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Abstract: We consider nonlinear Robin problems driven by the p-Laplacian plus an indefinite
potential. In the reaction, we have the competing effects of a parametric concave (that is, (p —
1)-sublinear) term and of a convex (that is, (p — 1)-superlinear) term which need not satisfy the
Ambrosetti-Rabinowitz condition. We prove a "bifurcation-type" theorem describing in a precise
way the dependence the dependence of the set of positive solutions on the parameter A > 0. In
addition, we show the existence of a smallest positive solution u} and determine the monotonicity
and continuity properties of the map A — u3.

Keywords: concave-convex nonlinearities; p-Laplacian; indefinite potential; antimaximum principle;
nonlinear regularity; positive solutions

1. Introduction

Let O C RN be a bounded domain with a C2-boundary 9Q. In this paper, we study the following
nonlinear parametric Robin problem

—Apu(z) + &(z)u(z)P 1 = Ag(z,u(z)) + f(z,u(z)) inQ

K Bt =0 ondQ2, M
My

u>0

with1l < p < o0, A > 0.
In this problem, A, denotes the p-Laplace differential operator defined by

Apu = div (|Du\p*2Du) forallu € W'P(Q), 1< p < 0.

The potential function § € L*(Q)) and in general it is sign changing. Thus, the left-hand side of
(1) (the differential operator plus the potential term) is not coercive. On the right-hand side of the
problem (the reaction), we have the competing effects of two nonlinearities. One is the parametric term
Ag(z, x) with g(+,-) being a Carathéodory function (that is, for all x € R, z — g(z, x) is measurable
and for a.a. z € O, x — g(z, x) is continuous). The function g(z, -) is strictly (p — 1)-sublinear near
+o0 and concave near the origin (that is, (p — 1)-superlinear near zero). The second nonlinearity f(z, x)
is also a Carathéodory function and f(z, -) is (p — 1)-superlinear near +oco. The superlinearity of f(z, -)
is not expressed using the well-known Ambrosetti-Rabinowitz condition (the AR-condition for short).
Instead, we employ a less restrictive condition which incorporates in our framework a larger class
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of (p — 1)-superlinear functions. In the boundary condition, a‘% denotes the conormal derivative
of u corresponding to the p-Laplacian and it is interpreted via the nonlinear Green’s identity (see
Gasinski-Papageorgiou [1], p. 211).
In particular,
ou

% = |DulP~2(Du,n)gn, forallu € C(QQ),

with 7(-) being the outward unit normal on 9Q). The boundary coefficient (+) is nonnegative and can
be identically zero (Neumann problem).

From the above description, we see that problem (1) is a generalized concave-convex nonlinear
Robin problem. We look for positive solutions of (1) and our goal is to describe in detail the changes
in the set of positive solutions of (1) as the parameter A > 0 varies in the open positive semiaxis
R, = (0, +c0).

Thus, we prove a “bifurcation-type” theorem, according to which there exists a critical parameter
A* > 0 such that

e forall A € (0,A*) problem (1) has at least two positive solutions;
e for A = A* problem (1) has at least one positive solution;
e forall A > A* there are no positive solutions for problem (1).

In addition, we show that, for every admissible parameter A € ¢ = (0, A*], problem (1) has a
smallest positive solution u}, and we also examine the monotonicity and continuity properties of the
map .Z 3> A+ uj.

Our work here extends to nonlinear problems driven by the p-Laplacian the recent semilinear
work of Papageorgiou-Radulescu—Repovs [2]. An inspection of their method of proof reveals that it is
heavily dependent on the fact that the Sobolev space H!(Q) can be written as the orthogonal direct sum
of the eigenspaces of —A + ¢(z)I with Robin boundary condition. No such decomposition is available
for WLP(Q) in the case of the p-Laplacian. Moreover, in the semilinear case strong comparison
principles are an easy consequence of the Hopf boundary point theorem. In contrast, in the nonlinear
case, it is much more difficult to come up with strong comparison principles and stronger conditions are
needed. We point out that our conditions on the two nonlinearities ¢(z, x) and f(z, x), are in general less
restrictive than those in [2]. Finally, we mention the recent work of Marano-Marino-Papageorgiou [3]
on Dirichlet problems with no potential term and a more restrictive reaction.

The study of parametric concave-convex problem (as they are usually called in the literature
problems exhibiting the competing effects on sublinear and superlinear nonlinearities), started with
the seminal paper of Ambrosetti-Brezis—Cerami [4], which deals with semilinear Dirichlet problems
driven by the Laplacian. Their work was extended to equations driven by the Dirichlet p-Laplacian by
Garcia Azorero-Manfredi-Peral Alonso [5] and Guo-Zhang [6]. In these works, the reaction has the
particular form

r—1

x> AxT ™1 forallx > 0,with1 < g<p <r<p*,A>0.

Here, p* denotes the critical Sobolev exponent corresponding to p, that is,

. Nl P <N
+oo ifN<p

More general reactions can be found in the works of Hu-Papageorgiou [7] and
Marano-Papageorgiou [8]. In all these works, ¢ = 0 and the differential operator is coercive. Finally,
we mention the recent work of Papageorgiou-Scapellato [9] dealing with a similar parametric Robin
problem in which the reaction term is (p — 1)-linear and exhibits an asymmetric behavior as x — +oo.
The authors produce nodal solutions (see also [10]).
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It is worth pointing out that many other researchers studied differential problems close to
those considered in this paper. DiBenedetto—Gianazza—Vespri [11] studied the local boundedness
and the local Holder continuity of local weak solutions to anisotropic p-Laplacian type equations.
Dréabek-Hernandez [12] studied quasilinear eigenvalue problems with singular weights driven by
the p-Laplacian. Drabek-Ho-Sarkar considered an eigenvalue problem involving the weighted
p-Laplacian in radially symmetric domains [13] and the Fredholm alternative for the p-Laplacian in
exterior domains [14]. Drabek-Pohozaev [15], using the fibrering method, proved the existence of
multiple positive solutions to quasilinear problems of second order driven by the p-Laplacian and
also proved nonexistence results. Jebelean-Mawhin—Serban [16] considered a system of difference
equations with periodic nonlinearities and applying a modification argument to a suitable problem
with a left-hand member of p-Laplacian type and using Morse theory, obtained multiple periodic
solutions. Finally, we mention the work of Mandsevich-Mawhin [17] that deals with the spectrum of
p-Laplacian-type systems with certain boundary conditions.

2. Mathematical Background-Hypotheses

In the study of problem (1), there are three main spaces that we will use: the Sobolev space
WLP(Q), the Banach space C!(Q)), and the boundary Lebesgue spaces L7(9Q2) (1 < g < o).
The symbol || - || denotes the norm of W'7(Q)), defined by

|lul| = {Hqu + ||Du||§}% forall u € W7 (Q).
The Banach space C!(Q) is ordered by the positive (order) cone
Cy= {u € CY(Q):u(z) >0 forallz € 6}
This cone has a nonempty interior given by
intCy ={ueCy:u(z)>0 forallze O}.

We will also use another open cone in C!(Q)), namely

- — du
R, = H(OF forallz€ Q, = '
4 {u €C(Q):u(z) >0 forallz € O, an‘anmrl(o) < O}

On 0Q), we consider the (N — 1)-dimensional Hausdorff (surface) measure o(-). Having this
measure on d(), we can define in the usual way the boundary Lebesgue spaces L7(0Q)) (1 < g < o0). It
is known that there exists a unique continuous linear map o : W' (Q) — LP(9Q), called the trace
map, such that

Yo(u) = u‘an forall u € W (Q) N C(Q).
We know that

1
@ (WY (Q) =W @0) (1 + 1 = 1) and keryo = Wy" (Q).

(b) 7o is compact into L7(0Q)) for all g € [1, pg\l,\]:pl)) if p < N and into L1(0Q)) for all g € [1,0) if
N <p.

In the sequel for notational economy, we drop the use of 7. All restrictions of Sobolev functions
on 0(), are understood in the sense of traces.
For v,u € W'7(Q) with v < u, we define

[v,u] = {y € W"(Q) :v(z) < y(z) < u(z) foraa.z e Q}.
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Inaddition, by int1 g, [0, u], we denote the interior in the C 1(Q2) —norm topology of [v, u] NC1(QY).
Moreover, for any i € W7 (Q), we define

[i) = {y € W (Q) : ii(z) < y(z) fora.a.z € Q}.

Forevery x € R, weset x* = max{=x,0} and then forany u € W'7(Q), we define u™(-) = u(-)*.
We know that
utFeWwW(Q), u=u"—u", |ul=ut4u".

Given X a Banach space, by X*, we denote its topological dual and with the symbol (-, ) we
denote the duality brackets for the pair (X*, X). If ¢ € C!(X,R), then we say that ¢(-) satisfies the
Cerami condition (the C-condition for short), if the following property holds:

Every sequence {uy },>1 C X such that
{@(un)}n>1 € Ris bounded,

(1+ ||unl]) @' (un) — 0in X* asn — oo,

admits a strongly convergent subsequence.
By Kq,, we denote the critical set of ¢, that is,
Ky ={ue X:¢'(u)=0}.

In addition, amap A : X — X* is said to be an (S).-map if it has the following property (see [18],
p. 203):

Uy S uin X and limsup(A(un),up —u) <0 = uy, —>u inX
n—oo

Let A : WIP(Q) — WP(Q)* be defined by
(A(u),h) = / |Du|P~2(Du, Dh)gn dz  for all u,h € WP (Q).
Q

Proposition 1. The nonlinear map A : W'/P(Q) — WLP(Q)* defined above is bounded (that is, it maps
bounded sets to bounded sets), continuous, monotone (hence maximal monotone too) and of type (S) .

Now, we introduce our hypotheses on the data of problem (1).
H(E): ¢ e L*(Q).

Remark 1. We see that &(+) is not nonnegative. This makes the left-hand side of (1) noncoercive, a
feature of the problem that makes its analysis more difficult.

H(B): B CP*(0Q) witha € (0,1), B(z) > 0 forall z € 9Q).

Remark 2. When B = 0, we recover the Neumann problem. The regularity requirements on p(-)
will be used to have global reqularity results for the produced solutions.

H(g): g:Q xR — Risa Carathéodory function such that g(z,0) = 0 for a.a. z € Q) and
(i) forevery p > 0 there exists a, € L*(Q2) such that

0<g(z,x) <ap(z) foraa.zeQ,0<x<p;
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. 8(zx)
(if) x1—1>r£oo xp—1
(i)  thereexistg € (1, p) and ¢y, c1,¢, &y > 0 such that

= 0 uniformly for a.a. z € ();

coxi 1 < Q(z,x) foraa.ze€ ), all0 < x <,

8(z, ) <

lim su

x—0t

uniformly for a.a. z € ),

PGz 1) gz x)x _

lim sup
x—+o0 x4

with G(z, x) fo z,s)ds.
(iv) foreverys >0, we have g(z,x) > ms; > 0fora.a.z € Q,allx > s.

uniformly for a.a. z € O,

Remark 3. Since we look for positive solutions and the above hypotheses concern the positive semiaxis
R4 = [0, +00), without any loss of generality, we may assume that

g(z,x) =0 foraa.ze Q,allx <O0. )

Hypothesis H(g) (ii) implies that, for a.a. z € Q, the nonlinearity x +— g(z,x) is strictly
(p — 1)-sublinear near +oo, while hypothesis H(g) (iii) implies that near 0 there is a local
(p — 1)-superlinear term. Therefore, §(z, ) is a generalized "concave” nonlinearity.

H(f): f:Q xR — Risa Carathéodory function such that f(z,0) = 0 fora.a. z € Q) and

(i) 0<f(zx)<a(z)[1+x 1 foraa z€ Q,alx>0,withac L®(Q),p<r<p’

(i) if F(z,x) = [y f(z,5)ds, then hm F(;x) = o0 uniformly for a.a. z € ();

(ili)  thereexists T € (max {1, %} (r -p), p*) , T > q (see hypothesis H(g) (iii)) such that

0<¢ < liminf £ 29)% ~ PE(z,%)

i = uniformly for a.a. z € (;
x——+o0 X

, flzx)
li

(v Jlim 5

(v)  thereexist ¢y, c3,c4 > 0and ¢ € (g, p) such that

= 0 uniformly for a.a. z € ();

o-1 _ cuxP71 foraa.ze O, allx > 0.

f(z,x) < x4 c3x
Remark 4. As we did for the nonlinearity g(z, -), we may assume that
f(z,x) =0 foraa ze Q,allx <O. (3)
From hypotheses H(f) (ii),(iii), we infer that

lim f(z,x)

x40 xP—1

= +oo uniformly fora.a. z € Q.
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Thus, the perturbation term f(z,-) is (p — 1)-superlinear. In the literature, equations having a
(p — 1)-superlinear reaction are usually treated using the AR-condition, which says that there exist
7 > pand M > 0 such that

0<nF(z,x) < f(z,x)x foraa.z€ Qallx > M, (4a)
0< es%ian(-,M) (4b)

(see Ambrosetti—-Rabinowitz [19]). Actually, this is a unilateral version of the AR-condition since we
have assumed (2) and (3). Integrating (4a) and using (4b), we obtain a weaker condition, namely that

csxT < F(z,x) foraa.z € Q,allx > M, somecs > 0, 5)
= a7 l< f(z,x) foraa ze Q,allx > M.

Therefore, the AR-condition implies that f(z,-) has at least (7 — 1)-polynomial growth. The
AR-condition although convenient in the verification of the C-condition for the energy (Euler)
functional of the problem, it is rather restrictive and excludes from consideration superlinear
nonlinearities with slower growth near +oo (see the Examples below). Here, instead, we use the

less restrictive condition H(f) (iii). Note that, if f(z,-) satisfies the AR-condition, then we may

assume that > max {1, (r— p)%} and we have

f(z,x)

x

flz,x)x —pF(z,x) _ f(z,x)x —yF(zx)

o o = (8 —p)cs

+(n—p)

and so hypothesis H(f) (iii) is satisfied. Hypothesis H(f) (iv) implies that f(z, -) is (q — 1)-sublinear
near 0. Thus, the behavior of f(z, -) both near +oo and near 0" is complementary to that of ¢(z, ).

Hp:  Forevery p > 0 and every B C (0, +o0) bounded, there exists gl E > O such that fora.a. z € (),
all A € B, the function
x — Ag(z,x) + f(z,x) + ngp_l

is nondecreasing on [0, p].

Remark 5. If for a.a. z € Q) the functions g(z,-) and f(z,-) are differentiable and for every p > 0
and B C (0, +c0) bounded, we have

(Agy(z,x) + fr(z,x) | x > —(p— 1)§gxp_1 fora.a. z € Q,all A € B, with EE >0,

then hypothesis Hy is satisfied.

Example 1. The following pairs of function satisfy hypotheses H(g), H(f), Hy. For the sake of simplicity, we
drop the z- dependence:

six)=x"" 1<qg<p, A =x"", p<r<p’, forallx >0,
{x”l if0<x<1

@1 i< , 1,9 <P, fa(x) = x""Hn(1 + x), forall x > 0.

g(x) =

Note that the pair (g1, f1) is the classical “concave-convex” pair with fy satisfying the AR-condition. On
the other hand, f, does not satisfy the AR-condition.
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3. Positive Solutions

We introduce the following sets

£ = {A > 0: problem (1) admits a positive solution}, (set of admissible parameters),

7 = set of positive solutions of (1).

In addition, we define
A =sup Z.

Suppose that u € .. From Proposition 2.10 of Papageorgiou—-Radulescu [20], we have u &
L*(Q)). Then, Theorem 2 of Lieberman [21] implies that u € C \ {0}. Let p = ||u||o, B = {A} and
ffg > 0 be as postulated by hypothesis Hy. We have

— Apu(z) + {g(z) + Eg} u(z)P1 >0 foraa.zeQ,
= Ayu(z) < [||g|\m+§§} u(z)P~! foraa.zeQ,

= Uuc lntC+ ,

The fact that u € int C follows from Pucci-Serrin [22] (pp. 111, 120).
Thus, we have proved that
S CintCy  forall A > 0.

3.1. Nonemptiness of £

In this subsection, we show that . # &; namely, we show that there exist admissible parameters.
In what follows by 7, : W7(Q)) — R, we denote the C!-functional defined by

() = | Dul + /Q &(2)[ulP dz + /aQ B(z)|ulP do forall u € WHP(Q).
Proposition 2. If hypotheses H(¢), H(B), H(g), H(f), Hy hold, then £ # @.

Proof. Let 7 > ||¢]|c and consider the C!-functional ¢, : W (Q) — R defined by

o (u) = ;vp(u) + %Hu—n; A / G(zu™)dz — / F(z,u")dz forallu € WP (Q).
JO JO

From hypothesis H(f) (v), we have

F(z,x) < C—zxr + C—axﬂ _ Y%y foraa z e0,allx > 0. (6)
r 4 p

Note that, by appropriately modifying c; > 0 and c3 > 0 if necessary, we may assume that
cg > [|€]eo )
(recall that 9 < p < r).Sinceq < ¢ < p < r, given € > 0, we can find cs = c4(€) > 0 such that

B0 < €211 %y forallx > 0. (8)
4 q r

Moreover, hypotheses H(g) imply that given € > 0, we can find ¢; = c7(e) > 0 such that

G(z,x) < %xq + %x” fora.a.z€ Q,allx > 0. )
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Then, for every u € W*(Q)), we have

or(n) > ; [ (™) 4l 5] +; [ () + (ea = Ae) [t |}]

*C76||”Hr —cg(e+A)||ul|7 for some cg > 0 (independent of € > 0).

Thus, given A>0,ifA € (0, 7\), then choosing € € (0, %4) , we have

collul[P = erol[ull” — cg(e + A)[[u|?

=

=

=
vV

for some cg > 0 (recall that 77 > ||¢]|«) and with ¢1g = C76 >0

[co — crollul|""F +cs(e + A) Ju|TF] [|u]|? (10)
forallu € WP(Q),all A € (0,A).

We consider the function
Ty (t) = c1ot’ P +cg(e + A)tT7 P forallt > 0.
It is clear that Ty € C!(0,0) and, since 1 < g < p < r, we have
T\ (t) = +00 ast— 0" and as t — +o0.
Therefore, we can find ¢y € (0, c0) such that

Ty (fp) = min [T)L(t) > 0] ,
= T),\(t()) =0,

= csle+M)(p—t) T =co(r—pity T

= fy=to(A) = [CS(GC;;(/:)_(’UP)_ ’1)]”’.

Then, we have

r-p p—q

T\ (to) = c10 [Cg(i;g();)_(pp) q)} o +cgle + /\);:7 [Cw(rp)] o

It follows that

=

Ty (tp) — clle’:‘i as A — 0" with ¢y > 0 (independent of € > 0).

Given § > 0, we can find Ay € (0, 7\} such that

=

Ty (ty) < cllt—:;:‘7 +6 forall A € (0, Ag].

Since € € (0, %4) and 0 > 0 are arbitrary, we can choose both small so that

TA(fo) < 0116% +d<cg forallA e (O,/\o},
= @r(u)>0=9,(0) forall ||ul]] =ty(A) (see (10)). (11)

Hypothesis H(f) (ii) implies that, if u € intC, then, for every A > 0,

Pa(tu) — —oco ast — +oo. (12)
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Claim: For every A > 0, the functional ¢, (-) satisfies the C-condition.
We consider a sequence {1, },>1 € W7(Q) such that

|@r(un)] < My forsome My > 0,alln €N, (13)
(14 lun )@y (4n) — 0 in WHP(Q)* as n — oo. (14)

From (14), we have

Aluy), +/ z) |un|P~ 2unhdz—k/ B(z)|un|P~ 2u,hdo — 17/ P 1hdz

enllh
Ag(z,uf hdz—/ z,uf Yhdz| < — 1 15
s ! =T ] )
forall h € W'P(Q)), with e, — 0%,
In (15), we choose h = —u,;, € WP (Q). Then,
Yp(uy) +1lluy ||h < en foralln €N,
= cpllu, ||? <ep forsomecip, >0, alln € N (recall that 7 > [|¢]|o)
= u, -0 inWY(Q)asn — co. (16)
On the other hand, if, in (15), we choose h = u;; € W'7(Q), then we obtain
—7p(u +/ Ag(z, u;D ) ul + f(z,u; )uf]dz < e, forallneN. (17)
From (13) and (16) and from hypothesis H(g) and H(f) (i), we have
Yp(uf) — /Qp[/\G(z u;) + F(z,u; )] dz < My for some M > 0,alln € N. (18)
We add (17) and (18). Then,
[ Al G = pG ) dz+ [ [fzuuf = pE(z,uf)] dz < My
o) 0
for some M3 > 0,alln € N,
= [ e uuf = pFe )]z < [ Alg(u)uf - pG(z ;)] dz + My (19)
foralln € N.
Hypotheses H(f) (i), (iii) imply that we can find c¢13,c14 > 0 such that
c13x" —c14 < f(z,x)x — pF(z,x) foraa.ze€ Q,allx > 0. (20)
In addition, from hypotheses H(g), we see that we can find cy5, c14 > 0 such that
pG(z,x) — g(z,x)x < c15x7 + ¢y foraa.ze€ Q,allx > 0. (21)

In (19), we use (20) and (21). Since g < T, we obtain

lltn ||t < c17 {1 + ||un||ﬂ for some cyy > 0,alln € N,

= {un}p>1 CLY(Q) isbounded. (22)
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From hypothesis H(f) (iii), it is clear that we can have T < r < p*. Then, let t € (0,1) be such that

CO Tl (23)
r T p
Invoking the interpolation inequality (see Papageorgiou—Winkert [23], p. 116), we have
oty < ot l7" lan 1
= |jun||l < cigl|un||”  for some cig > 0, all n € N (see (22)). (24)
Hypotheses H(g), H(f) (i) imply that
Ag(z, x)x + f(z,x)x < cp9[l +x"] foraa.z e Q,all x > 0,some cy9 > 0. (25)
Recall that
vp(ut) < /Q[/\g(z, wiuh + f(z,u )uf]dz +cpp  for some cpg > 0, all n € N. (26)

By assuming that r > p is close to p* (see hypothesis H(f) (i), we can always have that T > p.
Then, from (22), we infer that
{un}n>1 C LP(Q)) is bounded. (27)

Hence, with 7 > ||¢||co, we have

e () + plluf |l < can [l 17 +1]
for some cy1 > 0, all n € N (see (25)-(27)),
= | |P <ex[lluf Il +1] forsomecy > 0,alln €N,
= |l ||P < e [lluf I +1]  forsome cxz > 0,all n € N (see (24)). (28)

From the hypothesis on 7 (see H(f) (iii)) and (23), we infer that tr < p. Hence, from (28), it
follows that

{u }u>1 € WH(Q) is bounded,
= {untu>1 € WH(Q) is bounded (see (16)).

By passing to a suitable subsequence if necessary, we may assume that
Uy = u nWY(Q) and u, — u in L'(Q) and in L7 (3Q). (29)
In (15), we choose h = u, —u € WP(Q)), pass to the limit as n — oo and use (29). Then,

lim (A(un), up —u) =0

n—o0

= u, — u in W (Q) (see Proposition 1).

This proves that ¢, satisfies the C-condition and so we have established the Claim.
Then, (11), (12), and the Claim permit the use of the mountain pass theorem. Thus, there exists
up € Kg, \ {0} (see (11)). We have

(Alwo),h) + [ &(2) mol"Puohdz+ | p) ol Puohdo = [ y(ug)r~ sz

- /Q Ag(zul) + f(z,ul)hdz forall b € WHP(Q). (30)
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We choose h = —uy € WP (Q). Then,

1p(ug) +1llug [ =0 (see (2), (3),
= u9p>0,uy#0 (sincen > ||¢]|e)-

From (30), it follows that

up € ), CintCy forall A € (0,Ag),
= (0,N) CZ#0o.

O

3.2. Structural Properties of £

In this subsection, we show that .# is an interval and establish a kind of monotonicity property
for the solution multifunction A — ..

Proposition 3. If hypotheses H(¢), H(B), H(g), H(f), Hy hold, A € £ and 0 < u < A, then y € Z.

Proof. Since A € £, we can find u;, € ), C intC,. Using u,, we consider the following
truncation—perturbation of the reaction on problem (P, ):

t(zx) = {ygcz, x) + flz,xt) 4 (xt)r if x < up(2) -
e Hg(z,ur(2)) + f(z,ur(2) + qua(2)P L ifup(z) < x
(recall that 7 > ||€]|o0)

This is a Carathéodory function. Let K, (z,x) = [; ku(z,5) ds. We introduce the C!-functional
¥y : WHP(Q) — R defined by

o~

1
%w:;ww+%ww74@@w@ forallu € W'P(Q).

From (31) and, since 17 > ||||co, We see that
¥u(+) is coercive.

Moreover, using the Sobolev embedding theorem and the compactness of the trace map, we
have that
@, () is sequentially weakly lower semicontinuous.

Then, the Weierstrass-Tonelli theorem provides u, € WL7(Q) such that
@ww:mQ@wyuewW«w. (32)

Hypothesis H(f) (iv) implies that, given € > 0, we can find ¢ € (0, min{dy, min u /\}) (see
Q
hypothesis H(g) (iii) and recall that u) € int C) such that

— gxq < F(z,x) foraa.ze Q,all0<x<5é. (33)
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In addition, from hypothesis H(g) (iii), we have

%qu < G(z,x) foraa.ze Q,all0 < x < d. (34)

Let A; € R be the first eigenvalue of the operator u — —A,u 4 §(z)u with the Robin boundary
condition and let i1y € WP (Q)) be the LP-normalized (that is, [|if ||, = 1) eigenfunction corresponding
to A1. We know that i7; has a fixed sign and we can take it to be positive. The nonlinear regularity
theory and the nonlinear Hopf boundary point theorem imply that #1; € intC,. We have v, (ii;) = A
(for details, we refer to Papageorgiou-Rddulescu [24]). Let t € (0, 1) be small such that

tit1(z) € (0,8] foraa.z e Q. (35)
We have . p
Pu(tiy) < ?7\1 — E[co —e]||in |7 (see (33)~(35), (31)).

Since g < p, choosing t € (0,1) even smaller if necessary, we have

Py (tiy) <0,
@y(“u) <0= lﬁy(o) (see (32)),
= uy #0.

4

From (32), we have
@t(”ﬂ) =0
= (Au), h) + /Q 2(2) + ) g P2 dz + /a L B@ Iy 2y dee

- /Q ku(zu)hdz forallh € WYP(Q). (36)
In (36), first we choose h = —u,, € WLP(Q). Then

o)+l [l =0 (see (31)),
= w20, uy £0 (incery > [

Next, in (36), we choose I = (u, — uy)" € W7 (Q). Then,

(A, (=00 ") + [ B+l =) dz+ [ @ =) do
= [ () + ) + (= 02) dz - (see (31)
< /Q[/\g(z, up) + f(z,up) + gl (uy —uy)Tdz (since A > p, g > 0)

= (AGun), (e —up) ")+ [ [2(2) +ylul gy —up) T dz+ [ )l (g —up)* do
(@] Q)

(since u, € %)

Thus, we have proved that
uy € [0,up], uy #0. (37)
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From (37), (31) and (36), we infer that
uy € 7, CintCy,
= uc.
O

An interesting byproduct of the above proof, is the following “monotonicity” result for the
solution set multifunction A — .%).

Corollary 1. If hypotheses H(C), H(B), H(g), H(f), Ho hold, A € £, u)y € ), CintCrand 0 < u < A,
then u € £ and we can find uy, € ., C intCy such that u, < u,.

In fact, we can improve the conclusion of this Corollary.

Proposition 4. If hypotheses H(¢), H(B), H(g), H(f), Hy hold, A € £, u) € Sy CintCrand 0 < u < A,
then u € £ and we can find uy, € ./, C intCy such that uy —u, € K.

Proof. From Corollary 1, we already know that y € . and that we can find u, € ., C intCy
such that
0 <uy <uy. (38)

Let p = ||up]leo, B = [p, A] and let Eg > 0 be as postulated by hypothesis Hy. Clearly, we can
always take Eg > ||&]|co. We have

= ug(z,uu(z)) + f(z,uu(z)) + EEMH(Z)’“_l

= Ag(z,up(2)) + f(z(2)) + S ()P = [A = g (z,uu(2))

< Ag(z,up(2)) + f(z,up(z)) + Egu/\(z)pfl (see (38), Hp and recall that p < A)

= —Apup(z) +[E(z) + Eg]u;\(z)p_l foraa.z € Q. (39)

Let s = minu, > 0 (recall that u;, € intC;). Then, using hypothesis H(g) (iii), we have
Q

(A =g (z uu(2)) = (A = p)ms > 0.

Then, from (39) and Proposition 2.10 of Papageorgiou—Radulescu—Repovs [25], we infer that
Uy —uy € KJr. O

3.3. The Critical Parameter A*

Here, we show that A* < 400, that is, the set of admissible parameters .# is a bounded interval
and also we show that A* > 0 is admissible, that is, A* € . To this end, first, we prove a weak
form of the antimaximum principle for the Robin p-Laplacian plus and indefinite potential (see
Godoy-Gossez-Paczka [26]). We start with a lemma which is stated in a more general form than the
one that we need in the sequel, but which is of independent interest.

Lemma 1. Ifu,® € WY (Q)NCHQ) NL®(Q), u(z) > 0and 8(z) > 0 forall z € Q, then we can find
c* > 0 independent of u such that

" 14
/ |Du|P—2 (Du,D (191)> dz < c*||D9|[}5.
Q ub RN
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Proof. Fore > 0, let uc = u + €. We have

4
|Du|P—2 <Du,D <0>>
p—1
ue RN

p-1 — —
= |Du|P~2 (Du,ﬁ (pucD? p(l’ 1)19D”)>
Ue RN
p-1 p
=7 <l9) |Du|P~2(Du, D®)gn — (p — 1) (0) |DulP
Ue Ue
B \P ! 1 8
<p(2) ur il -1 () jpur 0)
Ue Ue
Using Young’s inequality with § > 0 (see Papageorgiou—Winkert [23], p. 113), we have
N o < Lipop 1o —1) (2 1Dulp (41)
P Ue ~op p Ue '

Returning to (40) and using (41), we obtain

P p—1
Du?~2 (Du,D [ 2 <Lipsp-p-op-1 (L) |Dup.
-1
uf v P Ue

Choosing ¢ € (0,1), we obtain
-2 or * . * 1
|Du|? Du,D | —= < c*|D9P withc* = — > 0. (42)
Mp N 5p
€ R

Note that ‘9p € WLP(Q). In addition, ue € intCy. Thus, according to Proposition 4.1.22 of
Papageorglou—Radulescu—Repovs [18], we can find y# > 0 such that ¢ < pu.. Then, we have

or ue \ P _
Osplsnﬂm(ie) = 1|8
€

Ue

In addition,

= ug

D<M>’<WW4MHW4WWH

ug[p|DY| + (p —1)| Du]
- 14
Ue

= p|Dd+ (p—1)|Du| € LP(Q).

Therefore, { o7 } C W7(Q) is bounded. Hence, we have
e>0

W
9P or
—— =5 —— imWWY(Q)ase - 07. (43)
ug up

From (42), we have

(Au), -2 = [ 1Dul- 2( (’9>> dz < ¢*|DO|l} foralle >0
RN

) ) =
= (A L /Du|r’2< <p_1>) dz < c*||DO| (see (43)).
RN
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O

Lete € L®(Q),e(z) > 0fora.a. z € O, e # 0. We consider the nonlinear Robin problem

Ju
an, + B(z)u

u>0

—Apu(z) + E(z)u(z)P~t = Au(z)P 1 +e(z) inQ
0 ond(), (44)

We set & = C%C, B = Ci* B and let A; € R the principal eigenvalue for the operator u + —Apu +
&(z)|u|P~?u with the Robin boundary condition (-31—”” + B(2)|u|P~2u = 0 on 9Q) (see [24]).
We have the following weak antimaximum principle for problem (44).

Proposition 5. If A > A1c*, then problem (44) has no solution.
Proof. Arguing by contradiction, suppose that problem (44) has a positive solution u. As before, the
nonlinear regularity theory and the nonlinear Hopf boundary point theorem imply that u € intC, .

Let 8 € WIP(Q)NCYHQ)NL®(Q), & > 0. From Lemma 1 and using the nonlinear Green'’s
identity (see Gasinski-Papageorgiou [1], p. 211), we have

/Q |DuP=2 (Du,D (ulzpl»m dz

/Q(—A,,u)uf: dz+ [ G:,,) ulz—: do

et (5 ) de= [ pew T do

= [h-c@Iordz— [ p)ordo (45)

v

c*[|DB]|}

A%

If ¥, (y) = | Dyllh + Jq E(2)|ylP dz + L0 B(2)|y|? do for all y € WP (Q)), then, from (45), we have
Yp(9) > Ci*|\z9||§ forall 8 € W (Q) N CH(Q)NL®(Q), & > 0. (46)
By density, this inequality still holds for all ¢ € W7 (Q)). However, then, from (46), we have
Ay > % > A1,

a contradiction. This proves that, for A > 7\1 c*, problem (44) has no solution.
O

Using this weak antimaximum principle, we can show that A* < co.
Proposition 6. If hypotheses H(¢), H(B), H(g), H(f), Hp hold, then A* < oo.
Proof. Let u > A1c*. On account of hypotheses H(f) (ii), (iii), we have that

lim f(z,x)

x—+4oo xP—1

= 400 uniformly fora.a. z € Q.
Thus, we can find M > 0 such that

flz,x) > yx"’_l fora.a.ze€ O, allx > M. 47)
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In addition, hypothesis H(g) (iii) implies that

lim 8(zx)
0+ xP1

= 400 uniformly fora.a. z € Q.

Thus, for every A > 0, we can find 6, € (0, dy] (see hypothesis H(g) (iii)) such that
Ag(z,x) > yxpfl foraa.z€ O, all0 < x <4,. (48)
We fix Ag > 0. Using hypothesis H(g) (iv), we see that we can find A > A such that
Ag(z,x) > uMP~! > uxP~! foraa.z € Q,allx € [5,,, M]. (49)
From (47)—(49) and since g > 0, f > 0, we infer that
Ag(z,x) + f(z,x) > yx”fl fora.a.z€ O, allx > 0. (50)
Let A > A and suppose that A € Z. Then, we can find u, € .#) C intC, and we have

—Bpup(z) +E(2)up(2)P
= Ag(zun(2)) + f(z ua(2))
= Ag(z,up(2)) + f(z,ur(2)) + (A = 1)g(z,ur(2))-

We set e(z) = (A — A)g(z,u)(z)). Then, e € L®(Q), e(z) > 0 fora.a. z € Q, e # 0 (recall that
A > A, uy € intC; and use hypothesis H(g) (iii)). We introduce the Carathéodory function

1 .
I(z,x) = {(;4—1—17)(3(*)?’ te@)  ifxsin(z (recall that 77 > ||¢]|oo)- (51)

(u+n)ur(z)P~ 1 +e(z) ifuy(z) <x

We set L(z,x) = fox 1(z,5) ds and consider the C!-functional 8 : W7 (Q)) — R defined by
B(u) = ;fy,,(w + %nunz ~ [ Bz u)dz forallu e WH(q),
Jo

From (51) and since 77 > ||€||oo, We see that 9(-) is coercive. In addition, it is sequentially weakly
lower semicontinuous. Thus, we can find ## € W'?(Q) such that

8(it) = inf [@(u) ue wer(Q)} . (52)

Let u1; € intCy be the positive, LP-normalized eigenfunction corresponding to the principal
eigenvalue Aq. Let t € (0,1) be small such that

tup <uy (recall thatuy € intCy). (53)

We can always assume that c* > 1 (see Lemma 1). Then,

~ P
O(ti) = %[Alc* — U] - t/Q eu1dz (see (51) and recall that |11 ]|, = 1)
P
< t

;[/\16* — ] (since e, i > 0).
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Then, choosing p > A;c* as big, we will have

8(ti) < —|lellr = 9(0),
= (i) < —lels = 8(0) (see (52)),
= u#0.
From (52), we have
& (i) = 0,
= +/ z) +nlu|P~ 2uhdz+/ B(z)|u|P~%ih do
- / l(z,ihdz forallh € WP (QQ). (54)
Q

In (54), first we choose h = —1ii— € WP (Q)). Then,

Yp(~) + )l || <0 (see (51) and recall that e > 0),
= u>0,u#0 (sincen > ||¢]o)

Next, in (54), we choose h = (il —u,)* € WYP(Q). Then,
(A@, ([T=u)*) + [ [6) + @ [T un) " dz+ [ @) T —u)* do
= [ (™ +e@) (- )" dz
< [ A8z + £z )+ (T — ) dz (see (50))
= (A, =) )+ |GG+l @—u) dzt [ pEul - w)* do
(since uy € .7),

= u<uy (sincen > ||&]oo)

Thus, we have proved that
e 0,uy], u+#o0. (55)

Then, (51), (54), (55) and [24], imply that
— Apil(z) + E(z)il(z)P ! = pii(z)P ' +e(z) foraa.z€Q

ou

aﬂp—f—ﬁ() =0 onoQ

= u€intCy.

However, since y > A1c*, we contradict Proposition 5 (the weak antimaximum principle). [

Next, we show that the critical parameter A* > 0 is admissible (thatis, A* € .£) and so .¥ =
(0, A%].

Proposition 7. If hypotheses H(C), H(B), H(g), H(f), Hy hold, then A* € Z.
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Proof. For A > 0let ¢, : W' (Q) — R be the energy functional for problem (1) defined by

pr(u) = —’yp )L/ (z,u dz—/ F(z,u)dz forallu € W'P(Q).

Consider {A;},>1 C (0,A*) such that A, T A*. From the proof of Proposition 3, we see that we
can find u, € ) C intC,y, n € N, such that

@r,(1y) <0 forallnm e N. (56)
We have
n) + /Q E@)ul ndz + /m B(z)ul hdo = /Q[)\ng(z, ) + fzun)hdz  (57)
forallh € WP(Q),alln € N.

Using (56) and (57) and reasoning as in the proof of Proposition 2 (see the proof of the Claim), we
show that
{tn}p>1 € WYP(Q)  is bounded.

Thus, we may assume that
Uy = uy in WYP(Q) and  u, — u, in L'(Q) and in LP(3Q)). (58)
In (57), we choose h = u, — u. € WP (Q), pass to the limit as n — oo and use (58). Then,

lim (A(up), uy —us) =0,

n—o0

= u, — u, in W (Q) (see Proposition 1). (59)

We show that u, # 0. On account of hypotheses H(g) (iii) and H(f) (i), we can find cp4 > 0
such that

Ang(z,%) + f(z,x) > Acox® ™t —coyx™™ 1 foraa.z € Q,allx >0,alln € N. (60)

Based on (60), we introduce the following auxiliary Robin problem:

—Apu(z) + E(z)u(z)P~t = Meou(z)T1 — coqu(z) ™1 inQ
a% +B(2)uP 1 =0 on 9Q) (61)
u>0

Letd : W'P(Q) — R be the C!-functional defined by

1 _ c A1C .
d(u)=;7p( u) + ’7|| 15+ 24| r - 1q°|| ut |7 forallu € WP (Q), with 7 > || o
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We have
) = x| Sy (u) 2 = 2
for some cp5 > 0 (since 7 > [|€]|o0)
> exslu |7+ IDu I = el I+ ezl - A1;°|u+||z

for some cp > 0 (recall that p < 7)
Mco

_ 1 _ 1
= ol |P+p||Du+uz+[c26|u+||;”—puauw] o - 2

15,

= d(-)is coercive (recall that g < p < r).

Clearly, d(-) is also sequentially weakly lower semicontinuous. Thus, we can find i € W*(Q)
such that
d(il) = inf [d(u) u€ wlrp(o)} . (62)

As before (see the proof of Proposition 3), since g < p < r, we have

= u#0.
From (62), we have
(A(@), h) +/ &(2)|7P2ah dz + / B(z)||P~2ih do — / ()P hdz
Q JoQ) JO
- / Mo (@) — oy ()~ Jhdz forall h € WWP(Q). (63)
Q
In (63), we choose h = —ii € W'P(Q). Then,

yp (@) +nla [ =0,
= >0, u#0 (recallthaty > ||&]c)- (64)

From (63) and (64), it follows that # is a positive solution of problem (61). Furthermore, the
nonlinear regularity theory and the nonlinear Hopf boundary point theorem imply that # € intC,..

We claim that # is the unique solution of (61). To this end, suppose that v is another positive
solution of (61). Again, we have v € intC. Let ¢ > 0 be the biggest positive real such that

to<il (65)
(see [18], Proposition 4.1.22). Suppose that t < 1. Let p = [|ii||co. We can find ¢, > 0 such that

x = Acox Tt — oo™ 1+ prp—l
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is nondecreasing on [0, p]. We have

—8p(19) + [2(2) + & | (19"
= 7 =85+ (E(2) + &)

i’pil [)\1C02~1q71 — 624?)171 + gpf)”’fl}
Meo(t9)T7 1 — cpu (t0) 1 + Ep(tz“))p_l (sincet<1l,g<p<r)
Meoil? ™! — cogil” TN+ &P (see (65))

— Api + [@(z) + Ep} P~ foraa.ze Q. (66)

IN N

Let m = min v > 0 (recall that ¥ € intC,). We have
Q

C24f)771[tp71 — tril] > C24T7Zril[tpil - tril] > 0.

Thus, from (66) and Proposition 2.10 of Papageorgiou-Radulescu—Repovs [25] (the strong

comparison principle), we have
u—tve Ky

which contradicts the maximality of t > 0 in (65). Hence, t > 1 and so

and this proves the uniqueness of the solution of (61).
Claim: i < uy, foralln € N.
For n € N, we consider the following Carathéodory function:

in(z,x) = Aeo(x )17 — g (x )Ly (axt)PLifx < up(z) (67)
e Moty (2)T1 — coquiy ()1 4+ un (2)P~1 ifuy,(z) < x

(recall that 77 > ||€]|c)

We set I,(z,x) = [ in(z ) ds and consider the C!-functional

~

1 o
%W:EWM+%WW_A“@”M forall u € W'P(Q).

From (67) and since 77 > ||&||co, we see that d,,(-) is coercive. In addition, it is sequentially weakly
lower semicontinuous. Thus, we can find 7, € W7 (Q) such that

d, (i) = inf [d:l(u) TS WLP(Q)} <0=d,(0) (sinceq<p<r)
= u, #0.

We have
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= —|—/ z) + n]|un P~ unhdz+/ 2) [y [P~ h do

- / i(z,,)hdz  forallh € WYP(Q). (68)
O

In (68), we choose h = —u,, € W'P(Q) and then h = (i, — u,)* € W'P(Q) and we obtain

Uy € [0,uy], Uy #0, (69)
= U, is a positive solution of (61) (see (67), (69)), (70)
= U, =1u€intCy. (71)

Therefore, i < u, for all n € N, and this proves the Claim.
Passing to the limit as n — oo in (57) and using (59) and the Claim, we obtain

h> +/Q (:(Z)MzilhdZ—F\/ao ﬁ(z)uzilhd(]': L[A*g(zlu*) —|—f(z,u*)}hdz (72)
forallh € W'7(Q),
U < Uy 73

Then, (72) and (73) imply

Uy € S+ CintCy (74)
= AMeZ. (75)
O
From Propositions 3 and 7, we have
Z = (0,A%]. (76)

3.4. Multiplicity of Positive Solutions

Here, we show that, if A € (0,A*), then problem (1) admits two positive solutions. In fact, the
pair is also ordered.
Proposition 8. If hypotheses H(Z), H(B), H(g), H(f), Ho hold and A € (0, A*), then problem (1) has at least
two positive solutions
ug, U € intCyq, ug <1u, ug#Ii.

Proof. Let u € (A, A*). Then, u € Z (see (76)) and we can find u, € .#;, C intC,. On account of
Proposition 4, we can find ug € .#) C intCy such that

Moreover, ug is the minimizer of the functional ¢, (-) from the proof of Proposition 3.
We have that (see Papageorgiou-Radulescu [20], Proposition 2.12)
Pal (O] = ¥l ou,] (seethe proof of Proposition 7),
= upis alocal C!(Q))-minimizer of ¢, (see (77))

= uy is a local W (Q)-minimizer of ;.
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Consider the following Carathéodory function

(2, 7) = {)\g(z, ug(z)) + flz,u0(2)) + nuo(z)P~1 if x < up(z) 8)

Ag(z,x) + f(z,x) + Pt ifup(z) < x
(as before 77 > ||&]|oo)-

We set K, (z,x) = fox k) (z,s) ds and introduce the C!-functional j, : WP(Q) — R defined by

ja(u) = Iljfyp(u) + %Huﬂz - /()KA(z,u)dz for all u € WY (Q).

Using (78), we can easily show that
K; Clug)NintC; and ug € K;, (since ug € 7). (79)
On account of (79), we may assume that
K, 1 [uo, up] = {uo}- (80)

Otherwise, we already have a second positive solution of (1), and this new solution is bigger than
ug. Thus, we are done.
Reasoning as in the Claim in the proof of Proposition 3, we show that

j satisfies the C-condition. (81)

We truncate k) (z, -) at uy, (z) and produce a new Carathéodory function kr(z, x). Weset Ky (z,x) =
fOx kA(z,5) ds and introduce the C'-functional j, : W?(Q)) — R defined by

() = rl)’yp(u) + %HuHZ — /()Iz)\(z,u)dz forallu € WYP(Q).
We can easily show that

K]A/\ = K]'/\ N [Llo, uy]. (82)

The functional ]AA() is coercive and sequentially weakly lower semicontinuous. Hence, we can
find i1y € W'P(Q) such that

@) = inf [fu(w) s w € WI(0)], )
= g€ K]} ,
= ig=1up (see (80), (82)). 84
Evidently, we have
il = ialjo,u,)-

From (77), (84) and [20], it follows that

ug is a local C*(Q)-minimizer of j,,

= g is a local W (Q))-minimizer of j,. (85)
From (79), it is clear that we may assume that

K]-A is finite. (86)
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Otherwise, on account of (78), we already have a sequence of critical points of j, (-) which are
positive solutions of (1), all bigger that 1y and so we are done.

Now, (85), (86), and Theorem 5.7.6 of Papageorgiou—-Radulescu—Repovs [18] imply that we can
find p € (0,1) small such that

jaluo) <inf [ja(u) : lu —uoll = p] = m,. (87)

Moreover, hypotheses H(g) (ii) and H(f)(ii) imply that, for u € intC, we have
ja(tu) — —o0 as t — +oo. (88)
Then, (81), (87), and (88) permit the use of the mountain pass theorem. Thus, we can find

it € WP (Q) such that
i€ Kj, Clug)NintCy (see (79))

and
jaug) <my < jr(u) (see (87)).
From these facts and (78), we conclude that
ne S CintCy, ug <1, uy #u.
O

3.5. Minimal Positive Solutions

In this subsection, we show that, for every A € ., problem (1) has a smallest positive solution u}
and examine the properties of the map A > u3.

Proposition 9. If hypotheses H(Z), H(B), H(g), H(f), Hp hold and A € £ = (0, A*|, then problem(1) has a
smallest positive solution uy € ) CintCy (that is, uy < u forallu € 7).

Proof. From Papageorgiou—Radulescu—Repovs [27] (proof of Proposition 7), we know that .7} is
downward directed (that is, if uj,up, € ), then we can find u € .¥) such that u < uq, u < up).
Invoking Lemma 3.10, p. 178, of Hu-Papageorgiou [28], we can find a decreasing sequence {1, },>1 C
¥ such that
inf ¥, = inf uy,.
n>1

We have

(Aun), ) + /Q E(2)ul  hdz + /a Bl hdo = /Q Ag(zun) + f(z,ug)lhdz  (89)
forallh € W'"P(Q),alln € N. (90)

Since 0 < uy, < uj foralln € N, choosing h = u,, € WLP(Q) in (89), we infer that
{tn}n>1 € WHP(Q) is bounded.
Thus, we may assume that

Uy = uh inWY(Q) and u, — u} in L'(Q) and in L (9Q)). (91)
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In (89), we choose h = u,, — uj; € WLP(Q), pass to the limit as n — co and use (89). We obtain

JEIJO<A(”n)r”n —uy) =0,

= u, —ui inWW(Q). (92)
Thus, if in (89) we pass to the limit as n — oo and use (92), we obtain
(Awp) )+ [ 2@ hdz+ [ p)(u}) hde
:A¢W@m®+f@mdezfmaHhGWW«D. (93)
Moreover, from the proof of Proposition 7 (see the Claim), we have
u <uy (94)
(in this case, in problem (61) A is replaced by A). Then, (93) and (94) imply that u} € ¥} C intC, and

uy = inf.7).
O

We examine the properties of the map A — uj.

Proposition 10. If hypotheses H(¢), H(B), H(g), H(f), Ho hold, then the minimal solution map A — u? from
& = (0,A*] into C}(Q) has the following properties:

(a) it is strictly increasing in the sense that
O<pu<A<A = ujj—uj,e]@;
(b) it is left continuous.

Proof.

(@)  According to Proposition 4, we can find u;, € ., C intC, such that

uy —uy, € Ky

= Uy —uy, € Ky (since g, < uy).
(b) Let{An}y>1 €.Z = (0,A*] and assume that A, — A~. Then,

{u3,},51 S W (Q) is bounded. (95)

Using (95) and since uj‘\n € ), foralln € N, as in the last part of the proof of Proposition 2
(see the part of the proof after (29)), we obtain

wy = iy in W' (Q), (96)
= ﬁXEYAQintC+.
We will show that i} = u}. If this inequality is not true, we can find zy € Q) such that

uy(z0) < #;(20)- (97)
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From (95) and Proposition 2.10 of Papageorgiou-Rédulescu [20], we have

[u}, || < cos forsomecys >0,alln € N.

Then, Theorem 2 of Lieberman [21] implies that there exist « € (0,1) and cp¢ > 0 such that

uy, €CH(Q) and u} [lcia) < c26 foralln e N.

The compact embedding of C*#(Q)) into C!(Q) and (96) implies that

uy, — Uy in cl(Q),
= u)(z0) <uy, (z0) foralln > ng(see(97)).

However, this contradicts (a). Thus, u} = u} and we conclude that A — u} is left continuous.
O

4. Main Theorem—Conclusions

Thus, summarizing our findings in this paper, we can state the following theorem.
Theorem 1. If hypotheses H(E), H(B), H(g), H(f), Ho hold, then there exists a critical parameter value A*
such that

(a)  forall A € (0,A"), problem (1) has at least two positive solutions
ug, it €intCy, ug <1, ug # i

(b)  for A = A*, problem (1) has at least one positive solution u, € intCy;

(c)  forall A > A*, there are no positive solutions for problem (1);

(d)  forall A € (0, A*], problem (1) has a smallest positive solution u; € intC, and the map A — u} from
% = (0,A*] and CY(Q) is K, -striclty increasing and left continuous.

In this paper, we have investigated a very general version of the “convex-concave problem”. As
it was illustrated in earlier works (see, for example, [2,4-6,8,10]), such problems exhibit interesting
mathematical features. In the past, most of the works deal with Dirichlet problems with no potential
term. This way, they have a coercive differential operator and this fact facilitates the analysis of the
problem. Here, we have a Robin boundary condition and an indefinite potential term. Moreover, the
reaction (source term) is much more general and not necessarily of polynomial type. In most of the
previous works, the reaction is of the form

x> AT 41 forx >0

with1l < g < p < r < p*. Our reaction term is much more general. It will be interesting to extend
our work here to double-phase equation with the concave contribution coming from the boundary
condition. A first step in this direction was made by the authors for (p, 2)-equations with a positive
potential term (see [10]). We point out that double-phase problems ((p, 7)-equations) arise in many
mathematical models of physical processes.
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