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Abstract: In this paper, we propose a method for deriving energetic-property-preserving numerical
schemes for coupled systems of two given natural systems. We consider the case where the two
systems are interconnected by the action-reaction law. Although the derived schemes are based on the
discrete gradient method, in the case under consideration, the equation of motion is not of the usual
form represented by using the skew-symmetric matrix. Hence, the energetic-property-preserving
schemes cannot be obtained by straightforwardly using the discrete gradient method. We show
numerical results for two coupled systems as examples; the first system is a combination of the wave
equation and the elastic equation, and the second is of the mass—spring system and the elastic equation.

Keywords: coupled system; natural system; energy-preserving numerical scheme; energy-dissipating
numerical scheme; discrete gradient method; geometric integration; port- Hamiltonian system

1. Introduction

Recently, against the background of complication of designing industrial products, the necessity
of coupled simulation of plural phenomena according to different equations has increased. To carry
out such simulations, first, it is necessary to construct and discretize appropriate mathematical models
before numerical calculations. However, even if the equations for individual phenomena are known,
naive combination of the equations easily results in violating important law of physics such as the
energy-conservation law [1,2].

In this paper, we propose energetic-property-preserving numerical schemes for coupled models of
two given natural systems. Popular models for coupled systems are the Port-Hamiltonian systems [3].
From the viewpoint of geometric mechanics, in this approach, the equations are described by using
the Dirac structure, which is a geometric structure generalized from the symplectic structure and
the Poisson structure [4]. This structure describes the energy transfer between the systems, thereby
deriving the model equation in such a way that the energetic property of the coupled systems is
preserved. It is also known that the resultant coupled system is also port-Hamiltonian and hence
models for large coupled systems can be derived in a systematic way. In addition, the Lagrangian
formalism of this approach is also reported [5-7].

Regarding numerical schemes for the port-Hamiltonian systems, energy-preserving and
passivity-consistent numerical schemes were proposed by Celledoni and Hoiseth [8]. Focusing
on a discrete energy balance equation and the stability under interconnection, Celledoni and Heiseth
proposed a definition of discrete port-Hamiltonian systems. Port-Hamiltonian systems are typically
written as

% = (B(x) — R(x))VH(x) + G(x)u, x(0)=x9, y=G(x)"VH(x), (1)
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where x € R" is the state variables, u € R™ is the input, and y € R™ is the output. B(x) is a
skew-symmetric matrix, which is often corresponding to the Hamiltonian structure of the underlying
systems. G(x) is a n x m matrix. H : R" — R is typically an energy function. R(x) is a positive
definite matrix, which is corresponding to the dissipation property of the system. For conservative
systems, R(x) = 0. In [8], two conservative systems, one of which is supposed to be given while the
other is a controller to be designed, are assumed to be interconnected by

% = B(x)VH(x) +G(x)u, x(0)=1x, y=G(x) VH(x),
% = B(¥)VH(%) + G(%)i, £(0) = %o, j= G(f)TVI:I()?),
S @

so that the total energy is preserved:

d ~ T -
gH+A) =y utygla=y'g-g'y=0 ®)

In fact, the above system is shown to be

d (") — C(x, %) (V“‘(H i If)) @
dt \ ¥ Vi (H +H )
with a skew-symmetric matrix C. By using this structure, energy-preserving and passivity-consistent
numerical schemes are successfully derived.

In this paper, we consider a slightly different situation where two natural systems are
interconnected by the action-reaction law. Natural systems are systems that are derived from
Lagrangian defined as the difference between the kinetic energy and the potential energy. This type of
coupled systems naturally arise in industrial simulations. The systems under consideration can be
infinite dimensional and hence we consider three types of interconnections, that is, those between an
ODE and an ODE, a PDE and a PDE, and an ODE and a PDE. As explained in Section 2, due to the
action—reaction law, the systems are not always written in the form of Equation (4). Hence, a different
approach to designing energetic-property-preserving numerical method is required for these systems,
which we propose in this paper.

This paper is organized as follows. In Section 2, we explain the coupled systems and the energy
conservation law of these systems. Then, we propose energetic-property-preserving numerical
schemes for the coupled systems. Section 3 deals with the systems consisting of finite dimensional
systems and Section 4 does the systems including infinite ones. Numerical examples are shown
in Section 5.

Remark 1. The above three types of coupled systems often appear in industrial simulations. For example,
let us consider simulations of the stringed musical instruments, such as the guitar and the piano [9]. The one
side of strings of these instruments are typically attached to a bar-shaped part of the instruments, which is
called the bridge. Each string and the bar are modeled as infinite-dimensional natural systems and they are
in contact at a single point. Hence, this case corresponds to the interaction between two PDEs. Meanwhile,
the strings of the piano are excited by the hammer, which is modeled as the interaction between a wave-type PDE
(a model of each string) and a mass—spring ODE (a model for the hammer) (see Figure 1). In addition, designing
numerical schemes for the above two cases often reduces to the case of interconnections between two ODEs by
semi-discretization in space (cf. Section 4).
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A bridge modelled by a PDE

A string modelled by a PDE

ﬁAn input from a hammer modelled by an ODE

Figure 1. An example of coupled systems (a rough model of a piano). In this example, the string and
the bridge are modeled as PDEs, which they are in contact at a single point. Excitation of the string by
a hammer is typically modeled as an ODE.

2. Interconnection of Natural Systems

In this paper, we consider interconnection of two natural systems with dissipation terms. Natural
systems are systems derived from the standard Lagrangian that is defined as the difference between
the kinetic energy and the potential energy. For example,

d?u

mi
ds?

= —-VV(u), (5)
where m is a constant, u is the vector of the state variables, and V is the potential function, is a natural
system because this is the Euler-Lagrange equation associated with the Lagrangian

) m (du du
L(u, ) = > <dt . dt> —V(u). (6)

The system in Equation (5) often arises with the damping term

d?u du

T @)

in which G is a positive semidefinite operator. If G is proportional to the identity operator, the operator
G essentially denotes the damping coefficient. For simplicity of notation, regarding G as a 2-form,
we often write for vectors or functions wq and w;

G(w1,wy) = w{ Gw, (8)
or

G(wy,wy) = /wlngdx- )

These are nonnegative if wy = wy.
Another example of a natural system is the Euler-Lagrange partial differential equation of the
following form:
o%u 0H

o = ou’ 10)
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where p is typically the density and H /Ju the variational derivative. The variational derivative is the
gradient in functional spaces, which is defined by the function that satisfies

dH(6u) = <(;I: (5u>L2. (11)

dH is the Fréchet derivative and (-, -);» is the standard L? inner product. In fact, the partial differential
Equation (10) has the Lagrangian

c(u,git‘) -/ [P (?;‘) (u)] dx. (12)

Similar to Equation (5), Equation (10) is often accompanied by dissipation terms:

%u 0H ou
P32 = "o Yar (13)

Example 1. For example, the wave equation

P _ i

2~ o2 (14)

on the interval (0, L) under the periodic boundary condition is the Euler-Lagrange partial differential equation,

of which Lagrangian is
L Ju ¢ (du
I lp (m) 7 <8x> ]d"- (15)

In this example, H is

Le2 /u\?
H(u)z/o S (ax> dx (16)

and the variational derivative of this functional is

ﬁ o 2321{

i - S (17)

because under the periodic boundary condition it follows that

dH((Su):/OL( 322>5udx_< 2322,5u>L2 (18)

from the formal calculation

H(u+éu)—H(u) = /OLCZZ (;(u+§u)>2dxALC2 (gi)zdx

= / 2 — ou aéu dx + (higher order terms)

2
— / ( 28 )dx+(higher order terms.) (19)
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Throughout this paper, we suppose that two natural systems with dissipation terms of the form
in Equation (7) or Equation (13) are in contact at a single point and through this point the two systems
are exerting a force on each other. As noted in the Introduction, we consider the following three cases:
interconnections between an ODE and an ODE, a PDE and a PDE, and an ODE and a PDE.

To begin with, we consider the first case. =~ As mentioned above, we assume that systems
are interconnected in such a way that the force between each two subsystems is described by the
action—reaction law. More specifically, we assume that the coupled model is written in the form

d?u, dzuz dus
m =-VVi(u — e, m —VWh(u —= — fe.. 20
g2 = 1(1)g1dt+fz 247 2(2)gzdt fej (20)
uyp € R™,up € R" are vectors of state variables which are possibly of different dimensions. ¢; is the
jth unit vector representing the contact point. f is the scalar function of ¢, which we define so that
the total energy of this system is preserved when the dissipation terms do not exist. First, the time

derivative of the total energy of the system is

d du; duy duy duy
dt(Z <dt dt>+v1( D (dt dt)+v2( )>

. du1 d2u1 du1 duz dzuz duz
= mq (dt dt2)+ ar VWV (uy) +my T T + —= - VVa(up). (21)

dt

Substitution of the equation yields

d d d
Equation(21) = ;tl (—VVl(ul) - 91§ —i—fel-) + % -V Vi (up)
du du d
+ dii’z <—VV2(M2) - de—tz —fej) dur VVZ(MZ)
- du1 du1 duz dle du1 o du2 )
B TR TR e T TR A TR AP A T
_ duy duy du2 duy % _ %
=9 0Cq g ) 90 dt)+f[< dt>i <dt M @2)

where (d 3t )i denotes the ith component of the vector d;t" In the absence of the dissipation terms,

this becomes
duq duy
— | —l==) |- 2
fl(dtl (dt>]-] =
Thus, for conservation of the energy
du1 - dle
(%), (dt)]- 24
is sufficient. For this condition to be held, we impose that
_ <duz>
=0 dt /;

d2uy\ [ dPup duy
ez ), \de2 )}’ dt /;

(25)

t=0
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also for the systems with dissipation terms. From Equation (20) and the first equality of Equation (25),
we get

- (V)i () +f] - levz(uz)) gz(d”z),f], )

m1

which gives

f= m1+ (VV1(M1)+91 ) m1+ (VV2(M2)+92 ) (27)
As a result, the coupled model equation is
d21/l1 d2u2 duz
m——m = —=VVi(u1)— 91 +f€1/ my——= = =VVh(uz)=Go—= — fej,
dt dt dt
1y
f=tm (VVl(M1)+gl ) m1+ (VVz(M2)+92 ) (28)
Remark 2. If we write
du1 duz

= Uy, =my—, = Up, =my—
q1 1, P1 1(:“_L q2 2, P2 zdt

1 1
H(q1,p1,92,p2) = 2, P11 +Vi(q1) + P2 P + V2(q2), (29)

Equation (28) without the dissipation terms can be written in the Hamiltonian formalism:

VVi(q1)

7 O I O O P
d|pm|_|[-1 0O 0 O ™

|| |0 0 o0 1

D 0O O -1 O VVa(q2)
P2

1y

0
ml}rmz (m2(VVi(q1))i — m1(VVa(q2));j)  ((nq 4 i)th component)
0 (otherwise)
+ 0
mlimz (ma(VVi(q1))i — m1(VVa(q2));)  ((2m1 + nz + j)th component
0 (otherwise)

oH
8q1

o1 0 o0 gﬂ
|-1 o o of|°"n
|0 0 O I||sy

O O -1 O %
oH

op2
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0
ml}rmz (mz(g%)i — ml(a%)]) ((n1 + i)th component)
0 (otherwise)
+ 0
_m]}rmz (mz(g%)i - mﬂ%)]) ((2n1 + np + j)th component)
0 (otherwise)
on
oq1
o1 0 o0 ;LH
_||-1 oo o], 4 P1
B O O O 1 oOH ’
O O -1 O 872
o
apz
where B is the matrix that has only 4 non-zero components
myp mq
Bi+n1,i = m, Bi+n1,j+2n1 = —m,
B, o m B, . __ ™
j-+2n1+np,i my + o’ j+2ny+na,j+2m my +my’

7 of 27

(30)

(31)

Because, unfortunately, the matrix B is not skew-symmetric, the equation is not of the form in Equation (4);

however, as shown in the next theorem, the total energy is conserved.

iy duy
dt /il \dt /;

for any solutions to the equations of the interconnected systems

Theorem 1. Provided that

7

t=0

d21/l1 d2u2

m-am = —VVi(up)— 917 + fe;, my——>- an VW, (up)—G
_ duy
f= mlT(VVl(”l)‘Fgl )1 m(vvz(uz)+gz )js
the energy is not increasing:
dE du1 du1 duz duz
— <

g - 9Cgg) 9t ) =0

- _m % diy _ M (duy dup
E=Eth h=73 <dt dt>+v(u1) F2=73 (dt

In particular, in the absence of the dissipation terms, that is, G; = Gy = 0, the energy is preserved:

dE

(32)

(33)

(34)

(35)

(36)
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Proof. From ith and jth elements of Equation (33), the following equations hold:

d2M1
KT

Substitution of Equation (34) into the above yields

d2u1
M ae )|,

1

= —(Vvl(ul) +g1ddut1>‘+

d d? duz
= —(VVl(ul) +gl(;1>.+fr 2 (CUL?) ’ - (VVZ(MZ) 62 dt )-_f'
j i ) ]

my
my + my

mq dul

=— (VVl(ul)—f—gldt)i_

du1> mq

du
(Vvl(ul) + glﬁ . (VVz(Mz) + detz) ‘
1 ]

dle

<VV2(7/‘2) + g2dt> K
]

mq
mq + mp

mq + mp

which is equivalent to

d2u1
de?

In the same way, we have

B 1
. myitmp

duy 1 duz)
V; — ) — VvV — ] .
(V 1(u1) + G1 T )i m1+m2< H(u2) + G ar ),

d2u2 my duq my du,
_— = — _— _— V _—
e ()| = i (T + GG 4 (Tt )
and, hence,
dzuz 1 dul 1 duz
S22 = - et O [y () vA 1/ =2) .
< dt? >’] mi + my (vvl(ul)+gl dt )i my + my <V 2(12) + G2 dt >].

Thus, we get

d21/11 d2u2
_ (92 7
(dﬂl (dﬂl 47

for all t. Hence, using the assumption on the initial conditions in Equation (32), for any ¢, we have

dul _ du2
(w)i - (w),r 38)

Meanwhile, as shown in Equation (22), the time derivative of the energy is computed as below:

(%), - (%) |

dE duy duy B % @

Therefore, from Equation (38), we obtain

dE duq % B duy dup
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In the same way, we can obtain similar theorems for the other two types of the interconnected
systems. Firstly, we consider

%u ou
P1 atzl = g1 ! +f5(x - xl) X € (O/ Ll)/
9%u Bu
Pziatzz = —7—92 2 — fo(x —xp) x € (0, Lp), (40)

where f is a scalar function of ¢. J is the Dirac delta function, and hence the equalities in the above
equations are in the weak sense; however, the following computations are naively performed for
simplicity. The terms with the Delta function represent that the two systems are interconnected at
x = x1 for the first system and x = x; for the second. For this coupled system, the total energy is
defined by

E=E| + E,

N L R TR A € R

Theorem 2. Suppose that the boundary condition is appropriately imposed so that

dE oy %u; oWy L2 9uy Zuy, SV,
a=h (Pl o7 oy > 05 ( 250 +(5uz) dx. “2)

dx. (41)

Provided that
(aul> - (auz) , (3)
at X=X1 =0 at X=X =0
for any solutions to the equations of the interconnected systems
0%u 5V ou 0%u oV, ou
O5E = gy Gy H ), e = =G G folx - x),
P2 (W duy > P1 (5V2 3M2)
f= P1+ P2 <(5u1 1ot x=x; P1+p2\0uz 2 =1 (“44)
the energy is not increasing:
dE au1 duq auz duly
= = _ — <0.
dt /o GG 5 ) /0 G2 5 Jdx =0 #5)

In particular, in the absence of the dissipation terms, the energy is preserved:

dE
S -0 (46)
Secondly, we consider
d?u %u SV, ou
mﬁ = —VVi(ug)— gl—+f i p?; = —Z—Qz E—filx—x) (x€(0L)), 47)

of which the total energy is

E=E +Ey,
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dx. (48)

_mduy diy L2t (ouy 2
Ei=55r — TVl Ez—/o [2 5 ) T Valu)

Theorem 3. Suppose that the boundary condition is appropriately given so that

dE du1 d 1 Ly duy Puy, oV
Provided that
(dul) - (auz> , (50)
dt ilt=0 ot X=x2 |40
for any solutions to the equations of the interconnected systems
d?u, duq 9%u, oV, 8u2
m-py = —VViln)=Gi-o= + fei, p=5 = —*—gz — fo(x — x2),
0 duy m %) ouin )
_ — b —= 51
f= b ) m+p( a5 1)
the energy is not increasing:
dE du1 duy Ly  Quy oup
= Z7e 772 <
(G G - (G Shdx < 2)
In particular, in the absence of the dissipation terms, the energy is preserved:
dE
T 0. (53)

We omit the proofs of Theorems 2 and 3 because they are proved exactly in the same way as
Theorem 1.

3. Energetic-Property-Preserving Numerical Schemes for the Finite Dimensional
Coupled Systems

In this section, we propose energetic-property-preserving numerical schemes for the above
finite-dimensional coupled systems. Although the equation is not of the form in Equation (4), we use
the discrete gradient similarly to CelledoniHeiseth [8]. A discrete gradient is defined as follows (see,

e.g., [10])

Definition 1. A discrete gradient of a function V : RN — R is defined by a vector valued function V'V (u,v)
such that

V(u)— V(o) =VV(w,0)- (u—0), VV(uu)=VV(u). (54)
The first condition is a discrete counterpart of the chain rule

dv du
T vv. T (55)
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The second condition assures that a discrete gradient is indeed an approximation of the gradient.
A discrete gradient is not uniquely determined and hence several ways for designing a discrete
gradient have been proposed. A typical way is the average vector field method [11]:

VV(u,0v) = /01 VV((1—s)u+sv)ds. (56)

Another choice for obtaining a discrete gradient is the automatic discrete differentiation, which is
a method to automatically derive a discrete gradient in a similar way to the automatic differentiation;
see [12].

In what follows, we use the following symbols for the discrete systems. The step sizes are denoted,
for example, by At and Ax. An approximation of u(nAt) is denoted by u("), where u(") can be a vector
ulm = (ugn) Sy ug\?) ). Similarly, for partial differential equations, an approximation of u(nAt, jAx)

is denoted by u](-”). For simplicity of notation, we also use the following difference operators:

(n+1) _ (n) (n) _ (n=1) (n+1) _ (n=1)
sy . AR S (B s m Y i
£ At SR At S 2At ’
(n+1) 5 (n) (n—1)
52,0 _ u; 2u]- +u].
e (A2 '
(m) _ () (m) _ () (m) _ ()
PO N L W AR () B B e T¢I () B A W
U Ax 7 T Ax 7 T 20x
(n) _ oy n) 4 (1)
s o _ M T2 T 57
X ] . (Ax)z 7
and the averaging operator
(n+1) (1)
) + u:
G R I
Al = 5 . (58)
Note that the difference operators and the averaging operator commute; for example,
o Aful™ = Afoul. (59)

We first consider the coupled system in Equation (33). For the other two types of systems,
the numerical schemes are obtained by replacing the discrete gradient by the discrete variational
derivative [1,13] or by discretizing the partial differential equation in space in such a way that the
resultant semi-discrete scheme becomes a finite dimensional natural system; we discuss this below.

We discretize the Hamiltonian form of Equation (33)

du do
ditl =171, mlditl = —VVi(u1) — Giv1 + fe;,
du do
Q= mE = Vi) - Gy — e,
o duyy o m diay,
f = s (V)61 G = T (VVa2) 162 G2, (60)

in the following way:

(5;"u§") = A?‘vgn), mléj'vgn) = —VVl(ugnﬂ),ug"))—gl./l;"vg") —&—f(’l“‘%)e,-,
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5t+u£n) _ Afvén)/ mz(sivgn) _ *ﬁVz(uywl),Mgn))*ngjvgn) 7f(n+%)e],,
1 m = n n n m = n n n
foed = 2 (V™Y ") +G1Af o) — P (Ve Y, )+ G A o >)j. (61)

Under an assumption that corresponds to Equation (32), this numerical scheme preserves the
energetic properties of the systems in the following sense.

Theorem 4. Provided that

(), 4 )

for any solutions to the numerical scheme in Equation (61), the total energy is not increasing:

(n+1) _ p(n)
EST —EY

A d — —gl(ét*u@,(sjug”)) — gz((5+u£n),5t+u§n)) <0,
n m n n n m n n
B = Zhof” - of + (") + Fof” o)) + va (). 63)

In particular, in the absence of the dissipation terms, that is, G1 = Gy = 0, the energy is preserved:

(n+1) _ p(n)
EUY _E
n 0. (64)

Proof. The proof is almost the same as the continuous case. First, from the definition of f (n+3) it
follows that

m15t<2>( (”)) m1(5+5 (u ())i
= mof oy (" ”>i
—m1§+(A+Ul )1
= mAf (oY),
= AF (-, u") = GuAfo ) 4 fie))
=Af [— (Vvl(ug”),uﬁ”*l )+Q1.A;“vlnfl))i

my = -1 -1

. m
my + My
:Aj< M (T, i) 4 G AT,

my + my

(Vo ul™) + ngfvé””»)}

mq
mq + My

(vvz(u§ L ul") 4 g AFolt 1))]-)

and hence

1 A4 - p—
5t<2>(u§”))i = —.A? (m1 T (VV1(M§H),u§n 1)) +g1A;rv§n 1)>i

(Frald”, ™)+ G2 o) )

mq + mp
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In the same way, we get

ma6 (")) = — A (’”2 (Vi " )+ Guafo )

mq + mp
nip
mi + mp

(Vva(ud”, u" 1))+ngjv§”—1>)j>,

from which we have

(FVia?, ) + G o)

(vwwwﬂyln+%AﬁyAQ).

mq + mp

Therefore, we obtain

and

(S;F(Mgn))i = 5?(1/[%”) )]
for all n from the assumption on the initial conditions in Equation (62). Meanwhile, the time difference
of the discrete energy function is

1
E((jnJr ) Eén) _ i

my_(n+1) (n+1) (n+1) mp (n+1) (n+1) (n+1)
e mllRe F0) SRt ()

2 1 22

— (B ol + () + 2o o+ Vi (u))
1 n n n n n
(S o) @ — o) + v (™) = v ()

Y o) @ o) 4 () - Vi)
= mAf o) - 6 o)) + TV ) - (0 )

+ mzAt*vgn) . (vagn)) +§V2(”£n+l)f”£n)) : (5t+”£n))-
Substitution of the numerical scheme in Equation (61) yields
mlA?’UY') . (5;’05")) +?V1(u§n+l),u§n)) : (éjugn))
FmaAfo” - (o of) + vvzwé”*” ué’”) (67 ")
= 57 ul™ - (Vi (", u) — G AT+ F D) + TV (Y, ) - (5 ul)

+ o (=Tl ul) = G o) — ey 4 TV (™, ulY) - (67 ud)
_ —%(r&*uﬁn),ét*ul ugn), 5; ( )) +5+ (n) .f(n+%)ei _ 5t+u£ﬂ) _f(n+%)€j

() _ g, (s
= —Gi(6ul™, 5 u") = G5 ul" ),amz )+ £ (o™i - (o us™);)
) = Ga67

= —Gi(stul”, o7 ul" Fus, s ul)

U, *,

because 5;’(u§n))i = 5?(”571))]" .
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4. Energetic-Property-Preserving Numerical Schemes for the Coupled Systems Incorporating the
Infinite Dimensional Systems

The numerical scheme for the partial differential Equation (40) can be obtained in the following
way. First, the equation is semi-discretized in space into the ordinary differential equation of the
form in Equation (20), which can be achieved in the straightforward way by discretizing the potential
function in space as seen in the following example. For a general method of semi-discretization, see,
e.g.,[1,11,13].

Remark 3. For example, the wave equation with the wave speed ¢ and the damping coefficient -y

Pu_ ,9%u  du

ﬁ = axz *’)’g (x S (0, L)) (65)

on the interval (0, L) under the periodic boundary condition is discretized to

d?u; du;
] 2520 oy i .
g2 = ¢ oy uj(t) Tq (j=0,...,N—1,)
uN = ugp, (66)

where uj(t) is an approximation to u(t, jAx), Ax = L/N. This is an ordinary differential equation of the form

d?u; du; (6Fui)? + (87 uj)?
i oy _ 2 _ 2 \Ox U x Ui
a2 VV -« T V(u)=rc > . (67)
Second, we need to discretize the term with the Dirac delta function:
fé(x — xo). (68)
Because the delta function is defined by requiring
[ 8(x)0(x = xo)dx = g(x0) (69)

for any continuous function g, we need to discretize this functional while satisfying this condition in
some sense. A straightforward discretization would be

0  (otherwise,)

1 .
fo(x—x0) = fe;, ¢ = {AX (= o) (70)

where jj is the integer that has the nearest joAx to xg. A more sophisticated way is first approximating
the Dirac function by a continuous function, such as the Gauss function

(x — x0)? (x — x0)?

1
202 )= V27102 exp(— 202

5(x —xg) = lim ! exp(— ) (with a small 0) (71)

c—0 27'[(72

and then discretizing this function; for example,

)~ fe = S0 _ (jAx — xg)?
fo(x —xo) =~ fej, ¢ = ~— exp( 52

) (72)
with a small ¢. cg is the normalization constant that is defined by requiring

Y eidx=1. (73)
i
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Following the procedure described above, we can semi-discretize the system of the partial
differential equations in Equation (40) into

d?n d?i, o o , dily  »
Plﬁ:—v 1(i1) — g17+f€1, Pzdz :—sz(uz)—ng:—fﬁzl (74)

and Equation (47) into

~

d?n . 5 d?a, dn
1 = —VVz(uz) GZT: — fS, (75)

mﬁ =-VVi(iy) - gl +f€z/ P ET%

where ¢,¢1, ¢, are vectors that approximate the Dirac functions and " over the symbols denotes
approximated values by the semi-discretization. The following theorem is obtained in the same way
as shown in Section 2.

Theorem 5. Provided that

diy dii;
‘111 1° dt - ‘112 2 dt (76)
for any solutions to the semi-discretized scheme
d?n d?n 5 di,
Pl?zl = -V () — Ql +f€1, P2 dt22 = —VV,(i) - QzCth — fe,
» €€ €€ 5 dil di
F= (Vl L R 2) (”l (VT () + G o) — B2y (U0 () + 6o 2)) (77)
P1 02 P1 at’ p
the energy is not increasing:
dE dul du1 5 duz dilp
e TS R G T 78)
du1 du1 duz dﬁz A A
<P1 a ~E+V( )) p1+ (Pz T 'Cit-i-Vz(uz)) 12, (79)

where 1, pp are 1 or Ax, which are determined depending on whether the system under consideration originates
from an ODE or a semi-discretization of a PDE. In the absence of the dissipation terms, the energy is conserved.

Remark 4. This theorem shows the enerqy behaviors of both the system in Equation (74) and the one in
Equation (75) because Equation (75) is obtained by setting e1 and e, in Equation (74) to e; and e.

Proof. In the same way as before, we have

dE . du1 dzfll A A dﬁl duz d le dﬁz
P (P FTRRrT +VV1(M1)'7 i+ |\ p2— i a7 + VWh(hy) - == | 2
da N N di
= ( dtl (-VVl(M1) g1 +f€1> + VVi(iq) - dtl) 251
da N N di,
+ < dtz (—VVz(M ) — sz —fsz) + VVa(ilp) - T, )}42

day da dia, dip 2 di di,
GG g = G e F (e e e).

Hence, the proof is competed if we have

diy diip

gy g 2 =0
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which follows from the assumption in Equation (76) on the initial conditions and

= 2. =0. (80)

We show this equality in what follows. Computing the innerproduct of yi1¢; and the equations
for i1 gives

dzn
H1p1€1 - dt1 = —mer - VVi(ily) — prer - Ql +fH1€1 €1.

Substitution of f yields

e L
MP1E1 "~ 3

= —mer - V(i) —

€1-¢€ £y € da dn
+V1£1'81(V1;1 1 Bt 2> (m (VW) + G 1)—&2 (VVa(i2) + Go 2))

02 01 02
H28E2 - €2 H1€1 - €
N , dil da
=- P2 (V1€1 (VVi(d) + 61 dtl )) - P2 (Vzﬁz (VVa(2) + Go 2))
H1€1 €1  H2E2 - €2 H1€1 - €1 H2€p - €2
+ +
P1 02 £1 P2

and hence we get

M2€n - €2
din N . dil
ey - del =— L (V1€1 (Vi (i) + gldtl))
Hi€1 - €& n H2€2 - €2
01 02
H1€1 - €1
N . dil
P12 (stz (VVa(ip) + de:)) .
Hi1€1 - €1 n H2€2 - €2
01 02
In the same way, we also have for 7,
., Eh
P21282* ~ 35
Ha€z - €2 Hi1€1 - €1
. da d
= - £ (ﬂ181 (VVi(iy) + Gy ;ltl)) - AL (Plzez (VVa(i2) + Go (;2))
H1€1 - €1 T H2€p - €2 H1€1 - €1 H2€p - €2
P1 02 O1 02
and
M2€n - €2
d2n . 5 dit
€ - dt22 == Prp2 <M1€1 ~(VVa(in) + g1dtl)>
Hi1€1 - &1 i H2€2 - €2

01 02
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H1€1 - &1
N da
0102 <‘Z/lz€2 . (VVZ(LQ) 2)> ,
H1€1-€1 U282 - &2
+

01 02
which shows Equation (80). O
Theorem 6. Provided that

per -0y —per -0 e a5 — ey -0
At N At ’ (81)

for any solutions to the numerical scheme

of ;" = A*@E"’, pr070" = —Tvi(al" ™, af") — GLaF o) 4 f ey,
sray” = Afel, ool = vvv("*” ay") — G A0y — ey,

fled) — (ylijl -+ W;zﬁ) (ﬁiel‘(vvﬂa&"“%ﬁ%”))+GlAfﬁ§”)>

B2 (Tl 4y 4 G o) )) . ®

the total energy is not increasing:

n+1 n
At
EY) = (Bol ol + tr (™)) + (P20l - o + Vo) ) pa (83)

~Gi( ™, 5\ — Ga (6, a5, 57l s < 0,

In particular, in the absence of the dissipation terms, that is, Gy = G = 0, the energy is preserved:

(n+1) (m)
Ed — Ed —_
B Ve 0. (84)

Proof. This theorem is obtained in the same way as before. The time difference of the discrete energy
function is

(n+1) (n)
E —E N N
s D B 1 [(Pl 6§n+1) .ﬁgn+1) + Vl(u(n+1))) 1 + (&v§n+l) _ﬁgnJrl) z(ﬁgﬂrl))) 1

At At
(G o ) e () 0t ]

1 N N N N PN A

_|_

At L\ 21
+ %(Agn-‘rl)_i_ﬁén)) (ﬁén—H) Aén))_’_ A2(ﬁ£n+l)) Vz(ﬁén))> ]12}
— (Ao o) 4 T, ) 5
+ (o2 6 - (508" + T 0a (Y, al") - (5 a8") ) oo (85)

Substitution of the numerical scheme in Equation (82) yields
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Equation(85) = 5?1?%")-(—?Vl(Agn+1),ﬁ§n)) G1A+vl —i—f"Jr 81)+VV1(AEW+1),12§">) (éfﬁim)) M1
+ (ol - (~ (™Y, ) - ng+ f Je2) + V(™Y al") - (67 a5") ) pa
= —Gie ", or ") - Goay”, o )Jrf"+ V15+u§> &1 — fr st e
= Gioral, s a") — Gao a6 al) + D) (puer - (07 al") — puaea - (67 28"))

Thus, the proof is completed if we can show that

pe - (67 a") = paes - (670") = 0,

which follows from
mer - (62 08) — paes - (57 0") = 0 (86)

under the assumption in Equation (81) on the initial conditions.

(n)

From the scheme in Equation (82) for 71;"/, we have

pumer - (677 ") = puyner - (6707 ay" V)
= piper - & (A" V)
= p1per - Af (676 511y
— e A7 (V0 a0, a0 Y) - G Are Y 4 foDe)
= e AT [<T0 ") - Grapel

-1
+ (ng ot 82) (’”81 (V@ al" Y + At el

H2€2 - €2
= Al |- £z (e - (W@, ") + Guafol"™))
H1€1 - &1 n U282 - &2
01 02
H1€1 - &1

P2 (

Hi1€1 - €1 i H2€2 - €2
P1 02

which shows

H2E2 - €2
i€ - (5t<z>ﬁ§n)) =Af |- pip2 (V1€1 : (§V1(M§ ),fé” Uy 4+ Q1Afrﬁ§”71)))
Hi1€1 - &1 n H2E2 - €2
01 02
H1€1- €1
PPz (Vzﬁz (VVa(a”, 2y V) + gAzAfﬁénfl)))
Hi1€1 - &1 n H2€2 - €2
01 02
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In the same way, we have

P212€2 - (552) ﬁé”))
MH2€2 - €2
=AC |- = (um (V@ al" ) + QlAjﬁ§”‘1>))
H1€1 - €1 n U2En - €2
P1 02
H1€1 - €1
P1 (Y A(n) (n—1) 5 g4 a(n—1)
pe-a Ptz &2 (;1282 (V¥a(iy ™ i) + 02 AD, )) ’
P1 02
and hence
U282 - €2
M2 - (552)ﬁ§n)) =A |- Hie1 -elplmﬂzez & (P‘lel : (VVMﬁYl),ﬁgnil)) + QHAME”*D))
+
P1 02
MH1€1 - €
faez (P‘zﬁz (Vwa(ag, al" ) + gAzAt*z?é"*l)))
Hig1-&1 " M2€2 - €2
P1 02

This shows Equation (86). O

Remark 5. The accuracy of the proposed schemes depends on the choice of the discrete gradient and also on
the spatial discretization if the systems are infinite dimensional. If the discrete gradient is symmetric, then
the scheme is second-order accurate in temporal direction because the scheme is also symmetric; otherwise, the
scheme is first-order accurate. For example, the average vector field method in Equation (56) yields a symmetric
discrete gradient. As for the spatial direction, the accuracy mainly depends on the discretization of the Dirac
delta function; however, since the equations are discretized by using the finite difference method, it is actually
difficult to determine the accuracy of the discretization of this functional because the Dirac delta function does
not admit the standard Taylor expansion. For precise analysis, the finite element method should be applied.

Remark 6. Because the above schemes are implicit, they are stable but computationally expensive. There are
several techniques to reduce the computational effort for solving the system of equations, which arises from the
implicit scheme. For example, the predictor—corrector method proposed in [1] deserves consideration.

5. Numerical Example

In this section, we show two numerical examples. The first example is a coupled system that
consists of the wave equation and the elastic equation

%uy  %uy dug
o2 ﬁ_’hﬁ +fé(x —x1) (x€(0,L1)), (87)
82u2 a4u2 8u2
53 = o g —fix—x) (x€(0L)), (88)
1 ( 9%y 9%y Uy duy
f==351 32 Ewe v + 1= (89)
2\ 02 |y, ot |, Ot [y_y, Ot |y,
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under the boundary conditions

u1(£,0) =u1(t,L1) =0, up(t,0) =up(t,Ly) = —=
The total energy of this system is

E(t) = E{(t) + Ex(t),
E= [ ;(ag‘;)z@ (agjj)zl a E)= [ [; (%”f)i; (f}j‘;)z] dv. O

J0
Following Equation (61), we discretize these equations into

0
& ”gn) 0 I 0 0 Afugn) fa  (kith component)
5?”@ _ | D2 —ml 0 0 At*vgn) N 0 (otherwise)
su” | o 0o 0o AFu™ 0
5t+vén) 0 0 —Dy —l Ajvgn)
—fa (kath component)
0 (otherwise, )
1
fd = ) ((5§2>Aju§”))kl + (5§4>A;ru§n))k2 _ 71At+ (Ul)l(!f) + ')’ZA;F (02)](;1)) ) (92)

where we use for simplicity the same step size Ax and At for both systems and k; and k; correspond to
the interconnecting points: kjAx = x1,kpAx = x5. (7)™ and (u3)(") are the vectors that consist of
(ul)](-”)s and (uz)](n)s. D, and Dj are the difference matrix defined by

5 —4 1
-2 1 -4 6 -4 1
1 -2 1 1 -4 6 -4 1
Dz*ﬁ , D4—§ , (93)
1 -2 1 1 -4 6 —4 1
1 -2 1 -4 6 —4
1 -4 5
2u *u

which are the approximations of §7, 97 by the central difference operators under the boundary
conditions in Equation (90). Without the dissipation terms, each of these discrete systems is the

Hamiltonian equation of which energy function is, respectively,

= 3 [ (o) + 3 (o) + (s wof?)) o

=1

n N 1 n 2 1 n 2

CES) {2 (@) + 3 (6% (u)) ]Ax ©9)
1=

where N; and N, are the numbers of the nodes.
Weset L1 = L, =1, Ax = 1/100, At = 0.001. The initial conditions are set as
duq dun

u1(0, x) = exp(—200(x — %)2), =7 (0%) =0, 1(0,x)=0, —=(0,x) =0. (95)
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The positions of the interconnection are x; = xp = 0.2. We first set the damping coefficients ¢
and 77 to 0. The numerical solution from t = 0 to ¢t = 1.0 are shown in Figures 2 and 3. We observe
that the wave packet shown in the initial state of the wave equation splits and propagates towards the
connecting point and the right boundary. Then, at the connecting point, the wave packet is reflected
while a slow wave is excited in the elastic equation.

Although this causes an energy exchange, the total energy is preserved up to the rounding
errors, as shown in Figure 4. In addition, in this example, if the energy is bounded, then ||(v1)]|;2,
1 02) ) 12, 1165 () 12, 1185 (1)@ ]2, 165 (12) ® ] 2, and. 135 (42) (") 2 are all bounded. In fact,
the stability of the numerical scheme follows from these conservation laws because combined with the
Dirichlet boundary condition and the boundedness of ||&; (1)™||;2 and ||6; (12)™|| ;2 shows that
| (1)) ||z and || (u2) " || 1 are also bounded from the discrete Poincaré inequality [13].

Second, we set both the damping coefficients v; and 7, to 10. The numerical solution and the
total energy from t = 0 to t = 1.0 are shown in Figures 5-7, respectively. In particular, from the results
in Figure 7, it is confirmed that the total energy is monotonically dissipated.

Figure 2. The numerical solution of the wave in Equation (87) without the damping terms. The waves
are partly reflected at the connecting point x = x; = 0.2.
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0.15
0.1
0.05

—0.05
-0.1
—0.15

Figure 3. The numerical solution of the elastic in Equation (88) without the damping terms.
Although there exist no wave in the initial state, some waves are excited due to the energy exchange.

107°
10 | .
10~11 :
10—12 :
10—13 :

10—14

|
0 0.2 0.4 0.6 0.8 1
t

10715 I | | |

Figure 4. The deviation of the total energy in Equation (91) from the initial value of the coupled systems
in Equations (87)-(89) without the damping terms. The energy is preserved up to the accumulation of

the rounding errors.
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(87) with the damping terms. The waves are

Z RN

Figure 5. The numerical solution of the wave in Equation

gradually dissipated.

Figure 6. The numerical solution of the elastic in Equation (88) with the damping terms. The excitation

due to the energy exchange is smaller than that in the case without the damping terms.
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10

0 \ \ \
0 0.2 0.4 0.6 0.8 1

t

Figure 7. The total energy inEquation (91) of the coupled systems in Equations (87)—(89) with the
damping terms. The energy is rapidly dissipated.

The second example is a combination of the mass—spring system and the elastic equation:

d2M d2M
m1—dt21 = —k(ul — uz) +f, mz?f = —k(Ll2 — ul)/ (96)
%u o*u
05a = —5a —folx—x)  (xe (L)), 97)
1 a4u3
= —m + pk(u1 —uz) | . (98)
f o+ m ( ox?t R

In this system, one side 1 of the spring is attached to the elastic rod at x = x(, while the other

L 2 2 2
PG <3 (5) e o

side uy is not constrained. The total energy is

2 2
~my ((dug k 2, M2 %
The numerical scheme for this system is

sl = Ajvgn), mléfvgn) = —kA/S (ugn) — uén)) +f,

+,.(n
t 1
5t+u£n) = .Af’vén), mzcs;rvé”) = —kAS (ugn) - ugn)> ,
o)) = Af (0n)(", po (03)" = o At ()~ Lo,
__ Ax At s@ ) 4 ()
f= oAx ( my A6y (ug)j + pk A, (”1 Uy )) , (100)

where [ is the connecting point of the elastic equation and the term f/Ax is an approximation to the
delta function. The boundary condition for the elastic equation is the same as the previous example.
The discrete total energy of this system is

my 2k my (o (n)\2
EM) =7 ((St*ugn)) + E(ugn) — ugn))2 + - ((St ué )>

+ %1 [g (5j(u3)](”>)2 + % (5,@ (u3)](”>)1 Ax. (101)
=



Mathematics 2020, 8, 249 25 of 27

N denotes the number of the nodes. The initial conditions are given as

u1(0) =0, S1(0) =0, 5(0) =0, 52(0) =0, u3(0,) = exp(~200(x ~ 7)),

8u3

20 =0. (102

The parameters are set to m; = my = p = 1, k = 1000 and At = 0.001. The elastic equation is
solved on the interval [0, 1] and the connecting point is x = 0.8. We set N = 100.

The numerical solutions for the mass—spring system u; and u, are shown in Figure 8 and that
for the elastic equation u3 in Figure 9. In this case, although the state variables of the mass—spring
system is set to 7 = up = 0 at t = 0, they are excited by the energy exchange with the elastic bar
through the connecting point. The solution curve of u; is interestingly much smoother than that of u;;
this shows that the mass—spring system serves as a shock absorber. The deviation of the total energy
from the initial state is shown in Figure 10. The total energy is preserved up to the accumulation of the
rounding errors.

0.2 x x x x
Uy —
Uy -~~~
N
/ ‘\
01 F oy A
/ - /
/ \ \ /
i Y a
/
! \ [ //
/ \
/ \ ’ N ’ /
\ h \ ,/ \
\ / /
/ 1 N
\\ / \\ / Y
| N I
s N |
0.1 N i
I
\ I
N/
—0.2 | | | |
0 0.2 0.4 0.6 0.8 1

Figure 8. The computed behaviors of the both sides of the spring in Equation (96). The curve for the
free side is much smoother than the other, which shows that this spring serves as a shock absorber.

Figure 9. The numerical solution to the elastic in Equation (97), which is connected at x = 0.8 to a
mass-spring system in Equation (96).
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10-° T T T T

1077 | -

10-8

[E(t) - E0)]

107°

10710

10-11 | | | |
0 0.2 0.4 0.6 0.8 1

t

Figure 10. The deviation of the total energy in Equation (99) from the initial state. The energy is
conserved up to the rounding errors.

6. Concluding Remarks

In this paper, we design energetic-property-preserving numerical methods for coupled natural
systems. For such methods for coupled systems, Celledoni and Heiseth proposed energy-preserving
numerical methods [8] aiming at controlling port-Hamiltonian systems. In this paper, we consider
similar but slightly different models; restricting the target systems to natural systems, we coupled
two systems by using the law of action—reaction. When the two systems with no dissipation term
are coupled, it is essentially required that the time derivative of the state variables of the two
systems are equal at the connecting point for conservation of the total energy. The model and the
energetic-property-preserving numerical methods are constructed by determining the interaction
between the systems so that this condition holds. As shown in the first numerical experiment,
the conservation of energy often leads to the stability of numerical schemes. Such a systematic
approach for deriving stable schemes is useful for simulations of large coupled systems because it is
generally difficult to derive stable numerical methods for the complex systems.

For future work, the proposed technique should be applied for deriving stable numerical schemes
for complicated systems that actually appear in industrial applications. In addition, because the
proposed approach in this paper is based on the discrete gradient method, this approach derives
implicit methods, which are not often feasible for large-scale systems. Therefore, it is important to
develop a method for relaxing the derived implicit schemes to be explicit. For symplectic integrators,
Tao proposed a method for rewriting any Hamiltonian system to a separable Hamilton system so
that explicit numerical schemes are derived by using the splitting method [14]. It is desirable to
develop explicit energetic-property-preserving numerical methods for coupled systems by using such
a method.
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Abbreviations

The following abbreviations are used in this manuscript:

ODE ordinary differential equation
PDE partial differential equation
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