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Abstract: Recently, a number of features and properties of interest for a range of bi-univalent and
univalent analytic functions have been explored through systematic study, e.g., coefficient inequalities
and coefficient bounds. This study examines S,? (9,1,p,v;9) as a novel general subclass of X which
comprises normalized analytic functions, as well as bi-univalent functions within A as an open unit
disk. The study locates estimates for the |a;| and |a3| Taylor-Maclaurin coefficients in functions of
the class which is considered. Additionally, links with a number of previously established findings
are presented.
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1. Introduction

Geometric function theory research has provided analysis of a number of subclasses of A, as a
class of normalised analytic function, using a range of approaches. Q-calculus has been widely applied
in investigating a number of such subclasses within the open unit disk A. 9, as a g-derivative operator
was initially applied by Ismail et al. [1] in studying a specific g-analogue within A in the starlike
function class. Such g-operators were also approximated and their geometric properties examined by
Mohammed and Darus [2] for several analytic function subclasses within compact disks. The definition
of the g-operators involved was done through convolution normalised analytic and g-hypergeometric
functions, and revealed a number of notable findings reported in [3,4]. Raghavendar and Swaminathan
[5] studied basic g-close-to-convex function properties, while Aral et al. [6] identified g-calculus
applications within operator theory. In addition, fractional g-derivative and fractional g-integral
operators, among other g-calculus operators, have been applied in constructing a number of analytic
function subclasses, as in [7-21].

The function class is denoted by A which represented by the following form:

k@) =c+Y ad, (Cen), 6)
=2

]

that are analytic in the region A = {¢ € C : || < 1} and satisfy the following normalization conditions:

k(0)=0 and k(0)=1.

In addition, let S be the subclass of A consisting of univalent function in A.
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For the two functions k(¢) and h(¢) analytic in A, we say that k(&) is subordinate to /(&), usually
denoted by k(&) < h(E) (¢ € A), if there exists a Schwarz function ¢(¢) within A with ¢(0) = 0 and

[9(5)] <1, (¢ € A), such that k(g) = h(¢(8)), (T € A).

Especially, if the function / is univalent within A, then the above mentioned subordination is
comparable to:

k < hif and only if k(0) = h(0) and k(A) C h(A).

It should be noted here that Koebe one-quarter theorem as described by [22] stipulates that A
images in each univalent function k € A have a disc with a 1/4 radius, meaning that each univalent
function k produces k~1 as its inverse, which is characterized as

KHk@)=¢,  (Een)

and

kU k(w) =w,  (Jw]|<ro(k);ro(k) > <),

W

where

x(w) =k Hw) = w— ayw?® + (245 — a3)w® — (5a5 — 5agaz +ag)w* +... . )

A function k € A is said to be bi-univalent in A if both k and k=1 are univalent in A. Here,
X represents the bi-univalent function class which Equation (1) defines. Some of the examples of
functions within the class X are listed here as below (see Srivastava et al. [23]):

¢ 1 1+¢
¢ log(1—¢), 2log i=¢)
However, the well known Koebe function is not within the class X. Other common examples of
functions within the class S such as

62
¢ — > and

¢
1—¢2
are also not within the class X.

For a brief history of functions in the class X, see [24-27]. More recent studies inspired by
Srivastava et al.’s [23] ground-breaking investigations in this area examine coefficient bounds in a
range of bi-univalent function subclasses (as in e.g. [8,28-33]).

This study begins with definitions of the principal terms used and in-depth concepts for the
applications of g-calculus used. In this report, it is assumed that 0 < g < 1. Definitions are first given
for fractional g-calculus operators in a complex-valued function k(¢), as follows:

Definition 1. Let 0 < g < 1. The g-number [j], is defined by

1—¢g .
) , e C;
mq—{ 1—g J

Yo qt=1+q+q*+--+q"1, j=meN.

Definition 2. Let 0 < q < 1. The g-factorial [f],! is defined by
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®)

Definition 3. (see [34,35]) Let k € Aand 0 < q < 1. The g-derivative operator of a function k is defined by

K(q8) — k() .
aqk@)—{ T @)
k/(g)/ ’;I:O'

We note from Definition 3 that

- i KED =K

From Equations (1) and (4), we get

agk

Ik(Z) =1+ Y [lga;d .

j=2

TP e
qu(é‘)—m; R

4o -1l

In 2014, Aldweby and Darus [7] introduced the g- analogue of Ruscheweyh Operator Rg by
1 :
V.
1,14

where 6 > —1and [j],! given by Equation (3).

Moreover, as § — 1 we have

where R°k(&) is Ruscheweyh differential operator which was introduced in [36] and a number of
authors have studied it before, see for instance [37,38].

The aim of the present work is to introduce Sf; (9,1,p,v;9) as a general subclass of X as a class
of bi-univalent functions. Within this, estimates are derived for initial coefficients |a;| and |a3| for
functions within the general subclass. Below, various bi-univalent general subclasses are introduced.

Definition 4. Let§ > —1,8 € C/{0},0 <y <1,0<p <1land 0 <v < 1. A function k € X is in the
class 83(19, 1,0, v; ), if it is satisfying the following subordination conditions :

1 G0q(Rak(2)) +15%04(99(Rek(S)))

1
Yre G-z ren- VYRIK() + vEd,(REK(E) [+v(I—p)]| ¥(e). ®)

and
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1 wdy (Rgx(w)) + qw?dy(9g(Rgx(w))) 1 )
1S | T oot o1 - WRIx(w) +ved,(Rix(w)  Brva—py) <P ©

where the function x is given by Equation (2).

Remark 1. It can clearly be seen that when parameters 8,1, 0,6, q and v are specialised, this produces a number
of established X subclasses, and there are a number of recent works which examine these. Examples are provided
for these subclasses.

Example 1. Let 6 = 0and q — 1. Then the class 83(19, 1,0,v; ) reduces to the class Sx(0,1,p,v; )
examined by Srivastava et al. [28] which is characterized by

1 gK' (&) +n*k" (g) B 1
143 [(1 —0)E+p(1—v)k(&) +vEK' (&) 1+v(l— p)} =< 9(S),
and
1 wx' (w) + yw’x” (w) B
1+ 0 [(1 —p)w+p(l—v)x(w)+vwx'(w) 1+4+v(1 _p)] < P(w),

where x is defined by Equation (2).

Example 2. Let 6 = 0,p = 0,v = 0and q — 1. Then the class 83(19, 1,0,v; ) reduces to the class X(0,1; ¢)
studied by Srivastava and Bansal [39] that is defined by way of

143 [K(0) — ek (&) 1] < (&),

and
1
14 5 X/ (w) =y (w) = 1] < (w),
where x is defined by Equation (2).

Example 3. Let 6 = 0,0 = 1,v = 5yand q — 1. Then the class Sg(é‘, 1,0,v; ) reduces to the class
Sx(8,v; ) scrutinized by Deniz [40] that is defined by way of

1T K@) + 8K ()
“‘{uwua+ww@

; 1] <@,

and

1[_wx'(w) + v’y (w)
1y [(1 —v)x(w) +vwy' (w) 1] < y(w),

where x is defined by Equation (2).

Example 4. Let 6 = O,v = 0,7 = Oand g — 1. Then the class Sg(ﬁ, 1,0,v; ) reduces to the class
Sx (0, p; ¢) studied by Peng et al. [41] which is defined as

G
1+ﬂ[u—pﬁ+pu@“]*¢@”

and

1 {(1 _ wx' (w)

13 mw+mwo‘@*¢@”

%
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where ) is defined by Equation (2).

Example 5. Let 6 = 0,v =0,y = 0,0 = 1 and q — 1. Then the class Sj;(ﬂ, 1,0,v; ) reduces to the class
Sx(p; ) examined by Magesh and Yamini [42] which is characterized as

ZK' (%)
(1—p)G + pk(S)

=<9(0),

and

wx' (w)
(1-p)w+px(w)

< y(w),
where ) is defined by Equation (2).

In order to prove our main results, we need the subsequent lemma.
Lemma 1. (see [43]) Let p € P, then

b<2 (jEN),

where P is the family of all analytic functions p in A, for which

Re(p(¢)) >0 (S €a),

where
p(&)=1+b1 8+ b +.... (E€A).

Additionally, some useful work associated with inequalities and their properties can be read in
[44-47].

2. A Set of Main Results

This section starts by establishing estimates for Sg (9,1,p,v;9) class function for coefficients |a;|
and |a3].

Let i be an analytic function with Re(y(¢)) > 0 within A, satisfying 1(0) = 1,¢%'(0) > 0, and ¢(A) is
symmetric with respect to the real axis. Such a function has a form:

$(E) =1+ Bl +Bad® + B3 + Byl +... . (B1>0;{€A). @)
Theorem 1. Let k(&) € S,‘;(z?, 1,0, v; P) be of the form in Equation (1). Then

e /21219181 B (pv — v —1)2 o
2 > ’
V18B316 + 1y (ov —v — 1)¥(7,0,,6,9) +2[2]q(B1 — B2)®2(1,0,,6,9)]

and

B, (8] (o —v — 1)’ ).

az| < By |¢ 1/—1/—12<
|as]| 18] (o ) @2(y,0,v,6,9) Y (n,0,v,6,9)]

©)

where

O(1,0,v,8,9) = [0+ 115 (12l — gov + [2gnv — [2]g0mv — p + [2]47) , (10)
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Y(n,0,v,6,9) = [6+1]g[6 +2]4([3]g — q2lgov + [2]4[8lqnv — [214[3lgonv — p + [2]4[3lqn), (11)

and

¥ (,0,v,6,9) = ~2[3)410 + 2]y + (413410 + 2], — 4225 + 1], ) pv
+ (2021306 + 1)y — 4[24 181415 + 21 ) 1v + (24[2]5[6 + 1)g — 2q[2]4[6 +2]5) P22
+2[20316 + 1gpn — 2[204[6 + g0 — (2[2](g — D[S + 1)y +2[0 + 2]) p*v
+ (2021316 + 1) — 20204[314[6 + 21y ) 72 + (2021206 + 1), — 202143156 + 2] ) PP
+ (4[2]4[3]4[6 + 215 — 2[2]4(1 + [2]4)[6 + 1]4) pnv? + 4[2]4[3]4[6 + 2]qonv
+ (2020306 + 1) — 203410 + 215 ) v — 20212(5 + 1]goPyv — 2(2], (3416 + 2y
+ (2121216 +1)g + 206 +25 ) o + (29[212[6 + 1)y — 24q[2],[6 +2]4) 2. (12)

Proof. Let k € Sf; (8,1,0,v;¢) and x = k~1. Then there are analytic functions u,v : A — A with
u(0) = v(0) = 0, satisfying the following conditions:

1 g9 (ROK(Z)) + 1E294(94(REK(E))) 1
14+ = — = , A), (13
T8 |02+ p(l - RIKE) + 120, (RK@)  Tav(i—py| ~ O €€8) 09
and
1 waq(RgX(w)) + Uwzaq(aq(RgX(w))) 1 _
1+ i (1—p)w+p(1 *V)RgX(w) +1/w8q(7227((w)) T Hva-p)| po(w)), (w € A). (14)

Define the functions p and h by

P(é‘):izggg=1+P1§+p2§2+P3§3+-~-, (15)
and
h(g):izgg:1+h1§+h2§2+h3§3+.... (16)

Then p and & are analytic within A with p(0) = h(0) = 1. By reason of u,v : A — A, the functions
p and & has a positive real part in A. Thus, by using Lemma 1, we have

lpil <2 and |hj| <2, (jeN={1,23,...}).

It follows from Equations (15) and (16) that

_p@-1_1 pi
and
_ h2
v(g)ZW:; h1§+<h2—21>é’2 +... , (Cen). (18)

Clearly, substituting Equations (17) and (18) into Equations (13) and (14), respectively, in the event
that we make use of Equation (7), we get
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_ £ (ROK(Z)) + 17E294(94(R5K(E))) B 1 _
0| (1-p)¢+p(1—v)RIK(E) + 159 (RIK(E))  [L+v(1—p)]
p(G) —1 Bip 1 p
1P<p(§)+1) 1+¥§+ (p —1> Bl+4ple Z+..., 19
and
1l wdy (ROx(w)) + nw?dq(9g(REx (w))) B 1 _
8| (1—p)w+p(1 —v)Rix(w) +vwds(Rix(w)) [L+v(1—p)]
1;](2%:) 1+BlTh1 + <h2 h;) B + h1B2 . (20
Moreover,
s E9g(RAK(E)) + 18294(94(RIK(Z))) B 1 _
0| (1—p)¢+p(1 —v)REK(G) +vEoy(RK(E))  [L+v(1—p)]
14 { [0+ 1] (2] — qpfg z; 1[/2}_q117/V_—1g22]qm7v —p+ [24n) } i+
{ [0+ 140 + 2]q ([3]g — q[2lqpv + [2]4[3lgnv — [2]4[3]qenv — p + [2]4[3]47) e
9[2],(ov — v —1)2 3
[64+1]7(ov — [2]qv — p) (%]Zp; q_pzfi]?’wv— [Z]qPUV—P+[2]q’7)a%}§z+ @
and
s wdg (Rx (w)) + 1w?dg(dg(Rox (w ))) 1
8| (1-p)w+p(l—v)Rox(w )+vw3 (Rox(w)) [1+V(1—
- { [6 + 1]y (215 — qpv + [21gnv — 2lgonv —p + 2 }
v —v—1)2
{[5+1]q[5+2}q([3]q—q[ lapv + [2]4[3)g1v — [2]4[3]qonv — o + [2]4[3] )(2a )
8[2]4(pv —v —1)2 ’
[0+ 1)3(ov — [2]qv — p) ([ﬁ](qpv qp:ji];’?”[Z]qPWVPJr[Z]q’?)a%}wz L )
Now, equating the coefficients in Equations (19)-(22), we get
[0+ 1]y (21 — qov + [2)gqv — Rlgonv —p + [2lgn) — Bipy )
v —v—1)2 2= @3)

and
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[0 + 1q(0 + 2]y (3g — 4[2)g0v + 214 Blgnv — [2][8lg01v — p + [2]4[3]47)

812, (ov — v —1)? "
6+ 13 (pv — [2]qv — p) ([2]g — gov + 2lgyv — [2]genv —p + [2lgn)
d(pv —v—1)3 72

_ 1 P% 1,
=5 (Pz — 2) B+ ZP132- (24)
Moreover, we have

_ 104 10q ([2lg —gpv + [lyv — [2lapyv —p+ 2lgn) - _ Bl

O(pv —v —1)2 27 @5

and

[0+ 1]q[0 + 24 (185 — q[2]q0v + [2]4[3lgnv — [2]4[Blgonv — o + [2]4[3]4)
02]4(ov —v — 1)2
[6+112(ov — [2lqv — p) ([2)4 — gov + Rlgnv — [2]gonv — o+ [2]47)

B dpv —v—1)3 2

(Za% —as)

1 W2 1
=5 (hz — 21> By + 111%32. (26)

From Equations (23) and (25), we find that

p1 = —h. (27)

By adding Equations (24) and (26), and then using Equation (27), we obtain

[0+1]4
B2]4(pv —v—1)3

+ (2[2]2[5 +1]q — 4[24 (340 + 2]11) v+ (24[2]4[0 + 1]5 — 2q(2]4[6 + 2]¢) p*V?
+ 2[2]5[‘5 +1gon — 2[2]4[6 + 1)50° — (2[2]4(g = D)[6 + 1)g +2[6 + 2]) p*v
+ (2021316 + 1) — 20214[31g[8 + 21 ) 72 + (2021206 + 1l — 202143156 + 2]y ) PP
+ (4[2]4[314[6 + 215 — 2[21 (1 + [21)[6 + 1g) pypv* + 4[2]4[3]4[6 + 20nv
+ (2021316 + 1)y — 2131g[8 + 215 ) v — 2[212[6 + UgpPpv — 2[214 (3416 + g7

{ = 21g00-+ 21 + (4136 + 21y — 412810 + 1) pv

+ (202200 + 11y + 200 +21y) + (24[21206 + 1]y — 24[2l,[0 +2],) pvz}ag

_

> (B2 —By) + %(Pz +h2). (28)

For the purpose of brevity, we will utilize the notations given in Equations (10)-(12). Now, making
use of the notations defined above and combining Equations (23) and (28), we get

2 _ [2]48%B (pv — v —1)*(p2 + ha)

2= .
2 [8B3[0+1]g(pv — v —1)¥(1,0,v,0,9) +2[2]4(B1 — B2)®(1,p,v,5,9)]

Applying Lemma 1 to the coefficients p, and hy, we find that

a

(29)
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2[2), |8 B} (ov — v — 1)?

0} < R , (30)
|8B3[6 +1]4(ov — v —1)¥(y,0,v,8,9) 4+ 2[2]4(B1 — B2)®?(1,0,v,0,q)|

so that

2120, 181 B2 (pv —v — 12
(31)

4

|ag| <
VI8B(6 + 1]y (pv — v —1)¥ (5, p,v,8,9) +2[2]4(Br — B2)®2(1,p,v,,1)]

where ¥(1,p,v,9,9) and ©(y,p,v,d,q) are given by Equations (10) and (12), respectively.

Similarly, upon subtracting Equation (26) from Equation (24) and then using Equation (27), we get

Y(n,0,v,6, B
[2}ql§?p51/1/ _q)l)z (a3 —a3) = Zl(lf’z —hy), (32)

where Y(1,0,v,6,q) is defined by Equation (11). It follows from Equations (23) and (32) that

B (pv—v—1)*p7  [2)B18(pv — v —1)?(py — hy) '

3 = (33)
4®2(;7’p’1// 6/51) 4Y(77/P1 v, 5/ Q)
Finally, applying the Lemma 1 once more for the coefficients p1, p> and hy, we have
By [8] (pv — v —1)? [2]4
az| < By |9 1/—1/—12< ) (34)
& i ) ©%(1,p,v,6,q) Y(n,p,v,0,9)]

This completes the proof of Theorem 1. [J

3. Applications of the Main Result

This part of the paper presents certain distinctive cases within the broader results, provided as
corollaries. First of all, by letting

C1+CE

P(8) = 1+D§—1+(C—D)C+D(D—C)c§2+... (-1<D<C<1),

in Definition 4 of the class Sf;(ﬂ, 1,0,v;¥), we obtain a new class 8;'5(19, 1,p,v;C,D) given by
Definition 5.

Definition 5. Leté> —1,0 € C/{0},0<y <1,0<p <1and0 <v <1. Afunctionk € X is said to be
in the class S;") (8,1,p,v;C, D), if each of the following subordination condition holds true:

_ §0g(RGk(S)) +nE%04(9(RK(Z))) 1 PRENS
9| (1=p)g+p(1 = v)REK(Z) +v80g(RGk(E)) [1+v(l—p)]| 14D
and
Lo L[ w9 (Rax(w)) +w?dg 3y (Rax(w)) 1 14 Cw
¢ | (1-p)w+p(1-v)Rix(w) +vwdy(Rix(w)) [1+v(1—p)] 1+ Dw’

where the function x is given by Equation (2).

Utilizing the parameters setting of Definition 5 within the Theorem 1, we obtain the following
result.

Corollary 1. Let k(&) € 83’5(19, 1,p0,v;C, D) be of the form in Equation (1). Then
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2| > ‘() 1
\/|1S(C E)[a l]q(fﬂ/—l}' 1){(;/P,Vlé/q) 2[2]51(1+D)()2(}’],p,]/,5/q)|

7

and

_ —v—1)2
oo < (€ = D)o v v =12 (= B Ao *wwﬁaw)’

where ©(n,0,v,6,9), Y(1,p,v,0,q) and ¥(n,p,v,d,q) are given by Equations (10)—(12).

Next, if we set

(&) = (ﬁ>0—1+206+202§2+... 0<o<1)

in Definition 4 of the class S,? (8,1,p,v;9), we get a new class S,?"S(z?, 1,p,V;0) given as

Definition 6. Let 6 > —1,0 € C/{0},0< 7 <1,0<p <1and 0 <v < 1. A function k € X is said to be
in the class 85’5(19, 1,0, v;0), if each of the following subordination condition holds true:

ared1s E04(RK(2)) + 1620, (94 (RIK()) 1 _on
BV 79 | 0— )&+ p(1—v)RIK() + vE0,(REIK(E) [+ v(1—p)] 2
and
el ] w3y (Rox(w)) + 0%y (3y(Rix(w)) 1 _on
& 9 | (1—p)w+p(1— v)Rix(w) +vwdy(Rix(w))  [1+v(l—p)] 2’

where the function x is given by Equation (2).

Utilizing the parameters setting of Definition 6 within the Theorem 1, we obtain the following
result

Corollary 2. Let k() € 8,?"5(19, 1,0, v;0) be of the form in Equation (1). Then

22| < 2\/ﬂ|‘9|‘7(PV—v—1)2
az

__JP%ﬁ+ﬂh@v—v—UTW¢mﬁﬂ)+ﬂﬂﬂl—®®%mmw&W|

7

and

jas| <20 (8] (ov —v —1) <2019| (pv —v —1)7 [2]g )

_|_
®%(n,0,v,0,q)  [Y(1,p,v,6,9)]
where O(1,0,v,9,9), Y(1y,p,v,0,q) and ¥(n,p,v,,q) are given by Equations (10)—(12).

Finally, if we set

14+ (1-2a)¢
=

in Definition 4 of the class 86‘15(19, 1,0,V;), we get a new class S,?"S(z?, 1,0, v; ) given as

¥(E) =142(1—-a)f+21—a)f?+... (0<a<1),
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Definition 7. Let 6 > —1,0 € C/{0},0< 7 <1,0<p <1land 0 <v < 1. A function k € X is said to be
in the class 8[;”5(19, 1,0, v; &), if each of the following subordination condition holds true:

1] (R +120,0(RKE) 1
&{1+§ (1= p)& T p(1— V)RIKE) + vEo(REk(@)  M+vi—p)]| [~
and
1] @9y (Rxw) + 0P, (0g(Rix@) 1
1“{1+0 (= p)w+ p(1— V)RIx(w) + vwd, (Rix(w))  A+v(i—p) | "

where the function x is given by Equation (2).
Utilizing the parameter setting of Definition 7 within Theorem 1, we obtain the following result
Corollary 3. Let k() € 53’5(19,17,,0, v; &) be of the form in Equation (1). Then

|a|< []q‘t‘(l—l’é)(pV—y< 1)2
2
\/‘ﬁB%[5+1]q(pV—y_1)lIJ( 0V, ,q)|

7

and

ENLIUETES L.
®2(11,0,v,6,4) Y1, p,v,6,9))
where ©(n,p,v,6,9), Y(11,0,v,6,q9) and ¥ (1, p,v,d,q) are given by Equations (10)—(12).

MﬂSZO—wHﬂuw—v—Dz(

Remark 2. Tnking 6 = 0 and q — 1 in Theorem 1, we obtain the following result.

Corollary 4 ([28]). Let k(¢) € Sx(9,1,p,v; ) be of the form in Equation (1). Then

3
|8 B (ov — v —1)2

laz| < ,
V8B ov —v = 1)¥(1,0,v) + (B1 — B)®2(1,p,)|
and
By 8] (ov — v —1)? 1
az| < By |¢ 1/—1/—12< ! + ,
las| < B1 19| (o ) 207, p,1) Y070
where
O(n,p,v) =2—pv+2nv —2npv —p + 21,
Y(n,p,v) =3 —2pv + 6nv — 6170V — p + 677,
and

Y¥(17,0,v) = —3+20v — 8yv — 0*v? + 201 — p? — p*v — 2yyv* + 6py?
— 40%v? + 1200V +v — 2%V + 3p — 617,

where the class Sx (9,1, p,v; ) is defined in Example 1.

Remark 3. Settingp =v =6 = 0and q — 1 in Theorem 1, we get the following corollary
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Corollary 5 ([39]). Let k(&) € X(8, ;) be of the form in Equation (1). Then

3
] < 6| Bf
V1383 (1+27) +4(By — By)(1+ )2

7

and

By |9 1 )
< By |® ,
23] < Bi | |(4(1+;7)2 HEGESY)

where the class X(8,1; ¢) is defined in Example 2.

4. Conclusions

The g-calculus is a wide field and is applicable to many areas of physics and mathematics
and, as well, to other areas, for example, in differential equations, the theory of special functions,
analytic number theory, combinatorics, quantum theory, quantum group, numerical analysis, special
polynomials, operator theory and other related theories. This paper principally aims to derive the two
initial Taylor-Maclaurin coefficient estimates of functions within the novel subclass Sf; (0, 1,0,v;9)
for analytic/bi-univalent functions within A as an open unit disk. This is achieved by using the
Ruscheweyh g-calculus operator. Further, using corollaries and consequences, as discussed earlier
through appropriate specialisation of the J, p, 77, v and g parameters, the paper also demonstrates that
the findings here can enhance and generalise some work recently published.
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