € (to, T), k =
1,2,...,n,Qf € Ly(to, T;Y), forall 1 = 0,1,..., p there exist (GD?‘)IMo_l(I -Q)f € C"([to, T]; X),

DY(GDF)!My (I — Q)f € Ly(to, T; X); x0,%1,..., X1 € X1. Then problem (8), (9) has a unique
strong solution.

Proof. The mapping
n
x(-) = Y, Ne(-)D*x()
k=1
acts from C"~1([t, T]; X') into the space L,(to, T; }) according to the theorem conditions. By the fact
imN; € V! we have (I — Q)Ny =0, QN = Ni, k = 1,2,...,n. Equation (8) after the action of the
operator My (I — Q) has the form
DiGuw(t) = w(t) + My (I - Q)f(t),

where w(t) = (I — P)x(t). Since the operator G is nilpotent and due to Lemma 2, the unique solution
of this equation has the form

P
w(t) = — ) (GD{) My (I - Q) (1)

Note that w € C"1([to, T]; X'), Dfw € Ly(ty, T; X), and
p—1
Mw = —(I-Q)f — LD} ) (GD})'My ' (I = Q)f € Ly(to, T; V).

1=0

The next step is to prove the unique strong solution existence of the Cauchy problem
n
Dfo(t) = S1o(t) + Ly Z Ni (D (v(t) +w(t)) + Ly Qf (1),
o0 (k) = x¢, k=0,1,...,m—1,

where o(t) = Px(t), S = L;'M; € L£(X!) due to Theorem 2. This problem is obtained from (8), (9)
after the action of the continuous operator L 1Q. Here the operator

B(t,00,01,- ., 00) = Li* Y Ni(t)(op + D% () + L Qf (1)
k=1

satisfies the conditions of Theorem 1. Indeed, let

b:= max esssup ||Nk(t)||£ X;Y)r
k=1,...n te(to,T) ( )
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then the operator B is uniformly Lipschitz continuous in & with the constant = b|| L} | £(y;x) and it
satisfies inequality (7) with c = [,

n
a=1L"Y NiDf*w+ L 'Qf € Ly(to, T; X)
k=1
due to Lemma 1. Thus, by Theorem 1 we obtain the required. A unique solution of problem (8), (9) has
the form x(t) = v(t) + w(t). O

4. Optimal Control Problem

Let Ny : (tg, T) = L(X;Y),k=12,....neNOI<a <y < - <agp<m—-T<a<meN
Consider an optimal control problem for a degenerate multi-term linear equation

LD%x(t) )+ ZNk t) 4+ Bu(t), te€ (t,T), (10)

(Px)®(tg) = xi, k=0,1,...,m—1, (11)

u €U, (12)

J(x,u) = ||lx = xallom1jg, 10 +||D“x—D“Xqu (to,T5X) +5Hu ”d”L tw)—>inf, (13)

where U5 is a subset of L,(to, T;U) of admissible controls, ] is the cost functional, x; € C"([ty, T); X),
such that Dix; € Ly(to, T; X'), ug € Ly(to, T;U) are given, 6 > 0.
Introduce the spaces at g > 1

th,q(tO; T,'X) = {Z € Cm_l([to, T],' X) : m a(Z - Z z( (tO)gk—i-l) qu(to, T,'X)},

sz,q(tO/ T, X):= {Z € Cmil([to,T];X) ﬁLq(to,T Dy) : m ”‘(z — Z z( (tO)gk+1> GW (to,T,’X)} .

Lemma 3 ([13,14]). Qq4(to, T; X') and Z, 4(to, T; X') are Banach spaces with the norms | x|| Quglto TX) =

[l em1 (e, 1) + IPEXN 1y (10, 70y 1% 2, 10,750y = XN (10, 7:000) 1% omr 119, 750) + IDE XL 10,730
respectively.

Introduce the continuous operator 7y : C([ty, T|; X') = X, yox = x(to).

Admissible pairs set W of problem (10)—(13) is a set of such pairs (x,u), that u € Uy, x €
Z4,4(to, T; X) is a strong solution of (10), (11). To solve problem (10)—(13) means to find the set of pairs
(%,1) € W, which minimize the cost functional, i.e., J(£,4) = inf J(x,u).

(x,u)ew

Theorem 4. Let g > (« —m +1)~1, p € Ny, an operator M be (L, p)-bounded, mappings Ny : (to, T) —
L(X;Y) be measurable, essentially bounded on (to, T), imNi(t) C V' for almost all t € (ty,T), k =
1,2,...,n. Assume that Uy is a non-empty closed convex subset in Lq(to, T;U), there exists such uy € Uy, that
(GD*)'My* (I — Q)Bug € C"~1([to, T]; X'), D¥(GD¥)!My (I — Q)Bug € Ly(to, T; X) at1 =0,1,...,p.
Then problem (10)—~(13) has a unique solution (£,1) € Zy4(to, T; X) x Uy.

Proof. By Theorem 3 the set VW of admissible pairs is nonempty. We use Theorem 2.4 from the
monograph [24] for the proof of an optimal control existence. Take spaces Y := Qg ,4(to, T; X),
Y1 = Zyy(to, T; X), U= Ly(to, T;U), V := Ly(to, T; V) x &A™, the operator L : Y; x U — V and the
vector F € V of the form
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L(x,u):=
n
= (LD"x — Mx — ) Ni(t)D*x — Bu, 70(Px), 70(Px) ™V, ..., 70 (Px) " 1)),
k=1

F:= —(O,xo,xl,...,xm,l).

The continuity of the linear operator L from Z, 4(to, T; X') X Lq(to, T;U) to Ly(to, T; V) x X™ follows
from the inequalities

I(LDfx — Mx — Y Ni(£)Dgx = Bu, 70(Px), 70 (Px)™, ..., 70 (Px) " D) 4 19 oo =
k=1

= |ILDfx — Mx — ) Ne()Di*x — Bul|, (15, 7:) +

n
k=1
0 X 0 x+- 0 Ul = CLliDr x|l (1, 1;00) Ly(t0,T;))
+[l70(Px) | + lro(Px) V| + -+ + [70(Px) "™ V|| < CL|| Dfx|l, + [[Mx]|p, +
n
+I;1CNk||kax||Lq(to,T;X)+CBH”||Lq(to,W) + Coopllxllemr(ty,17,20) <

< GUIDEx L (g0, 1:20) + C2llXN L, (1, 7:000) T Callxom1t 72y + Callutll, 1o, 7240) <

< C (10l 2yt 150) + 1yt 720y ) = CICE ) | 20072 Ly 0 720)
Here we applied Lemma 1.
For a pair (x,u) € W we have

[l (x, u) ||y, xu = HxHZ,x,q(to,T;X) + ||uHLq(t0,T;Z,{) =

= Hx”Lq(to,T;X) + HMx”Lq(to,T;y) + 1xll em1(ay, 0y + HDltxx”L,,(tg,T;X)"’_
n
FlullL, bty = %[z, (80, 7,2) + ILDFx — Y NiDy*x — BullL, 5, 1)+
k=1
Fllxllem-1(ty,m500) T IDFXN L (1, 70) + Nl (10, 720) <
< CLlIDF x|, (1, 70y + Cn Il em (g, 1) + CBllwll Ly (10, 724) < C1R + Co,

if J(x,u) < R. Thus, functional (13) is coercive. [

5. Example

Consider a control problem for the model equation

a 82'0 < Ky 82,0
Df |3z +70) = Bo+ ) (D" (55 +v ) +u, 5 € (0,7), t€ (b, T), (14)
k=1
v(0,t) =o(m,t) =0, te (t,T), (15)
ok /%0 _ r—
sil5z T (s,tg) = v(s), k=0,1,...,m—1, se(0,m), (16)

By €eER, 6 :(tg,T) >R k=12,....10<a <ap < - <ap <m—1<a<méeN. In order

to reduce problem (14)—(16) to (8), (9) we choose spaces and operators: X = {v : H?(0,77) : v(0) =
2 2

() = 0}, = Lo(0, 1), U = Ly(0, %), L = &5+, M = BI, Ny (t) = 5(¢) (aa? +7>,k —1,2,...,n,

B=1
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The admissible controls set and the cost functional are given by the following
2 2
1T, (b, 5L (0,0)) < T (17)

J(v,u) := [0 = vallon(y 1) + I1DF0 = Dvalll, g 1) + 0l = tallf, 0 11 0,) — infs - (18)

where vy € C"~1([to, T]; X), Divg € La(to, T; X), ug € La(to, T; L2(0, 7)), 7,6 > 0.
Introduce the space

Zoo(to, T; X) = {v e C"Y([to, T]; X) N La(to, T; Lo(0, 7)) -

m—1
t"'“( - v(k)(fo)gkﬂ) €H"(to, T;X)} :

k=0

Theorem 5. Let m —a < 1/2, vy =b%atsomeb € N,vp € X, k=0,...,m—1,
T
/vk(s)sin(bs)ds —0, k=01,...,m—1, (19)
0

01 (to, T) — R are measurable and essentially bounded, | = 1,2, ...,n. Then there exists a unique solution of
problem (14)-(18) on (to, T).

Proof. We have kerL = span{sinbs}, and Equation (]4) is degenerate. The operator M is
(L, 0)-bounded, since for sulfficiently large |u| we have y # <~ and

/\+7
> (14 A7) (v, 9n)? > >
L— M) < o).
I ( Yl g2 v ; ot ) — o) k§:1,<y )

This implies that imL, = Y! and we can reduce problem (9) to the problem (Lx)®) (tg) = v =
Lx, € YL k=0,1,...,m—1, of form (16). Note that conditions (19) mean that v, € Y1, Moreover,
imNy(t) CimL = V!, since Ni(t) = & (t)L, k=1,2,...,n

We can take 1y = 0 in the conditions of Theorem 4. So by that theorem problem (14)—(18) has a
unique solution. [J

6. Conclusions

We studied the unique solvability of initial value problems for a class of degenerate evolution
fractional multi-term equations. The obtained results are applied to study of some optimal control
problems for systems, which state is described by such initial value problem. Abstract results can be
used for investigation of optimal control problems for multi-term time-fractional partial differential
equations, it is illustrated on an example. The results of the work in future will be extended to problems
with start control and with mixed control to degenerate evolution fractional multi-term equations, to
stochastic degenerate fractional evolution equations with white noise, and some others.

Author Contributions: Conceptualization, M.P.; methodology, M.P.; validation, G.B.; formal analysis, G.B.;
investigation, G.B.; writing—original draft preparation, G.B.; writing-review and editing, M.P.; supervision, M.P,;
project administration, M.P. All authors have read and agreed to the published version of the manuscript.

Funding: The work is supported by Act 211 of Government of the Russian Federation, contract 02.A03.21.0011.

Conflicts of Interest: The authors declare no conflict of interest. The funders had no role in the design of the
study; in the collection, analyses, or interpretation of data; in the writing of the manuscript, or in the decision to
publish the results.



Mathematics 2020, 8, 483 80f9

References

1.  Demidenko, G.V.; Uspenskii, S.V. Partial Differential Equations and Systems Not Solvable with Respect to the
Highest-Order Derivative; Marcel Dekker, Inc.: New York, NY, USA; Basel, Switzerland, 2003.

2. Sviridyuk, G.A.; Fedorov, V.E. Linear Sobolev Type Equations and Degenerate Semigroups of Operators; VSP:
Utrecht, The Netherlands; Boston, MA, USA, 2003.

3. Favini, A.; Yagi, A. Degenerate Differential Equations in Banach Spaces; Marcel Dekker, Inc.: New York, NY,
USA,; Basel, Switzerland; Hong Kong, China, 1999.

4. Baleanu, D.; Fedorov, V.E.; Gordievskikh, D.M.; Tas, K. Approximate controllability of infinite-dimensional
degenerate fractional order systems in the sectorial case. Mathematics 2019, 7, 735. [CrossRef]

5. Baleanu, D.; Fernandez, A. On fractional operators and their classifications. Mathematics 2019, 7, 830.
[CrossRef]

6.  Fedorov, V.E.; Debbouche, A. A class of degenerate fractional evolution systems in Banach spaces. Differ.
Equ. 2013, 49, 1569-1576. [CrossRef]

7. Fedorov, VE.; Romanova, E.A.; Debbouche, A. Analytic in a sector resolving families of operators for
degenerate evolution equations of a fractional order. J. Math. Sci. 2018, 228, 380-394. [CrossRef]

8.  Shishkina, E.; Sitnik, S. A fractional equation with left-sided fractional Bessel derivatives of
Gerasimov-Caputo type. Mathematics 2019, 7, 1216. [CrossRef]

9. Wang, J.R.; Zhou, Y. A class of fractional evolution equations and optimal controls. Nonlinear Anal. Real
World Appl. 2011, 12, 262-272. [CrossRef]

10. Baleanu, D.; Machado, J.A.T.; Luo, A.C.J. Fractional Dynamics and Control; Springer: New York, NY, USA, 2012.

11.  Dzielinski, A.; Czyronis, PM. Optimal control problem for fractional dynamic dystems—Linear quadratic
discrete-time case. Lect. Notes Electr. Eng. 2013, 257, 87-97.

12. Bahaa, G.M.; Hamiaz, A. Optimal control problem for coupled time-fractional diffusion systems with final
observations. J. Taibah Univ. Sci. 2018, 13, 124-135. [CrossRef]

13.  Plekhanova, M.V. Degenerate distributed control systems with fractional time derivative. Ural. Math. |. 2016,
2,58-71. [CrossRef]

14. Plekhanova, M.V. Solvability of control problems for degenerate evolution equations of fractional order.
Chelyabinsk Phys. Math. ]. 2017, 2, 53-65.

15. Plekhanova, M. V. Distributed control problems for a class of degenerate semilinear evolution equations.
J. Comput. Appl. Math. 2017, 312, 39-46. [CrossRef]

16. Plekhanova, M.V.; Baybulatova, G.D. Optimal control problems for a class of degenerate evolution
equationswith delay. Chelyabinsk Phys. Math. |. 2018, 3, 319-331.

17.  Plekhanova, M.V. Optimal control existence for degenerate infinite dimensional systems of fractional order.
IFAC-PapersOnLine 2018, 51, 669-674. [CrossRef]

18. Plekhanova, M.V,; Baybulatova, G.D.; Davydov, P.N. Numerical solution of an optimal control problem for
Oskolkov’s system. Math. Methods Appl. Sci. 2018, 41, 9071-9080. [CrossRef]

19. Plekhanova, M.V,; Baybulatova, G.D. Problems of hard control for a class of degenerate fractional order
evolution equations. Lect. Notes Comput. Sci. 2019, 11548, 501-512.

20. Plekhanova, M.V,; Baybulatova, G.D. Semilinear equations in Banach spaces with lower fractional derivatives.
Springer Proc. Math. Stat. 2019, 292, 81-93.

21. Plekhanova, M.V,; Baybulatova, G.D. A class of semilinear degenerate equations with fractional lower order
derivatives. In Stability, Control, Differential Games (SCDG2019), Proceedings of the International Conference
Devoted to the 95th Anniversary of Academician N.N. Krasovskii, Yekaterinburg, Russia, 1620 September 2019;
Filippova, T.E,, Maksimov, V.I., Tarasyev, A.M., Eds.; Krasovskii Institute of Mathematics and Mechanics of
Ural Branch of the Russian Academy of Sciences (IMM UB RAS): Yekaterinburg, Russia, 2019; pp. 444—448.

22. Bajlekova, E.G. Fractional Evolution Equations in Banach Spaces. Ph.D. Thesis, Eindhoven University of

Technology, Eindhoven, The Netherlands, 2001.


http://dx.doi.org/10.3390/math7080735
http://dx.doi.org/10.3390/math7090830
http://dx.doi.org/10.1134/S0012266113120112
http://dx.doi.org/10.1007/s10958-017-3629-4
http://dx.doi.org/10.3390/math7121216
http://dx.doi.org/10.1016/j.nonrwa.2010.06.013
http://dx.doi.org/10.1080/16583655.2018.1545560
http://dx.doi.org/10.15826/umj.2016.2.006
http://dx.doi.org/10.1016/j.cam.2015.09.034
http://dx.doi.org/10.1016/j.ifacol.2018.11.502
http://dx.doi.org/10.1002/mma.4904

Mathematics 2020, 8, 483 90f9

23. Plekhanova, M.V.; Baybulatova, G.D. On strong solutions for a class of semilinear fractional degenerate
evolution equations with lower fractional derivatives. Math. Methods Appl. Sci. 2020, in press.
24. Fursikov, A.V. Optimal Control of Distributed Systems. Theory and Applications; AMS: Providence, RI, USA, 1999.

® (© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).



http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Solvability of Nondegenerate Semilinear Equation
	Degenerate Multi-Term Linear Equation
	Optimal Control Problem
	Example
	Conclusions
	References

