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Abstract: This study applies the extended L? Sobolev type inequality to the L? Sobolev type inequality
using Holder’s inequality. The sharp constant and best function of the L¥ Sobolev type inequality are
found using a Green function for the nth order ordinary differential equation. The sharp constant is
shown to be equal to the L” norm of the Green function and to the pth root of the value of the origin
of the best function.
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1. Introduction

The Sobolev inequality also called the Sobolev embedding theorem, is often the core inequality
in partial differential equations and variation calculations. Nonetheless, there have been few studies
explicitly seeking the sharp (small) constant and best function calculation of the Sobolev inequality,
the so-called “best evaluation of the Sobolev inequality”.

In 1976, Aubin [1] and Talenti [2] independently discovered the sharp constants and best functions
of Sobolev inequalities calculated the sharp constant, and found the best function by applying
symmetric rearrangement to the Sobolev inequality:

el gy < ClIVullppgny Yu € WP(R") = {u € LI(R"), Vu € LP(R")}. )

On the other hand, in this study, the sharp constant of Sobolev inequality is primarily calculated
using the Green function of various boundary value problems when p < 2 and g = co. We have found
that the sharp constant can be obtained using the Green function, which is the reproducing kernel of a
Hilbert space [3]. Specifically, the sharp constant of the corresponding Sobolev inequality is expressed
as the maximum diagonal value of the Green function. Kametaka et al. [3] presented an earlier result
for this sharp constant, using a unique approach that differs from symmetric rearrangement. The best
evaluation of the Sobolev inequality obtained thus far has been applied to beam deflection [4], electrical
circuits [5], and a range of other practical problems.

This paper aims to extend the result of the L? Sobolev type inequality to the LP Sobolev
type inequality, i.e., to generalize the best evaluation of the Sobolev type inequality. Results from
studies [5-7] and [8] are prior works related to the subject of the present paper.
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Forn =1,2,3,---, we consider the following boundary value problem for an nth order ordinary
differential operator P(d/dt):
P(d/dt)u = f(t) (t€R) (2)
with the following conditions,

ul() e LIR) (0<i<n), 3)

where exponent g satisfies 1 < g < 2. The condition (3) corresponds to boundary condition at t = Foco.
The characteristic polynomial with real coefficients

|
—

n

P(z) = [ [(z+4a)

-
Il
S

is assumed to be a Hurwitz polynomial with real characteristic roots —ag, —ay, -+, —a,_1.
For simplicity, we impose the following two assumptions:

Assumption 1. The real coefficients a; (i = 0,1,--- ,n — 1) satisfy the following inequality:
O<agy<ag <---<ay_1q.

Assumption 2. The two exponents p and q satisfy both 1 < q < p < co and the relation

1ilog
P 9

To describe the main theorem, we introduce a function G(t), which is defined by

n—1 1 1
G(t) = Y(t) Z b].e—“ff (teR), bj= =
j=0

(—aj + a)
k=0 k]

where Y (t) is a unit step function, i.e., Y(f) =1 (t > 0), and 0 (¢t < 0). It is shown in Section 3 that
the function G(t,s) = G(t — s) is the Green function of (2). Note that coefficient b; is bounded for
0 <j < n — 1. Hereafter, for convenience, b,y is defined as the maximum of the absolute value for
bj (0 <j<n-—1),such that

bmax = max |bj|.
0<j<n-1
This paper is organized as follows. In Section 2, we use the Fourier transform to construct a Green
function for the boundary value problem of the nth order ordinary differential equation. In Section 3,
we derive a Sobolev type inequality from its solution formula. Section 4 describes the property of the
best function of the Sobolev type inequality. Finally, in Section 5, we calculate the sharp constants for
two special cases.

2. Derivation of Green Function

In this section, we will obtain a concrete expression of the Green function G(t,s) = G(t —s).
Concerning the uniqueness and existence of the solution to (2), we have the following theorem. Strictly
speaking, the Green function G(t,5) = G(t —s) is a two-variable function. However, we call the
function G(t) the Green function for the sake of convenience.
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Theorem 1. For any function f € L1(R), (2) has a unique solution u expressed as

e}

u(t):/ G(t—s)f(s)ds (t€R). @)

By using the functions

G(t)_{(Go*Gl* Gn 1) (tZO, (5)
0 (t<0)
The Green function is then rewritten as
n—1 1
G(t) =Y(t) Z - G;j(t)
j=0 H —a; + ai)
_ (_1\n—1 a
= ") — (teR). ©

In the above determinants, exponent i and index j are such that 0 < i <n—2and 0 < j < n—11in the
numerator and 0 < i,j < n — 1 in the denominator.

Before proving Theorem 1, the following proposition is prepared. We define the Fourier transform
Z :LY(R)NLI(R) — LF(R) of the function u € L1(R) as

Zu(D)](w) = f(w) = /°° w(t)eV 1wt gy

Proposition 1.
=\ 1
V—1lw +a;

(t, weR, 0<j<n—-1).

In order to prove Theorem 1, we transform the expansion of 1/P(z) to a partial fraction. For the
partial fraction expansion

1 n_l 1 1
P(z ; P’(—a]-) -l !
[T (—a+a)
k=0k4j
using well-known facts (see reference [9] p.120 (18))
bz - (—aj)l 0
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and

faA™ b = —

where A is any n X n regular matrix and a and b are n x 1 matrices, we have the following partial
fraction expansion:

:;z—i-a 1)n 1 @)

z—i—a]

The above method is a well-known technique in Heaviside calculus (see reference [10] A. §5, 22.2,
for example).

Proof of Theorem 1. By applying the Fourier transform to the differential equation of (2), we have

-~

(w),

P(d/dt)u = f(t) 25 P(V—1w)ii

and hence

-~

() = é<w>f<w>,
. n—1 b B \/7w+a)
6@ = 57 ~ L et ]Eﬁ/ o

:/0 (g bje”/t>eﬁ“’tdt:/oo {Y(t) g b]-Gj(t)}eﬁ“’tdt.

The only solution of (2) is given by

u(t) = '/_O:oG(t,s)f(s)ds - /_O;G(t—s)f(s)ds (teR),

where G(t,5) = G(t — s) is the Green function. For G(w), using Proposition 1 and (7), we have (6). (5)
follows immediately from

]
ivems i
(D)

which completes the proof of Theorem 1. [

Since G;(t) = Y(t)e %' € LP(R), the Green function G(t) , which is a linear combination of
{Gj(t)}, belongs to L¥(R).
3. The Sharp Constant and the Best Function of Sobolev Type Inequality

In this section, we derive the Sobolev type inequality. This inequality is a special case of Young’s
inequality, for which sharp constants are given in [11]. However, we prove the theorem for the sake of
self containedness. The main conclusion of this paper is as follows.

Theorem 2. For any function u satisfying ul!) € L1(R) (0 < i < n), there exists a positive constant C, which
is independent of u, such that the following Sobolev type inequality holds:

[ulleo < Cl[P(d/dt)ulls. ®)
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Among such C, the sharp constant C(n; a) is equal to the LV norm of the Green function G(t) and can be
expressed as

C(n;a) = C(n;ag,a1, -+ ,an-1) = ||Gllp = {/_O; |G(t)|Pdt}p. 9)

Let u(t) = U(t) be a solution of (2) for f(t) = {G(—t)}g
the inequality holds for

(t € R). Then, if C is replaced by C(n;a) in (8),

u(t)=cU(t) (teR),

where c is an arbitrary complex number and U (t) is given by
Ut = / G(t—$){G(—5)}Tds (—oc0<t< co).

The physical meaning of a Sobolev type inequality is then that the maximum absolute value of a
solution for (2) is estimated by the constant multiple of the L norm of P(d/dt)u(t).

Proof of Theorem 2. For any function u satisfying u(!) € L1(R) (0 < i < 1), we define f € LI(R) by
the following relation:

F(t) = P(d/dtyu(t) (t € R).

Applying Holder’s inequality to the solution formula (4), we obtain

Lo ([ 'G“‘”'pdt);(/o; |f(t)|”7dt>;,

hence

u(s)| < (/Z|G<t>|wt)']’(/°; |f<t>|th)‘l7.

Taking the maximum with respect to s on the inequality, we obtain the Sobolev type inequality
as follows:

sup _[u(s)] < 61 ( [ If(t)lthfdt ~16lu( /7, |P<d/dt>u<t>|th)$.

—o0<s<0

==

Taking the solution u(t) = U(t) of (2) for a particular function f(t) = {G(—t)}7 (t € R), we obtain

the following relation:

U(s) = /°° G(s—D{G(—t)}T dt (s €R).

—00

From the above equality, we obtain the relation:

U(O):/oo \G(—t)\”gdtz/oo |G<—t)|”dt:[ilG(t)Ipdt= IGl|}-

—00 —00
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We also have:

IGllp =u(0) < sup |U(s)| < ||G||p</_°:oP(d/dt)ll(t)th)" _ ||G|p(/_0:o‘{G(—t)}Z‘th>q

—0o0<s<

=16l( /7 |c<—t>|Pdt); — 1o ([ G<t>|r’dt);}5 = Iy =Gl

This means that
1
. :
sup [U(s) =6l ( [ Iptaranueopa)’
—00<s< o0 J —00
which completes the proof of Theorem 2. [
4. The Important Property of the Best Function U (t)

In this section, we show an important property of the best function of the Sobolev type inequality.

Lemma 1. A particular solution U(t) to (2) for f(t) = {G(—t)}g satisfies also (3), that is, is an element of
LI(R), ie.,

u® e L1(R) (0<i<n).

Proof of Lemma 1. Since the best function is a special solution of (2) for f(t) = {G(—t) }5,

U(s) = /_°; G(s — H{G(=t)}1 dt.

Specifically,
o /0 Gls— D{G(—H)}Tdt (+<0<s) /OOOG(s+t){G(t)}%dt (—t<0<s),
U(s) = - = 0 ,
/_S G(s — H{G(=t)}Tdt (t<s<0) /|s\ G(s+H{G(H)}Tdt (—t<s<0).
(i) s>0

Applying the ith derivative of the best function U(s) with respect to s, we obtain

—1

ut(s) = /Ooo (—?; [G(S + t){G(t)}q dt = /OOO { 2(_1)%;‘,%6—@@#) } { :g bke_”kt}g it

j=

Subsequently,
ut(s)| < /(:O {nzl(—l)ia;bje‘“j(yrﬂ} (”bmax)%e_yt it
. =
< (nbas) rf“ﬂbﬂeiaﬁ /°° e dt = (nbya) niﬂ}"lhle*“ﬁ#
j=0 ‘ j=0 app +ajq

n—1
< (Mbnax)” Y ailbjle .
0
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From this inequality, we obtain the following evaluation:

&\‘w

U (s)] < ”bmﬂx il\b|e/ (0<i<n s>0).

Therefore,

/0 (U (s)|7ds = M[g (Z a}|bje_“fs> ds

(HOP) j=0

nb P 00
(1binaz )P a7 g / e "% ds = 5 < o0
(aop)1 0 ag piq

(i) s <0
Similarly, applying the ith (1 < i < n) derivative of the best function U(s) with respect to s, we obtain

-2 et 0() o [T ot st a

q

When i = 0, the above inequality does not have the first term on the right side, such that it is sufficient

to prove the case of i = 1,2, - - - , n. Subsequently,

S ey (P b(i=k)|
<¥lo °>(q)i_k{G(s')}

where (x), = T(x +n)/T(x) (x+n—1)(n>1),and 1 (n

symbol. Since

+ [ |2 o+ o160y

=x(x+1)--- = 0) is the Pochhammer

G(kfl)(0> _ Z(_aj)kflbjefa]-s

= k=1 k-1

j=0 s=0
n—1
G(|S|) = Z bje_aj‘s| < nbmaxe_u0|s|
=0
and
o n—1 i a(s)
?G(S—F t) = Z(;)(—l)la;bje aj(s+t)
]:

|U() (s)| is similarly estimated from above as follows:

=L {Erm),

fo'e) n—1 .
= [T T alble 0 b0 a
S ]:O

(nbgze ol 7~

(nbmax )P,y v

i
Z {nan 1bmux‘ )i_k|(nbmgxe—tl0|5|) q } + aop e
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In summary, the following evaluation can be obtained:

U (s)] < Ais) +By(s),

z{ Lo (p = )il (bmaze™ )7 },

k=
(nbyax)Pal s

Bi(s) = aop

(0<i<n s<0).
From the above estimation, it is possible to obtain the following inequality using Jensen’s inequality:
L u |qu—/ u (s)[9 ds
<2t /t (AN + [Bi(s) 7} ds
=21 (YA 4 (B ()l .
Finally, we confirm the boundedness of each term on the right side:

[ a-syias < [

o P [t]
= “”“;ﬁbmaﬂ(? —1)i—1](nbyax) 7 }q/o e P ds

q
ds

. _r
maln—llbmHX‘ (p = 1)i—1|(nbmaxe ") 1

1 .. . P
< @{maln_lﬁmaﬂ(?’ —1)i1|(nbmax) 7} < 00

and

/“ |Bi(—s)|1ds = {W’W‘W}q /teaopS ds < {(nbmax) P, 19 < oo,
0 0

aop (agp)1+1

Since the boundedness of each term is shown in the above evaluation formula, the following formula
is obtained:

-0 .
/ U (s)|7ds < 00 (0<i<n).

Therefore, the boundedness of the L7 norm for U() (s) is shown using (i) and (ii).

, 00 . 0 , 00 .
U= [ us)ras= [ U+ Ul ) < e.
— 0 —0 0
This completes the proof of Lemma 1. [

5. Examples of Sharp Constant

In this section, we calculate the sharp constants for each of the two special cases.

5.1. Inthe Caseof p =2,3,4- - -

From Assumption 2, the exponent p is a real number greater than or equal to 2, but the following
lemma holds when p is an integer greater than or equal to 2:
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Lemma 2. For p =2,3,4,- - -, the sharp constant Cy(n; a) is specifically calculated as follows:
14— ' %
Co(n;a) = Y ( Z ﬂk]k) H H —ay+ay)” l} :
ot Hna=p JO* 0 k=0 kA1

Proof of Lemma 2. From the sharp constant formula (9)

o sn—=1 p %
Cotma) = 161, = { [ (L o) a},
j=0

we focus on only the integrand of the sharp constant, and calculate the function specifically.

From the multinomial expansion to the Green function G(t) (t>0), we get
! ) '
}p = ( Z b e ) = Z p7.|(boe uot)]o ce (bn_le_”nflt)]nfl
jotigea=p Jote !

| . .
— 7p b]o RN b]”*}67(”0]0+"'+ﬂi171]n71)t‘
p p n—
jot -t a=p JO 7 1!

From the above equation, the L” norm of the Green function is calculated as follows:

1 , 4 o0 . -
IG|I5 = y Pt i [ g (ajot 1)t gy
) - ].O!"'].fl!O n—1 0
Jot - Fn-1=p n

1 A -1
= L e b]’”(zﬂk1k>~

Jot-+jn—1=p Jo: Jn-1
Since the definition of the coefficients b; (j =0,1,--- ,n —1) is

H +ak -1 0<j<n-1),

the pth power of the LF norm of the Green function is obtained as follows:

! (= j
||G||§: Z 'p'<2ak]k> H H ﬂl+ak It
jottjn_1=p Jo: Jn—-1: k=0 =0 k=0,k+#I

This completes the proof of Lemma 2. [

In addition, when p = 1, the L! norm of the Green function is expressed as follows:

0o s n—1 i n—1 1 3
6l = [T (T oe)a=To( -1 )e
j=0 j=0 ]

5.2. In the Case ofaj =j+1

1 n—1

k=0

o0 n=14p. —
ajt = —] = = a_l < 0.
e M o S

9o0f 11

For real coefficients a; = j +1 (j = 0,1,- - - ,n — 1) that satisfy Assumption 1, the sharp constants

may be calculated in a concretely closed form.
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Lemma 3. For p > 2and aj = j+1(j = 0,1,--- ,n — 1), the sharp constant Co(n;a) is specifically
calculated as follows:

1 T(T((i—1p+ D)\ "
C“””‘dwn{ NCTESY }‘

Proof of Lemma 3. Calculating the value from the definition of the coefficient b;, we obtain

1 1 1
bj = P'(—a;) = a1 T Tl
[T (—aj+a) 11 (i+k
k=0,k#j k=0,k#j

B 1 (=1 (-1 (n - 1)
i n-1 T jn—1-j T\ j )

[1j+k) T (=j+k)

k=0 k=j+1

From the above equality, the Green function is composed as follows:

N et 5 (G (=1
G(t)—];)b] =) r(n)< . )

j=0 J

_i”*l 1y n—1 _.t_i IR
_r(")];)( 1)]< j >e]_r(n)e (I—e)" (t20).

Subsequently,

Je's) 1 s - B .
|‘G‘|£:./_00’G(t)|pdt:m/0 e pt(lfe )p( Udt
_ 1 _T(pI((n—1p+1)
_WB(P,P(n—l)H)_ OISR

Therefore, we obtain the sharp constant

Co =Gl =

1{rwn«n—np+n}i
I'(n) T(np+1) '

This completes the proof of Lemma 3. [
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