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Abstract: The projected subgradient algorithms can be considered as an improvement of the projected
algorithms and the subgradient algorithms for the equilibrium problems of the class of monotone
and Lipschitz continuous operators. In this paper, we present and analyze an iterative algorithm for
finding a common element of the fixed point of pseudocontractive operators and the pseudomonotone
equilibrium problem in Hilbert spaces. The suggested iterative algorithm is based on the projected
method and subgradient method with a linearsearch technique. We show the strong convergence
result for the iterative sequence generated by this algorithm. Some applications are also included.
Our result improves and extends some existing results in the literature.

Keywords: equilibrium problem; pseudomonotone; fixed point; pseudocontractive operators;
subgradient

1. Introduction

Throughout, let H be a real Hilbert space endowed with inner product (-, -) and induced norm
- 1[(llx]l = v/{x,x),Vx € H). Let @ # C C H be a closed and convex set. Let f : Cx C — Rbea
bifunction. Recall that f is said to be monotone if

fut,o") + f(of,u’) <0, vu', 0" € C. (1)
f is said to be pseudomonotone if
fut,oh) >0 implies f(ot,ut) <0, vuf,ot € C. (2)

Clearly, we have the inclusion relation: Equation (1) = Equation (2).
In this paper, our research is associated with the equilibrium problem [1] of seeking an element
il € Csuch that
fli,u) >0, Vu € C. 3)

The solution set of the equilibrium problem in Equation (3) is denoted by EP(f,C).

Equilibrium problems have been studied extensively in the literature (see, e.g., [2-5]). Many
problems, such as variational inequalities [6-15], fixed point problems [16-21], and Nash equilibrium
in noncooperative games theory [1,22], can be formulated in the form of Equation (3). An important
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method for solving Equation (3) is the proximal point method, which was originally introduced by
Martinet [23] and further developed by Rockafellar [24] for finding a zero of maximal monotone
operators. In 2000, Konnov [25] extended the proximal point method to the monotone equilibrium
problem. However, the proximal point method cannot be applied for solving the pseudomonotone
equilibrium problem [26].

Another basis algorithm for solving the equilibrium problem is the projection algorithm [27].
However, the projection algorithm may fail to converge for the pseudomonotone monotone equilibrium
problem. To overcome this disadvantage, the extragradient algorithm [4] can be applied to solve the
pseudomonotone equilibrium problem. More precisely, the extragradient algorithm generates a
sequence {x¥} iteratively as follows

y* =argmingi {Af(x",y") + 32" =y 73, @
A = argmings o {Af (Y5, ") + 315" =y}

However, the main difficulty of the extragradient algorithm in Equation (4) is that, at each iterative step,
it requires to solve two strongly convex programs. Consequently, the subgradient algorithm [28,29]
has been proposed and developed for solving a large class of equilibrium problems that solves only
one strongly convex program rather than two as in the extragradient algorithm, and the convergence
results show the efficiency of the algorithms.

At the same time, to solve the equilibrium problem in Equation (3), the bifunction f is always to
be assumed to possess the following Lipschitz-type condition [30]:

f(u,0) + f(o,w) > f(u,w) = C1l|u—o||* — Lallo — wl|?, Vu,0,w € C, (5)

where {7 and { are two positive constants.

It should be pointed out that the condition in Equation (5), in general, is not satisfied. Moreover,
even if the condition in Equation (5) holds, finding the constants {; and {, is not an easy task. To
avoid this difficulty, one can merge in the algorithm, a linesearch procedure into the iterative step.
The current study continues developing subgradient algorithms without Lipschitz-type condition for
solving the equilibrium problem.

Another problem of interest is the fixed point problem of nonlinear operators. Recall that an
operator S : C — C is said to be pseudocontractive if

150 = Sut||? < flu—u* |2 + ||(1 = S)u— (I - S)u'||?

and S is called L-Lipschitz if
IS — Su'|| < Lfju —u'|

for some L > 0 and for all u,ut € C.If L =1, then S is said to be nonexpansive.

It is easy to see that the class of pseudocontractive operators includes the class of nonexpansive
operators. The interest in pseudocontractive operators [2,31] is due mainly to their connection with
the important class of nonlinear monotone (accretive) operators.

The fixed point problem has numerous applications in science and engineering, and it includes
the optimization problem [32], the convex feasibility problem [2], the variational inequality problem
[33], and so on. The fixed point problem can be solved by using iterative methods, such as the Mann
method [34], the Halpern method [35], and the hybrid method [36].

In this paper, we devote to study iterative algorithms for finding a common element of the set of
solutions of the equilibrium problem and the set of fixed points of a wide class of nonlinear operators.
The main motivation for considering such a common problem is due to its possible applications
in network resource allocation, signal processing, and image recovery [28,37]. Recently, iterative
algorithms for solving a common problem of the equilibrium problem and the fixed point problem
have been investigated by many researchers [28,38-40]. Especially, Nguyen, Strodiot, and Nguyen [41]
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(Algorithm 3) presented the following hybrid self-adaptive method, for solving the equilibrium and
the fixed point problem:

Leta € (0,2) and v € (0,1). Let x° € Hand C; = C. Let x! = P, [x] and set k = 1.

Step 1. Compute y* = miny+ec{/\kf(xk,y*) + 2% — y*)?} and @k = (1 — 4™)x* + 9"y* where

Step 2. Calculate zF = Pc[x* — 0¥g¥], where ¢F € 9,f(2F, x¥) and ¢ = f (HZ Ik(’szk) if y* # x* and

m is the smallest nonnegative integer such that f(wk, x*) — f(w*, y*) > 2le1< | K — yk 2.

c* = 0 otherwise.

Step 3. Calculate th = vckzk +(1- txk)Tnzk, where T, : C — C is nonexpansive.

Step 4. Compute x*1 = P, [x%], where Cry = {z € Cill|tF —z|? < [lxF —z[]> — (1 -
ae)ag||z* — Tuz||?}.

Step 5. Set k := k + 1 and return to Step 1.

We observe that, in the above algorithm, f is assumed to be monotone, the involved operator T,
is nonexpansive, and the construction of half-space Cy 1 is complicated.

The purpose of this paper is to improve and extend the main result in [41] to a general case: (i)
We consider the pseudomonotone equilibrium problem, that is, f is assumed to be pseudomonotone.
(ii) We extend T, from the nonexpansive operator to the pseudocontractive operator which includes
the nonexpansive operator as a special case. (iii) We adapt the half-space Cy 1 to a simple form. We
propose an iterative algorithm for seeking a common solution of the pseudomonotone equilibrium
problem and fixed point of pseudocontractive operators. The suggested iterative algorithm is based
on the projected method and subgradient method with a linearsearch technique. We show the strong
convergence result for the iterative sequence generated by this algorithm.

The paper is organized as follows. In Section 2, we collect several notations and lemmas that are
used in the paper. In Section 3, we adapt and suggest an iterative algorithm and prove its convergence.
In Section 4, we give some applications. Finally, a concluding remark is included.

2. Notations and Lemmas

Throughout, we assume that @ # C is a convex and closed subset of a real Hilbert space H. The
following symbols are needed in the paper.

e p* — p'indicates the weak convergence of p* to p* as k — 0.

e p* — p' implies the strong convergence of p* to p as k — co.

e  Fix(S) means the set of fixed points of S.

o wu(ph) = {p": "} C {p*} such that pi — pt(i — o0)}.

Let g : C — (—o0, +00] be a function.

e gissaid tobe properif {uf € C: g(u') < +o0} # @.

e gissaid to be lower semicontinuous if {x € C: g(x) < r} is closed for each r € R.

e gissaid to be convex if g(au® + (1 —a)o™) < ag(u®) + (1 —a)g(v") for every u’,o" € C and
a € [0,1].

e  gissaid to be p-strongly convex (p > 0) if g(au® + (1 — a)o") + fa(1 — a)||u’ — o'||? < ag(u®) +
(1—a)g(ov") for every ut, vt € Cand a € (0,1).

Let ¢ : C — (—o0,+00] be a proper, lower semicontinuous, and convex function. Then, the
subdifferential 0g of g is defined by

og(u) := {v" € H: g(u) + (o', u" —u) < g(u"),vu' € C} (6)

foreachu € C.
It is known that dg possesses the following properties:

(i) 0gis a set-valued maximal monotone operator.
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(ii) If g is p-strongly convex (p > 0), then dg is p-strongly monotone (i.e., (0g () — 0g(d), 1 — ) >
olli — 3.

(iii) u' is a solution to the optimization problem min,cc{g(u)} if and only if 0 € dg(ut) + N¢(u'),
where N¢(u") means the normal cone of C at ut defined by

Ne(u') ={w e H: (w,u—u') <0,Yu € C}.

Let f : C x C — R be a bi-function satisfying the following assumptions:

(f1): f(z%,z") =0forallzt € C;

(f2): f is pseudomonotone on EP(f,C);

(£3): f is jointly sequently weakly continuous on A x A, where A is an open convex set containing
C (recall that f is called jointly sequently weakly continuous on E x E, if x¥ — xt and y*¥ — yf,
then f(x*,y*) = f(x",y")); and

(f4): f(z',-) is convex and subdifferentiable for all zt € C.

For each z', x € C, we use 9,f(z, ) to denote the subdifferential of f(z',-) at x.
Recall that the metric projection Pc : H — C is an orthographic projection from H onto C, which
possesses the following characteristic: for given x € H,

(x — Pc[x],y — Pc[x]) <0,Yy € C. ?)
The following lemmas are used in the next section.
Lemma 1 ([42]). In a Hilbert space H, we have
lew + (1 —w)ut |2 = flul® + (1 = )| | = k(1 = x) | — 0%,
Vu,ut € Hand Vx € [0,1].

Lemma 2 ([31]). Assume that the operator S : C — C is L-Lipschitz pseudocontractive. Then, for all ii € C
and ut € Fix(S), we have

" = S = ma+nsa)|? < |Ja—u'|>+ (1 —n)lla - S((1—n)a+ysa)|?,
1
where 0 < 1 < NeEret

The next lemma plays a critical role which can be considered as an infinite-dimensional version of
Theorem 24.5 in [43]. The proof can be found in [44].

Lemma 3. Assume that the bi-function f : A x A — R satisfies Assumptions (f3) and (f4). For given two
points i, 5 € A and two sequences {u*} C A and {v*} C A, if uf — @ and v* — 5, respectively, then, for any
€ > 0, there exist § > 0 and Ne € N verifying

oo f (vF,ukF) C 9y f (5,1) + %B
for every k > Ne, where B := {b € H|||b|| < 1}.

The following lemma is the demi-closed principle of the pseudocontractive operator.

Lemma 4 ([45]). If the operator S : C — C is continuous pseudocontractive, then:

(i) the fixed point set Fix(S) C C is closed and convex; and
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(i) S satisfies demi-closedness, i.e., t* — z and St* — z* as k — oo imply that Sz = z*.
Lemma 5 ([46]). For given a sequence {q*} C Hand q € H, if wy(q*) C Cand ||g* —q|| < |l9 — Pc[q]||
forall k € N, then ¢ — Pclq].

3. Main Results

In this section, we first present our algorithm to solve the pseudomonotone equilibrium problem
and fixed point problem and, consequently, we prove the convergence of the suggested algorithm.
Next, we state several assumptions on the underlying spaces, the involved operators, and the control
parameters.

Assumptions:

(Al): @ # C C His closed convex and A is a given open set which contains C;
(A2): the function f : A x A — R satisfies Assumptions (f1)—(f4) stated in Section 2 (under this
condition EP(f,C) is closed and convex [3]);
3): the operator S : C — C is Lipschitz pseudocontractive with Lipschitz constant L > 0;
A4): the intersection EP(f,C) N Fix(S) # @;
1): the sequence {A} satisfies: Ay € [p,1] with 0 < p <1 forall k > 0;
C2): the sequences {4y} and {0y} satisfy: 0 < § < 6 <6 < 0} < T <
)

>

(

ﬁ/-\

—~

1 )
7\/@“,Vk > (; and

n
W

v € (0,2) and u € (0,1) are two constants.

Proposition 1. For each zt € C, we have

5,21 > Fk ) + Aik<xk ey ®)

Proof. According to Equation (34), by the definition of y*, we have

+ Ne(v%). €)

1
0e az{f<xk,y*> ST —y*nZ}
Z)Lk y+:yk

It follows from Equation (9) that there exists p* € 9, f(x¥, y*) verifying )%k (xk —yF) — pk € Ne(vF),
it yields that

<)3k( k_yk) _Pk,2+—yk> <0, VzfecC. (10)

By the definition of subgradient of f(x*,-) at y¥, we obtain
F8,2T) = fR ) + (2T =0k, e e C (11)
Combine Equations (10) and (11) to conclude the desired result. [
Remark 1. The search rule in Equation (36) is well-defined, i.e., there exists my such that Equation (36) holds.
Proof. Case 1. ¥ = y¥. In this case, z5 = x*. Consequently, f(z*,x¥) = f(z*,y¥) = 0 because of (f1).
Thus, Equation (36) holds and mj = 0.

Case 2. x* # y*. Suppose that the search rule in Equation (36) is not well-defined. Hence, 1
must violate the inequality in Equation (36), i.e., for every my € N, we have

F(25, 44 — FE ) < ;’Tknxk — > (12)
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Noting that z¥ = (1 — ") xk + p™y* and letting m; — oo, we conclude that z5 — x* as my — co.

Thanks to Condition (f3), we deduce that f(z¥,x*) — 0 and f(z*,y*) — f(x*,y¥). This, together with
Equation (12), implies that

—FOb ) < e =P (13)

Letting z" = x* in Equation (8) and noting that f(x, x*) = 0, we deduce

k k2
> k ok | x —]/||.
O_f(x,y)—lri/\k

Combine the above inequality and Equation (13) to derive that 0 < (/\ik — ﬁ) |2k — 5|12 < 0.

Hence, x¥ = y¥, which is incompatible with the assumption. Consequently, the search rule in Equation
(36) is well-defined. O

Remark 2. If 28 # xK, then 0 ¢ 9, f (25, x¥) and thus ¢* # 0 and {u*} is well-defined.

Proof. Suppose that 0 € 9,f(z*, x¥). Since z* # x¥, from Equation (35), zF = (1 — u")xX + u"y*. By
using the convexity of f(z, -), we have

0= f(2,2) < (1= ") (25, ) + e (25, ).

Substituting Equation (36) into the last inequality, we get 0 < % |xkF — y¥[|2 < (25, %F). On

the other hand, by the assumption and the definition of the subdifferential, we deduce f (¥, u*) >
f(zk, x¥),Vu' € C. Hence, 0 = f(zk,zk) > f(zk, x¥), which is a contradiction. [

Proposition 2. The sequence {x*} generated by Equation (38) is well-defined.

Proof. Firstly, we prove by induction that EP(f,C) N Fix(S) C Cyforallk > 1. EP(f,C)NFix(S) C Cy
is obvious. Suppose that EP(f,C) N Fix(S) C Cy for some k € N. Pick up p € EP(f,C) N Fix(S) C Cy.
In the light of Equation (38) and Lemmas 1 and 2, we obtain

[oF = pl* = 1|1 = &) (u* — p) + 5 (S[(1 — o )u* + o Suk] — p)|2
= (1= &)l — plI* = 5k (1 = ) IS[(1 — o30)u* + o SuF] — |
+6¢l1S[(1 — o)u* + xS — p|?
< (1= 80 lu* = plI*> = 51 = 8 1S[(1 — oi)u* + o3 Suk] — |2
+ 3k ([[#* = > + (1 = op) | = S[(1 — o) u* + oSk ||?)
= |lu* = plI* = 8(ox — &) [lu* — S[(1 — o) u* + e Sut] |12,

(14)

Since f is pseudomonotone and p € EP(f,C), f(z¥, p) < 0. According to g* € 9, f(z*, x¥), by the
x

k
subdifferential inequality, we have f(z5, p) > f(2*, x) + (¢¥, p — x¥). Tt follows that (g¥, x* — p) >

fEx69) = (25, p) > f(2,29).
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Case 1. ZF # x¥. In terms of Equation (37), we get

k kY Lk 2
lu* = pl? = HPC [x"—f(z = z)g } —p
T
& p;i.f(zerk)gk 2
< e
2 (2, x5) P )
ek — 2 — Kok )y (15)
I =pl" = =g & =P+ e
2 2.k Ak 2 k, k
< I -l - f|(gzk|i2x L+! ikni :
2 zk,xk
k- LE)
T

Combining Equations (14) and (15), we obtain

k_ 2< k_ 2_f2(zk’xk)_5 _5 k—S 1_ k Sk 2
lo" = pI" < I = plI° = o — ok = [ = S[ —au + oS 16)

< |lx* ~pl%,

and hence p € Cy1.

Case 2. zF = x¥. In this case, u¥ = x* and ||v* — p|| < ||xF — p|| is obvious. Thus, EP(f,C) N
Fix(S) C Cyforall k > 1.

Secondly, we show that Cy is closed and convex for all k € N. It is obvious that C; = C is closed
and convex. Suppose that Cy is closed and convex for some k € N. For ut € Cy, note that Cy; is
equivalent to Cyq = {u" € Cp 1 ||oF — x¥||> + 2(o% — K, 2k — ut) > 0}. Tt is obvious that Cyq is
nonempty, closed convex. Therefore, the sequence {x¥} is well-defined. [

k .k
Proposition 3. limy_,o, £22) = 0 and limy_, o, |[uf — Suk| = 0.

lg¥l

Proof. Since x¥ = Pc, [x0], by the property in Equation (7) of the metric projection, for any u € Cy, we
have
(x% — ¥k, u — x5 <o, (17)
Then,
|2k — x0)|% = (20 — 2k, 1 — 2F) + (20 — 2K, 20 — u)
< (20 — K, 20 —u)
< — 2120 — ]
It yields

||xk—x0|| < ||x0—u||,Vu e Cy, (18)

which, by selecting u = p € EP(f,C) N Fix(S) C Cy, implies that the sequence {x*} is bounded.
By terms of Equation (17), we have (x0 — x¥, x*+1 — xk) < 0 due to x**1 € C;1 C Cy. Thus,

||xk+1 _ kaZ — 2<x0 _ xk,xk+1 _ xk> + ||xk+1 _ xOHZ _ HxO _ xk||2

(19)
< ka-‘rl . x0||2 . ”xk o XOHZ.
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From Equation (18), we deduce ||x¥ — x°|| < || — x**1||. Thus, the limit limy_,, ||x* — x0|| exists,
denoted by g. This, together with Equation (19), implies that || x**1 — x|| — 0. Thanks to the definition
of Cyy1 and ¥ € Cy, we derive ||oF — xF+1|| < ||x* — xF+1|| — 0. Hence,

[|[o% — 2K || < |0k — 5| 4 ||F T — 2K — 0as k — oo.

By Equation (16), we obtain

2(k ~k
0= fn(gknz) + 8¢l — 801 — S[(1 — o)u + oSk
< Il = pl2 ~ 1~ pl?

< [l = [[l* = pll + [10F = pll]

— 0(k — o0).
Therefore,
k .k

tim £ 5) g, (20)

koo gl
and

Jim |tk — S[(1 — o) uk + o SuF]|| = 0. (1)
—00
On the other hand,

[ = Suk|| < [|u* = S[(1 — o) u* + oSk || + [IS[(1 — o) + e Su¥] — Sul¥|
< |lu* = S[(1 — o) u* + oy SuF]|| + Loy ||juF — SuF|.

It follows from Equation (21) that

[|uk — Suk| < 1—1Lf7k |uF — S[(1 — o) uk + . Suk]|| — 0 as k — oo. (22)

O
Proposition 4. wy,(x¥) C EP(f,C) N Fix(S).

Proof. Selecting any x* € wy,(xF), there exists a subsequence {x*i} C {x¥} such that x — xt € C.
Set F(y) = f(xki,y) + ﬁk_ﬂxki — y||? for each y € C. Noting that 0 € dF (%) + N¢(y*), then there

exists A(y%) € 9F (y*i) such that
(AW") y—y) >0, vy eC. (23)
Observe that dF (y) is )%ki—strongly monotone because F(y) is %ki-strongly convex due to the

convexity of f(x,y). Thus, we have

. , : , 1 , ,
(A() = A(yh), o — o) > Tk_llxk’ -y, (24)

1

where A(x%) € 9F (xi).
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Taking into account Equations (23) and (24), we obtain

JAGES) Ik =y = (AR, 28— y)
1k & N
> [l = NP+ (AR, 2N — )

i

> e g
It follows that
124 = | < A AR, VA(RN) € 9F (x4) = 9 f (2, "), (25)
Since x,, — xf, by Lemma 3, for any €; > 0, there exist #7; > 0 and n¢, € N such that

O f (ki xk) < ao f (xF, xh) + %B, Vi > ne,.
1

The above inclusion and Equation (25) yield that there exists M > 0 such that ||x% — y%i|| < M
for all i > ne,. This indicates that the sequence {y"} is bounded owing to the boundedness of {x*i}.
Then, there exists a subsequence of {y*i}, again denoted by {1/} such that y*i — y*. Consequently, by
the definition of {z*}, it is also bounded. Thus, there exists a subsequence of {z*i}, without loss of
generality, still denoted by {z*i} that converges to z € C. Applying Lemma 3, for any €, > 0, there
exist 7 > 0 and ne, € N such that

azf(zk",xki) C azf(z,x*) + ;—2B, Vi > ne,.
2

Thus, {¢"} is bounded. This, together with Equation (20), implies
f(zN,x5) — 0asi— oo. (26)

Next, we show x* € EP(f,C). We consider two cases. Case 1: y* = xki. According to Equation
(8), we have

f(xki, 2ty >0, vzt e C. 27)

Since f(+,z") is sequently weakly continuous on the open set A O C, letting i — oo in Equation
(27), we deduce that f(x*,z“) >0,Vzt € C ie., xt € EP(f,C).
Case 2: yki # xki. By the convexity of f(zX,-), we get
0= f(2,2M) = f(2N, (1 — p")xk 4 ™)
< (L= ™) f(, ) + ™ (2N Y,
which results that ;4 ki f (i, xki ) fl(z ( i,yk)] < f(zN, xKi). Furthermore, from Equation (36), we have
F(h, ) — (25, %) > %l —y" I Hence/

f(&, >>72"Ak ke — 2. 8)
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If limsup, ., u"" > 0, then there exists a subsequence of {3""i}, still denoted by {y""*}, such
that ™% — v > 0. In the light of Equations (26) and (28), we conclude that ||y* — x¥i|| — 0. In the
case where "™ — 0 asi — o, let {I;} be the smallest positive integers such that, for each i,

ok o 0 . .
FUE, ) = f(25,54) > o = )17, (29)
2k,
where zki = (1 — pli)xki 4 pliyki,
Consequently, /; — 1 must violate the above search rule in Equation (29), i.e.,

F(25, x5 — £(25,48) < |12k — ki), (30)
2A,

where 28 = (1 — pli=1) ki  pli—T1yki,

At the same time, by Equation (8), we obtain
ks 1 . .
0> f(xk, %) + )Tk_ka’ Al (31)

From Equations (30) and (31), we have
F(E5,25) — F(2% ) < =T FH, 9. (32)
Letting i — oo in Equation (32) and noting that x% — x*t, % — y* and 2k — x*, we deduce
—f(tyh) < =SF YY),

It yields that f(xt,yt) > 0. This, together with Equation (31), implies that ||x%i —y%i| — 0.
Consequently, y* — xt. Again, applying Equation (8), we conclude that f(x*,z") > 0 forall zf € C,
ie,xt € EP(f,C).

Next, we show x € Fix(S). Observe that ||ufi — xi|| < %
uki — x*(i — o0). This, together with Lemma 4 and Equation (22), implies that x* € Fix(S). Thus,
wyw(x¥) € EP(f,C) NFix(S). O

— 0 by Equation (20) and thus

Theorem 1. The iterate {x*} defined by Algorithm 1 converges strongly to Pg P(f,C)NFix(S) [x0].

Proof. First, by Conditions (A2) and (A4) and Lemma 4, EP(f, C) N Fix(S) is nonempty, closed and
convex. Hence, Prp ¢ c)nrix(s) is well-defined. Thanks to Equation (18), we deduce

k= 20| < ]2 - Pep£,0)nFix(s) [X°] -

By Proposition 4, we obtain wy, (x¥) € EP(f,C) N Fix(S). Hence, all conditions of Lemma 5 are
fulfilled. Consequently, we conclude that x* — P P(f,C)NFix(8) [x] by the conclusion of Lemma 5. [

Remark 3. In Algorithm 1, if S is nonexpansive, then the conclusion still holds. The construction of half-space
Cyy1 in Algorithm 1 is simpler than that in [41]. Our result improves and extends the corresponding result in
[41].
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4. Applications

In Equation (3), setting f(if,u) = (A#i,u — ii), the EP in Equation (3) reduces to the following
variational inequality (VI) of seeking @i € C verifying

(Ait,u — i) >0, Yu € C. (33)

The solution set of the variational inequality in Equation (33) is denoted by VI(A, C).
In this case, solving strongly convex program

1
k : kot k 112
= arg min X", + X" —
y gy+ec{f( v+ o =y }
is converted to solve y¥ = Pc(x — A Ax¥). The Armijo-like assumption

) = ) = o2 =2
k

can be expressed as

v
(A2, =) = S -

Consequently, we obtain the following algorithm for solving a common problem of the VI and
the FPP.

Algorithm 1: Let x € H be an initial guess.

Step 1. Set C; = C and compute x! = P, [x°]. Set k = 0.
Step 2. Assume that the current sequence {x*} has been given and then calculate

y' = arg min {f(x",y*) + %Mllx" - y*llz}- (34)
Step 3. Compute {z¥} by the following manner
2= (1= p") 2k ey, (35)
where m takes the smallest nonnegative integer verifying

F(25,5%) = F(25, %) > ;Tknx" — % (36)

Step 4. Calculate the sequence {u*} via

xk, if zF = xk,
uk = k f(Zk,xk)gk k k k . k k (37)
Pe|x® — S |, where g € 92 f (25, x%), if 25 # x%.

Step 5. Calculate the next iterate {x**1} by the following form

ok = (1= 6)uf + 8. S[(1 — oy )uf + o Sul],
Cro1 = {u' € Ce: [|oF —u|| < [l w3, (38)

xk+1 — PCk+1 [xO]‘

Step 6. Set k := k + 1 and return to Step 2.
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Theorem 2. Let @ # C C H be a closed convex and A be a given open set which contains C. Let A: A — H
be a pseudomonotone and jointly sequently weakly continuous operator. Let the operator S : C — C be Lipschitz
pseudocontractive with Lipschitz constant L > 0. Suppose that the intersection VI(A,C) N Fix(S) # @.
Assume that Conditions (C1)~(C3) are satisfied. Then, the iterate {x*} defined by Algorithm 2 converges

strongly to Py c)npix(s) [X°]-

In Algorithm 2, setting S = I, the identity operator, then L = 1 and Condition (C2) reduces
to Condition (C4): 0 < § < 6 <8 < 03 < T < ﬁ,Vk > 0. In this case, we have the following
algorithm and corollary for solving the VL.

Algorithm 2: Let x° € H be an initial guess.

Step 1. Set C; = C and compute x! = P¢, [x°]. Set k = 0.
Step 2. Assume that the current sequence {x*} has been given and then calculate

vk = Pe(xF — A AxF).

Step 3. Compute {z} by the following manner z¥ = (1 — p")x* + p"y*, where m;, takes the
. . cr . k Lk Lk Y I~k k)2
smallest nonnegative integer verifying (Az", x* — y*) > 5 A [l — ||~
Step 4. Calculate the sequence {u*} via

xk if 2k = xk
k
u = <Azk,xkfzk>

PC|:xk_|AZk2:|, Zfzk#xk
Step 5. Calculate the next iterate {x**1} by the following form

ok = (1= 6)uf 4+ 8:S[(1 — oy )uF + o Suk],
Cro1 = {u' € Ce: [|o" —u|| < [l w3,

xk+1 — PCk+1 [XO]‘

Step 6. Set k := k + 1 and return to Step 2.

Corollary 1. Let @ # C C H be a closed convex and A be a given open set which contains C. Let A : A — H
be a pseudomonotone and jointly sequently weakly continuous operator. Suppose that VI(A,C) # @. Assume
that Conditions (C1), (C3), and (C4) are satisfied. Then, the iterate {x*} defined by Algorithm 3 converges

strongly to Py 4 c)[x°].
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Algorithm 3: Let x° € H be an initial guess.

Step 1. Set C; = C and compute x! = Pc, [x°]. Set k = 0.
Step 2. Assume that the current sequence {x*} has been given and then calculate

vk = Pe(xF — A AxF).

Step 3. Compute {z} by the following manner z¥ = (1 — ") x* + p"y*, where m;, takes the
. . cp . k Lk Lk Y I~k k)2
smallest nonnegative integer verifying (Az", x* — y*) > 5 A [|x* — ||~
Step 4. Calculate the sequence {u*} via
* if 2K = xk,

u = k vk _k
k_ (Azlx—2) i ok £ ok
PC|:x_AZk2, sz #x.

Step 5. Calculate the next iterate {x**1} by the following form

{Ck—i—l = {u' € Ce: [l —u"|| < flx* — "]},

xk+1 — PCk+1 [xO]

Step 6. Set k := k + 1 and return to Step 2.

5. Conclusions

In this paper, we investigate pseudomonotone equilibrium problems and fixed point problems in
Hilbert spaces. We present an iterative algorithm for finding a common element of the fixed point of
pseudocontractive operators and the pseudomonotone equilibrium problem without Lipschitz-type
continuity. We prove the strong convergence of the suggested algorithm under some additional
assumptions. Since, in our suggested Algorithm 1, the involved function f is assumed to be
pseudomonotone, a natural problem arises: how to weaken this assumption to nonmonotone.
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