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Abstract: The introduction of the common limit range property on V-fuzzy metric spaces is the
foremost aim of this paper. Furthermore, significant results for coupled maps are proven by
employing this property on V-fuzzy metric spaces. More precisely, we introduce the notion of
CLRq-property for the mappings © : M x M — M and Q) : M — M. We utilize our new notion
to present and prove our new fixed point results.

Keywords: V-fuzzy metric space (VF M-space); weakly compatible mappings; coupled fixed point;
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1. Introduction and Preliminaries

Mustafa and Sims [1] brought the though of the notion of G-metric spaces as a generalization
of metric spaces. Moreover, Sedghi et al. [2] introduced the concept of S-metric spaces as one of the
generalizations of the metric spaces. Abbas et al. [3] extended the notion of S-metric spaces to A-metric
spaces by extending the definition to n-tuple.

In 1965, Zadeh [4] initially introduced the concept of fuzzy sets. After that, several influential
mathematicians considered the notion of fuzzy sets to introduce many exciting notions in the field
of mathematics, such as fuzzy differential equations, fuzzy logic and fuzzy metric spaces. A fuzzy
metric space is well known to be an important generalization of the metric space. In 1975, Kramosil
and Michalek [5] employed the notion of fuzzy sets to introduce the notion of fuzzy metric spaces.
George and Veeramani [6] modified the concept of fuzzy metric spaces in the senseof Kramosil and
Michalek [5].

Sun and Yang [7] coined the idea of G-fuzzy metric spaces. Aamri and D. El Moutawakil [8]
generalized the concept of non compatibility by defining E.A. property for self mappings. Sintunavarat
and Kumam [9] gave the definition of the common limit in the range property on fuzzy metric spaces.

After the exhaustive review of the previous literature, Gupta and Kanwar [10] introduced the
notion of V-fuzzy metric spaces.

Definition 1 ([10]). Let M be a non-empty set and V be a fuzzy set on M" x (0, 00). Let * be a continuous
t-norm. A 3-tuple (M, V), x) is said to be a VF M-space if for all t,s > 0, the following conditions hold:

i. V(BB B, -, By t)>0foral B,n € Muwithp # 1,
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i V(B BB B B2t) = V(B B2 B3+ Bust) forall B1, B2, B3, -+, Bn € Mwith By # B3 #
oo By,

i V(B1, P2 P3, - Pust) = Vifandonly if pr = o = p3 = - - - = Pu,

v V(B1,B2,B3 -+ But) = V(p(B1, B2, B3, -+, Bn), t), where p is a permutation function,

4 V(ﬁ1,ﬁ2, B3, Bt + S) > V(,Bl,‘Bz, B3, - -,,Bn_l,a,t) * V(a, aa,---,a, ﬁn,s),

vi limy e V(,Bl,ﬁz, ,33, .- -,,Bn, t) =1,

vii V(B1,B2,B3,- - Bn, ) : (0,00) — [0,1] is continuous.

Lemma 1 ([10]). Let (M, V), *) be a VF M-space such that
V(,Bl/ ,BZI ,33/ te '/ﬁn/kt) 2 V(ﬁl/ ,32/ ,83/ Tty ,Bn/ t)/ with k € (0/1) Then ,Bl = ,BZ = ,83 == 571‘

Definition 2 ([10]). Let (M, V,*) be a VF M-space. A sequence {p,} is said to be a Cauchy sequence if
V(Br,Br, Br, -+ 1 Br. B, t) = lasr,q — oo forall t > 0; that is, for each € > 0, there exists ny € N such that
forall r,q > no, we have V(Br, Br, Br, - - - Br. g, t) > 1 —€.

Definition 3 ([10]). The VF M-space (M,V, ) is called complete if every Cauchy sequence in M
is convergent.

Definition 4. The mappings © : M x M — M and Q) : M — M are said to compatible on V-fuzzy metric
spaces if

lim—, 100 V(QO(By, 11r), QO(Br, 11r), - - -, QO(Br, 11r), O(QBy, U1y ), 1) = 1

and

limy—, 100 V(QO(17r, Br), QO (111, Br), - - -, QO (111, Br), O(Qupr, QP ), 1) = 1,

whenever { B, } and {1, } are sequences in M such that lim,_ 1o Q(B;) = liMmy— 100 O(By, 17r) = B

and imy s 1 oo Q(17y) = limy 4o O(1r, By) =1 forall B,y € M, t > 0.

In order to study some more significant fixed point results on fuzzy metric spaces, one can see the
research papers [11-18].

Bhaskar and Lakshmikantham [19] initiated the study of the coupled fixed point and mixed
monotone property on the notion of metric spaces. For more theorems on coupled fixed point,
see [20,21].

Motivated by different concepts introduced by many eminent mathematicians in [22-27],
we investigate and give the concept of CLRq-property on V-fuzzy metric spaces. Further, we study
some fixed point theorems for the pair of mappings by using CLR-property. More precisely, under
some conditions based on CLRq-property on V- fuzzy metric spaces, we prove a fixed point for the
mapping () : M — M and a coupled fixed point for the mapping @ : M x M — M of the form
(u,u) € M x M.

2. Results

We start with the definition of CLR-property:

Definition 5. Let (M, V, x) be a VF M-space. The mappings © : M x M — M and Q0 : M — M satisfy
CLRq-property if there exist { B} and {n,} in M such that

lim V(O(Br, 1), O(Br,r), -+, O(Br,1r), QL) 1) =1 = lim V(Q(Br), QBr), -, QUBr), QL) )

r—+o00 r—+oo

and

lim V(O(yr, Br), Oy, Br), -, Oy, Br), A(R), 1) = 1 = Lim V(Q(,), Q1) - -, Q(17r), Q(1), 1)

r—r+00 r—oo

for some £, € M.
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In the rest of this paper, we call v € M a common fixed point for the mappings () : M — M and
O:MxM—=MifO(v,v) =Q(v) =0.

Theorem 1. Let ©® : M x M — M and Q) : M — M be weakly compatible mappings on a V F M-space
(M, V, ). Suppose the pair (©, Q) holds CLRq-property. Moreover, assume that for all B,1,c,d € M,k €
(0,1) and t > 0, we have

VOB, 1), O(B1), - O 1), 0, >kt>>min{v<o<ﬁ>,b<ﬁf~

Then © and Q) have a unique common fixed point in M.

Proof. The CLRn-property for the (©,Q2) implies that
im V(O(Br, 1), OB 11r), -+, OBy, 1), QL) 1) =1 = Lim V(Q(Br), QBr), -+, QBr), QL) 1)

r—+00 r—+o0

and

limy—, 1o V(O(111r, B1), O(11r, Br), - -+, O(11r, Br), QM) 1) = 1 = limy—00 V(Q17r), Q175), - -+, Q11r), Q1) 1) (2)

for sequences {B;} , {#:} in M and some ¢, 1 € M.
By using (1) and (2), we get

V(OBr 1), OBr,11r), -+, O(Br,11r), O(L, 1), kt) > min { V(Q(Br),
V(

Letting r — +o0, we get
V(Q(e),Q),--- QL0 h),kt) > min {

So

From (1) and (3), one can have

Q) - Qe ), A(R), 1),
V(O(@nr, Br), Oy, Br), - -+, Oy, Br), (R, £), kt) > min ¢ V(Q(1y), ) Q) @, Br),t), ¢ -
V(Q(h)/ﬂ(h)w“ (h),©(1,0),t)

Letting r — +o0, we obtain

V(Q(n), Q(h), - Q(1), Q(R), ),
V(Q), Qh), - Qh), O, £),kt) > mind  V(QR),Qh), - Qh), QR), 1), 5.
V(Q(R), QR), - Q(h), 01, L), t),

Hence,
Q(h) = Ok, 0). (4)



Mathematics 2020, 8, 404 40f9

From (3) and (4), we have Q(¢) = ©(¢,h) and Q(h) = O(1, {).
Suppose that
Q) =0(,h) =0, Q(h) =0O(h,{) = 0y. )

The weakly compatible notion for the pair (®, Q) implies that
and

V(QO(1, £),Q0(h, 0),--- ,QO(, £),0(Q(h), (L)), t) = 1.

This gives
0(0’1) = @(0’1, 0’2), Q0'2 = @(0’2,0’1). (6)

From (1), one can get
V(Q((Tl Q((Tl), s Q(O’l),Q(g), ),

), t
V(O(o1,07),0(01,07),- -+ ,0(01,02), 04, 1), kt) > min < V(Q(oy),Q(01), - Q(01),0(01, 02), 1),
V(Q),Q00), - Qf),0,h),t),

From (5) and (6), one can have
Q(U’l) =01 = @(0’1,0’2),Q(Uz) = 0p = @(0’2,0’1). (7)

Let us suppose that 01 # 0.
By using (1) and (7), we get

V(oy, o1, ,00,kt)  =V(0O(0q,02),0(01,02),- - ,0(01,02),0(0,01), kt)
V(Q(01),Q(01), - Q(01), Q(02), 1),
> mind V(O(1),0(e1), - O(o1),0(e,02), ),
V(Q(02),Q(02), - Q(02),O(02,01), 1),

This shows that 07 = 03 and hence, Q(07) = 07 = O(0y, 02).
To prove the uniqueness, suppose that v and A are such that v # A, Q(v) = v = O(v,v) and
Q(A) = A = 0O(A,A). Then condition (1) implies that

V(v,v,--,0,Akt) =V(O(v,0),0(v,v), -+ ,0(v,v),0(A,A), kt)
V(Q(v), Q(v), - O(v), Q(A), 1),
>ming  V(Q(v),Qv),---Q(v),0(v,v,t),
V(QA),QA), - QA), 0(

Hence, we get v = A and we conclude the uniqueness of the fixed point. [

Example 1. Let (M, V, x) be a VF M-space with M = [—1,1], where

t
t+ (g —ao| + e —az| + - -+ a1 — an|)

V(“l/“Z/a:ir c Ay, t) =
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Suppose ® : M x M — Mand Q3 : M — M be mappings deﬁned as ©(B,1) = B+ nand Q(B) = B for

all B, 17 € M. Now consider the sequences {B,} = L and {,} = —1. One can have
Jim ©(Br,7y) = Lim Q(fr) = 0= Q(0)

and
rEToo®(77”‘Br) = hm Q(’?f) =0=0(0).

This implies that the pair (©, Q) holds CLRq-property. In addition, the pair (®, Q)) is weakly compatible. All
the conditions of Theorem 1 are satisfied. Thus, the two mappings ® and () have § = 0 as a unique common
Sfixed point in M.

Theorem 2. Let ©® : M x M — M and O : M — M be weakly compatible mappings on a YV F M-space
(M, V, x). Suppose the pair (©,Q)) holds the property (E.A). Moreover, assume that the range of Q) is a closed
subspace of M. Assume that for all B,n,c,d € M,k € (0,1) and t > 0, we have

v(Q(p), Q(p ) Q(p), Qc), 1),
V(O(B,1),0B,1), -, OB,1),0(c,d),kt) = min$ V(Q(B), QB), - (ﬁ)/®( 1)t),
V(Q(c), Qe ), 0(c), 0(c,d), )

Then, ® and Q) have a unique common fixed point in M.

Proof. The property (E.A) for (©,Q)) implies that there exist {8, } and {7, } in M such that

lim V(O(Br, 1), @(Br, 1r), -+, O(Br,1r), QL) 1) =1 = lim V(Q(Br), QBr), -, QBr), QL) )

r—>—+00 r—r+o00

and

rgffwv(@)(ﬂn Br), O, Br), -+, Oy, Br), AR), 1) =1 = rli_{{}o vQ:), Q1) -+, Q1r), Q(R), )
hold forall £, € M.
Moreover, the property of closed subspace of M implies that there exists a, € M such that
Q(a) = £,Q(B) = h. One can get that (0, ) holds CLRn-property. The result follows from the
previous theorem. [

Theorem 3. Let O, : M x M — Mand Q,® : M — M be mappings on a VF M-space (M, V), *).
Suppose that (©,Q)) and (y, ) are weakly compatible as well as share CLR-property. Moreover, assume the
following conditions:

i. Forall B,n,c,d € M,k € (0,1) and t > 0, we have

V(Q(B), Q(B), -, QB), OB, 1), 1),
V(OB 1), 0B,1),--- OB 1), ¥(c,d), kt) > min ¢ V(P(c), (c),- -, D(c), ¢(c,d), 1), o,

V(Q(B),QB), -, QB), ¥(c,d), 1),

V(®(c), @(c), -, P(c), OB, 1), )

ii. O(M x M) C (M) (or p(M x M) C Q(h)).
Then, ®,Q),  and ® have a unique common fixed point in M.
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Proof. The CLR-property for the pairs (©,Q)) and (¢, ®) implies that there exist {B:}, {n,}, {c/}
and {d,} in M such that
lim ©(pr, 1) = rli_{gQ(ﬁr) = rETw¢(CrI dr) = rgffoo@(cr) =Q(l)

r—+o0o

and
lim ©(yr, Br) = YETOOQ(W) = rgrfwlp(dn cr) = rETooq)(dr) =Q(n), ®)

r—r+00

hold for all ¢, € M.
By using (i), one can have

V(Q),Q0L), - ,Q0L),P(c), 1),
V(Q),Ql),---,Q0),0(¢,h),t),
V(O h),0n), - ,0nh),p(c,dr) kt) > min < V(®(cy), P(cr), -, Plcr), ¥(cr, dr), 1),
v(Q(),Ql), -, QL), p(cr, dr), 1),
V(®(cy), ®(cr), -, P(cr), O, R), 1)
By using (8) and letting  — oo, we have
V(Q),QL),---,Q0),04),t),
V(Q(),Q), - ,00),0(4,n),t),
V(O h),0h), - ,0h),Q),kt) > min V(Q), L), - ,QL0),0(L),t),
V(Q),QL),---,00),0(4),t),
V(Q),Q), - ,Q),0(4,nh),t)
Thus, we have
Q) = O(4,h). 9

From (i), we have

VO, £),0(h,0), -, 0, 0),y(dy, c;), kt) > min{ V(d(d

As r — oo and using (8), one can obtain
Q(h) = O(h,1). (10)
Since @(M x M) C ®(M), there exists &, B € M such that
P(a) =O(4, 1) and ®(B) = O(h,¢). (11)

By using (i), (9), (10) and (11), we get

V(®(a), P(a) D(a), y(a, B)) = V(O 1), 0, h),- -+, 0L, 1), (a, B), kt)
V(Q(0),Ql),---,Q(f), ®(a),t),
V(Q(),Q0), -, Q(L), 04, 1), 1),
> min{ V(®(a),®(a), -, D), p(a, B, 1),
V(Q(6), (), -+, Q0), p(a, B), ),
V(®(a), ®(a), -, D(a), O 1), 1)
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This implies that ®(a) = ¢(«, B). Similarly, one can show that

D(B) = ¢(Ba). (12)

Now consider that

®(a) = y(a,f) = O(L,H) = Q) = o1 and D(B) = P(f,a) = O(h () = Ah) = 0. (13)
The notion of weakly compatible for mappings (®,2) and (1, ®) gives
O(01,02) = O(Q(0), QM) = AO(L, 1)) = Q(e1), O(e3,07) = O(QR), (1)) = AO(R, ) = o)
and o
Pienu) = Y(R.B(B)) = (e £) = ¥cn). lewr) = HH(E). ) = AY(4.0) = (o).

Finally, we assert that ©(cq,02) = 01, ®(03,07) = 07.
Using (i), we have

V(O(01,02),0(01,02), -+ ,O(01,0),01,kt) = V(O(0,03),0(01,02), - - -, O(cy, %), (w, B), kt)
V(Q((Tl),ﬂ((fl)/ T 10<01)/(I)(a)'t)’
V(Q(o1), Q(01), -+, Q(01), (01, 02), 1),
> min V(@(a), @), -, P(a), p(a, p), 1),
V(Q(e1), A1), -+, Q01), P(a, B), 1),
V(®(a), @(a), -, P(a),®(c1,02),t)

By considering (13)—(15), we obtain © (01, 03) = Q(07).
In the same way, we get

@(0’1, 0'2) = Q(O’l) = 0'1,@(0'2, 0'1) = Q(O’z) = 07. (16)
Again using (i) and (12)—(16), one can get

V(‘Tl/o'lz s, 0, l/?(U'l,(Tz),kt) = V(@(ﬁ,h),@(f,h),' e
/

This implies that
q>(0'1) =0 = lp(U’l,O'z),q)(U'z) =0y = 1,[](0'2, 0'1). (17)

Assume 07 # 03.
By using (i) and (15)—(17), we have

V(U'l,O'l, cee ,0'1,0'2,kt) = V(@(O’l, 0'2),@(0'1,0'2), ,@(0’1,0’2),4’(0’1, Uz),kt)
V(Q(e1), Q(e1), - -+, Q(o1), P(02), 1)
V(Q(o1), Q(en), - -+, Q(01),0(07,02), 1)
>ming V(®(02), P(02), -+, P(0n), ¥(02,01),t),
V(Q(e1), Q1) - -+, Q(1), P(02,01), 1)
V(q)(az),cp(o'z),- .. ,¢(02),®(01,U2) £)
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this implies 07 = 07; a contradiction. Therefore ®, (), and ® have a unique common fixed point
inM. O

Example 2. Let (M, V), *) be a VF M-space with M = [—2,2], where

t
ot (o —ao| e —az| F e — &)’

V(“l/“Z/ K3, -, &y, t)
Suppose ©, ¢ : M x M — Mand Q, ® : M — M be mappings defined as

o) = LI a(p) = p (B = p - +10(8) =1

Consider the sequences {f,} =1+ 1, {m,} =1-1,{c;,} = Land {d,} = —1. Note that

=7

lim OBy, 1) = lim Q(B;) = lm ¢(cr,dy) = lim P(c,) =1=0Q(1)

r—r+o00 r—r+o00 r—r+o00 r—>—+00

and
lim ©(n, Br) = rETOOQ(Ur) = rETw‘/’(drr cr) = rEToqu(dr) =1=0().

r—+oo

This implies that pairs (®,Q)) and (i, ®) hold CLRq-property. In addition, pairs (©,Q)) and (i, ) are
weakly compatible. All the conditions of Theorem 3 are satisfied. Thus, the mappings ©, 1, QY and ® have p =1
as a unique common fixed point in M.
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