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Abstract: This paper studies the global Mittag–Leffler stability and stabilization analysis of
fractional-order quaternion-valued memristive neural networks (FOQVMNNs). The state feedback
stabilizing control law is designed in order to stabilize the considered problem. Based on the
non-commutativity of quaternion multiplication, the original fractional-order quaternion-valued
systems is divided into four fractional-order real-valued systems. By using the method of Lyapunov
fractional-order derivative, fractional-order differential inclusions, set-valued maps, several global
Mittag–Leffler stability and stabilization conditions of considered FOQVMNNs are established.
Two numerical examples are provided to illustrate the usefulness of our analytical results.
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1. Introduction

Memristor is regarded as the fourth basic circuit element, which was first proposed by Chua [1].
In 2008, the first practical memristor device was invented by the HP company [2]. Recently,
the memristor device has developed a large potential application due to its role in demonstrating the
relationship between the magnetic flow and electric charge [3,4]. The memristor system has significant
potential for synaptic use and for simulating the human brain, which can be used in artificial neural
network hardware and software. One of these applications is the memristive neural networks (MNNs),
which is formulated by introducing a memristor into the connection weights [5–8]. Until now, many
efforts have been made to develop the dynamical behaviors of MNNs. The dynamics for various
MNNs, including boundedness, stability, Mittag–Leffler stability, stabilization, synchronization, and
global exponential stability, have been frequently studied in recent years [9–12].

In artificial intelligence science, neural networks (NNs) have been considered as the most
important nonlinear model for their successful applications in signal processing, pattern recognition,
optimization, and other engineering fields [13,14]. On the other side, real-valued neural networks
(RVNNs) and complex-valued neural networks (CVNNs) have been successfully applied in modeling,
control, associative memory, and image recognition [15,16]. Recently, compared to RVNNs, the CVNNs
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have shown the best performance in solving problems. For example, when encountering the problem
of detection of symmetry and XOR problem, RVNNs may become helpless, while this problem can be
resolved ideally with CVNNs [17,18]. Therefore, the occurrence of CVNNs has attracted a lot of interest
from various aspects. Until now, many efforts have been made to develop the dynamical behaviors
of CVNNs and numerous achievements have sprung up [12,16,19–21]. For example, the problems of
global stability, global Lagrange stability, global exponential stability, passivity, and finite-time stability
for CVNNs have been studied [12,16,20,21].

On the other hand, as the most generalization of the RVNNs and CVNNs, QVNNs ones have
been obtained, with the signals states, connection weights, and activation functions defined on
the quaternion-valued [22]. In practice, the main advantage of using quaternion is that it can
view and operate three-dimensional or four-dimensional vectors as a single entity that significantly
reduces computational complexity in multidimensional problems and by employing quaternion
variables can achieve efficient information processing directly [23–25]. Therefore, QVNNs have been
successfully implemented in body images, attitude control of satellites, computer graphics, 3D wind
forecasting, 4D signals, color-face recognition, and vector sensor processing [26–33]. The problem
of global µ stability for QVNNs with mixed time delays was studied in [22]. In [26], based on
the non-commutativity of quaternion multiplication, global exponential stability for QVNNs was
analyzed by separating QVNNs into four RVNNs. In [27], leakage delay-dependent synchronization
conditions for fractional-order QVNNs with discrete delays have been studied. Based on the parameter
uncertainties, sufficient conditions are obtained for stability and synchronization of fractional-order
memristive QVNNs [30]. The problem of global Mittag–Leffler stability and synchronization for
fractional-order QVNNs was studied in [31]. The problem of exponential input-to-state stability of
QVNNs with time delay was studied in [32].

On the other hand, the fractional calculus has been obtained as an extension of the integer-order
calculus and has received growing research attention in the fields of engineering and physics [34,35].
In addition, fractional-order derivatives have many advantages compared to integer order calculus in
defining an infinite memory and inherited properties [36]. Therefore, the use of fractional-order
calculus in NN models could describe better dynamic behavior, and many excellent results on
fractional-order NNs have been published, such as the problem of global robust synchronization,
Mittag–Leffler synchronization, quasi-pinning synchronization, and finite-time Mittag–Leffler
stability [37–40]. To the best of our knowledge, the current results of this paper have not yet been
proposed for FOQVMNNs. This motivates us to this current research.

Motivated by the above debates, our paper focuses primarily on analyzing the global
Mittag–Leffler stability and stabilization of FOQVMNNs. On the basis of non-commutative quaternion
multiplication of the Hamilton principle, the considered FOQVMNNs have been divided into four
RVNNs. By use of the homeomorphism principle, Lyapunov fractional-order derivative, set-valued
maps, and some analytical methods, new sufficient conditions for global Mittag–Leffler stability and
stabilization of FOQVMNNs are derived. Two numerical examples are provided to illustrate our
analytical results. The organization of the paper is as follows: the problem model is formally defined
in the next section. The main results are described in Section 3. Section 4 yields numerical examples
with their simulations. Conclusions are declared in Section 5.

2. Preliminaries and Problem Statement

2.1. Notations

Dσ denote σ-order fractional derivative operator. R,C, and Q stand for the real field, the
complex field and the skew field of quaternion, respectively. Rn,Cn, and Qn stands for n-dimension
vector whose elements are R,C, and Q, respectively. Rn×n,Cn×n and Qn×n represents n × n
matrices with entries from R,C and Q, respectively. The quaternion-valued function is denoted
by z = {z(R) + iz(I) + jz(J) + kz(K)

∣∣z(R), z(I), z(J), z(K) ∈ R}, where i, j, k are standard imaginary
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units satisfying the Hamilton rules ijk = i2 = j2 = k2 = −1, ij = k = −ji, jk = i = −kj,
ki = j = −ik. The quaternion multiplication is non-commutative under the above Hamilton law.

For any z(t) ∈ Q, the modulus of z is defined as |z| =
√

zz∗ =
√
(z(R))2 + (z(I))2 + (z(J))2 + (z(K))2,

where z∗ = zR(t)− izI(t)− jzJ(t)− kzK(t) represents the conjugate transpose of z. The norm of z is

defined as ‖z‖ =
√

n
∑

x=1
(z(R))2 +

n
∑

x=1
(z(I))2 +

n
∑

x=1
(z(J))2 +

n
∑

x=1
(z(K))2, N = 1, 2, ..., n. The operation of

addition and subtraction in quaternion field are similar to those in complex numbers. For the objective
of simpleness, the following notations are adopted in the resulting parts:
|G R

y | :=
∣∣gR

y (ay(t), by(t), cy(t), dy(t))
∣∣,

|G I
y | :=

∣∣gI
y(ay(t), by(t), cy(t), dy(t))

∣∣,
|G J

y | :=
∣∣gJ

y(ay(t), by(t), cy(t), dy(t))
∣∣,

|G K
y | :=

∣∣gK
y (ay(t), by(t), cy(t), dy(t))

∣∣,
(G ∗y ) :=

(
℘RR

y
∣∣ay(t)

∣∣+ ℘RI
y
∣∣by(t)

∣∣+ ℘RJ
y
∣∣cy(t)

∣∣+ ℘RK
y
∣∣dy(t)

∣∣),
(G ∗∗y ) :=

(
℘IR

y
∣∣ay(t)

∣∣+ ℘I I
y
∣∣by(t)

∣∣+ ℘I J
y
∣∣cy(t)

∣∣+ ℘IK
y
∣∣dy(t)

∣∣),
(G ∗∗∗y ) :=

(
℘JR

y
∣∣ay(t)

∣∣+ ℘J I
y
∣∣by(t)

∣∣+ ℘J J
y
∣∣cy(t)

∣∣+ ℘JK
y
∣∣dy(t)

∣∣),
(G ∗∗∗∗y ) :=

(
℘KR

y
∣∣ay(t)

∣∣+ ℘KI
y
∣∣by(t)

∣∣+ ℘KJ
y
∣∣cy(t)

∣∣+ ℘KK
y
∣∣dy(t)

∣∣),
|ax|∗|ay| :=

∣∣ax(t)
∣∣ς−1∣∣ay(t)

∣∣,
|ax|∗|by| :=

∣∣ax(t)
∣∣ς−1∣∣by(t)

∣∣,
|ax|∗|cy| :=

∣∣ax(t)
∣∣ς−1∣∣cy(t)

∣∣,
|ax|∗|dy| :=

∣∣ax(t)
∣∣ς−1∣∣dy(t)

∣∣,
|bx|∗|ay| :=

∣∣bx(t)
∣∣ς−1∣∣ay(t)

∣∣,
|bx|∗|by| :=

∣∣bx(t)
∣∣ς−1∣∣by(t)

∣∣,
|bx|∗|cy| :=

∣∣bx(t)
∣∣ς−1∣∣cy(t)

∣∣,
|bx|∗|dy| :=

∣∣bx(t)
∣∣ς−1∣∣dy(t)

∣∣,
|cx|∗|ay| :=

∣∣cx(t)
∣∣ς−1∣∣ay(t)

∣∣,
|cx|∗|by| :=

∣∣cx(t)
∣∣ς−1∣∣by(t)

∣∣,
|cx|∗|cy| :=

∣∣cx(t)
∣∣ς−1∣∣cy(t)

∣∣,
|cx|∗|dy| :=

∣∣cx(t)
∣∣ς−1∣∣dy(t)

∣∣,
|dx|∗|ay| :=

∣∣dx(t)
∣∣ς−1∣∣ay(t)

∣∣,
|dx|∗|by| :=

∣∣dx(t)
∣∣ς−1∣∣by(t)

∣∣,
|dx|∗|cy| :=

∣∣dx(t)
∣∣ς−1∣∣cy(t)

∣∣,
|dx|∗|dy| :=

∣∣dx(t)
∣∣ς−1∣∣dy(t)

∣∣,
|a∗a|y := ς−1

ς

∣∣ax(t)
∣∣ςυ1 +

1
ς

∣∣ay(t)
∣∣ς 1

υ
ς−1
1

,

|a∗b|y := ς−1
ς

∣∣ax(t)
∣∣ςυ2 +

1
ς

∣∣by(t)
∣∣ς 1

υ
ς−1
2

,

|a∗c|y := ς−1
ς

∣∣ax(t)
∣∣ςυ3 +

1
ς

∣∣cy(t)
∣∣ς 1

υ
ς−1
3

,

|a∗d|y := ς−1
ς

∣∣ax(t)
∣∣ςυ4 +

1
ς

∣∣dy(t)
∣∣ς 1

υ
ς−1
4

,

|b∗a|y := ς−1
ς

∣∣bx(t)
∣∣ςυ5 +

1
ς

∣∣ay(t)
∣∣ς 1

υ
ς−1
5

,

|b∗b|y := ς−1
ς

∣∣bx(t)
∣∣ςυ6 +

1
ς

∣∣by(t)
∣∣ς 1

υ
ς−1
6

,

|b∗c|y := ς−1
ς

∣∣bx(t)
∣∣ςυ7 +

1
ς

∣∣cy(t)
∣∣ς 1

υ
ς−1
7

,

|b∗d|y := ς−1
ς

∣∣bx(t)
∣∣ςυ8 +

1
ς

∣∣dy(t)
∣∣ς 1

υ
ς−1
8

,

|c∗a|y := ς−1
ς

∣∣cx(t)
∣∣ςυ9 +

1
ς

∣∣ay(t)
∣∣ς 1

υ
ς−1
9

,



Mathematics 2020, 8, 422 4 of 29

|c∗b|y := ς−1
ς

∣∣cx(t)
∣∣ςυ10 +

1
ς

∣∣by(t)
∣∣ς 1

υ
ς−1
10

,

|c∗c|y := ς−1
ς

∣∣cx(t)
∣∣ςυ11 +

1
ς

∣∣cy(t)
∣∣ς 1

υ
ς−1
11

,

|c∗d|y := ς−1
ς

∣∣cx(t)
∣∣ςυ12 +

1
ς

∣∣dy(t)
∣∣ς 1

υ
ς−1
12

,

|d∗a|y := ς−1
ς

∣∣dx(t)
∣∣ςυ13 +

1
ς

∣∣ay(t)
∣∣ς 1

υ
ς−1
13

,

|d∗b|y := ς−1
ς

∣∣dx(t)
∣∣ςυ14 +

1
ς

∣∣by(t)
∣∣ς 1

υ
ς−1
14

,

|d∗c|y := ς−1
ς

∣∣dx(t)
∣∣ςυ15 +

1
ς

∣∣cy(t)
∣∣ς 1

υ
ς−1
15

,

|d∗d|y := ς−1
ς

∣∣dx(t)
∣∣ςυ16 +

1
ς

∣∣dy(t)
∣∣ς 1

υ
ς−1
16

.

2.2. Caputo Fractional-Order Derivative

We give the definition of Euler’s gamma function Γ(s) as

Γ(s) =
∫ +∞

0
tr−1exp(−t)dt.

Definition 1 ([11]). The fractional-order of Caputo derivative of order σ for a function w̄(t) ∈ Cn([t0,+∞), R)
is defined as

C
t0
Dσ

t w̄(t) =
1

Γ(n− σ)

∫ t

t0

w̄(n)(`)

(t− `)σ−n+1 d`,

where t ≥ t0 and n is the positive integer such that n− 1 < σ < n, and n ∈ Z+. Γ(·) is gamma function.

Definition 2 ([11]). The fractional-order of integral order σ ∈ (0, 1) for a integral function w̄ ∈
Cn([0,+∞),R) is defined as

t0D−σ
t w̄(t) =

1
Γ(σ)

∫ t

0

w̄(`)

(t− `)1−σ
d`, t > 0, σ > 0.

2.3. Problem Statement

In this section, we consider a class of FOQVMNNs as follows:

CDσ
0,tzx(t) = − axzx(t) +

n

∑
y=1

bxy(zx(t)) fy(zy(t)) + Ix, t > 0, x ∈ N, (1)

where 0 < σ < 1, zx(t) is the state variable of the xth neuron (the voltage of capacitor), ax > 0 is the
self-regulating parameters of the neurons, bxy(zx(t)) is the memristive connective weights, which
denote the neuron interconnection matrix. fy(·) : Q→ Q is the bounded feedback function between
the yth dimension of the memristor. Ix represents the external input. According to the feature of
memristor, denote

bxy(zx(t)) =

{
b́xy, |zx(t)| < Ty

b̀xy, |zx(t)| > Ty,

where bxy(±Ty) = b́xy or b̀xy, b́xy, b̀xy are constants and Ty > 0 is the switching jumps.
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It is obvious that bxy(zx(t)) in NN (1) is discontinuous. Similar to the work [5], by applying
the theories of set-valued maps and differential inclusions, NN (1) can be written as the following
differential inclusion:

CDσ
0,tzx(t) ∈ − axzx(t) +

n

∑
y=1

co[bxy(zx(t))] fy(zy(t)) + Ix, t > 0, x ∈ N, (2)

where

co[bxy(zx(t))] =


b́xy, |zx(t)| < Ty,

co
{

b́xy, b̀xy
}

, |zx(t)| = Ty,

b̀xy, |zx(t)| > Ty,

and co
{

b́xy, b̀xy
}
= [bxy, bxy], bxy = min

{
b́xy, b̀xy

}
, bxy = max

{
b́xy, b̀xy

}
, α̃xy = max{|b́xy|, |b̀xy|}.

Remark 1. When the NNs (2) can be divided into real and imaginary parts, by applying the theories of
set-valued maps and differential inclusions, we have co

{
b́R

xy, b̀R
xy
}

= [bR
xy, b

R
xy], bR

xy = min
{

b́R
xy, b̀R

xy
}

,

b
R
xy = max

{
b́R

xy, b̀R
xy
}

, α̃R
xy = max{|b́R

xy|, |b̀R
xy|}, co

{
b́I

xy, b̀I
xy
}

= [bI
xy, b

I
xy], bI

xy = min
{

b́I
xy, b̀I

xy
}

,

b
I
xy = max

{
b́I

xy, b̀I
xy
}

, α̃I
xy = max{|b́I

xy|, |b̀I
xy|}, co

{
b́J

xy, b̀J
xy
}

= [bJ
xy, b

J
xy], bJ

xy = min
{

b́J
xy, b̀J

xy
}

,

b
J
xy = max

{
b́J

xy, b̀J
xy
}

, α̃J
xy = max{|b́J

xy|, |b̀J
xy|}, co

{
b́K

xy, b̀K
xy
}

= [bK
xy, b

K
xy], bK

xy = min
{

b́K
xy, b̀K

xy
}

,

b
K
xy = max

{
b́K

xy, b̀K
xy
}

, α̃K
xy = max{|b́K

xy|, |b̀K
xy|}.

Based on the measurable selection theorem in [5], there exist measurable functions αxy(zx(t)) ∈
co[bxy(zx(t))] for x, y ∈ N, such that

CDσ
0,tzx(t) = − axzx(t) +

n

∑
y=1

αxy(zx(t)) fy(zy(t)) + Ix, t > 0, x ∈ N. (3)

The initial condition of (3) is defined as zx(0) = z0 ∈ Q, where z0 = zR(0) + izI(0) + jzJ(0) + kzK(0).
A1: In the quaternion domain, the function fy(·), y ∈ N is bounded, and fy(±Ty) = 0 satisfies the
Lipschitz condition with Lipschitz constant ly > 0, y ∈ N,

| fy(z1)− fy(z2)| ≤ ly|z1 − z2|, ∀z1, z2 ∈ Q, y ∈ N.

A2: A constant vector z∗(t) = [z∗1(t), ..., z∗n(t)]T ∈ Qn is called an equilibrium point of NNs (3) if

0 = −axz∗x(t) +
n

∑
y=1

αxy(z∗x(t)) fy(z∗y(t)) + Ix, x ∈ N. (4)

2.4. Preliminaries

To derive the main results, the following definitions and lemmas are needed.

Definition 3 ([41]). The Mittag–Leffler function with one parameter is defined as

Eσ(z) =
∞

∑
x=0

zx

Γ(xσ + 1)
,
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where σ > 0. The Mittag–Leffler function with one parameter is defined as

Eσ,ρ(z) =
∞

∑
x=0

zx

Γ(xσ + ρ)
,

where σ > 0, ρ > 0. When ρ = 1, one has Eσ,1 = E (z) and, when σ = 1, ρ = 1, one further has E1,1 = ez.

Definition 4 ([41]). The Laplace transform of Mittag–Leffler function with two parameters is

L{tρ−1Eσ,ρ(−λtσ)} = τσ−ρ

τσ + λ
, Re(τ) > |λ|

1
σ ,

where t and τ are, respectively, the variables in the Laplace domain and time domain, λ is real number, L(·)
represents the Laplace transform.

Lemma 1 ([42]). Let η1 > 0, η2 > 0, η3 > 1, η4 > 1, and 1
η3

+ 1
η4

= 1. Then, for any ς > 0, we have

η1η2 ≤
1
η3

(η1ς)η3 +
1
η4

(η2
1
ς
)η4 ,

the equality holds iff (η1ς)η3 = (η2
1
ς )

η4 .

Lemma 2 ([42]). Let F (t) be a continuous function on [0,+∞) satisfying

CDσ
0,tF (t) ≤ −η1F (t) + η2, t ≥ 0.

for constant η1 > 0, η2 ≥ 0, then

F (t) ≤ F (0)Eσ(−k1tσ) + k2tσEσ,σ+1(−k1tσ)), t ≥ 0.

where 0 < σ < 1, Eσ,σ+1(·) and Eσ(·) are, respectively, two-parameter Mittag–Leffler function and
one-parameter Mittag–Leffler function.

Definition 5 ([41]). The zero solution of the system (3) is said to be globally Mittag–Leffler stable if there exist
two positive constants ξ and λ such that, for any solutions z(t) of the system (3) with different initial condition
denoted by z(0), one has

‖z(t)‖ ≤ ξ‖z(0)‖Eσ(−λtσ), t > 0.

Definition 6 ([42]). The system (3) is globally Mittag–Leffler stabilizable if there exists a suitable feedback
control law, such that the closed-loop system (3) is globally Mittag–Leffler-stable.

3. Main Results

This section will present new sufficient conditions for global Mittag–Leffler stability and
stabilization of FOQVMNNs (3) under A1. In order to prove the equilibrium point z∗(t) is global
Mittag–Leffler stability by the transformation ~wx(t) = zx(t) − z∗(t), the equilibrium point for
system (3) can be shifted to the origin and obtain

CDσ
0,twx(t) = −

[
axzx(t)− axz∗x(t)

]
+

n

∑
y=1

[
αxy(zx(t)) fy(zy(t))− αxy(z∗x(t)) fy(z∗y(t))

]
, t > 0, x ∈ N, (5)
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or, equivalently,

CDσ
0,twx(t) = − axwx(t) +

n

∑
y=1

αxygy(wy(t)), t > 0, x ∈ N, (6)

where gy(wy(t)) =
(

fy(wy(t)) + f (z∗y(t))
)
− f (z∗y(t)).

Remark 2. It should be noted that the multiplication of quaternion does not comply with commutative law,
which varies entirely from complex and real numbers. Therefore, CVNN or RVNN analysis approaches and
techniques are not explicitly used to evaluate QVNNs. In order to analyze QVNNs easily, a suitable approach
is to divide the QVNN into two CVNNs or four RVNNs systems based on the non-commutative quaternion
multiplication.

Let wx(t) = ax(t) + ibx(t) + jcx(t) + kdx(t); then, the system can be expressed as follows:



CDσ
0,tax(t) = −axax(t) +

n
∑

y=1
αR

xy(ax(t))gR
y (ay(t), by(t), cy(t), dy(t))−

n
∑

y=1
αI

xy(bx(t))gI
y(ay(t), by(t), cy(t), dy(t))

−
n
∑

y=1
αJ

xy(cx(t))gJ
y(ay(t), by(t), cy(t), dy(t))−

n
∑

y=1
αK

xy(dx(t))gK
y (ay(t), by(t), cy(t), dy(t))

CDσ
0,tbx(t) = −axbx(t) +

n
∑

y=1
αR

xy(ax(t))gI
y(ay(t), by(t), cy(t), dy(t)) +

n
∑

y=1
αI

xy(bx(t))gR
y (ay(t), by(t), cy(t), dy(t))

+
n
∑

y=1
αJ

xy(cx(t))gK
y (ay(t), by(t), cy(t), dy(t))−

n
∑

y=1
αK

xy(dx(t))gJ
y(ay(t), by(t), cy(t), dy(t))

CDσ
0,tcx(t) = −axcx(t) +

n
∑

y=1
αR

xy(ax(t))gJ
y(ay(t), by(t), cy(t), dy(t)) +

n
∑

y=1
αJ

xy(cx(t))gR
y (ay(t), by(t), cy(t), dy(t))

+
n
∑

y=1
αK

xy(dx(t))gI
y(ay(t), by(t), cy(t), dy(t))−

n
∑

y=1
αI

xy(bx(t))gK
y (ay(t), by(t), cy(t), dy(t))

CDσ
0,tdx(t) = −axdx(t) +

n
∑

y=1
αR

xy(ax(t))gK
y (ay(t), by(t), cy(t), dy(t)) +

n
∑

y=1
αI

xy(bx(t))gJ
y(ay(t), by(t), cy(t), dy(t))

+
n
∑

y=1
αK

xy(dx(t))gR
y (ay(t), by(t), cy(t), dy(t))−

n
∑

y=1
αJ

xy(cx(t))gI
y(ay(t), by(t), cy(t), dy(t))

. (7)

We can rewrite NN (7) in the vector form as follows:

CDσ
0,ta(t) = −Aa(t) + BR(a(t))gR(a(t), b(t), c(t), d(t))− BI(b(t))gI(a(t), b(t), c(t), d(t))

−BJ(c(t))gJ(a(t), b(t), c(t), d(t))− BK(d(t))gK(a(t), b(t), c(t), d(t))
CDσ

0,tb(t) = −Ab(t) + BR(a(t))gI(a(t), b(t), c(t), d(t)) + BI(b(t))gR(a(t), b(t), c(t), d(t))

+BJ(c(t))gK(a(t), b(t), c(t), d(t))− BK(d(t))gJ(a(t), b(t), c(t), d(t))
CDσ

0,tc(t) = −Ac(t) + BR(a(t))gJ(a(t), b(t), c(t), d(t)) + BJ(c(t))gR(a(t), b(t), c(t), d(t))

+BK(d(t))gI(a(t), b(t), c(t), d(t))− BI(b(t))gK(a(t), b(t), c(t), d(t))
CDσ

0,td(t) = −Ad(t) + BR(a(t))gK(a(t), b(t), c(t), d(t)) + BI(b(t))gJ(a(t), b(t), c(t), d(t))

+BK(d(t))gR(a(t), b(t), c(t), d(t))− BJ(c(t))gI(a(t), b(t), c(t), d(t))

, (8)

where a(t) = [a1(t), ..., an(t)]T , b(t) = [b1(t), ..., bn(t)]T , c(t) = [c1(t), ..., cn(t)]T , d(t) =

[d1(t), ..., dn(t)]T , A = diag{a1, ..., an}, BR(a(t)) = (αR
xy(ax(t)))n×n ∈ Rn×n, BI(b(t)) =

(αI
xy(bx(t)))n×n ∈ Rn×n, BJ(c(t)) = (αJ

xy(cx(t)))n×n ∈ Rn×n, BK(d(t)) = (αK
xy(dx(t)))n×n ∈ Rn×n.

The initial condition of (8) is defined as wx(0) = w0 ∈ Rn, where w0 =(
(aR(0))T , (bI(0))T , (cJ(0))T , (dK(0))T)T .

A3: For w = aR + ibI + jcJ + kdK ∈ Qn with aR, bI , cJ , dK ∈ R, gy(w) can be expressed as

gy(w) = gR
y (a

R, bI , cJ , dK) + igI
y(a

R, bI , cJ , dK) + jgJ
y(a

R, bI , cJ , dK) + kgK
y (a

R, bI , cJ , dK),

where y ∈ N, gR(., ., ., .), gI(., ., ., .), gJ(., ., ., .), gK(., ., ., .) : R4 → R, the real-imaginary parts satisfies
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(1) The partial derivatives of gy(., ., ., .) with respect to the variables aR, bI , cJ , dK exists and
are continuous.

(2) All the partial derivatives are bounded, i.e., there exist positive constant numbers ℘RR
y , ℘RI

y , ℘RJ
y ,

℘RK
y , ℘IR

y , ℘I I
y , ℘I J

y , ℘IK
y , ℘JR

y , ℘J I
y , ℘J J

y , ℘JK
y , ℘KR

y , ℘KI
y , ℘KJ

y , ℘KK
y , such that

∣∣∂gR
y

∂aR

∣∣ ≤ ℘RR
y ,

∣∣∂gR
y

∂bI

∣∣ ≤ ℘RI
y ,

∣∣∂gR
y

∂cJ

∣∣ ≤ ℘RJ
y ,

∣∣∂gR
y

∂dK

∣∣ ≤ ℘RK
y ,

∣∣ ∂gI
y

∂aR

∣∣ ≤ ℘IR
y ,

∣∣∂gI
y

∂bI

∣∣ ≤ ℘I I
y ,
∣∣∂gI

y

∂cJ

∣∣ ≤ ℘I J
y ,
∣∣ ∂gI

y

∂dK

∣∣ ≤ ℘IK
y ,

∣∣ ∂gJ
y

∂aR

∣∣ ≤ ℘JR
y ,

∣∣∂gJ
y

∂bI

∣∣ ≤ ℘J I
y ,
∣∣∂gJ

y

∂cJ

∣∣ ≤ ℘J J
y ,
∣∣ ∂gJ

y

∂dK

∣∣ ≤ ℘JK
y ,

∣∣ ∂gk
y

∂aR

∣∣ ≤ ℘KR
y ,

∣∣∂gK
y

∂bI

∣∣ ≤ ℘KI
y ,

∣∣∂gK
y

∂cJ

∣∣ ≤ ℘KJ
y ,

∣∣∂gK
y

∂dK

∣∣ ≤ ℘KK
y .

Then, one can obtain that the following inequalities∣∣gR
y (á

R, b́I , ćJ , d́K)− gR
y (à

R, b̀I , c̀J , d̀K)
∣∣ ≤ ℘RR

y
∣∣áR − àR∣∣+ ℘RI

y
∣∣b́I − b̀I ∣∣+ ℘RJ

y
∣∣ćJ − c̀J∣∣+ ℘RK

y
∣∣d́K − d̀K∣∣,∣∣gI

y(á
R, b́I , ćJ , d́K)− gI

y(à
R, b̀I , c̀J , d̀K)

∣∣ ≤ ℘IR
y
∣∣áR − àR∣∣+ ℘I I

y
∣∣b́I − b̀I ∣∣+ ℘I J

y
∣∣ćJ − c̀J∣∣+ ℘IK

y
∣∣d́K − d̀K∣∣,∣∣gJ

y(á
R, b́I , ćJ , d́K)− gJ

y(à
R, b̀I , c̀J , d̀K)

∣∣ ≤ ℘JR
y
∣∣áR − àR∣∣+ ℘J I

y
∣∣b́I − b̀I ∣∣+ ℘J J

y
∣∣ćJ − c̀J∣∣+ ℘JK

y
∣∣d́K − d̀K∣∣,∣∣gK

y (á
R, b́I , ćJ , d́K)− gK

y (à
R, b̀I , c̀J , d̀K)

∣∣ ≤ ℘KR
y
∣∣áR − àR∣∣+ ℘KI

y
∣∣b́I − b̀I ∣∣+ ℘KJ

y
∣∣ćJ − c̀J∣∣+ ℘KK

y
∣∣d́K − d̀K∣∣,

hold for any áR, b́I , ćJ , d́K, àR, b̀I , c̀J , d̀K ∈ R. Moreover, gy(0) = 0 for all y ∈ N.

Remark 3. Recently, several activation functions been considered to study the QVNNs [32,33,38,40]. There
are two different approaches that have been well regarded among them. The first approach is that the activation
functions are not expressed directly by dividing real and imaginary parts [33], and the second approach is that
the function of activation can be expressed by dividing real and imaginary parts [40]. Accordingly, the main
results of this paper will be derived by using the real-imaginary separate type activation function.

3.1. Global Mittag–Leffler Stability

This section describes new global Mittag–Leffler stability conditions for NNs (7), which is shown
in the following Theorem 1.

Theorem 1. If there exist constants ς > 1 and υ` > 0, ` = 1, 2, ..., 16, such that, for x ∈ N,

axς−
n
∑

y=1

[
α̃R

xy℘
RR
y − α̃I

xy℘
IR
y − α̃J

xy℘
JR
y − α̃K

xy℘
KR
y
]
(ς− 1)υ1 −

n
∑

y=1

[
α̃R

yx℘
RR
x − α̃I

yx℘
IR
x

−α̃J
yx℘

JR
x − α̃K

yx℘
KR
x
] 1

υ
ς−1
1
−

n
∑

y=1

[
α̃R

xy℘
RI
y − α̃I

xy℘
I I
y − α̃J

xy℘
J I
y − α̃K

xy℘
KI
y
]
(ς− 1)υ2

−
n
∑

y=1

[
α̃R

xy℘
RJ
y − α̃I

xy℘
I J
y − α̃J

xy℘
J J
y − α̃K

xy℘
KJ
y
]
(ς− 1)υ3 −

n
∑

y=1

[
α̃R

xy℘
RK
y − α̃I

xy℘
IK
y − α̃J

xy℘
JK
y

−α̃K
xy℘

KK
y
]
(ς− 1)υ4 −

n
∑

y=1

[
α̃R

yx℘
IR
x + α̃I

yx℘
RR
x + α̃J

yx℘
KR
x − α̃K

yx℘
JR
x
] 1

υ
ς−1
5
−

n
∑

y=1

[
α̃R

yx℘
JR
x

+α̃J
yx℘

RR
x + α̃K

yx℘
IR
x − α̃I

yx℘
KR
x
] 1

υ
ς−1
9
−

n
∑

y=1

[
α̃R

yx℘
KR
x + α̃I

yx℘
JR
x + α̃K

yx℘
RR
x − α̃J

yx℘
IR
x
] 1

υ
ς−1
13

> 0,

(9)
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

axς−
n
∑

y=1

[
α̃R

yx℘
RI
x − α̃I

yx℘
I I
x − α̃J

yx℘
J I
x − α̃K

yx℘
KI
x
] 1

υ
ς−1
2
−

n
∑

y=1

[
α̃R

xy℘
IR
y + α̃I

xy℘
RR
y

+α̃J
xy℘

KR
y − α̃K

xy℘
JR
y
]
(ς− 1)υ5 −

n
∑

y=1

[
α̃R

xy℘
I I
y + α̃I

xy℘
RI
y + α̃J

xy℘
KI
y − α̃K

xy℘
J I
y
]
(ς− 1)υ6

−
n
∑

y=1

[
α̃R

yx℘
I I
x − α̃I

yx℘
RI
x + α̃J

yx℘
KI
x − α̃K

yx℘
J I
x
] 1

υ
ς−1
6
−

n
∑

y=1

[
α̃R

xy℘
I J
y + α̃I

xy℘
RJ
y + α̃J

xy℘
KJ
y

−α̃K
xy℘

J J
y
]
(ς− 1)υ7 −

n
∑

y=1

[
α̃R

xy℘
IK
y + α̃I

xy℘
RK
y + α̃J

xy℘
KK
y − α̃K

xy℘
JK
y
]
(ς− 1)υ8 −

n
∑

y=1

[
α̃R

yx℘
J I
x

+α̃J
yx℘

RI
x + α̃K

yx℘
I I
x − α̃I

yx℘
KI
x
] 1

υ
ς−1
10
−

n
∑

y=1

[
α̃R

yx℘
KI
x + α̃I

yx℘
J I
x + α̃K

yx℘
RI
x − α̃J

yx℘
I I
x
] 1

υ
ς−1
14

> 0,

(10)



axς−
n
∑

y=1

[
α̃R

yx℘
RJ
x − α̃I

yx℘
I J
x − α̃J

yx℘
J J
x − α̃K

yx℘
KJ
x
] 1

υ
ς−1
3
−

n
∑

y=1

[
α̃R

yx℘
I J
x + α̃I

yx℘
RJ
x + α̃J

yx℘
KJ
x

−α̃K
yx℘

J J
x
] 1

υ
ς−1
7
−

n
∑

y=1

[
α̃R

xy℘
JR
y + α̃J

xy℘
RR
y + α̃K

xy℘
IR
y − α̃I

xy℘
KR
y
]
(ς− 1)υ9 −

n
∑

y=1

[
α̃R

xy℘
J I
y

+α̃J
xy℘

RI
y + α̃K

xy℘
I I
y − α̃I

xy℘
KI
y
]
(ς− 1)υ10 −

n
∑

y=1

[
α̃R

xy℘
J J
y − α̃J

xy℘
RJ
y + α̃K

xy℘
I J
y − α̃I

xy℘
KJ
y
]
(ς− 1)υ11

−
n
∑

y=1

[
α̃R

yx℘
J J
x + α̃I

yx℘
RJ
x + α̃K

yx℘
I J
x − α̃I

yx℘
KJ
x
] 1

υ
ς−1
11
−

n
∑

y=1

[
α̃R

xy℘
JK
y + α̃J

xy℘
RK
y + α̃K

xy℘
IK
y

−α̃I
xy℘

KK
y
]
(ς− 1)υ12 −

n
∑

y=1

[
α̃R

yx℘
KJ
x + α̃I

yx℘
J J
x + α̃K

yx℘
RJ
x − α̃J

yx℘
I J
x
] 1

υ
ς−1
15

> 0,

(11)



axς−
n
∑

y=1

[
α̃R

yx℘
RK
x − α̃I

yx℘
IK
x − α̃J

yx℘
JK
x − α̃K

yx℘
KK
x
] 1

υ
ς−1
4
−

n
∑

y=1

[
α̃R

yx℘
IK
x + α̃I

yx℘
RK
x + α̃J

yx℘
KK
x

−α̃K
yx℘

JK
x
] 1

υ
ς−1
8
−

n
∑

y=1

[
α̃R

yx℘
JK
x + α̃J

yx℘
RK
x + α̃K

yx℘
IK
x − α̃I

yx℘
KK
x
] 1

υ
ς−1
12
−

n
∑

y=1

[
α̃R

xy℘
KR
y + α̃I

xy℘
JR
y

+α̃K
xy℘

RR
y − α̃J

xy℘
IR
y
]
(ς− 1)υ13 −

n
∑

y=1

[
α̃R

xy℘
KI
y + α̃I

xy℘
J I
y + α̃K

xy℘
RI
y − α̃J

xy℘
I I
y
]
(ς− 1)υ14

−
n
∑

y=1

[
α̃R

xy℘
KJ
y + α̃I

xy℘
J J
y + α̃K

xy℘
RJ
y − α̃J

xy℘
I J
y
]
(ς− 1)υ15 −

n
∑

y=1

[
α̃R

xy℘
KK
y + α̃I

xy℘
JK
y + α̃K

xy℘
RK
y

−α̃J
xy℘

IK
y
]
(ς− 1)υ16 −

n
∑

y=1

[
α̃R

yx℘
KK
x + α̃I

yx℘
JK
x + α̃K

yx℘
RK
x − α̃J

yx℘
IK
x
] 1

υ
ς−1
16

> 0,

(12)

where α̃R
xy = max{|b́R

xy|, |b̀R
xy|}, α̃I

xy = max{|b́I
xy|, |b̀I

xy|}, α̃J
xy = max{|b́J

xy|, |b̀J
xy|}, α̃K

xy =

max{|b́K
xy|, |b̀K

xy|}, then the NN (7) is globally Mittag–Leffler stable.

The detailed proof of Theorem 1 can be referred to in Appendix A.

3.2. Global Mittag–Leffler Stabilization

In this subsection, we will give sufficient criteria to stabilize the FOQVMNNs (3). Noting that,

if the parameters values ax,
n
∑

y=1
αxy, x ∈ N for FOQVMNNs are appropriately chosen, the dynamics

of (3) may lead to chaos. Consider the NNs as follows:

CDσ
0,twx(t) = − axwx(t) +

n

∑
y=1

αxygy(wy(t)) + ux(t), t > 0, x ∈ N, (13)

where ux(t) is the external input. The state feedback stabilizing control law is defined by

ux(t) = µxwx(t), x ∈ N. (14)

Take controller (14) in NN (13); then, it becomes

CDσ
0,twx(t) = − axwx(t) +

n

∑
y=1

αxygy(wy(t)) + µxwx(t), t > 0, x ∈ N. (15)
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Then, the NN (15) can be separated into real and imaginary parts:



CDσ
0,tax(t) = −axax(t) +

n
∑

y=1
αR

xy(ax(t))gR
y (ay(t), by(t), cy(t), dy(t))−

n
∑

y=1
αI

xy(bx(t))gI
y(ay(t), by(t), cy(t), dy(t))

−
n
∑

y=1
αJ

xy(cx(t))gJ
y(ay(t), by(t), cy(t), dy(t))−

n
∑

y=1
αK

xy(dx(t))gK
y (ay(t), by(t), cy(t), dy(t)) + µxax(t)

CDσ
0,tbx(t) = −axbx(t) +

n
∑

y=1
αR

xy(ax(t))gI
y(ay(t), by(t), cy(t), dy(t)) +

n
∑

y=1
αI

xy(bx(t))gR
y (ay(t), by(t), cy(t), dy(t))

+
n
∑

y=1
αJ

xy(cx(t))gK
y (ay(t), by(t), cy(t), dy(t))−

n
∑

y=1
αK

xy(dx(t))gJ
y(ay(t), by(t), cy(t), dy(t)) + µxbx(t)

CDσ
0,tcx(t) = −axcx(t) +

n
∑

y=1
αR

xy(ax(t))gJ
y(ay(t), by(t), cy(t), dy(t)) +

n
∑

y=1
αJ

xy(cx(t))gR
y (ay(t), by(t), cy(t), dy(t))

+
n
∑

y=1
αK

xy(dx(t))gI
y(ay(t), by(t), cy(t), dy(t))−

n
∑

y=1
αI

xy(bx(t))gK
y (ay(t), by(t), cy(t), dy(t)) + µxcx(t)

CDσ
0,tdx(t) = −axdx(t) +

n
∑

y=1
αR

xy(ax(t))gK
y (ay(t), by(t), cy(t), dy(t)) +

n
∑

y=1
αI

xy(bx(t))gJ
y(ay(t), by(t), cy(t), dy(t))

+
n
∑

y=1
αK

xy(dx(t))gR
y (ay(t), by(t), cy(t), dy(t))−

n
∑

y=1
αJ

xy(cx(t))gI
y(ay(t), by(t), cy(t), dy(t)) + µxdx(t)

. (16)

We can rewrite NN (16) in the vector form as follows:

CDσ
0,ta(t) = −Aa(t) + BR(a(t))gR(a(t), b(t), c(t), d(t))− BI(b(t))gI(a(t), b(t), c(t), d(t))

−BJ(c(t))gJ(a(t), b(t), c(t), d(t))− BK(d(t))gK(a(t), b(t), c(t), d(t)) + µa(t)
CDσ

0,tb(t) = −Ab(t) + BR(a(t))gI(a(t), b(t), c(t), d(t)) + BI(b(t))gR(a(t), b(t), c(t), d(t))

+BJ(c(t))gK(a(t), b(t), c(t), d(t))− BK(d(t))gJ(a(t), b(t), c(t), d(t)) + µb(t)
CDσ

0,tc(t) = −Ac(t) + BR(a(t))gJ(a(t), b(t), c(t), d(t)) + BJ(c(t))gR(a(t), b(t), c(t), d(t))

+BK(d(t))gI(a(t), b(t), c(t), d(t))− BI(b(t))gK(a(t), b(t), c(t), d(t)) + µc(t)
CDσ

0,td(t) = −Ad(t) + BR(a(t))gK(a(t), b(t), c(t), d(t)) + BI(b(t))gJ(a(t), b(t), c(t), d(t))

+BK(d(t))gR(a(t), b(t), c(t), d(t))− BJ(c(t))gI(a(t), b(t), c(t), d(t)) + µd(t)

, (17)

where µ = diag{µ1, ..., µn}.
In the following, we will derive sufficient conditions to guarantee the global Mittag–Leffler

stabilization of considered FOQVNNs (16).

Theorem 2. If there exist constants ς > 1 and υ` > 0, ` = 1, 2, ..., 16, such that, for x ∈ N,

(ax − |µx|)ς−
n
∑

y=1

[
α̃R

xy℘
RR
y − α̃I

xy℘
IR
y − α̃J

xy℘
JR
y − α̃K

xy℘
KR
y
]
(ς− 1)υ1 −

n
∑

y=1

[
α̃R

yx℘
RR
x

−α̃I
yx℘

IR
x − α̃J

yx℘
JR
x − α̃K

yx℘
KR
x
] 1

υ
ς−1
1
−

n
∑

y=1

[
α̃R

xy℘
RI
y − α̃I

xy℘
I I
y − α̃J

xy℘
J I
y − α̃K

xy℘
KI
y
]
(ς− 1)υ2

−
n
∑

y=1

[
α̃R

xy℘
RJ
y − α̃I

xy℘
I J
y − α̃J

xy℘
J J
y − α̃K

xy℘
KJ
y
]
(ς− 1)υ3 −

n
∑

y=1

[
α̃R

xy℘
RK
y − α̃I

xy℘
IK
y − α̃J

xy℘
JK
y

−α̃K
xy℘

KK
y
]
(ς− 1)υ4 −

n
∑

y=1

[
α̃R

yx℘
IR
x + α̃I

yx℘
RR
x + α̃J

yx℘
KR
x − α̃K

yx℘
JR
x
] 1

υ
ς−1
5
−

n
∑

y=1

[
α̃R

yx℘
JR
x

+α̃J
yx℘

RR
x + α̃K

yx℘
IR
x − α̃I

yx℘
KR
x
] 1

υ
ς−1
9
−

n
∑

y=1

[
α̃R

yx℘
KR
x + α̃I

yx℘
JR
x + α̃K

yx℘
RR
x − α̃J

yx℘
IR
x
] 1

υ
ς−1
13

> 0,

(18)
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

(ax − |µx|)ς−
n
∑

y=1

[
α̃R

yx℘
RI
x − α̃I

yx℘
I I
x − α̃J

yx℘
J I
x − α̃K

yx℘
KI
x
] 1

υ
ς−1
2
−

n
∑

y=1

[
α̃R

xy℘
IR
y + α̃I

xy℘
RR
y

+α̃J
xy℘

KR
y − α̃K

xy℘
JR
y
]
(ς− 1)υ5 −

n
∑

y=1

[
α̃R

xy℘
I I
y + α̃I

xy℘
RI
y + α̃J

xy℘
KI
y − α̃K

xy℘
J I
y
]
(ς− 1)υ6

−
n
∑

y=1

[
α̃R

yx℘
I I
x − α̃I

yx℘
RI
x + α̃J

yx℘
KI
x − α̃K

yx℘
J I
x
] 1

υ
ς−1
6
−

n
∑

y=1

[
α̃R

xy℘
I J
y + α̃I

xy℘
RJ
y + α̃J

xy℘
KJ
y

−α̃K
xy℘

J J
y
]
(ς− 1)υ7 −

n
∑

y=1

[
α̃R

xy℘
IK
y + α̃I

xy℘
RK
y + α̃J

xy℘
KK
y − α̃K

xy℘
JK
y
]
(ς− 1)υ8 −

n
∑

y=1

[
α̃R

yx℘
J I
x

+α̃J
yx℘

RI
x + α̃K

yx℘
I I
x − α̃I

yx℘
KI
x
] 1

υ
ς−1
10
−

n
∑

y=1

[
α̃R

yx℘
KI
x + α̃I

yx℘
J I
x + α̃K

yx℘
RI
x − α̃J

yx℘
I I
x
] 1

υ
ς−1
14

> 0,

(19)



(ax − |µx|)ς−
n
∑

y=1

[
α̃R

yx℘
RJ
x − α̃I

yx℘
I J
x − α̃J

yx℘
J J
x − α̃K

yx℘
KJ
x
] 1

υ
ς−1
3
−

n
∑

y=1

[
α̃R

yx℘
I J
x + α̃I

yx℘
RJ
x

+α̃J
yx℘

KJ
x − α̃K

yx℘
J J
x
] 1

υ
ς−1
7
−

n
∑

y=1

[
α̃R

xy℘
JR
y + α̃J

xy℘
RR
y + α̃K

xy℘
IR
y − α̃I

xy℘
KR
y
]
(ς− 1)υ9 −

n
∑

y=1

[
α̃R

xy℘
J I
y

+α̃J
xy℘

RI
y + α̃K

xy℘
I I
y − α̃I

xy℘
KI
y
]
(ς− 1)υ10 −

n
∑

y=1

[
α̃R

xy℘
J J
y − α̃J

xy℘
RJ
y + α̃K

xy℘
I J
y − α̃I

xy℘
KJ
y
]
(ς− 1)υ11

−
n
∑

y=1

[
α̃R

yx℘
J J
x + α̃I

yx℘
RJ
x + α̃K

yx℘
I J
x − α̃I

yx℘
KJ
x
] 1

υ
ς−1
11
−

n
∑

y=1

[
α̃R

xy℘
JK
y + α̃J

xy℘
RK
y + α̃K

xy℘
IK
y

−α̃I
xy℘

KK
y
]
(ς− 1)υ12 −

n
∑

y=1

[
α̃R

yx℘
KJ
x + α̃I

yx℘
J J
x + α̃K

yx℘
RJ
x − α̃J

yx℘
I J
x
] 1

υ
ς−1
15

> 0,

(20)



(ax − |µx|)ς−
n
∑

y=1

[
α̃R

yx℘
RK
x − α̃I

yx℘
IK
x − α̃J

yx℘
JK
x − α̃K

yx℘
KK
x
] 1

υ
ς−1
4
−

n
∑

y=1

[
α̃R

yx℘
IK
x + α̃I

yx℘
RK
x

+α̃J
yx℘

KK
x − α̃K

yx℘
JK
x
] 1

υ
ς−1
8
−

n
∑

y=1

[
α̃R

yx℘
JK
x + α̃J

yx℘
RK
x + α̃K

yx℘
IK
x − α̃I

yx℘
KK
x
] 1

υ
ς−1
12
−

n
∑

y=1

[
α̃R

xy℘
KR
y

+α̃I
xy℘

JR
y + α̃K

xy℘
RR
y − α̃J

xy℘
IR
y
]
(ς− 1)υ13s−

n
∑

y=1

[
α̃R

xy℘
KI
y + α̃I

xy℘
J I
y + α̃K

xy℘
RI
y − α̃J

xy℘
I I
y
]
(ς− 1)υ14

−
n
∑

y=1

[
α̃R

xy℘
KJ
y + α̃I

xy℘
J J
y + α̃K

xy℘
RJ
y − α̃J

xy℘
I J
y
]
(ς− 1)υ15 −

n
∑

y=1

[
α̃R

xy℘
KK
y + α̃I

xy℘
JK
y + α̃K

xy℘
RK
y

−α̃J
xy℘

IK
y
]
(ς− 1)υ16 −

n
∑

y=1

[
α̃R

yx℘
KK
x + α̃I

yx℘
JK
x + α̃K

yx℘
RK
x − α̃J

yx℘
IK
x
] 1

υ
ς−1
16

> 0,

(21)

where α̃R
xy = max{|b́R

xy|, |b̀R
xy|}, α̃I

xy = max{|b́I
xy|, |b̀I

xy|}, α̃J
xy = max{|b́J

xy|, |b̀J
xy|}, α̃K

xy =

max{|b́K
xy|, |b̀K

xy|}, then system (16) is globally Mittag–Leffler stable. That is, under the condition of control
law (14), system (16) can realize global Mittag–Leffler stabilization.

Proof. Take the same Lyapunov function defined in Theorem 1, and by the similar procedure presented
in the proof of Theorem 1, the conditions (18)–(21) can be easily derived by replacing ax by (ax −
|µx|), x ∈ N. Thus, it is omitted.

Remark 4. Theorem 1 reveals that the global Mittag–Leffler stability of NN (7) and Theorem 2 reveals that the
global Mittag–Leffler stabilization of NN (16) with the free-weighting parameters υp (p = 1, ..., 12). It is easy
to know that the use of free-weighting parameters υp (p = 1, ...12) can reduce the conservativeness of theoretical
results. Thus, compared with that in [37,38,40], our approach is more effective and feasible.

Remark 5. In the existing works of literature, very few results have been published about FOQVMNNs. Unlike
the research methods in [32,33], the QVNN model (3) is a fractional-order QVNN rather than the integer-order
QVNN model in [32,33]. However, we know that the analysis methods for integer-order NNs cannot be directly
used for fractional-order NNs, and, consequently, it raises many difficult problems for the design and analysis of
system (3). From this point, this paper offers a better approach for studying the stability of FOQVMNNs.

4. Illustrative Examples

In this section, two numerical examples are given to validate the effectiveness of the
obtained conditions.
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Example 1. Consider the following two-neurons FOQVMNNs:

CDσ
0,tw1(t) = −a1w1(t) + [bR

11(w1(t)) + bI
11(w1(t)) + bJ

11(w1(t)) + bK
11(w1(t))]g1(w1(t))

+[bR
12(w1(t)) + bI

12(w1(t)) + bJ
12(w1(t)) + bK

12(w1(t))]g2(w2(t))
CDσ

0,tw2(t) = −a2w2(t) + [bR
21(w2(t)) + bI

21(w2(t)) + bJ
21(w2(t)) + bK

21(w2(t))]g1(w1(t))

+[bR
22(w2(t)) + bI

22(w2(t)) + bJ
22(w2(t)) + bK

22(w2(t))]g2(w2(t)),

(22)

where σ = 0.98, gx(wx(t)) = 0.5 tanh(w(t)), a1 = 1.8, a2 = 2.2, and

bR
11(w1(t)) =

{
0.2,

∣∣w1(t)
∣∣ < 1

−0.2,
∣∣w1(t)

∣∣ > 1,
bI

11(w1(t)) =

{
0.5,

∣∣w1(t)
∣∣ < 1

−0.5,
∣∣w1(t)

∣∣ > 1,

bJ
11(w1(t)) =

{
0.7,

∣∣w1(t)
∣∣ < 1

−0.7,
∣∣w1(t)

∣∣ > 1,
bK

11(w1(t)) =

{
0.9,

∣∣w1(t)
∣∣ < 1

−0.9,
∣∣w1(t)

∣∣ > 1,

bR
12(w1(t)) =

{
0.4,

∣∣w1(t)
∣∣ < 1

−0.4,
∣∣w1(t)

∣∣ > 1,
bI

12(w1(t)) =

{
0.5,

∣∣w1(t)
∣∣ < 1

−0.5,
∣∣w1(t)

∣∣ > 1,

bJ
12(w1(t)) =

{
0.6,

∣∣w1(t)
∣∣ < 1

−0.6,
∣∣w1(t)

∣∣ > 1,
bK

12(w1(t)) =

{
0.7,

∣∣w1(t)
∣∣ < 1

−0.7,
∣∣w1(t)

∣∣ > 1,

bR
21(w2(t)) =

{
0.3,

∣∣w2(t)
∣∣ < 1

−0.3,
∣∣w2(t)

∣∣ > 1,
bI

21(w2(t)) =

{
0.2,

∣∣w2(t)
∣∣ < 1

−0.2,
∣∣w2(t)

∣∣ > 1,

bJ
21(w2(t)) =

{
0.4,

∣∣w2(t)
∣∣ < 1

−0.4,
∣∣w2(t)

∣∣ > 1,
bK

21(w2(t)) =

{
0.5,

∣∣w2(t)
∣∣ < 1

−0.5,
∣∣w2(t)

∣∣ > 1,

bR
22(w2(t)) =

{
0.14,

∣∣w2(t)
∣∣ < 1

−0.14,
∣∣w2(t)

∣∣ > 1,
bI

22(w2(t)) =

{
0.33,

∣∣w2(t)
∣∣ < 1

−0.33,
∣∣w2(t)

∣∣ > 1,

bJ
22(w2(t)) =

{
0.20,

∣∣w2(t)
∣∣ < 1

−0.20,
∣∣w2(t)

∣∣ > 1,
bK

22(w2(t)) =

{
0.6,

∣∣w2(t)
∣∣ < 1

−0.6,
∣∣w2(t)

∣∣ > 1.

In addition, choose ℘RR
y = ℘I I

y = ℘J J
y = ℘KK

y = 1, ℘RI
y = ℘RJ

y = ℘RK
y = 0, ℘IR

y = ℘I J
y = ℘IK

y = 0,

℘JR
y = ℘J I

y = ℘JK
y = 0, ℘KR

y = ℘KI
y = ℘KJ

y = 0, y = 1, 2. and ς = 2, υ` = 1, ` = 1, 2, ..., 16.
According to Theorem 1, the NN (22) can realize global Mittag–Leffler stable. The initial values are taken
as w1(0) = 0.3 + 0.4i + 0.5j− 0.6k and w2(0) = −0.1− 0.3i − 0.2j + 0.3k. Figures 1–4 show the state
trajectory of NN (22). As plotted in Figures 1–4, state trajectory of NN (22) converges to the equilibrium point.
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Figure 1. State trajectory of wR
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2 (t) of systems (22) in Example 1.
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2 (t) of systems (22) in Example 1.
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Figure 4. State trajectory of wK
1 (t), wK

2 (t) of systems (22) in Example 1.

Example 2. Consider the following two-neurons FOQVMNNs:

CDσ
0,tw1(t) = −a1w1(t) + [bR

11(w1(t)) + bI
11(w1(t)) + bJ

11(w1(t)) + bK
11(w1(t))]g1(w1(t))

+[bR
12(w1(t)) + bI

12(w1(t)) + bJ
12(w1(t)) + bK

12(w1(t))]g2(w2(t)) + u1(t)
CDσ

0,tw2(t) = −a2w2(t) + [bR
21(w2(t)) + bI

21(w2(t)) + bJ
21(w2(t)) + bK

21(w2(t))]g1(w1(t))

+[bR
22(w2(t)) + bI

22(w2(t)) + bJ
22(w2(t)) + bK

22(w2(t))]g2(w2(t)) + u2(t),

(23)

where σ = 0.98, gx(wx(t)) = 0.5 tanh(w(t)), a1 = 0.8, a2 = 1.2, and

bR
11(w1(t)) =

{
0.4,

∣∣w1(t)
∣∣ < 1

−0.4,
∣∣w1(t)

∣∣ > 1,
bI

11(w1(t)) =

{
0.4,

∣∣w1(t)
∣∣ < 1

−0.4,
∣∣w1(t)

∣∣ > 1,

bJ
11(w1(t)) =

{
0.18,

∣∣w1(t)
∣∣ < 1

−0.18,
∣∣w1(t)

∣∣ > 1,
bK

11(w1(t)) =

{
0.6,

∣∣w1(t)
∣∣ < 1

−0.6,
∣∣w1(t)

∣∣ > 1,

bR
12(w1(t)) =

{
0.2,

∣∣w1(t)
∣∣ < 1

−0.2,
∣∣w1(t)

∣∣ > 1,
bI

12(w1(t)) =

{
0.5,

∣∣w1(t)
∣∣ < 1

−0.5,
∣∣w1(t)

∣∣ > 1,

bJ
12(w1(t)) =

{
0.6,

∣∣w1(t)
∣∣ < 1

−0.6,
∣∣w1(t)

∣∣ > 1,
bK

12(w1(t)) =

{
0.7,

∣∣w1(t)
∣∣ < 1

−0.7,
∣∣w1(t)

∣∣ > 1,

bR
21(w2(t)) =

{
0.2,

∣∣w2(t)
∣∣ < 1

−0.2,
∣∣w2(t)

∣∣ > 1,
bI

21(w2(t)) =

{
0.12,

∣∣w2(t)
∣∣ < 1

−0.12,
∣∣w2(t)

∣∣ > 1,

bJ
21(w2(t)) =

{
0.24,

∣∣w2(t)
∣∣ < 1

−0.24,
∣∣w2(t)

∣∣ > 1,
bK

21(w2(t)) =

{
0.35,

∣∣w2(t)
∣∣ < 1

−0.35,
∣∣w2(t)

∣∣ > 1,

bR
22(w2(t)) =

{
0.4,

∣∣w2(t)
∣∣ < 1

−0.4,
∣∣w2(t)

∣∣ > 1,
bI

22(w2(t)) =

{
0.24,

∣∣w2(t)
∣∣ < 1

−0.24,
∣∣w2(t)

∣∣ > 1,

bJ
22(w2(t)) =

{
0.10,

∣∣w2(t)
∣∣ < 1

−0.10,
∣∣w2(t)

∣∣ > 1,
bK

22(w2(t)) =

{
0.20,

∣∣w2(t)
∣∣ < 1

−0.20,
∣∣w2(t)

∣∣ > 1.

Take ℘RR
y = ℘I I

y = ℘J J
y = ℘KK

y = 1, ℘RI
y = ℘RJ

y = ℘RK
y = 0, ℘IR

y = ℘I J
y = ℘IK

y = 0, ℘JR
y = ℘J I

y =

℘JK
y = 0, ℘KR

y = ℘KI
y = ℘KJ

y = 0, y = 1, 2. and ς = 2, υ` = 1, ` = 1, 2, ..., 16. Figures 5–8 show the state
trajectory of NN (23) without control input, respectively. As plotted in Figures 5–8, state trajectory of NN (23)
is divergent under the initial values w1(0) = 0.6− 0.9i + 0.4j− 0.5k and w2(0) = 0.8 + 1.2i− 0.7j− 0.8k.
On the basis of above values, we can conclude |µ1| < 0.14 and |µ2| < 0.44. According to Theorem 2, the NN
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(23) can realize global Mittag–Leffler stabilization when we choose the state feedback control law u1(t) =

0.14w1(t), u2(t) = 0.44w2(t). Figure 9 depicts the state trajectory of real parts of NN (23) with state feedback
control law u1(t) = 0.12a1(t), u2(t) = 0.42a2(t). Similarly, Figures 10–12 shows the state trajectory of
imaginary parts of NN (23) with state feedback control law, respectively u1(t) = 0.12b1(t), u2(t) = 0.42b2(t),
u1(t) = 0.12c1(t), u2(t) = 0.42c2(t), u1(t) = 0.12d1(t), u2(t) = 0.42d2(t).

0 2 4 6 8 10
−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

Time(Secs)

St
at

es

 

 

w
1

R
(t)

w
2

R
(t)

Figure 5. State trajectory of wR
1 (t), wR

2 (t) of systems (23) with state feedback control u1 = 0, u2 = 0 in
Example 2.
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Figure 6. State trajectory of wI
1(t), wI

2(t) of systems (23) with state feedback control u1 = 0, u2 = 0 in
Example 2.
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Figure 7. State trajectory of wJ
1(t), wJ

2(t) of systems (23) with state feedback control u1 = 0, u2 = 0 in
Example 2.
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Figure 8. State trajectory of wK
1 (t), wK

2 (t) of systems (23) with state feedback control u1 = 0, u2 = 0 in
Example 2.
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Figure 9. State trajectory of wR
1 (t), wR

2 (t) of systems (23) with state feedback control u1 =

0.12a1(t), u2 = 0.42a2(t) in Example 2.
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Figure 10. State trajectory of wI
1(t), wI

2(t) of systems (23) with state feedback control u1 =

0.12b1(t), u2 = 0.42b2(t) in Example 2.
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Figure 11. State trajectory of wJ
1(t), wJ

2(t) of systems (23) with state feedback control u1 =

0.12c1(t), u2 = 0.42c2(t) in Example 2.
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Figure 12. State trajectory of wK
1 (t), wK

2 (t) of systems (23) with state feedback control u1 =

0.12d1(t), u2 = 0.42d2(t) in Example 2.

5. Conclusions

This article dealt with the global Mittag–Leffler stability and stabilization analysis of FOQVMNNs.
The state feedback stabilizing control law is designed to stabilize the considered NNs. To solve this
problem easily, by applying Hamilton rules in quaternion multiplication, the FOQVMNN is divided
into four fractional-order real-valued FOQVMNNs. By using the method of Lyapunov fractional-order
derivative, fractional-order differential inclusions, set-valued maps, several global Mittag–Leffler
stability, and stabilization conditions of considered FOQVMNNs are established. The feasibility and
advantages of the results obtained are illustrated in two numerical examples. We wish to point out
that our main results will lead to the generalization of more QVNNs such as discrete-time QVNNs,
stochastic QVNNs, and uncertain QVNNs. In the near future, we will focus on the robust stability of
discrete-time QVNNs.
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Appendix A

Proof. Proof of Theorem 1
We define the following Lyapunov function:

V (wx(t)) =
4n

∑
x=1

1
ς
|wx(t)|ς =

n

∑
x=1

1
ς
|ax(t)|ς +

n

∑
x=1

1
ς
|bx(t)|ς +

n

∑
x=1

1
ς
|cx(t)|ς +

n

∑
x=1

1
ς
|dx(t)|ς. (A1)

From (7), it follows that

CDσ
0,tV (wx(t)) ≤

n

∑
x=1

∣∣ax(t)
∣∣ς−1[− ax

∣∣ax(t)
∣∣+ n

∑
y=1

α̃R
xy|G R

y | −
n

∑
y=1

α̃I
xy|G I

y | −
n

∑
y=1

α̃J
xy|G J

y |

−
n

∑
y=1

α̃K
xy|G K

y |
]
+

n

∑
x=1

∣∣bx(t)
∣∣ς−1[− ax

∣∣bx(t)
∣∣+ n

∑
y=1

α̃R
xy|G I

y |+
n

∑
y=1

α̃I
xy|G R

y |

+
n

∑
y=1

α̃J
xy|G K

y | −
n

∑
y=1

α̃K
xy|G

J
y |
]
+

n

∑
x=1

∣∣cx(t)
∣∣ς−1[− ax

∣∣cx(t)
∣∣+ n

∑
y=1

α̃R
xy|G

J
y |

+
n

∑
y=1

α̃J
xy|G R

y |+
n

∑
y=1

α̃K
xy|G I

y | −
n

∑
y=1

α̃I
xy|G K

y |
]
+

n

∑
x=1

∣∣dx(t)
∣∣ς−1[− ax

∣∣dx(t)
∣∣

+
n

∑
y=1

α̃R
xy|G K

y |+
n

∑
y=1

α̃I
xy|G

J
y |+

n

∑
y=1

α̃K
xy|G R

y | −
n

∑
y=1

α̃J
xy|G I

y |
]
, (A2)

CDσ
0,tV (wx(t)) ≤

n

∑
x=1

∣∣ax(t)
∣∣ς−1[− ax

∣∣ax(t)
∣∣+ n

∑
y=1

α̃R
xy(G

∗
y )−

n

∑
y=1

α̃I
xy(G

∗∗
y )−

n

∑
y=1

α̃J
xy(G

∗∗∗
y )

−
n

∑
y=1

α̃K
xy(G

∗∗∗∗
y )

]
+

n

∑
x=1

∣∣bx(t)
∣∣ς−1[− ax

∣∣bx(t)
∣∣+ n

∑
y=1

α̃R
xy(G

∗∗
y ) +

n

∑
y=1

α̃I
xy(G

∗
y )

+
n

∑
y=1

α̃J
xy(G

∗∗∗∗
y )−

n

∑
y=1

α̃K
xy(G

∗∗∗
y )

]
+

n

∑
x=1

∣∣cx(t)
∣∣ς−1[− ax

∣∣cx(t)
∣∣+ n

∑
y=1

α̃R
xy(G

∗∗∗
y )

+
n

∑
y=1

α̃J
xy(G

∗
y ) +

n

∑
y=1

α̃K
xy(G

∗∗
y )−

n

∑
y=1

α̃I
xy(G

∗∗∗∗
y )

]
+

n

∑
x=1

∣∣dx(t)
∣∣ς−1[− ax

∣∣dx(t)
∣∣

+
n

∑
y=1

α̃R
xy(G

∗∗∗∗
y ) +

n

∑
y=1

α̃I
xy(G

∗∗∗
y ) +

n

∑
y=1

α̃K
xy(G

∗
y )−

n

∑
y=1

α̃J
xy(G

∗∗
y )
]
, (A3)
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CDσ
0,tV (wx(t)) ≤ −

n

∑
x=1

ax
∣∣ax(t)

∣∣ς + n

∑
x=1

n

∑
y=1

α̃R
xy℘

RR
y |ax|∗|ay|+

n

∑
x=1

n

∑
y=1

α̃R
xy℘

RI
y |ax|∗|by|

+
n

∑
x=1

n

∑
y=1

α̃R
xy℘

RJ
y |ax|∗|cy|+

n

∑
x=1

n

∑
y=1

α̃R
xy℘

RK
y |ax|∗|dy| −

n

∑
x=1

n

∑
y=1

α̃I
xy℘

IR
y |ax|∗|ay|

−
n

∑
x=1

n

∑
y=1

α̃I
xy℘

I I
y |ax|∗|by| −

n

∑
x=1

n

∑
y=1

α̃I
xy℘

I J
y
∣∣ax(t)|ax|∗|cy| −

n

∑
x=1

n

∑
y=1

α̃I
xy℘

IK
y |ax|∗|dy|

−
n

∑
x=1

n

∑
y=1

α̃J
xy℘

JR
y |ax|∗|ay| −

n

∑
x=1

n

∑
y=1

α̃J
xy℘

J I
y |ax|∗|by| −

n

∑
x=1

n

∑
y=1

α̃J
xy℘

J J
y |ax|∗|cy|

−
n

∑
x=1

n

∑
y=1

α̃J
xy℘

JK
y |ax|∗|dy| −

n

∑
x=1

n

∑
y=1

α̃K
xy℘

KR
y |ax|∗|ay| −

n

∑
x=1

n

∑
y=1

α̃K
xy℘

KI
y |ax|∗|by|

−
n

∑
x=1

n

∑
y=1

α̃K
xy℘

KJ
y |ax|∗|cy| −

n

∑
x=1

n

∑
y=1

α̃K
xy℘

KK
y |ax|∗|dy| −

n

∑
x=1

ax|ax|∗|ay|
∣∣bx(t)

∣∣ς
+

n

∑
x=1

n

∑
y=1

α̃R
xy℘

IR
y |bx|∗|ay|+

n

∑
x=1

n

∑
y=1

α̃R
xy℘

I I
y |bx|∗|by|+

n

∑
x=1

n

∑
y=1

α̃R
xy℘

I J
y |bx|∗|cy|

+
n

∑
x=1

n

∑
y=1

α̃R
xy℘

IK
y |bx|∗|dy|+

n

∑
x=1

n

∑
y=1

α̃I
xy℘

RR
y |bx|∗|ay|+

n

∑
x=1

n

∑
y=1

α̃I
xy℘

RI
y |bx|∗|by|

+
n

∑
x=1

n

∑
y=1

α̃I
xy℘

RJ
y |bx|∗|cy|+

n

∑
x=1

n

∑
y=1

α̃I
xy℘

RK
y |bx|∗|dy|+

n

∑
x=1

n

∑
y=1

α̃J
xy℘

KR
y |bx|∗|ay|

+
n

∑
x=1

n

∑
y=1

α̃J
xy℘

KI
y |bx|∗|by|+

n

∑
x=1

n

∑
y=1

α̃J
xy℘

KJ
y |bx|∗|cy|+

n

∑
x=1

n

∑
y=1

α̃J
xy℘

KK
y |bx|∗|dy|

−
n

∑
x=1

n

∑
y=1

α̃K
xy℘

JR
y |bx|∗|ay| −

n

∑
x=1

n

∑
y=1

α̃K
xy℘

J I
y |bx|∗|by| −

n

∑
x=1

n

∑
y=1

α̃K
xy℘

J J
y |bx|∗|cy|

−
n

∑
x=1

n

∑
y=1

α̃K
xy℘

JK
y |bx|∗|dy| −

n

∑
x=1

ax
∣∣cx(t)

∣∣ς + n

∑
x=1

n

∑
y=1

α̃R
xy℘

JR
y |cx|∗|ay|

+
n

∑
x=1

n

∑
y=1

α̃R
xy℘

J I
y |cx|∗|by|+

n

∑
x=1

n

∑
y=1

α̃R
xy℘

J J
y |cx|∗|cy|+

n

∑
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n

∑
y=1

α̃R
xy℘

JK
y |cx|∗|dy|

+
n

∑
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n

∑
y=1

α̃J
xy℘

RR
y |cx|∗|ay|+

n

∑
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n

∑
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α̃J
xy℘

RI
y |cx|∗|by|+

n

∑
x=1

n

∑
y=1

α̃J
xy℘

RJ
y |cx|∗|cy|

+
n

∑
x=1

n

∑
y=1

α̃J
xy℘

RK
y |cx|∗|dy|+

n

∑
x=1

n

∑
y=1

α̃K
xy℘

IR
y |cx|∗|ay|+

n

∑
x=1

n

∑
y=1

α̃K
xy℘

I I
y |cx|∗|by|

+
n

∑
x=1

n

∑
y=1

α̃K
xy℘

I J
y |cx|∗|cy|+

n

∑
x=1

n

∑
y=1

α̃K
xy℘

IK
y |cx|∗|dy| −

n

∑
x=1

n

∑
y=1

α̃I
xy℘

KR
y |cx|∗|ay|

−
n

∑
x=1

n

∑
y=1

α̃I
xy℘

KI
y |cx|∗|by| −

n

∑
x=1

n

∑
y=1

α̃I
xy℘

KJ
y |cx|∗|cy| −

n

∑
x=1

n

∑
y=1

α̃I
xy℘

KK
y |cx|∗|dy|
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−
n

∑
x=1

n

∑
x=1

ax
∣∣dx(t)

∣∣ς + n

∑
x=1

n

∑
y=1

α̃R
xy℘

KR
y |dx|∗|ay|+

n

∑
x=1

n

∑
y=1

α̃R
xy℘

KI
y |dx|∗|by|

+
n

∑
x=1

n

∑
y=1

α̃R
xy℘

KJ
y |dx|∗|cy|+

n

∑
x=1

n

∑
y=1

α̃R
xy℘

KK
y |dx|∗|dy|+

n

∑
x=1

n

∑
y=1

α̃I
xy℘

JR
y |dx|∗|ay|

+
n

∑
x=1

n

∑
y=1

α̃I
xy℘

J I
y |dx|∗|by|+

n

∑
x=1

n

∑
y=1

α̃I
xy℘

J J
y |dx|∗|cy|+

n

∑
x=1

n

∑
y=1

α̃I
xy℘

JK
y |dx|∗|dy|

+
n

∑
x=1

n

∑
y=1

α̃K
xy℘

RR
y |dx|∗|ay|+

n

∑
x=1

n

∑
y=1

α̃K
xy℘

RI
y |dx|∗|by|+

n

∑
x=1

n

∑
y=1

α̃K
xy℘

RJ
y |dx|∗|cy|

+
n

∑
x=1

n

∑
y=1

α̃K
xy℘

RK
y |dx|∗|dy| −

n

∑
x=1

n

∑
y=1

α̃J
xy℘

IR
y |dx|∗|ay| −

n

∑
x=1

n

∑
y=1

α̃J
xy℘

I I
y |dx|∗|by|

−
n

∑
x=1

n

∑
y=1

α̃J
xy℘

I J
y |dx|∗|cy| −

n

∑
x=1

n

∑
y=1

α̃J
xy℘

IK
y |dx|∗|dy|. (A4)

By Lemma 1, it follows that

|ax|∗|ay| ≤
ς− 1

ς

[∣∣ax(t)
∣∣ς−1

υ
ς−1

ς

1
] ς

ς−1 +
1
ς

[∣∣ay(t)
∣∣υ− ς−1

ς

1
]ς

= |a∗a|y. (A5)

In the same way, we have

|ax|∗|by| ≤ |a∗b|y, (A6)

|ax|∗|cy| ≤ |a∗c|y, (A7)

|ax|∗|dy| ≤ |a∗d|y, (A8)

|bx|∗|ay| ≤ |b∗a|y, (A9)

|bx|∗|by| ≤ |b∗b|y, (A10)

|bx|∗|cy| ≤ |b∗c|y, (A11)

|bx|∗|dy| ≤ |b∗d|y, (A12)

|cx|∗|ay| ≤ |c∗a|y, (A13)

|cx|∗|by| ≤ |c∗b|y, (A14)

|cx|∗|cy| ≤ |c∗c|y, (A15)

|cx|∗|dy| ≤ |c∗d|y, (A16)

|dx|∗|ay| ≤ |d∗a|y, (A17)

|dx|∗|by| ≤ |d∗b|y, (A18)

|dx|∗|cy| ≤ |d∗c|y, (A19)

|dx|∗|dy| ≤ |d∗d|y. (A20)
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Substituting (A5)–(A20) into (A4), then

CDσ
0,tV (wx(t)) ≤−

n

∑
x=1

ax
∣∣ax(t)

∣∣ς + n

∑
x=1

n

∑
y=1

α̃R
xy℘

RR
y |a∗a|y +

n

∑
x=1

n

∑
y=1

α̃R
xy℘

RI
y |a∗b|y +

n

∑
x=1

n

∑
y=1

α̃R
xy℘

RJ
y |a∗c|y

+
n

∑
x=1

n

∑
y=1

α̃R
xy℘

RK
y |a∗d|y −

n

∑
x=1

n

∑
y=1

α̃I
xy℘

IR
y |a∗a|y −

n

∑
x=1

n

∑
y=1

α̃I
xy℘

I I
y |a∗b|y −

n

∑
x=1

n

∑
y=1

α̃I
xy℘

I J
y |a∗c|y

−
n

∑
x=1

n

∑
y=1

α̃I
xy℘

IK
y |a∗d|y −

n

∑
x=1

n

∑
y=1

α̃J
xy℘

JR
y |a∗a|y −

n

∑
x=1

n

∑
y=1

α̃J
xy℘

J I
y |a∗b|y −

n

∑
x=1

n

∑
y=1

α̃J
xy℘

J J
y |a∗c|y

−
n

∑
x=1

n

∑
y=1

α̃J
xy℘

JK
y |a∗d|y −

n

∑
x=1

n

∑
y=1
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.

From (9)–(12), we can select a constant λ > 0, such that min(v1, v2, v3, v4) ≥ λ > 0.
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That is, we can conclude that

CDσ
0,tV (wx(t)) ≤ −λV (wx(t)), t ≥ 0. (A24)

Thus, there exists a nonnegative function F (t) satisfying

CDσ
0,tV (wx(t)) +F (t) = −λV (wx(t)), t ≥ 0. (A25)

Taking the Laplace transform on both sides of (A25), it follows that

V (τ) =
τσ−1

τσ + λ
V (0)− F (τ)

τσ + λ
, (A26)

where V (τ) = L{V (t)}, F (τ) = L{F (t)}.
By the inverse Laplace transform, we obtain

V (t) = V (0)Eσ(−λtσ)−F (t) ∗ tσ−1Eσ,σ(−λtσ), t ≥ 0, (A27)

where ∗ denotes the convolution operator. From Lemma 2, F (t), tσ−1Eσ,σ(−λtσ) are all
nonnegative functions.

Then, we can obtain

V (t) ≤ V (0)Eσ(−λtσ), t ≥ 0. (A28)

By Definitions (5) and (6), the error system (7) is globally Mittag–Leffler stable. This completes
the proof.
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