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1. Introduction and Preliminaries

One of the interesting approach to extending existing fixed point results is to involve an auxiliary
function into the hypotheses of theorems. In this paper, we consider the notion of the simulation
function that is defined by Khojasteh et al. [1].

Definition 1 (See [1]). A simulation function is a mapping { : [0,00) x [0,00) — R satisfying the
following conditions:

(21) 4(t,s) <s—tforallts > 0;
(C2) if {tn}, {sn} are sequences in (0, 00) such that ligrl ty = ILm sy > 0, then
n [e9) n o0

limsup {(ty, 1) < 0. 1)

n—oo
Notice that the axiom ({7) yields that
g(t,t) < Oforall t > 0. 2)

Note that in the original definition of the simulation function, there was a superfluous condition
¢(0,0) = 0. From now on, the letter Z-presents the class of all functions ¢ : [0,00) x [0,00) — R
that satisfies ({7) and ({»). An immediate example of a simulation function is {(¢,s) := ks — t where
k €10,1) foralls,t € [0, 00). For more significant examples and applications of simulation functions,
we refer e.g., [1-6].
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From now on, the pairs (X,d) and (X*,d) denote metric space and complete metric spaces,
respectively. Furthermore, both f and g are self-mapping defined on (X*,d). We say that f is
Z-contraction with respect to ¢ € Z [1], if

(d(fv, fw),dv,w)) >0  forallv,w € X. 3)
By using this definition, the following result was proved in [1]:
Theorem 1. Each Z-contraction on a (X*,d) possesses a unique fixed point.

It is clear that Theorem 1 reduces Banach’s contraction mapping principle if take {(t,s) := ks — {,
foralls,t € [0,00), where k € [0,1).

The aim of Suzuki [7] is to extend the well-known Edelstein’s Theorem by using the notion
of C-condition.

Definition 2 (See [8]). We say that f, defined on a (X, d), satisfies C-condition if
%d(v,fv) < d(v,w) = d(fv, fw) < d(v,w), for all v, w € X.

Next, we shall mention the impressive result of V.Pata [9] on the existence of a fixed point in the
setting of in a complete metric space. Suppose 1y is an arbitrary but a fixed in X. We say that vy is a
zero of X, if

lv|| =d(v,vp), forallv € X.

We presumed that ¢ : [0,1] — [0, o) is continuous at zero with ¢(0) = 0 and is also increasing.
Under these settings, recently, Pata [9] proposed the following result:
Theorem 2 (See [9]). f, defined on (X*,d), possesses a unique fixed point if
d(fv, fw) < (1—e)d(v,w)+ Aey(e) 1+ [|v]| + [lwll)’,

fulfils for every v,w € X, for each e € [0,1], where x > 1, A > 0, and B € [0, a], are fixed constants.

Theorem 2 has been investigated densely and it has been extended by [10-20]. We also refer
to [21-25] for the basics of fixed point theory.

The main goal of this paper is to combine the notion of simulation functions, the concept of
C-distance and Pata type contraction so that the obtained notions (namely, Pata-Suzuki Z-contraction
and Pata Z-contraction) unify, extend and generalize several existing results in the literature of fixed
point theory.

2. Main Results

Definition 3. A pair (g,f) , on a (X,d), is called Pata—Suzuki Z-contraction whenever the following is
fulfilled (P)
either %d(v,gv) < d(v,w) or %d(w,fw) <d(v,w)
implies
L(d(gv, fw), Cy (v, @) 2 0, @
foreverye € [0,1] and all v,w € X, where{ € Z, 0 > 1, A > 0, and B € [0, a] are constants, and
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Cor(v,w) = (1—e)max {d(v,w),d(gv,v),d(fw,w),% [d(gv,w)+ d(fw,v)]}

FAep(e) [L+ [|vl| + [l + llgvl + Il fel]P

Theorem 3. Ifapair (g, ), ona (X*,d), forms Pata—Suzuki Z-contraction, and g, f are continuous, then g, f
have a common fixed point v, € X.

Proof. Take an arbitrary v € X and rename as vy. Let v; = g1 and construct a sequence {v, } by
8Voy = V41 and f1/2n+1 = V4o forallm € NU {0}

To winnow out the trivial cases, throughout the proof, we suppose that v, # vy, for allm € N.
Indeed, if we suppose, on the contrary, that v;,, 1 = vy, for some mg € N, then we conclude a common
fixed point of f and g without any effort. Without loss of generality we may assume v, 41 = v2y,.

Since %d (V2ngs §V2ny) < d(Vany, Vany+1) We have implies

g(d(gUZnol fV2n0+1)/ Cg,f(VZnorV2n0+1)) 2 Or

which implies that

= d(gVony, fany+1)

S (1 - ‘C’) max {d(UZ}’lor V2n0+l)/d(g1/2n0/V2n0)1d<f1/2710+1/ V2n0+1)/
3 [d(gVZnO/V2n0+1) + d(fVZno-i-l/VZno)]

+A (&) [1+ [[vang || + [vangrt | + [|gvang | + || fvznga]|]”

< (L= €)d(vany11, Vang+2) + Kep(e)

d(V2n0+1, V2n0+2)

for some K > 0. Thus, we have

d(Vang 11, Vang+2) < K" 1p(e),

is true for all € > 0. This yields d(v2n0+1,v2n0+2) = 0. Consequently, we get vp,, = V2,41 = Vany42
which implies gv2,, = fvon, = v2,. Hence vy, is a common fixed point of ¢ and f which is observed
without any difficulty. Analogously, one can derive that the case v2,, 11 = V25,42 implies the same
conclusion. For this reason, throughout the proof, we winnow out the trivial case and assume that

Va1 7 VU forallm € N. 5)

Now, we claim that the sequence {d(vy, v;;—1)} is non-increasing. First we observe that the
sequence {d(vzy, V2,+1)} is non-increasing. Suppose, on the contrary, that

d(Vany, Vang+1) > A(Vany, Vany—1) for some ny € N. (6)

Since %d( Fvang—1,Vang—1) < d(Vany—1,V2n,) the expression (4) yields that

g(d(fv2n0—1/g1/2n0); Cg,f(Vzno_l,l/znO)) > O,
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which is equivalent to

d(VZVtOr V2n0+1> = d(fVZnoflrgVan) < Cg,f(VZnoflr V2n0>
= (1 — &) max {d(vauy—1, Van )4 (fVang—1, Vang—1),4(8V2n0, Vany ).
3 [d(fvang—1,vang) + A(§V210, Voo - 1)]}
A (e) [1+

) [ [vangal| + van || + | Framg—1ll + [18vano ||]°
< (1 —e)d(vang, Vang+1)
+Ae P (e) [1+ [|vany 1| + [[vano | + || Frang-1ll + l|gv2no 1]

Since the inequality above holds for each ¢ > 0, it follows that d(v2,,,, V24, +1) = 0. It contradicts (5)
and hence the assumption (6) fails. Accordingly, {d(vay,, Van,+1)} is a non-increasing sequence.
Analogously, we find that {d(V2n0+1/ v2n0+2)} is a non-increasing sequence. So, we conclude that the
sequence {d(Vy, Vy—1) } non-increasing.

We shall indicate that the set {C,} is bounded. Fix n € N. Since the sequence {d(vyu, Vy—1)}
non-increasing, we have

d(Vant1,Vany2) < d(Van, Vapt1) < - < d(vo, v1).
By the above and the triangle inequality we have

d(Vant1, Vant2) +d(Vans2,v1) +d(ve,10)
d(vony2,v1) +2Cq ()
=d(gvo, frant1) +2C1.

Cong1 = d(vous1,v0) <

If d(vou11,v0) < d(Van, fron11) then due to above observation we conclude that Cy,11 =
d(vana1,v0) < (:2 and it shows Cy,, ;1 is bounded by . Otherwise, we have d (Vant1, frons1) <
d(vay41,vp) and by (4) we have

¢(d(gvo, fvant1), Cq r(Vant1,v0)) > 0. 8)
Thus, by combining (7) and (8) together with B < a we get

Cont1 < 2C1 + Cg p(vo, vVant1)
<2C; + (1= ¢)(Contr + C1) )
+AeP(e) [1+ Conra + vl + [[vans2ll)P -

Notice that Cg ¢ (12,11, V) is estimated by C,11 + C; as follows:

d(vo, van+1),4(vo, §v0) d(Vani1, fvanst),
Cor(vo,vans1) = (1—¢) max{ ( %[d(;v()),v(ZWf) ﬁd((uo,;yzil)f ) }
+Aep(e) [1+ ||voll + l[vansall + gvoll + [l frausall]?
= (1 — ¢) max d<V011 Van+1),4 (0, 11),d(V2n+1, Van+2),
7 [d(v1, vang1) +d(vo, vany2)] (10)
+Ae(e) [1+ Conrr + C1 + || fransa [P
< (1—¢) max {C2n+lr C1,Cy, 5[2(C1 + C2n+1)]}
+AP(e) [1+2Con41 +2C1)°
= (1—€)(Cy + Copp1) + Ae®(e) [1 4 2Cpi1 +2G1]P.

where
d(vy,van41) < d(v1,v0) +d(vo, vani1) = C1 + Congr
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and
d(vo, van+2) < d(vo, vant1) +d(Vans1,vant2) < Cong1 +C1

Attendantly, from (9) and (10), we conclude that

eCony1 < K(e)"9(e)Cy, 1 + L,

for some K, L > 0. If there is a subsequence Cy,,, 11 — 00, the choice e = ¢1 = (1+1L) /Coy,+1 leads to
the contradiction
1 <K(1+L)*y(e) — 0.

As in the previous estimation (7) on Cy,,41, we derive the following estimation:
Conv2 < d(vants,v1) +d(va,v1) +2C1 < d(vanis,v2) +3C (11)

If d(vopa1,10) < d(VZnH, fvau41) then due to above observation we conclude that Cp,,1 =
d(voni1,v0) < % and it shows Cy,, 11 is bounded by . Otherwise, we have d (Vons1, frons1) <
d(va41,Vp) and by (4) we have

0(d(gvany2, fvo), Cg f(V2ns1,10)) > 0. (12)

Thus, by combining (7) and (8) together with § < a we get
Therefore,

Cont2 < d(vanys, 12) +3C
= d(gll2n+2,f1/1) + 3C1
< Cg r(vanto,11) +3C
< (1—¢)(Cansza +2C1) + A(e)*9(e) [1 4 2Con 12 +4C1)° +3C;
< (1—¢)Consa +K'(e)*y(e )C%n+2 +L

for some K/, L’ > 0. Accordingly,
eConiz < K'() (€)Chyip + L.

If there is a subsequence Cp, 12 — o, the choice ¢ = e = (1+ L)/Cyy 42 leads to
the contradiction
1 <K'(1+L)*%(e2) — 0.

Set
C =sup A(1+2C,)P < co.
neN
In the next step, we shall indicate that the sequence {v,} is Cauchy. Since {d(va,, Vo,11)} is
bounded by zero and non-increasing, we note that d(va,, v2;4+1) — r > 0. If r > 0, then

= d(fvan—1,8von)
< (1 —€)Cy s (van, van1) + Ce*p(e)
< (1 — 8) (VanVZn—l—l) + Cealp( )

d(Van, Van41)

foralln € N, and ¢(0,1]. As n — oo, we have

r<(1—g)r+C(e)*y(e)

foralle € (0,1]. So
r < Ce Dy(e)
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foralle € (0,1]. Ase — 0 we get ¥ = 0 and this is a contradiction, therefore r = 0.
Hence
lim d(va, Vont1) = 0. (13)

n—oo

To show that {v,} is Cauchy sequence, it is sufficient to show that the subsequence {v,,} of
{vn} is a Cauchy sequence in view of (13). If {v, } is not Cauchy, there exist an § > 0 and monotone
increasing sequences of natural numbers {2m; } and {2n;} such that n > my,

d(UkarVan) > ¢ and d(vmk,l/znk,ﬂ < 4. (14)
From (14), we get

5 S d(UZWlk/ UZ)’lk)
< d(vamy, Vo, —2) + d(Van—2, Vo, —1) + d(vap,—1,v2n,)
< 0+ d (v —2, Vo 1) +d(Vap,—1,V2n, )

As k — oo together with (13), we have
kli)nolo d(]/2mk, Van) = (S (15)

Letting k — oo and using (13)—(15), we get

ld(Van 41, Vam, ) — A(Vang, Vo, )| < d(Vap41, Vony)-

Accordingly, we have
ICILHJO d(Van+lr Vka) =4. (16)

Taking k — co in the combinations of the expressions (13) and (16), we find
|d(vany, Vo —1) — d(Vany, Vo, )| < d(Vom,—1, Vo, ),

which implies that
]}Ln;od(Van/Vka—l) = 5 (17)

Notice that %d(vznk,gvz,qk) < d(van, Vome—1). (Indeed, if not, we have d(vy,, vom,—1) <
%d(vzylk, gV2u, ) and by letting k — oo, we find § < 0, a contradiction.) Thus, by setting x = vy,
and y = vy, 1, in (4) we have

g(d(gVanz fUkafl)/ Cg,f(v2nk/ Vkafl)) Z 0/
which is equivalent to

d(gvan, fvame—1) < Cq r(Van, Vam,—1)
d<V2nkrV2mk—1),d(VanrVanJrl)rd(VkafLVka)/ }-FCS“IP(S)

= (1 — ¢) max
( ) %[d(Vka,Van) + d(Vzmrl,VznkH)}

d(Vong s Vomy—1), A(Van s Vane+1), (Vo —1, Vomy, ).
< (1 —¢)max k k L k k + Ce*y(e
o ( ) %[d(Vka/Van) + d(Vka—leka) + d(Vka/Van+1)] ¢( )

for all e € (0,1]. Letting k — oo and using (13)—(17) we get

5 < (1—€)d+ Ceple)
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forall e € (0,1]. Thus
5 < Ce" Lype).

If ¢ — 0 then we have § = 0 and it is a contradiction, therefore {v, } is a Cauchy sequence.

Since X is complete, there exists v, € X such that v, — v, as n — co. So, we have 15, — v, and
Vop+1 — Vs. Due to continuity of g and f we have fv, = v, = gv..

As a last step, we shall show that v, is the unique common fixed point of g and f . Suppose that
there exists wy € X that wy, = gw« = fws and vy # wy. Itis clear that 0 = %d(v*,gv*) < d(Ve, wy)
and by (4) we have

(g0, fw.), Co (v 2)) 20, 18)

which is equivalent to
AV, wy) = d(QUs, fws) < (1 —€)d(vs, fws) +kep(e) = (1 — €)d(vs, wy) + ke*P(e).
Setting ¢ = 0, d(v4, w+) = 0, a contradiction. Hence, v, = w,. 0O

In Theorem 3, to provide C-condition, we need to suppose that both ¢ and f are continuous.
We realize that in case of removing C-condition, we relax the continuity conditions on g and f. In the
following, we introduce Pata Z-contraction which is more relaxed than Pata—Suzuki Z-contraction

Definition 4. A pair (g, f), defined on a (X, d) , is said to be a Pata Z-contraction if for every € € [0,1] and
allv,w € X, fulfills
(d(gv, fw), Co (v, w)) =0, (19)

where{ € Z, 0 > 1, A > 0,and B € [0, «| are constants, and,
Cos(v,@) = (1—¢)max {d(v,w),d(gv,v),d(fw,w), Ld(gv, w) + d(fa),v)]}

FAeP(e) [L+ v + wll + lgvll + | feoll)
This is the second main results of this paper.

Theorem 4. If a pair (g, f), ona (X*,d), forms a Pata Z-contraction, then g, f have a common fixed point
vy € X

Notice that in Pata-Suzuki Z-contraction we need to satisfy the C-condition (d(v, gv) < d(v, w)),
but in Pata Z-contraction, we do not need to check it. Therefore, we can repeat the proof of Theorem 3
by ignoring the C-condition.

Proof. We follow the lines in the proof of Theorem 3 step by step and we deduce that the constructive
sequence {v,} is Cauchy sequence. Since X is complete, there exists v, € X such that v, — v, as
n — 0. So, we have vp, — v, and 15,41 — V«. Due to assumption (19), for all € € (0,1], we have

d(gs, frant1) < (1 —€)Cq r (v, van11) + Ce*P(e),

where

d(vi, Vany2) +d(Van 2, 8Vs) )

Co,f (Ve, Vans1) = max{d(ve, vani1), d(vs, gV4), d(Van41, Van2), 7

As n — oo we have
A(vs, gvs) < (1 —€)d(vs, gus) + Ce*9p(e)
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foralle € (0,1]. So
A(ve,gu.) < Ce (o)

forall e € (0,1]. If e — 0 then we get d (v, gv«) — 0. Hence guy = v,.

Claim that v, forms a fixed point of f too. Again by (19), we find that

0 < d(vs, frs)
= d(gvs, fr)
< (1 —¢) max{d(vs,vi),d(vi, gvs), d(vs, fvs), w} + kep(e)

where k > 0. So,
d(vs, fvs) < (1 —e)d(vs, frs) + ke*p(e).

This implies that d(v., fvs) < ky(e), where ¢ € (0,1]. Since ¥ is increasing and continuous at
zero, then (0) = 0 and d(vs, fv.) = 0.

Therefore v, = fv..

The uniqueness of the common fixed point of ¢ and f is derived from the proof Theorem 3. [

Theorem 5. Let g, f be continuous mappings on (X*,d). Assume that ¢ : [0,00) — [0, 00) is a continuous
function satisfying the inequality ¢(r) < r for every r > 0. If

d(gv, fw) < ¢(Cyp(v,w)), (20)

for every v, w where

Cq r(v,w) = max {d(v,w),d(v,gv),d(w,fw),; v, fw) + d(y,gv)]},

then, g and f have a unique common fixed point v, and d(vs, vy,) — 0, where {vy, } is the sequence is defined in
Theorem 3.

Proof. Note that ((t,s) := ¢(s) — t is a simulation function, see e.g., [2,6]. Hence, the result follows
from Theorem 3 by letting {(t,s) := ¢(s) —t. O

Corollary 1. Suppose that a mapping g, defined on (X*,d), satisfies
%d(v,gv) < d(v,w) implies {(d(gv, gw), C¢(v,w)) > 0, (21)
foreverye € [0,1] and all v,w € X, where{ € Z, 0 > 1, A > 0, and B € [0,a] are constants, and
Ce(v,w) = (1 —¢)max {d(v,w),d(gv,v),d(gw,w),% [d(gv,w)+ d(gw,v)]}
+AePp(e) [L+ v + wll + llgvll + Igewll)
If g is continuous, then g possesses a unique fixed point z € X.

Proof. It is sufficient to take ¢ = f in Theorem 3. O

In the following Corollary, we relax the continuity restriction
Corollary 2. Suppose that a mapping g, defined on (X*,d), satisfies

¢d(gv, gw), Gy (v,w)) 2 0, (22)
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foreverye € [0,1] and all v,w € X, where{ € Z, 0 > 1, A > 0, and p € [0, «] are constants, and
Ce(v,w) = (1—¢)max {d(v,w),d(gv,v),d(gw,w),% [d(gv,w)+ d(gw,v)]}

+AeP(e) [1+ |v] + llwl + Igvil + lIgwl]’.
Then g possesses a unique fixed point z € X.

Example 1. Let X = [0, o) is a metric space defined as

RS R T

Let g, f : X — X be mappings defined by

v v
gv—iandfv—g.

Let {(t,s) =s—t, foralls,t € [0,00). Let A =%, a = 1and B = 1and y(e) = s%for every e € [0,1].

Now ) )
2d(gv,v) = ;max{},v}
< Imax{v,w}
< max{v,w}
=d(v,w)
implies
g(d(gv, fw), Cy (v, w))
= Cgr(v,w) —d(gv, fw)
= Cqr(v,w) — max{gv, fw}
= Cyf(v,w) —max{g, §
< Cyf(v,w) —max{y, 3
= Cyf(v,w) — 3 max{v,w}
<Corlv,w) — %Cg,f(v,w)
= lCgf(v,w) >0
where

Cos(v,w) = (1— &) max {d(v,w),d(gv,v),d(fw,w), Ld(gv,w) + d(fw,v)]}
+AeP(e) [L+ v + el + lgvll + | feoll)?
Hence, g and f is a Pata - Suzuki Z-contraction. Thus, g and f have a unique common fixed point in X.

Example 2. Let X = [0, 00) is a metric space defined as

S el

Let g, f : X — X be mappings defined by gv = ¢ and fv = {5. Let {(t,s) = s —t, forall s,t € [0,0).
Let A=13,a=1and Bp=1and y(c) = s%for every € € [0,1].
Now
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g(d(gv, fw), Co (v, w))
= Cor(v,w) —d(gv, fw)
= Cyr(v,w) — max{Fx, Ty}
= Cy (v, w) —max{g, %
<Corlv,w) — 3 max{v, w}
< Cor(v,w) %Cg,f(v,w)

where
Cof(v,@) = (1—¢)max {d(v,w),d(gv,v),d(fw,w), L d(gv,w) + d(fw,v)]}

+AeP(e) [1+ [|v] + llw] + llgvi + | fwl]P
Hence, g and f is a Pata-Z-contraction. Thus, g and f have a unique common fixed point in X.

3. Application to Ordinary Differential Equations
We consider the following initial boundary value problem of second order differential equation:
_x
dt?

where f : [0,1] x R — R is a continuous function.
Recall that the Green function associated to (23) is given by

H(t,s) = H(l-s), 0<t<s<l],
] s(1—t), 0<s<t<1.

= f(t,v(t)), t€10,1], v(0)=v(1) =0, (23)

Let X = (CJ0,1]) be the space of all continuous functions defined on interval [0, 1] with the metric

d(v,w) = sup |v(t) —w(t)].
tel0,1]

is a complete metric space. We consider the following conditions: there exists € € [0, 1] such that

2(s) — [ H(E )5 v(s))ds]| < fu(s) ()] @)
implies
[f(s,v(s)) — f(s,w(s))| < (1—¢)|v(s) —w(s)], forallv,w € X, (25)
where tzlﬁ] 01 H(t,s)ds = %

Theorem 6. Suppose that the conditions (24) and (25) are satisfied. Then (24) has solution x* € C2[0,1].

Proof. It is known that v € C2(]0,1]) is a solution of (23) if and only if v € C([0,1]) is a solution of
integral equation

1
V(t) = /H(t,s)f(s,v(s))ds, te[o,1].
0

We define F : C[0,1] — C[0,1] by
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1
/H v(s))ds for all £ € [0,1].
0

Then, problem (23) is equivalent to finding x* € C?[0,1] that is fixed point of g. It follows that

1
$)— [ Hits)f(s,v(s))ds] < (1 =€) u(s) - ()
0

implies

d(gv,Fw) = sup |gu(t) — Fe(t)]
te[0,1]

[ B 76 v() ~ S fs))lis
< [ H0,9) £ v(5)) — Flo,eo(s)l ds
< [M 90 -0 us) ~ ()]

1

(1—¢) sup [ H(t, s)ds|v(s) — w(s)|
te[0,1] 0

L1 o)lv(s) — w(s)]
(1— &) max {d(v, ), d(v,gv), d(y,gw), } [d(v, gw) + d(y,gv)] |
+Aep(e) [1+ v + ]l + llgv] + gl A=0 a>1andp € [0,4]

IN

IN A

o f(V, @)
1 12 t 1
Note that for all t € [0, 1], / H(t,s)ds = —— , which implies that sup [ H(t,s)ds = <
0 2 2 te[0,1]
Let {(t,s) =s—tforalls,t € [0,00)
Now
G(d(gv,gw), Co (v, w)) = Cy (v, w) — d(gv, gw) (26)

Then from (26), we have ((d(gv,gw),Cor(v,w)) > 0. Therefore the mapping g is
Pata—Suzuki—Z contraction.

Applying Corollary 1, we obtain that ¢ has a unique fixed point in C[0, 1], which is a solution of
integral equation. [

4. Conclusions

In this paper, we combine and extend Pata type contractions and Suzuki type contraction via
simulation function. The success of V. Pata [9] is to define an auxiliary distance function ||u|| = d(u,a)
where a is an arbitrary but fixed point. This is based on the fact that most of the proofs in metric fixed
point theory are established on the Picard sequence:

For a self-mapping f on a metric space X and arbitrary point

/t ”

(renamed as “ay”). Then,
a1 = Tag,
ay = fa,_1 for all positive integers.

In Banach’s proof (and also, in many other metric fixed point theorems) for any point “a”, this
sequence converges to the fixed point of T. Under this setting, V.Pata, suggest such auxiliary distance
function (initiated from an arbitrary point “a” ) to refine Banach’s fixed point theorem, like the

construction of Picard operator.
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In this short note, we employ the approach of Pata in a more general case to generalize and unify
several existing results in the literature. For this purpose, we have use simulation functions. We also
emphasize that the simulation functions are very wide, see, e.g., [2-6]. Thus, several consequences of
our results can be listed by using the examples that have been introduced in [2—6]. Similarly, we can
generalize more inequalities on metric and normed spaces.
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