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Abstract: The structure of the commutator subgroup of Sylow 2-subgroups of an alternating group
Aok is determined. This work continues the previous investigations of me, where minimal generating
sets for Sylow 2-subgroups of alternating groups were constructed. Here we study the commutator
subgroup of these groups. The minimal generating set of the commutator subgroup of Ay is
constructed. It is shown that (SylbA,x)? = Syl Ay, k > 2. It serves to solve quadratic equations in
this group, as were solved by Lysenok L. in the Grigorchuk group. It is proved that the commutator
length of an arbitrary element of the iterated wreath product of cyclic groups Cp,, p; € N equals
to 1. The commutator width of direct limit of wreath product of cyclic groups is found. Upper
bounds for the commutator width (cw(G)) of a wreath product of groups are presented in this paper.
A presentation in form of wreath recursion of Sylow 2-subgroups Syl (A ) of A, is introduced. As
a result, a short proof that the commutator width is equal to 1 for Sylow 2-subgroups of alternating
group Ay, where k > 2, the permutation group Sy, as well as Sylow p-subgroups of Syl, A x as well
as Syl»S ) are equal to 1 was obtained. A commutator width of permutational wreath product B2 Cy
is investigated. An upper bound of the commutator width of permutational wreath product B! C,
for an arbitrary group B is found. The size of a minimal generating set for the commutator subgroup
of Sylow 2-subgroup of the alternating group is found. The proofs were assisted by the computer
algebra system GAP.

Keywords: commutator subgroup; alternating group; minimal generating set; Sylow 2-subgroups;
Sylow p-subgroups; commutator width; permutational wreath product
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1. Introduction

The object of our study is the commutatorwidth [1] of Sylow 2-subgroups of alternating group A.
As an intermediate goal, we have a structural description of the derived subgroup of this subgroup.
The commutator width of G is the minimal n such that for arbitrary ¢ € [G, G| there exist elements
X1, Xn,Y1,--.,Yn in G such that ¢ = [x1,y1] ... [Xn, Yn]-

Our study of the width of the commutator is somewhat similar to the study of equations in simple
matrix groups [2], and is also associated with verbal subgroups. Additionally, in related work [3], it
was established that the commutator width of the first Grigorchuk group is 2.

Commutator width of groups, and of elements, has proven to be an important group property, in
particular via its connections with stable commutator length and bounded cohomology [4,5]. It is also
related to solvability of quadratic equations in groups [6]: a group G has commutator width < # if and
only if the equation [Xy, X] ... [X2,—1, X2n]g = 1 is solvable forall g € G'.
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As it is well known, the first example of a group G with commutator width greater than 1
(cw(G) > 1) was given by Fite [7]. The smallest finite examples of such groups are groups of order 96;
there are two of them, nonisomorphic to each other, which were given by Guralnick [8].

We obtain an upper bound for commutator width of wreath product C,, ! B, where C,, is cyclic
group of order n, in terms of the commutator width cw(B) of passive group B. A form of commutators
of wreath product A B was briefly considered in [9]. The form of commutator presentation [9] is
proposed by us as wreath recursion [10], and the commutator width of it was studied. We imposed
a weaker condition on the presentation of wreath product commutator than was proposed by J.
Meldrum.

In this paper we continue investigations started in [11-17]. We find a minimal generating set and
the structure for commutator subgroup of Syl Ay.

Research of commutator-group serves the decision of inclusion problem [18] for elements of
Syly Ay in its derived subgroup (Sylp Ay ). Knowledge of the method for solving the of inclusion
problem in a subgroup H facilitates the solution of the problem of finding the conjugate elements in
the whole group (conjugacy search problem) [19]. Because by the characterization of the conjugated
elements ¢ and h~ !¢/, we can determine which subgroups they belong to and which do not belong.

It is known that the commutator width of iterated wreath products of nonabelian finite simple
groups is bounded by an absolute constant [7,20]. But it has not been proven that commutator subgroup
of IZc Cp, consists of commutators. We generalize the passive group of this wreath product to any

i=1
group B instead of only wreath product of cyclic groups and obtain an exact commutator width.

Additionally, we are going to prove that the commutator width of Sylow p-subgroups of
symmetric and alternating groups for p > 2is 1.

2. Preliminaries

Let G be a group acting (from the right) by permutations on a set X and let H be an arbitrary
group. Then the (permutational) wreath product H G is the semidirect product HX X G, where G acts
on the direct power HX by the respective permutations of the direct factors. The cyclic group Cj or
(Cp, X) is equipped with a natural action by the left shift on X = {1,..., p}, p € N. It is well known
that a wreath product of permutation groups is associative construction [9].

The multiplication rule of automorphisms g and /&, which are presented in form of the wreath
recursion [21] ¢ = (g(1), §(2), - - -+ §(1))0g, h = (h1), h2), -, ha))on, is given by the formula:

8- 1= (8)h(o, (1)) 8@ (oy(2)): - 8(a) ey () ) Tg T

We define 0 as (1,2,..., p) where p is defined by context.

The set X* is naturally a vertex set of a regular rooted tree; i.e., a connected graph without cycles
and a designated vertex v, called the root, in which two words are connected by an edge if and only if
they are of form v and vx, where v € X*, x € X. The set X" C X* is called the n-th level of the tree
X* and X0 = {vo}. We denote by vj; the vertex of X/, which has the number i, where 1 < i < X?
and the numeration starts from 1. Note that the unique vertex vy ; corresponds to the unique word
v in alphabet X. For every automorphism g € AutX* and every word v € X* determine the section
(state) g(,) € AutX* of g at v by the rule: g,)(x) = y for x,y € X* if and only if g(vx) = g(v)y. The
subtree of X* induced by the set of vertices U;‘:OXi is denoted by XK. The restriction of the action
of an automorphism g € AutX* to the subtree X!!! is denoted by 8(v)|xim- The restriction 8(vy) | ¢ is
called the vertex permutation (v.p.) of g at a vertex v;; and denoted by g;;. For example, if |X| = 2 then
we just have to distinguish active vertices; i.e. the vertices for which g;; is non-trivial [21].

We label every vertex of X/, 0 < I < k by 0 or 1 depending on the action of v.p. on it. The
resulting vertex-labeled regular tree is an element of AutXK. All undeclared terms are from [22-24].
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Let us fix some notation. For convenience the commutator of two group elements a and b is
denoted by [a,b] = aba~'b~!, conjugation by an element b we denote by

a’ = bab™ 1.
We define Gy and By, recursively; i.e.,

By = Gy, By = Bx_1 &) fork >1,
G1 = (e), Gk = {(81,82)7 € By | 182 € Gy_1} fork > 1.

k
Note that By =1 C;.
i=1
The commutator length of an element g of a derived subgroup of a group G, is the minimal n such
that there exist elements x1,..., X, ¥1,...,Yn in G such that ¢ = [x1,11] ... [x4, Yn]. The commutator
length of the identity element is 0. Let cI/G(g) denotes the commutator length of an element g of a
group G. The commutator width of a group G is the maximum of cIG(g) of the elements of its derived

subgroup [G, G]. We denote by d(G) the minimal number of generators of the group G.

3. Commutator Width of Sylow 2-Subgroups of A, and S

The the following lemma improves the result stated as Corollary 4.9 in of [9]. Our proof uses
arguments similar to those of [9].

Lemma 1. An element of form (ry,...,rp_1,1p) € W = (B1Cp)" iff product of all r; (in any order) belongs
to B', wherep € N, p > 2.

Proof. More details of our argument may be given as follows. If we multiply elements from a tuple

(rq,-- .,rp_l,rp) = w, wherer; = higu(i)hlzl(i)g[;;,l(i), hi, gi € Band a,b € Cp, then we get a product

p p
x =[Tri = I Thiga ahtz i) € B ey

i=1 i=1

where x is a product of appropriate commutators. Therefore, we can write r, = rl ry Lx. We can

pfl"
m

rewrite element x € B’ as the product x = [T [k, g;], m < cw(B).
j=1

Note that we impose a weaker condition on the product of all r; which belongs to B’ than in
Definition 4.5 of form P(L) in [9], where the product of all r; belongs to a subgroup L of B such that
L>B.

In more detail, deducing of our representation construct can be reported in the following way.
If we multiply elements having form of a tuple (rq,...,7,-1,7p), where r; = hig,;)h,, 1( )gu_ljrl(i)’
hi, i € Band a,b € Cp, then we obtain a product

ITr thga () 8aba-1(i) € B @)

i=1

Note that if we rearrange elements in (1) as hlhl_lglgz_lhzhz_lglgz_l...hphrjlgpggl then by the
reason of such permutations we obtain a product of appropriate commutators. Therefore, the following
equality holds

P |4
]_[hlga b 8o (1) = | L 1igihi '8 0 = [ [ il 'gig; 'x € B, 3)
i=1 i=1
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where xg, x are the products of appropriate commutators. Therefore,
(r,...,rp1,1p) € Wiffr,_-...-ry -1, =x€B. 4)

Thus, one element from states of wreath recursion (ry,...,7,_1,7,) depends on rest of r;. This implies

p
that the product jl:[l rj for an arbitrary sequence {rj}f:l belongs to B'. Thus, r, can be expressed as:

_ 1 -1
Tp =T T X
Denote a j-th tuple consisting of wreath recursion elements by (7;,,7},, ..., 7j,). The fact that the
set of forms (rq,. .., p-1, rp) EW = (B2 Cp)’ is closed under multiplication follows from the identity
follows from

k

Kk p
[1Cn-rjp-arjp) =TT ] 7 = RiR2--Rx € B, ®)

j=1 j=li=1
. . . p . .
where tji is i-th element of the tuple number j, R]- = JI Tiis 1 < j < k. As it was shown above
i=1

-1
Rj = ]jHl rji € B'. Therefore, the product (5) of Rj, j € {1,....k} which is similar to the product
mentioned in [9], has the property R1R;...Ry € B’ too, because of B’ is subgroup. Thus, we get a
product of form (1) and the similar reasoning as above is applicable.

Let us prove the sufficiency condition. If the set K of elements satisfying the condition of this
theorem, that all products of all r;, where every i occurs in this form once, belong to B’. Then using the
elements of the form

(r1,e,....e, rfl), o, (ee .., etie, r;l), - (ee..e rp,l,r;l), (e,e,...e,r1ry " ... rp,l)

we can express any elements of the form (ry,...,7,_1,7p) € W = (B1C;)". We need to prove that
in such a way we can express all element from W and only elements of W. All elements of W can be
generated by elements of K since r;, i < p are arbitrary and the fact that equality (1) holds, so 7, is well
determined. [

Lemma 2. Assume a group B and an integer p > 2. If w € (B1Cp,)’ then w can be represented as the following
wreath recursion

k
w=(r,r,.. .,rp,l,rfl .. "’;1 H[f]-,g]-]),
i=1

wherery,...,1p1,f;, 8 € Band k < cw(B).
Proof. According to Lemma 1 we have the following wreath recursion

w = (rlerI L /rpflrrp)/

1 -1

wherer; € Band 1, 17p—2...12117p) = X € B’. Therefore, we can write rp =711 . STy Xe We can also

k
rewrite an element x € B’ as a product of commutators x = ] [fj, ;] where k < cw(B). [
j=1

Lemma 3. For any group B and integer p > 2, suppose w € (B1Cp)' is defined by the following wreath
recursion:

-1 -1
w = (ry,12,...,7p-1,1] ...rp_l[f,g]),
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wherery,...,1p-1, f,§ € B. Then we can represent w as the following commutator
w = [(a1,...,a1p)0,(az1,...,02,)],
where
a;=e for1<i<p-1,

-1 -1
NPy et
ap = (f)" T,
Ay = Ti—1y—1, for2 < i <p,
-1
a
ayp = g .
Proof. Consider the following commutator
-1 -1 -1 -1, (-1 -1
K= (a1,1,...,a1,p)(7- (a21,...,a2p) - (allp,alll,...,allpfl)(f . (”2,1""'”2,;7)

= (a31,.--,a3p),
where
az,i = a1,i92,1+ (i mod p)“izlaig :
At first we compute the following
az; = al,iaz,i+1a£}a£} = az,i+1a£} = riaz,iaz_,l.l =r,for1<i<p-1
Then we make some transformation of a3 :
azp = “l,pall”f,;ai;
= (ﬂz,lﬂill)ﬂ1,pﬂ2,1ﬂi,1,ﬂ£,,l,
=4 [ﬂﬂ/al,p]ﬂi;
= ﬂz,lﬁl{,;az,p [azjll, allp}a;’;
= (azp30) " ((a30)" ]
= (a2p151) [ ill)ﬂz,pai%,a‘fg].

Now we can see that the form of the commutator x is similar to the form of w.
Introduce the following notation

r=rpq...m.
We note that from the definition of a; ; for 2 < i < p it follows that
ri = a2/i+1a£’}, for1<i<p-1.
Therefore

-1 -1 -1 -1
r= (”2,;}“24,71) (”2,;7715124,72) e (”2,3“2/2)(”2,2512,1)

-1
= 612];,612,1 .

Then
(agpayy) ' = (")t =rt ..r;}l.
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Now we compute the following

(1)t = (((F71)7 =)=y = (F)y =
i = (g = g

Finally, we conclude that
-1 -1
azp =711 -1, 4lf 8-
Thus, the commutator x has the same form as w. O

For future using we formulate previous Lemma for the case p = 2.

Corollary 1. For any group B, suppose w € (B2 Cy)' is defined by the following wreath recursion

w = (r, 77 [f,8]),

where r1, f, g € B. Then we can represent w as commutator

w = [(e,a12)0, (a21,a22)],

where

1

a1 = ()1,
a22 = T4z,
M = g“ﬁ-
Lemma 4. For any group B and integer p > 2 the inequality
cw(B1Cp) < max(1,cw(B))

holds.

Proof. By Lemma 1, we can represent any w € (B2 C,)’ as the following wreath recursion

k
w = (1’1,1’2,.. .,Tp,1,1’1_1 .. ,T;}ln['f],g]])
j=1

k

= (rl,rz,...,rp,l,rfl...,r;_ll[fl,gl]) ~1—£[(e,...,e,fj), (e,--,e,8)],
]:

wherery, ..., rp-1, ]‘j, g €EB and k < cw(B). Now by the Lemma 3 we can see that w can be represented
as a product of max(1, cw(B)) commutators. [

Corollary 2. If W = Cp, 1...0Cp, then cw(W) =1 fork > 2.

Proof. If B = Cp, 1 Cp,_,, then take into consideration that cw(B) > 0 (because Cpe 1 Cpy_; 1s not
commutative group). Lemma 4 implies that cw(Cp, ¢ Cp, ;) = 1, and using the inequality cw(Cp, ?
Cp 1 1Cp,) < max(1,cw(B)) from Lemma 4 we obtain cw(Cp, 1 Cp, , 1 Cp, ,) = 1. Similarly, if
W = Cp, 1...1Cp, we use inductive assumption for Cp, ?...2Cp, the associativity of a permutational
wreath product, the inequality of Lemma 4 and the equality cw(Cp, 1...1Cp,) = 1 to conclude that
cw(W)=1. O
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We define our partially ordered set M and directed system of finite wreath products of cyclic
groups as the set of all finite wreath products of cyclic groups. We make of use directed set N.

k
i—1

1

Moreover, it has already been proved in Corollary 3 that each group of the form
i

X Cp, has a

|~

k
commutator width equal to 1;i.e., cw( ! Cp;) = 1. A partially ordered set of a subgroups is ordered by
i=1

relation of inclusion group as a subgroup. Define the injective homomorphism fj 11 from the IZ< Cp,

k+1 -
into ! Cp, by mapping a generator of active group Cp, of H in a generator of active group Cp, of Hy1.
lE\ more detail, the injective homomorphism fj 1 is defined as g — g(e, ..., ), where a generator
]2(1 Cp., 8le, ... e) € szrll Cp;-

i=

8§

k
We therefore obtain an injective homomorphism from Hj onto the subgroup @ C), of Hy .
i=

k k
Corollary 3. The direct limit lim 2 Cp, of the direct system < frjr Cpi> has commutator width 1.
i=1 i=1

k
Proof. We make the transition to the direct limit in the direct system < frjr Cpi> of injective
i=1

k k+1 k+2
mappings from chaine — ... — 0 Cp, = 0 Cp, > U Cp; — ..
i=1 i=1 i=
Since all mappings in chains are injective homomorphisms, they have a trivial kernel. Therefore,

the transition to a direct limit boundary preserves the property cw(H) = 1, because each group Hy
from the chain is endowed by cw(Hy) = 1.

k
The direct limit of the direct system is denoted by lim ¢ Cp, and is defined as disjoint union of
i=1

the Hy’s modulo a certain equivalence relation:

|~

u
k

Cy;
Cp = ki
1

LAV

|~

li
_n}i
k
Since every element g of lim ! Cp,; coincides with a correspondent element from some Hy of direct
i=1

k
system, then by the injectivity of the mappings for g the property cw( ¢ C,,;) = 1also holds. Thus, it
i=1

1
k
holds for the whole lim { C,.. O
gizl a

Corollary 4. For prime p and k > 2 we have cw(Syly(S,x)) = 1. For prime p > 2 and k > 2 we have
cw(Sylp(Apk)) =1

k
Proof. Since Sylp(Spk) ~ ¢ Cp (see [25,26]), we have cw(Sylp(Spk)) = 1. It is well known thatin a
i=1

1=
case p > 2 where we have Syl,S,x ~ SylpA  (see [15,23]), so we obtain cw(Syly(A)) =1. O

Proposition 1. There is an inclusion B, < Gy holds.
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Proof. We use induction on k. For k = 1 we have B, = Gy = {e}. Fix some g = (g1,82) € B;. Then
8182 € B,_, by Lemma 1. As B, ; < Gj_; by the induction hypothesis therefore g1¢> € G¢_1 and by
definition of Gy, it follows that g € G. O

Corollary 5. The set Gy, is a subgroup in the group By.

Proof. According to the recursively definition of Gy and By, where G, = {(g1,$2)7™ € By | §1§2 €
Gr_1} k > 1, i.e. Gy is subset of By with condition g192 € Gi_1. The result follows from the fact that
Gy_1 is a subgroup of Gy. It is easy to check the closedness by multiplication elements of G, with
condition g1g», h1hy € Gi_1 because Gi_1 is subgroup so g182h1hy € Gy_1 too. The inverses can be
verified easily. [

Lemma 5. Forany k > 1 we have |Gy| = |Bg|/2.

Proof. Induction on k. For k = 1 we have |G| = 1 = |B1/2|. Every element g € G, can be uniquely
written as the following wreath recursion

g§=(g1,82)m= (81,8 'X)7

where g1 € Bx_1, x € G;_1 and 7w € Cp. Elements g1, x and 7t are independent; therefore, |G| =
2|Bk-1| - [Gx—1] = 2[Bg-1| - [Bx-1]/2 = [B¢[|/2. O

Corollary 6. The group Gy is a normal subgroup in the group By; i.e., Gy < By.

Proof. There exists normal embedding (normal injective monomorphism) ¢ : Gy — By [27] such
that Gy < By. Indeed, according to Lemma index | By : G| = 2, so it is a normal subgroup; that is, a
quotient subgroup /¢, ~ G,. O

Theorem 1. For any k > 1 we have Gy ~ Syl Ayx.

Proof. Group C; acts on the set X = {1,2}. Therefore, we can recursively define sets X* on which
group By acts X! = X, Xk = X¥=1 x X for k>1. At first we define S,x = Sym(X¥) and Ay = Alt(XF)
for all integers k > 1. Then Gy < Bx < Sy and Ayr < Syk.

We already know [15] that By ~ Syly(Sy). Since |Ax| = |Syk|/2, |SylaAx| = |SylaSy|/2 =
|B|/2. By Lemma 3 it follows that |Syly A,x| = |G| Therefore, it remains to show that Gy < Alt(X¥).

Let us fix some ¢ = (g1,82)0" where ¢1,92 € Bx_1,i € {0,1} and 182 € G;_1. Then we can
represent g as follows

g = (8182,¢) - (8",82) - (e,e,)0r"

In order to prove this theorem it is enough to show that (g1¢2,¢€), (g5 ', $2), (e,¢, )0 € Alt(XF).

Elements (e, e, )o just switch letters x1 and x; for all x € Xk. Therefore, (e, e, )o is product of
\Xk’1| = k-1 transpositions, and therefore, (e, e, )o € Alt(Xk).

Elements g, ' and g» have the same cycle type. Therefore, elements (g, !, ¢) and (e, g) also have
the same cycle type. Let us fix the following cycle decompositions

(g51,6)201~...'0n,

(,92) =71 ... Ty

Note that element (g, ', ¢) acts only on letters like x1, and element (¢, g») acts only on letters like x,.
Therefore, we have the following cycle decomposition

(&5 8) =01 0Tt T



Mathematics 2020, 8, 472 9 of 19

So, element (g, !, g2) has even number of odd permutations and then (g, !, g2) € Alt(XF).
Note that g1 € Gy_; and G,_; = Alt(X*1) by induction hypothesis. Therefore, g1g» €
Alt(X*=1). As elements g1¢, and (g192, ¢) have the same cycle type, (g1$2,¢) € Alt(X¥). O

As it was proven by the author in [15], the Sylow 2-subgroup has structure By_q X Wj_1, where
the definition of By_; is the same that which was given in [15].

Recall that it was denoted by W;_; the subgroup of AutX¥ such that it had active states only on
Xk=1 and a number of such states that was even; i.e., W_ < Stg, (k—1) [21]. It was proven that the

size of Wj._1 is equal to 22'=1 k> 1and its structure is (Cz)qu’l. The following structural theorem
characterizing the group G was proven by us [15].

Theorem 2. A maximal 2-subgroup of AutX X that acts by even permutations on X* has the structure of the
semidirect product Gy ~ By_1 X Wy_y and isomorphic to Sylp Ax.

Note that W;_; is subgroup of stabilizer of X¥~1, i.e., Wy_; < St i(k —1) < AutX¥ and
is normal to Wy_; < AutX[Xl, because conjugation keeps a cyclic structure of permutation, so even
permutation maps are even. Therefore, such conjugation induce an automorphism of Wj_; and
Gk ~ By_1 X Wi_1.

Remark 1. As a consequence, the structure founded by us in [15] is fully consistent with the recursive group
representation (used in this paper) based on the concept of wreath recursion [10].

Theorem 3. Elements of B; have the following form B, = {[f,1] | f € By, 1 € G¢} = {[Lf] | f € By, l €
Gr}-

Proof. It is enough to show either B, = {[f,I] | f € By, € G} or B, = {[Lf] | f € Byl € Gy},
because if f = [g, 4], then f~! = [h,g].

We prove the proposition by induction on k. For the case k = 1 we have B} = (e).

Consider case k > 1. According to Lemma 2 and Corollary 1 every element w € B; can be
represented as

w = (r1, 1 '[f,8])

for some r1, f € By_1 and g € G_1 (by induction hypothesis). By the Corollary 1 we can represent w
as commutator of

(e,a12)0 € By and (az1,a22) € By,

where

1

m1=(f1)n,

a22 = 1az,
a12 = gaz_'%-
If ¢ € Gi_1, then by the definition of Gy and Corollary 6 we obtain (e, a12)0 € G. O

Remark 2. Let us to note that Theorem 3 improve Corollary 4 for the case SylpSyk.

Proposition 2. If g is an element of the group By then > € B
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Proof. Induction on k. We note that By = By_1 ! Cy. Therefore, we fix some element

§=(g1,)0" € By 11Cy,

where ¢1,¢» € By_j and i € {0,1}. Let us to consider ¢2. Then, two cases are possible:

§* = (g7,83) or = (8182, 8281)-

In the second case we consider a product of coordinates g192 - 291 = g7g5x. Since according to the
induction hypothesis g7 € By, i < 2 then g14> - §2¢1 € B}, also according to Lemma 1 x € Bj. Therefore,
a following inclusion holds (142, §281) = &> € Bj. In first case the proof is even simpler because
93,95 € B’ by the induction hypothesis. [

Lemma 6. Ifan element g = (g1,82) € Gy then g1,8> € Gy_1 and §18» € B}_;.

Proof. As B; < Gy, it is therefore enough to show that ¢; € Gy_; and g18» € B;_;. Let us fix some
g = (81,82) € G < By. Then, Lemma 1 implies that g18> € B;_;.

In order to show that g1 € G_1, we firstly consider just one commutator of arbitrary elements
from Gy

f=(f1,fa)o, h=(h,h)m € G,

where f1, fo,h1,hy € Bx_1, 0, 1 € Cy. The definition of Gy implies that f fo, h1hy € Gy_.
If ¢ = (g1, 82) = [f, h], then
gl = flhifj_lhk_l

for somei,j,k € {1,2}. Then

g1 = filifi(f7 P ) = (Afy) ki) x (F ),

where x is product of commutators of f;, hj and f;, hy; hence, x € Bllc—l'

It is enough to consider the first product f f;. If j = 1, then f# € B;_, by Proposition 2 if j = 2
then f; f» € Gx_1 according to definition of Gy; the same is true for h;hy. Thus, for any i, j, k it holds
that f1f;, hihy € Gi_1. Besides that, a square ( fjflhk* 2 ¢ B; according to Proposition 2. Therefore,
g1 € Gy_1 because of Propositions 1 and 2, the same is true for g».

Now it remains to consider the product of some f = (f1, f2),h = (hy, hy), where f1,h; € Gi_4,
f1h1 € Gr_q and f1f2/ hihy € Bllc—l

fh = (fil, faha).

Since f1 f2, hihy € B;cfl by imposed condition in this item and taking into account that f1h; fohy =
fifohihyx for some x € By_,, then fihyfhy € B,_; by Lemma 1. In other words, closedness by
multiplication holds, and so according to Lemma 1, we have element of commutator G,’(. O

In the following theorem we prove two facts at once.
Theorem 4. The following statements are true.

1. Anelement g = (81,82) € G iff §1,82 € Gy_q and g18> € B,_.
2. Commutator subgroup G, coincides with set of all commutators for k > 3

G =A{lfi. f2l | /1 € Gk f2 € Gi}.
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Proof. For the case k = 1 we have G| = (e). So, further we consider the case k > 2. If k = 2 then we
have G, ~ Vj, where V} is the Klein four group. But cw(Vy) = 0.

Sufficiency of the first statement of this theorem follows from the Lemma 6. So, in order to prove
the necessity of the both statements it is enough to show that element

w = (rl,rflx),

where 11 € Gy_q and x € B;_;, can be represented as a commutator of elements from Gy. By
Proposition 3 we have x = [f, g] for some f € By_7 and g € G;_1. Therefore,

w = (r,ry " [f,8)-
By the Corollary 1 we can represent w as a commutator of

(e,a12)0 € By and (az1,422) € By,

-1 -1
whereay1 = (f 1)1 ,a00 = r1ay1,a12 = ¢g™2. It only remains to show that (e, a15)0,
(a2,1,a22) € Gg. Note the following

aip = g”zi% € Gy_1 by Corollary 6.

1422 = Az 17rdaz1 =1 [7’1, ng/ﬂbl%rl S kal by Pl‘OpOSitiOnS 1 and 2.
So we have (e,a12)0 € Gy and (a3,1,422) € G by the definition of Gy. [

Proposition 3. For arbitrary g € Gy the inclusion g* € G; holds.

Proof. Induction on k: elements of G% have form (¢)? = e, where ¢ = (1,2), so the statement holds. In

a general case, when k > 1, the elements of Gy have the form ¢ = (g1,82)0", §1,$2 € Bx_1, i € {0,1}.
Then we have two possibilities: g2 = (g2, ¢3) or §* = (812, §281)-
Firstly we show that g7 € Gy_1,83 € Gi_1. According to Proposition 2, we have g?,¢3 € B;_,
and according to Proposition 1, we have B;_; < Gy_;. Then, using Theorem 4 g* = (g%, ¢3) € Gy.
Consider the second case ¢ = (g192,$281)- Since ¢ € Gy, then, according to the definition of Gy,
we have that g1¢2 € Gy_1. By Proposition 1, and the definition of Gy, we obtain

281 = 818285 ‘81 18281 = $182[8> 1871 € Grn,
8182 8281 = 818381 = 838385281 '] € B_y.

Note that g2,¢% € B, , according to Proposition 2, g¢3[¢,2,¢, '] € B, ;. Since g192 - 281 € B},
and 192, §281 € Gy_1, then, according to Lemma 6, we obtain §* = (142, $281) € G;. O

Statement 1. The commutator subgroup is a subgroup of G2; i.e.,, G’y < G,%.

Proof. Indeed, an arbitrary commutator presented as the product of squares. Let 4, b € G and set
thatx = a, y=a~'ba, z=a"'b~1. Then x2y22% = a2(a~'ba)*(a~1b~1)* = aba~1b~". In more detail:
(2~ 'ba)’ (a1~ 1)? = 420~ 'baa~'ba a1~ a6~ = abbb~'a~'b~! = [a,b]. In such way we obtain

all commutators and their products. Thus, we generate by squares the whole G'y. O

Corollary 7. For the Syllow subgroup (SylaA,) the following equalities Syly(Ay) = (Syla(Ax))?,
D(SylaAqsk) = Syls(Aqx), which are characteristic properties of special p-groups [28], are true.
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Proof. As is well known, for an arbitrary group (also by Statement 1) the following embedding G’ < G2
holds. In view of the above Proposition 3, a reverse embedding for Gy is true. Thus, the group
Syl Ay has some properties of special p-groups; that is, P’ = ®(P) [28] because G2 = G/, and so
CD(S]/ZZA21<) = Sylé(Azk) O

Corollary 8. Commutator width of the group Syly Ay is equal to 1 for k > 3, also cw(Syly A4) = 0.

It immediately follows from item 2 of Theorem 4 and the fact that Sylp Ay ~ Vj.

4. Minimal Generating Set

For the construction of minimal generating set, we used the representation of elements of group
Gy by portraits of automorphisms at restricted binary tree AutX*. For convenience we will identify
elements of Gy with their faithful representations by portraits of automorphisms from AutX .

We denote by A|;, a set of all functions a;, such that [, ..., ¢,a;,¢,...] € [A];. Recall that according
to [29], I-coordinate subgroup U < G is the following subgroup.

Definition 1. For an arbitrarry k € N we call a k—coordinate subgroup U < G a subgroup, which is
determined by k-coordinate sets [U];, I € N, if this subgroup consists of all Kaloujnine’s tableaux a € I for
which [ll]l S [U]l

We denote by Gy(1) a level subgroup of Gy, which consists of the tuples of v.p. from X/, I < k — 1 of
any « € Gy. We denote as Gy (k — 1) such subgroups of Gy that are generated by v.p., which are located
on X*~1 and isomorphic to W;_;. Note that G(I) is in bijective correspondence (and isomorphism)
with I-coordinate subgroup [U]; [29].

For any v.p. gj; in vj; of X' we set in correspondence with g;; the permutation ¢ (g;;) € S, by the

following rule:
N (112)1 if 81 7& e,

Define a homomorphic map from G (I) onto S, with the kernel consisting of all products of even
number of transpositions that belong to Gi(!). For instance, the element (12)(34) of G¢(2) belongs to
kerg. Hence, ¢ (g1i) € S».

Definition 2. We define the subgroup of I-th level as a subgroup generated by all possible vertex permutation of
this level.

Statement 2. In G}/, the following k equalities are true:

21

H(p(glj):e, 0<Il<k—1. 8)
=1

For the case i = k — 1, the following condition holds:

2k—2 2k—l
[To—) = T1 olgrj)=ce ©)
j=1 j=2k-241

Thus, G’y has k new conditions on a combination of level subgroup elements, except for the condition of
last level parity from the original group.
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Proof. Note that the condition (8) is compatible with those which were founded by R. Guralnik in [8],
k=2 .
because as it was proven by author [15] Gx_1 ~ By_» X Wy._1, where By_, ~ Cél).
i=1
According to Property 1, G’y < G2, so it is enough to prove the statement for the elements of
GZ. Such elements, as it was described above, can be presented in the form s = (sy, ..., Sy ), where
o € G,_, and s;; are states of s € Gy in vy;, i < 2!, For convenience we will make the transition from
the tuple (sq, ..., 5;51) to the tuple (gj1, ..., g1 ). Note that there is the trivial vertex permutation glzj =e
in the product of the states s;; - 5;;.
Since in G’y v.p. on X0 are trivial, so ¢ can be decomposed as o = (011, 021), where 0»1, 02, are
root permutations in v1; and vy;.
Consider the square of s. We calculate squares ((s;1,512, .-, Sj51-1) 0)2. The condition (8) is
equivalent to the condition that s? has even index on each level. Two cases are feasible: if permutation

2 s
o = e, then ((s;1,512,..,5p1-1) 0)" = (slzl,slzz, ...,5122171> e, so after the transition from (slzl,slzz, ...,5122171>
to (8121,&22, . gZZZH)’ we get a tuple of trivial permutations (e, ... ,¢) on X/, because glzj =e. In the

general case, if o # e, after such transition we obtain (gll 8lo(2)r -+ 8l glg(zm)) o?. Consider the
product of form

21
[To(giigiei), (10)

j=1

where 0 and g/;8,(;) are from (gllglg(z), s glzz—lgzg(zlfl)) o2.

Note that each element g;; occurs twice in (10) regardless of the permutation ¢; therefore,
considering the commutativity of homomorphic images ¢(g;;), 1 < j < 2! we conclude that
2! 2! 2!

I1 ¢(81810(j)) = I1 (P(glzj) = ¢, because of glzj = e. Werewrite [ ] (p(glzj) = e as characteristic condition:
j=1 j=1 j=1

ol-1 ol
IMTe)= 11 o¢lg)=e
]:1 j:2l—1+1
According to Property 1, any commutator from G’y can be presented as a product of some squares
2, 5 € Gr, 5 = ((S11) s Sp1 )T ).
ol
A product of elements of Gy (k — 1) satisfies the equation [T ¢(g;;) = e, because any permutation
j=1
of elements from X, which belongs to Gy is even. Consider the element s = (s¢_1,1, ..., 5;_1 5¢1)0,
where (sg_1,1, - 8p_1¢-1) € Ge(k—1), 0 € Gr_1. If go1 = (1,2), where go1 is root permutation of o,
then s? = (Sk—115k—10(1) s Skfl,(Zk—l)Skfl,o(Zk—l))/Where o(j) > 2F1forj < 21, Andif j < 25~ then
k=1
o(j) > 271, Because of ] ¢(gk_1;) = e holds in Gy and the property ¢(j) < 2¢~! hold for j > 281,
j=1
k-2

2
then the product ]_[l ®(8k-1,i8k—1,0(j)) of images of v.p. from (gk—1,18k—1,0(1) - gk—l,(Zkfl)gk—l,a(zkfl))
j=
2k k-1 k-1
is equal to [T ¢(gx—1,;) = e. Indeed, the products [T ¢(gx-1,7) and IT ¢(8k-1,i8k—1,(j)) have the
j=1 j=1 j=1

same v.p. from X*~1 which do not depend on such ¢ as described above.
The same is true for right half of X¥~1. Therefore, the equality (9) holds.

Zkfl
Note that such product T ¢(gx—1,) is homomorphic image of (g1181(1), - & (@810 (2)) ), where
j=1 '

I = k —1, as an element of G (I) after mapping (7).
If go1 = e, where g is root permutation of o, then ¢ can be decomposed as ¢ =
(011, 012), where 071, 01 are root permutations in vy; and v,.  As a result s2 has a form
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((511510(1)/ ...,510(2171))012, (5121’1+1Slo’(21*1+1)’ ---rsl(zl)szg(zl))UQZ)/ where | = k — 1. As a result of action
of oy all states of [-th level with number 1 < j < k=2 k=2,
The others are fixed. The action of ¢y is analogous.
It corresponds to the next form of element from G (1): (811810,(1) -+ 8o (21_1)),
2k72
(g12’*1+131172(2’*1+1)r "'rgl(zf)glaz(z’))' Therefore, the equality of form ]1;[1 ¢(8k-1,810(j)) =
Zkfl
IT qo(g@l j) = ¢, because of gél j=e holds. Thus, characteristic equation (9) of k — 1 level
j=2k-241 ’ ’
holds.
The conditions (8) and (9) for every s2,s € Gy hold, so they hold for their product that is equivalent
to conditions which hold for every commutator. [

permutes in the set of coordinate from 1 to

Definition 3. We define a subdirect product of group Gy_1 with itself by equipping it with condition (8) and
(9) of index parity on all of k — 1 levels.

Corollary 9. The subdirect product Gy_1 X Gy_1 is defined by k — 2 outer relations on level subgroups. The
order of Gp_1 M G_q is 22 —k=2,

Proof. We specify a subdirect product for the group Gx_1 X G;_1 by using (k — 2) conditions for the
subgroup levels. Each Gi_1 has even index on k — 2-th level; it implies that its relation for | = k — 1
holds automatically. This occurs because of the conditions of parity for the index of the last level is
characteristic of each of the multipliers Gx_1. Therefore, It is not an essential condition for determining
a subdirect product.

Thus, to specify a subdirect product in the group Gy_1 XM Gy_1, one need only k — 2 outer
conditions on subgroups of levels. Any of such conditions reduces the order of G;_1 x Gx_1 by two

2 we can conclude that the order

X - ine- X _ (92 1-2\% k2 _
of Gy_1 X G¢_1 as a subgroup of G;_1 x Gi_1 is the following: |G;_1 X G;_1| 2 :2
92k—4 . ok—2 _ 52F

times. Hence, taking into account that the order of G_1 is 221

~%=2_ Thus, we use k — 2 additional conditions on level subgroup to define the
subdirect product Gx_1 X G;_1, which contain G', as a proper subgroup of Gy, because according to
the conditions, which are realized in the commutator of G'k, (9) and (8) indexes of levels are even. [

Corollary 10. A commutator G'y is embedded as a normal subgroup in Gr_1 X Gy_1.

Proof. A proof of injective embedding G’y into G;_; X G;_; immediately follows from last item of
proof of Corollary 9. The minimality of G, as a normal subgroup of Gy and injective embedding G'x
into Gx_1 M G_1 immediately entails that G’y <G, X G,_;. O

Theorem 5. A commutator subgroup of Gy has form G’y = Gy_1 X Gy_q, where the subdirect product is
defined by relations (8) and (9). The order of G'y (the commutator subgroup of Syly Ayx) is 22'-k=2,

Proof. Since according to Statement 2 (g1, g2) as elements of G’y also satisfy relations (8) and (9), which
define the subdirect product Gx_1 X G_5.

Also g192 € B'y_1 implies the parity of permutation defined by (g1, §2), because B’;_; contains
only an element with even index of level [15]. The group G’ has two disjoint domains of transitivity
so G’y has the structure of a subdirect product of Gy_; which acts on this domains transitively. Thus,
all elements of G’y satisfy the conditions (8) and (9) which define subdirect product G, 1 X G;_;.
Hence G < Gx_1 X Gy_1 but Gk can be equipped by some other relations; therefore, the presence
of isomorphism has not yet been proven. For proving revers inclusion we have to show that every
element from G;_1 X G;_; can be expressed as some word a~1b~1ab, where a,b € Gy. Therefore, it
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suffices to show the reverse inclusion. For this goal we use the fact that G < G;_1 X G;_;. Recall that
is known [15] that the order of G; is 222,

As it was shown above, G’y has k new conditions relatively to Gy. Each condition is valid in some
level-subgroup. Each of condition reduces an order of the corresponding level subgroup 2 times, so
the order of G is 2k times smaller. On every X! 1 < k — 1, we have an even number of active v.p., by
this reason there is the trivial permutation on X°.

According to the Corollary 9, in the subdirect product G;,_; M G;_; there are exactly k — 2
conditions relative to Gy_; X Gy_1, which are for the subgroups of levels. It has been shown that the
relations (8) and (9) are fulfilled in G’.

Letap, 0 <I<k—1,0<m< 2!-1 be an automorphism from Gy having only one active
v.p. in vy, and let a;,, have trivial permutations in rest of the vertices, so we can identify «;,, with a
vertex permutation g;,,. Recall that partial case of notation of form «;,, is the generator a; := aj; of
Gy which was defined by us in [15] and denoted by us as «;. Note that the order of j;, 0 <[ <k—1
is 2. Thus, aj; = ocj;l. We choose a generating set consisting of the following 2k — 3 elements:
(@1,1:2), 82,15 ooy Xk—11, 82,3, --vs My k21 where («1,1.7) is an automorphism having exactly two active
v.p.s in v1; and v1. Products of the form (uc]-loqlucﬂ)uql are denoted by Pj;. Using a conjugation by
generator a;, 0 < j < ] we can express any v.p. on I-level, because (ajaja;) = a;p-j-1,4. Defime the
product P;; = (ocjoclzx]-)ocl. Consider an algorithm of constructing any element of Gy_1 M G;_; as a
product of commutators.

1.  We need to show that every element of G;_; X Gy_; satisfying the relations (8), (9) can be
constructed as a7 1aB, a, B € Gy.

This proves the absence of other relations in G’y except those that in the subdirect product
Gi_1 X Gy_1. Thereby we prove the embeddedness of G’y in G;_1 X G;_1. We have to construct

m
an element of form P,_1P;_» - ... - P1 Py as a product of elements of form P, = [] Dby, satisfying
t=1

relations (8) and (9). Where Pj; = (wja;a;)a; is commutator of ay, &;.

2. We have to construct an automorphism which has an arbitrary tuple of two active v.p.s satisfying
the relations (8) and (9) on X' as a product of P, j and Pj;. We use the generator «; and conjugate
by aj, j < 1. This corresponds to the tuple of v.p. of the form (gj1,e, ..., e, 81jss s e), where g1, 8lj
are non-trivial. Note that this tuple (g1, ¢, ..., €, g1, €, ..., €), which corresponds to Py;, is an element
of direct product if we consider «;; as an element of S, in vertices of X'. To obtain a tuple of v.p.
of form (e, ..., e, gi e, ..., €, 81jr€ ey e) € Gi(l) we simply multiply Pjand P; € Gr(1).

3. To obtain a tuple T of v.p. with 2m active v.p. satisfying the relations (8), (9) we construct
"y

P = Py, m < 2! for varying j; < 2! where the values of jt correspond to the second
t=1

coordinate of active v.p. from the tuple T, which we have to construct. To construct an arbitrary

k
element i we form a corresponding product # = [] P;. On the (k — 1)-th level, we choose the

generator Ttobe T = T_ 1T,_; k-1, as defined in [15].

Since h satisfies the relations (8) and (9) forall 0 <[ < kthen h € G,_1 X G;_;.

On the (k — 1)-th level, we choose the generator T which was defined in [15] as T = 7, 1T_1, ok—1-
Recall that it was shown in [15] how to express any Tij using T, Tjok-2, Tj ok-2, where i, < 2k=2 in form
1

_ _ -1 -1
of a product of commutators Tj; = T; y2 Tjpk2 = (a; 1,2k72txl~Tj’ 2,(,2).

1. -1
Tl,Zk’zwiTl k-2

Here 7, ,1» was expressed as the commutator 7, > = a;”
Thus, we express all tuples of elements satisfying to relations ,(8) and (9) by using only
commutators of Gy. Thus, we get all tuples of each level subgroup elements satisfying the relations (8)
and (9). This means we express every element of each level subgroup by commutators. In particular,
to obtain a tuple of v.p. with 2m active v.p. on X*~2 of vy X[*~1I, we will construct the product for Tij

for varying i,j < 2k=2,
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Thus, all vertex labelings of automorphisms, which appear in the representation of Gy_1 X G;_
by portraits as the subgroup of AutX¥, are also in the representation of G'y.

Since there are faithful representations of G;_1 XM G;_1 and G’k by portraits of automorphisms from
AutX® which coincide with each other, subgroup G’y of Gy_1 W G;_1 ~ G/ isequal to Gy_1 X G
(i.e., kal X kal = G/k)' O

The archived results are confirmed by algebraic system GAP calculations. For instance, Syl Ag| =
26 = 222 and |(SylAy)| = 22°-3-2 — 8 The order of G, is 4, the number of additional relations in
the subdirect product is k —2 = 3 — 2 = 1. We have the same result (4 - 4) : 2! = 8, which confirms
Theorem 5.

Example 1. Set k = 4 then |(SylA16)’'| = |(Gy)'| = 1024, |G3| = 64, since k — 2 = 2, so according to our
theorem above order of Sylo A X Sylo A1 is defined by 2¥=2 = 22 relations, and by this reason is equal to
(64 -64) : 4 = 1024. Thus, orders are coincides.

Example 2. The true order of (SylyAsp)' is 33554432 = 22°, k = 5. A number of additional relations which

define the subdirect product is k — 2 = 3. Thus, according to Theorem 5, | (SylyA1g X Syl Agg)’ |= 214214 :
2572 — 228 . 2572 — 225'

According to calculations in GAP we have: SylyA7; ~ SylpA¢ ~ Dj4. Therefore, its derived
subgroup (Syl A7) ~ (SylbAg) ~ (Dy)' = C,.

The following structural law for Syllows 2-subgroups is typical. The structures of Syl A, and
Sylp Ay are the same if all  and k have the same multiple of two as the multiplier in decomposition on
n! and k! Thus, Syly Ay, >~ Syly Aggy1.

Example 3. SylyAy ~ SylyAg ~ Dy, SylyA1g ~ SylpA11 ~ SylaSg ~ (Dy X Dy) XCy. SylpA1p =~
Syl Sg X Syl Sy, by the same reasons that from the proof of Corollary 9 its commutator subgroup is decomposed
as (Sylelz)/ ~ (Syleg)/ X (Sy1254)/.

Lemma 7. In G} the following equalities are true:

2172 2171 2171_,'_2172 21
[Tep)= TI o) = TII @)= TI o) 2<I<k (11)
j=1 j=21-241 j=21-141 j=2i-1421-241
In case | = k — 1, the following conditions hold:
2172 2171 2171+2l*2 2[
[Tew)= 11 oej)=e TI o= TI e =e (12)
j:l ]':21'—1+1 jzzl—l j:21—1+2l—2

In other terms, the subgroup G;' has an even index of any level of v11 X =21 and of v1,X¥=2, The order of
GJ! is equal to 22'~3k+1,
Proof. As a result of derivation of G;, elements of G}/(1) are trivial. Due the fact that G’y ~
Gi_1 X Gy_1, we can derivate G’y by commponents. The commutator of Gy _1 is already investigated in
Theorem 5. As G2_; = G'x_1 by Corollary 7, it is more convenient to present a characteristic equalities
in the second commutator G’y ~ G';_1 W G’;_; as equations in Gii1 X G;%,l- As shown above, for
2 <1 <k-1,in G} , the following equalities are true:

2]71 2]71 2]71 2[71 2[7] 2171

0(811810()) = [T 9(81) TT 0(810)) = TT 081 TT w(g) =TT o(sh) =e (13)
=1 j=1 j=1 j=1 j=1 j=1

]
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21—2 21—1 2l—l+21—2 21
[Te@)= 11 o) = 11 e = [T o). (14)
j=1 j=21-241 j=2-141 j=21-1421-241
The equality (14) holds since it is valid in the initial group G’y ~ G;_1 X G;_. The equalities
2171_,'_2172 21
[T o) = T o))
]':21—1+1 j:21—1+21—2+1

hold for elements of second group G;_1, since the elements of the original group are endowed
with these conditions.

In (G')? any element g of G';(I) satisfies the equality (14). Moreover, g satisfies the previous
conditions (11) because of (Gx_1(I))* = G'x_1(1).

The similar conditions appear in (G'y_1 (k — 2))2 after squaring of G'x. Thus, taking into account
the characteristic equations of G'y_1(!), the subgroup (G'x_1(k — 2))2 satisfies the equality:

2k73 2/(72 2k72+2k73 zkfl
[Tew)= 11 e@)=e T o= 11 o= (15)
j=1 j=2k-341 j=2k-241 j=2k-142k-241

Taking into account the structure G’y ~ G;_; X G;_1, we obtain after the derivation G'/} ~
(Gr_2 X G_») W (Gg_p X Gy_,). With respect to conditions (8) and (9) in the subdirect product, we
have that the order of G/} is 22 —k=2 . p2k=3 _ »2°~3k+1 hecause on each level 2 < I < k, the order
of level subgroup G'(1) is 4 times smaller than the order of G’i(I). On the first level, one new
condition arises that reduces the order of G'i(1) by 2 times. In total, we have 2(k —2) +1 = 2k — 3
new conditions for comparing with Gy. O

Corollary 11. Any minimal generating set of Syl'y Ay, k > 2 consists of 2k — 3 elements.

Proof. The proof is based on two facts about G,LZGZ o~ G,/(2 = G'. More precisely it is based on
Corollary 7 and on a calculating of the index ’G’ : G,/(2 G,: = %3,
To justify that the index ‘G’ : G2G,

subgroups from Theorem 5 and Lemma 7. Corollary 7 tell us that the subgroup G? is equal to the

— 22k—3

, we take into consideration the orders of these

subgroup Gy, then the Frattiny subgroup ®(G;) = G}/ = GI’CZ. According to Corollary 7 the subgroup
G? is equal to the subgroup Gj, then the Frattiny subgroup ®(G;) = G = G]’fz. Further, for finding

the Frattiny factor, which is an elementary abelian 2-group, it is enough sufficient to calculate ‘G/ : G,:

because of ®(Syl,Ayx) = SylY (A ). Due to Lemma 7, we have G";_1 ~ G'y_, ¥ G';_,, hence the
order of G';_ is equal to 22 -3k+1, Taking into account that G'/; is normal subgroup of G/, we
compute the order of Frattiny quotient is 22~3. Thus, according to Frattiny theorem, a minimal
generating set of Syl’y A, consists of 2k — 3 elements. It is well known [28], the orders of irreducible
generating sets for p-group are equal to each other. [

In case k = 2 the Syl Ay ~ Ky, therefore the commutator subgroup is trivial.

Example 4. The size of (G}) is 32. The size of the direct product (G})? is 64, but, due to relation on second
level of G/, the direct product (G})? transforms into the subdirect product G} X G} that has two times less
feasible combination on X2. The number of additional relations in the subdirect product isk —3 =4 —3 = 1.
Thus, the order of product is reduced by 2! times.
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Example 5. The commutator subgroup of Syl}(Ag) consists of elements: {e, (13)(24)(57)(68),

(12)(34), (14)(23)(57)(68), (56)(78), (13)(24)(58)(67), (12)(34)(56)(78), (14)(23)(58)(67) }. The
commutator Syly(Ag) ~ C3 is an elementary abelian 2-group of order 8. This fact confirms our formula
d(Gy) = 2k — 3, because k = 3 and d(Gy) = 2k — 3 = 3. A minimal generating set of Syl}(Ag) consists of
three generators: (1,3)(2,4)(5,7)(6,8),(1,2)(3,4),(1,3)(2,4)(5,8)(6,7).

Example 6. The minimal generating set of Syl,(Aie) consists of five (that is 2 -4 — 3) generators:
(1,4,2,3)(5,6)(9,12)(10,11),(1,4)(2,3)(5,8)(6,7),(1,2)(5,6),(1,7,3,5)(2,8,4,6)(9,14,12,16) x
x (10,13,11,15),(1,7)(2,8)(3,6)(4,5)(9,16,10,15)(11, 14,12,13).

Example 7. A minimal generating set of Syl,(Asy) consists of seven (that is 2 -5 — 3) generators:
(23,24)(31,32),(1,7)(2,8)(3,5,4,6)(11,12)(25,32)(26,31)(27,29)(28, 30),
(3,4)(5,8)(6,7)(13,14)(23,24)(27,28)(29,32)(30,31), (7,8)(15,16)(23,24)(31,32),
(1,9,7,15)(2,10,8,16)(3,11,5,13)(4,12,6,14)(17,29,22,27,18, 30, 21,28) (19, 32,23, 26,20, 31, 24, 25),
(1,5,2,6)(3,7,4,8)(9,15)(10,16)(11,13)(12,14)(19,20)(21, 24, 22,23)(29,31)(30, 32),
(3,4)(5,8)(6,7)(9,11,10,12)(13,14)(15,16)(17,23,20,22,18,24,19,21)(25,29, 27,32, 26,30, 28, 31).
This confirms our formula of minimal generating set size 2 - k — 3.

The minimal generating set for G4 can be presented in form of wreath recursion:

a1 = (e,e)o, by = (ay,e), a3 = (by,e), by = (b3, b3),

where ¢ = (1,2). The minimal generating set for G4 can be presented in form of wreath recursion:

ay = (0, 0), a3 = (e,a2),a4 = (az,a3), bz = (e,b2), by = (b3, b3).
where 0, a3, a4 are generators of the first multiplier G3 and ¢, b3, by are generators of the second.

5. Conclusions

The size of minimal generating set for commutator of Sylow 2-subgroup of alternating group A«
was proven to be equal to 2k — 3, where k > 2.

A new approach to presentation of Sylow 2-subgroups of alternating group A,x was applied. As
a result, the short proof of a fact that commutator width of Sylow 2-subgroups of the alternating group
Ay (k > 2), permutation group Sy and Sylow p-subgroups of Syl>A x (Syl»S ) are equal to 1 was
obtained. Commutator widths of permutational wreath products B { C, were investigated.

We constructed the minimal generating set of the commutator subgroup of the Sylow 2-subgroup
of the alternating group. The inclusion problem [18] for Syl A, and its subgroups as (Syl A )" and
(SylaAy)” was investigated by us. The relation between solving of the inclusion problem of and
conjugacy search problem [19] in this group was established by us.
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