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Abstract: In this paper, we study a modified viscosity type subgradient extragradient-line method
with a parallel monotone hybrid algorithm for approximating a common solution of variational
inequality problems. Under suitable conditions in Hilbert spaces, the strong convergence theorem of
the proposed algorithm to such a common solution is proved. We then give numerical examples in
both finite and infinite dimensional spaces to justify our main theorem. Finally, we can show that
our proposed algorithm is flexible and has good quality for use with common types of blur effects in
image recovery.
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1. Introduction

Let H be a real Hilbert space with the inner product (.,.) and the induced norm ||.||. Let C be a
nonempty closed and convex subset of H. A mapping f : C — C is said to be a strict contraction if there
exists k € [0,1) such that

1fx = fyll <klx —yll,vx,y € C. @

A mapping A : C — H is said to be
1. Monotone if
(Ax — Ay,x —y) > Oforallx,y € C; (2)
2. Pseudo-monotone if
(Ay,x —y) > 0= (Ax,x —y) > O0forallx,y € C; (3)
3. L-Lipschitz continuous if there exists a positive constant L such that

|Ax — Ay|| < L||x —y|| forall x,y € C. 4)
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In this paper, we study the following variational inequality problem (VIP) for the operator A to
find x*, € C such that

(Ax*,y —x™) > 0,Vy € C. (5)

The set of solutions of VIP (5) is denoted by VI(A,C). The VIP was introduced and studied by
Hartman and Stampacchia in 1966 [1]. The variational inequality theory is an important tool based
on studying a wide class of problems—unilateral and equilibrium problems arising in structural
analysis, economics, optimization, operations research, and engineering sciences (see [2-7] and the
references therein). Several algorithms have been improved for solving variational inequality and
related optimization problems (see [6,8-15] and the references therein). It is well known that x is the
solution of the VIP (5) if and only if x is the fixed point of the mapping Pc(I —rA), r > 0 (see [4]
for details)

x = Pc(x —yAx),y >0 and r,(x) := x — Pc(x — yAx) = 0.

Therefore, we can find the fixed point of the mapping Pc(I — rA) replaces finding the solution
of VIP (5) (see [7,9]). For solving VIP (5), the projection on closed and convex sets have been used.
The gradient method is the simplest projection method, in which only one projection on the feasible
set needs to be computed. However, strongly monotone or inverse strongly monotone operators have
been required to obtain the convergence result. In 1976, Korpelevich [16] proposed another projection
method called the extragradient method for finding a saddle point, and then it was extended to finding
a solution of VIP for Lipschitz continuous and monotone (even pseudomonotone) mappings A. The
extragradient method is designed as follows:

{yn = Pe(x — AA(x), ©
X1 = Po(xn — AA(yn)),

where Pc is the metric projection onto C and A is a suitable parameter. When the structure of C is
simple, the extragradient method is computable and very useful because the projection onto C can
be found easily. However, the computation of a projection onto a closed convex subset is generally
difficult, and two distance optimization problems in the extragradient method are solved to obtain the
next approximation x, 1 over each iteration. This can be precious and seriously affect the efficiency
of the used method. In 2011, the subgradient extragradient method was proposed in [17] for solving
VIPs in Hilbert spaces. A projection onto a closed convex subset is reduced into one step and a special
half-space is constructed for the projection in the second step. The method is generated as follows:
{yn = Pe(xn = AA(x)), -
X1 = Pr, (X0 = AA(Yn)),

where T), is a half-space whose bounding hyperplane is supported on C at y,, that is,
Twn={veH: ((xp—AA(xn)) — Yn, U —Yn)}.

The authors in [17] proved that two sequences {x,}, {y.} generated by (7) converge weakly to a
solution of the VIP.

Recently, Gibali [18] proposed a new subgradient extragradient method by using adopting
Armijo-like searches, called the self-adaptive subgradient extragradient method. Under the assumption
of pseudomonotonicity and continuity of the operator, it has been proven that the convergence result for
VIP (5) is R". Gibali [9] remarked that the Armijo-like searches can be viewed as a local approximation
of the Lipschitz constant of A.
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xg € R”,

yn = Pc(xy —aA(xy)), & € {an_ 1,00 1B, 0n_1B%, ...},

(a satisfies a(xy — yu, A(xn) — A(yn)) < (1—)||xn — yull?),
Xpt1 = Pr,(xn — anA(yn)), n>1,

®)

where T, = {w € R" | (xp — 0y A(xn) — Yn,w — yn) <0}, a7 € (0,00), and ¢, B € (0,1).

Very recently, solving the VIP (5) when A is a Lipschitz continuous monotone mapping such that
the Lipschitz constant is unknown in Hilbert spaces by using the following viscosity-type subgradient
extragradient-like method was proposed by Shehu and Iyiola [19].

Yn = PC(xn - )\nAxn)/ Ap = Pl"/
(1, is the smallest non-negative integer I such that A, || Ax, — Ay, || < yHrpz,, Cen)l), )
zn = Pr,(xn — AyAyn),

Xpp1 = 0nf(xn) + (1 —an)zn, n>1,

where T, = {z € H : (xy — MAxy — Yn,z2 — yn) < 0} with p,u € (0,1) and {a,} C (0,1).
It was proved that the sequence {x,} generated by (9) converges strongly to x* € VI(C,A), where
x* = Pyyc,a)f(x*) is the unique solution of the variational inequality

((I—f)x*,x —x*) >0,Vx € VI(C, A), (10)

where f : H — H is a strict contraction mapping such that constant k € [0,1) under the following
conditions:

(C1) Jlim a, =0 and (C2) ,;:1% = o0,

Our interest in this paper is to study the finding of common solutions of variational inequality
problems (CSVIPs). The CSVIP is stated as follows: Let C be a nonempty closed and convex subset of
H.LetA;:H— H, i=1,2,..., N be mappings. The CSVIP is to find x* € C such that

(Aix*,x —x*) >0,VxeC,i=12,.,N. (11)

If N =1, CSVIP (11) becomes VIP (5).

The CSVIP has received a great deal of attention due to its applications in a large variety of
problems arising in structural analysis, convex feasibility problems, common fixed point problems,
common minimizer problems, common saddle-point problems, and common variational inequality
problems [20]. These problems have practical applicabilities in signal processing, network resource
allocation, image processing, and many other fields [21,22]. Recently, many mathematicians have
been widely studying this problem both theoretically and algorithmically; see [23-27] and the
references therein.

Very recently, Anh and Hieu [28,29] proposed an important method for finding a common fixed
point of a finite family of quasi @-nonexpansive mappings {S;}¥ , in Banach spaces, which they called
the parallel monotone hybrid algorithm. This algorithm is related to Hilbert spaces as follows:

x0 €C,

v, = anxy + (1 —wy)Sixy,i=1,..,N,

in = argmax{||y,, —xu| :i=1,.., N}, 7, := yf{’, (12)
Cur1 = {0 € Cu: [lv =7l < [lv—xull},

Xx+1 = Pc, X0,
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where 0 <&, <1, nlgr;lo sup &, < 1. We see that a parallel algorithm is an algorithm that can execute
several directions simultaneously on different processing devices and then combine all the individual
outputs.

Inspired and encouraged by the previous results, in this paper we introduce a modified parallel
method with a viscosity-type subgradient extragradient-like method for finding a common solution of
variational inequality problems. Numerical experiments are also conducted to illustrate the efficiency
of the proposed algorithms. Moreover, the problem of multiblur effects in an image is solved by
applying our proposed algorithm.

2. Preliminaries

In order to prove our main result, we recall some basic definitions and lemmas needed for further
investigation. In a Hilbert space H, let C be a nonempty closed and convex subset of H. For every
point x € H, there exists a unique nearest point of C, denoted by Pcx, such that ||x — Pex|| < ||x — y|
forall y € C. Such a P is called the metric projection from H onto C.

Lemma 1 ([30]). Let C be a nonempty closed and convex subset of a real Hilbert space H and let Pc be the
metric projection of H onto C. Let x € Hand z € C. Then, z = Pcx if and only if

(x—z,y—z) <0, VyeC.
Lemma 2 ([30]). The following statements hold in any real Hilbert space H:

(@) Ix+yl* = Ix]|* +2(x,y) + |ylI*>, Vx,y € H.
(i) [|x + y||* < [|x|I* +2{y,x +y), Vx,y € H.

Lemma 3 (Xu, [31]). Let {a,}; be a sequence of non-negative real numbers satisfying the following relation:
Ayt < (1= an)an + anu + yn, m 21,

where

(i) {an} o C[0,1], X5y = oo;
(ii) limsupo, <0;

e nﬁoo
(iii) yn >0 (n>1),Z0 170 < 0.

Then, ay, — 0asn — oo.

Lemma 4 ([8]). Let C be a nonempty closed and convex subset of a real Hilbert space H and Pc : H — C is the
metric projection from H onto C. Then, the following inequality holds:

lx =yl >l — Pex||* + ||y — Pex|* Vx € H, ¥y € C. (13)

Lemma 5 ([19]). There exists a nonnegative integer I, satisfying (9).

m
Lemma 6 ([32]). For each x1,x2, ..., X € Hand aq,ay, ..., ap € [0,1] with Y a; = 1, we have
i=1

m
a1 + cooe + X ||* = ) w|xi]|? — Y allx — xj||2.
i—1 1<i<j<m
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3. Main Results

In this section, we propose the parallel method with the viscosity-type subgradient
extragradient-like method modified for solving common variational inequality problems. Let C be
a nonempty closed and convex subset of a real Hilbert space H. Let A; : C — H be a monotone
mapping and L;-Lipschitz continuous on H but L; is unknown for all i = 1,2,..., N such that

N

= ﬂ VI(C,A;) # @. Let f : C — C be a strict contraction mapping with constant k € (0,1].

Suppose {xn};>_; is generated in the following Algorithm 1:

Algorithm 1. Given p € (0,1),u € (0,1). Let {a}5; be a real sequence in (0,1). Let x; € H be arbitrary.

Step 1: Compute y', foralli = 1,2,...,N by
y% = PC(xn - )‘;Aixn)/v?l Z 1/

where \i, = plil and I, is the smallest non-negative integer I' such that

A Il Aien = Ay 1< g |7 i (o) - (14)

Step 2 : Compute

2y = Pri (xn = AL Aiyhy),

where T, := {z € H: (x4 — A, Ajxy — i,z — i) <0}
Step 3 : Compute

N . .
X1 = 0o f(xn) + Y adzh,n > 1. (15)

i=1

Set n+1 — nand go to Step 1.

Theorem 1. Assume that

(a) hmzx =0, sz = o0

n—o0

(b) hmmfzx >0V—12 ., N.

Then the sequence {x, };_, generated by Algorithm 1 strongly converges to x* € F, where x* = Prf(x*)
is the unique solution of the variational inequality:

((I—f)x*,x—x*)>0,Vx €F. (16)

Proof. Let x* € F and uil =X, — A;Aiy;,Vn >1,i=1,2,.,N

Iz —x* | = (Ppi(uy,) —x, Py (uy,) — x*)
= ||P1( )—un||2+2< Tl( By —ul,ul) —x>+||u§1—x*|\2
= [l = P || gy — Py () 1P 2Py () — 4y — x*). (17)

By the characterization of the metric projection P%n and x* € F C C C Ti, we get

2 ||l — Py () |2 +2( Py (1) — il i, — x*)



Mathematics 2020, 8, 248

This implies that

I 4y, — Pry (1)

6 of 31

= 2(ul, — PT},;(u;),x* — Py (u)) <. (18)

12 +2(Pry (11,) — 115, — x*) < = || gy — Py (uy) || - (19)

We then obtain by the definition of Algorithm 1 that

Iz —x* |2 <

gy = x* 1> = [ gy — 23 |1

| Gen = Ay Aiys) = x* |17 = || (xn — AL Aiyh) — 23, |2
|2 = x| = || % = 23, [P +2A5( — 20 + 5%, Ay
205 (xn — 2, Aiyly)

ot — 2" |2 = || o — 23, [ +220,(x" = 23, Ay ) (20)

By the monotonicity of the operator A;, we have

0< <Alyf1 — Aix* Yl — x*)

IA N

Thus

Using (20) in (21), we obtain

lzp —x* |2 <

Observe that

(xn — Ay Ayl =y, 2 — Y =

<?mhﬂxﬂ<Aﬂ%%xw
A
(A Yo — zi) + (Aiyi, 2 — X°).

Yo Vi — X°)

(x* =z, Ay < (A vl — 2h). (1)

| 30— x* |12 = || 2w — 2, || +2AL (A, vl — 21)
| xn = x* 12 +2( A0 A Y — 2h) — 200 — Yo Vi — 20y

— N xn =y 17 = 1yl — i |1

| 20— x* |12 +2{ = AL Ay + Xn — Vi Zh — Vi)

— [l xn =i 1P = 1 vl — 20, |17

| xn —x* ||2 +2<xn - A;Aiyf’l - yfqrziz - }/;>

N =y 1P = v =z I (22)

(xn = AyAixn = Vi, Zh = Vi) + (M Aixn — Ay A, 20 — i)

< (AhAixy — Ny Ah, 2 — v,

Using the last inequality in (22) and Lemma 5, we have

lzh =" 12 <l =t |2 420 Avtn = A Az — Yo = 3 =y 1P = [ — 23, |1
< [P =2 12 4240 1 A = Ay I 28 =i | = Lo = 17 = [y =23 |2
< P =2 1P 2u =y Mz =y = =y 12 = =z [P
< Mo =2 1Pl xn =y 1P+ 1z = v 1) = o = 12 = 1y =20 |12
= oo =2 2 = =) o =y 12 = =) Ny =z, 17 (23)

It follows from (15) and (23) that

N . .
| 2ng1 = x* (=l o f (xn) + ) apzy — 2™ ||
i=1

1=
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N . .
ay || fen) —x* | + ) e ||z — 2" ||

i=1

N . .
<oy | frn) = fO) | o || FO) —x* | + Y e, [l 2, —x7 |

i=1

N .
< a0k | xn —x* || 4+ Yo || %0 — x| +ad || f(xF) —x* |
i=1
= (1= (1 =k) || 2 —x* || +a§ | f(x*) =2 ||
= (1—al(1 = k) || %n —x* || +ad(1 — k) L

< max { || x, —x* ||, L&

IN

o, Loy

<max { || x; —x

This implies that {x,} is bounded. Consequently, {f(x,)}, {y/;}, and {z/,} are also bounded.
Let z = Prf(z). From (15) and (23), we have

I xn1 =2 |2

N
= || “nf x" ;“nz —Zz Hz
B N . .
= [l aq(f(xn) —2) + Y (zy —2) [&

=1

N . .
< g |l flm) =z P+ Y 2~z |2
i=1
2 N 2
< || fCo) =z |7+ Y a (2w — 2|
i |2 i i 2
—(U =) 2w =y [IF =0 =) [y =20 [1%)
N .
= Yo o=z +aq || f(xn) =z |
N i (2 2
=Y (=) %=y | Zﬂc (L =m) 1y =z |
i=1
<l =z P ol || fxn) =2 |2 = th (=) | on =y |17
N

(=) i =z I (24)

i=1
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Furthermore, using Lemma 2 (ii) in (15), we obtain

N . .
Fxwir =z 12 = [l anf(ra) + ) w2, —z |2
i=1
0 S 2
= an(f(xn) —2) + } (2, — 2) |
i=1
N

= I (2 —2) +an(f () —2) |2

i=1
< (=0 [ 1z |2 200 (xn) — 2 %041 — 2)
= (-0 [t — 2 P 200 F () — £(2), X1 — 2)
+200(f(2) - 2, %p41 — 2)

< (L) [ xn —z 1 +200k [ 2 =z [[[| X1 — 2 |
+20(f(2) = 2, Xp41 — 2)
< (@=a)? o —z 2 +ak(ll xn =z 2+ || xpe1 =2 %)

+205(f(2) = 2, Xp41 — 2) (25)

which implies that for some M > 0,

1—a9)2 + a0k 249
oz lp < GBIy gy B (1) 200 - 2)
1— 2049, + oc?lk 5 (049,)2 5 2049,
= ———||xy—z — || xy—z ———(f(z) —z,xy41 — 2
g | xn —z || +1_a91k | X0 —z || +1_a2k<f() ntl —Z)
< (12(1—k)a2) I x 7z|‘2+2(1—k)o<91
B (1—af)k ! (1—ad)k
X @, | x z||2+i<f(z) Z,Xp41 — Z)
20—k "' 1—k st
2(1 —k)al 2(1 —k)a?
= (1_ (_ao)kn) | %0 —z |7 +‘<1_(X0)kn
n n

1
20
X[Z(lik)M—'—1ik<f(z)_zrxn+1—2>]. (26)

We will divide the next proof into two parts.
Case 1 Suppose that there exists ng € N such that {[| x, —z || }},, is non-increasing. Then,
{Il xp —z ||}, converges and || x, —z ||? — || X441 — z |2 0,1 — c0. From (24), we have

(1= p0) | 2w =y 121 otn = 2 12 = [ wgr =2 2 o || fxa) =2 |12 (27)
i=1

It follows from our assumptions (i) and (ii) that
Tim [| x, — v =0, Vi=1,2,..,N. (28)
Similarly, from (24), we obtain that

lim || yi—z |=0, Vi=1,2,..,N. (29)
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N N
Sett, = adx, + ) _ a}z), and s, = adx, + Yy, It follows from our assumption (i) and (29) that
i=1 i=1
T [ %1 — = Tim a | £(x,) = 0 0
and
N . . .
Jim 6= 51 Jim, 3 112 =0 oy
It follows from (28) that
N . .
Bim | s, — xp \Iéggrgol;a; 1y = xu [|= 0. (32)

It follows from (30)—(32) that
| xn1 =% [[<I xp1 —tu | + [t —Su || + || 80 — x| = 0.

Since {x, } is bounded, it has a subsequence {xy, } such that {x,, } converges weakly to some w € H
and limsup (f(z) — z,xy —z) = lim (f(z) — z,xs; — z). We show that w € F. Now, x, — v, = 0
j—roo

n—oo

implies that yi,/, — w and since i, € C, we then obtain w € C. For all x € C and using the property of
the projection Pc, we have (since A; is monotone):

0< <yqu = Xn; — A;]-Aixn]'rx - ]/51]->
:<ij — Xnj, X — y@/) + A (Aixn, X — yqu> + /\ilj<Aixn].,x - xilj>
< <y§;], — X, X — yilj> + /\Lj.(Aixn],,xnj — ij> + )\ilj<Aixnj,x — x;],>.
Taking j — oo, we get (recall that ir;fl An; > 0 by Remark 3.2 in [19])
(Ajw,x —w) >0, VxeC.
This implies that w € F. Since z = Prf(z), we have
limsup (f(z) —z,x, —z) = jlilg (f(z) =z xn; —2)

A =(f(z) —z,w—2z)
<0.

Since nlgl;lo | X441 — xn ||= 0, we have

limsup (f(z) —z,x,41 —2z) <O0.

n—oo
a0 0
In (26), let ay :=|| x;, —z ||?, Bn := 2(117;9?;”, and 0, 1= ﬁM + ﬁ(f(z) —2,%41 — z). Then, we
can write (26) as
Ay < (1 - ,Bn)ﬂn + ,Bno'n- (33)

[ee]
It is easy to see that lim B, =0, Z Bn = o0, and limsup g, < 0.
n—co = 100

Using Lemma 3 in (33), we obtain lgn || x, —z ||= 0. Thus, x, — z,n — oo.
n (o)

Case 2 Assume that {|| x, — z ||} is not a monotone and decreasing sequence. Set F,, =|| x,, — z |2
and let T : N — N be a mapping defined for all n > ng (for some ng large enough) by

T(y) ‘= mMax {k eN:k<nF < Fk+1}.
It is clear that 7 is a non-decreasing sequence such that 7(,,) — o0 as n — oo and

0 S F’[(n) S FT(n)J,-l/ vi’l 2 nO'
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This implies that || x;(,) =2z [|<I| X¢(n)41 — 2 II,Vn > no. Thus, nlglgo | X¢(my — 2z || exists. By (27),
we obtain

M=

Il
—

&y (L= 1) | Xy = Yoy P ey =2 1P = || 2oy —2 |12

+@WHﬂ%@%wW%Q
as n — oo. Thus,
” Xt(n) — yi(n) ”_> 0
as n — oo. As in Case 1, we can prove that

lim | }/T (n) — (n) 1= nlg{}o | Xz(n)+1 — 2

ey = nlgr.}o | Xr(n)+1 ~ X (n) [=0.

i

w(n)
Since {x(,} is bounded, there exists a subsequence of {x.(,)} that converges weakly to w. Without
loss of generality, we assume that x,(,,) — w. Observe that since nlglc;lo | Xr(ny — yi(n) ||= 0 we also

have yfr(n) — w. By similar argument in Case 1, we can show that w € F and

limsup (f(z) — 2, X¢(n) —2) <O.

n—o0

Observe that since lim | Xr(n)+1 = Xz(n) [|= 0 and limsup (f(z) — z, X¢(n) — z) < 0, this implies that
0 n—c0

limsup (f(2z) — 2, X¢(n)11 — 2) < 0.

n—oo
By (26), we obtain that
2(1-1)ad 2(1-k)al
I tewysn == P (1= 50 ) g =2 P + 2
44
[ty M+ £ (@) 21 =)
2 “n) 1
=(1- ﬁT(l’l)) H Xr(n) — % H +ﬁ1’(n) <2(1Tnk)M + ﬂ<f(z) -z
Xr(n)+1 — Z>>
2(1-k)ad, ) .
where () 1= ﬁ Hence, we have (since Fr(,;) < Fr(;)11)
T(n)
:BT('rl) H Xr(n) — 2 ||2§H Xr(n) — % H2 - ” Xr(n)+1 — 2 ”2

0
+r8f(n)< 2(1— )M+ - k<f( z) - er'r(n)+1_z>>
U

<.BT ( 2(1 n)M+1 k<f() er'r(n)+12>>'

Since a? ) >0 and k € [0,1), we have that B(,,) > 0. So, we get

” Xt(n) — % | = 2({8’-)() %<f(z) —Z, Xr(n)4+1 — Z>/
and this implies that
%) 1
. L 2< T T(n _ _ <
hin_;soljp [ Xemy =2z [I°< lu;:soljp 2 __L_)M—I— 7 _k<f(z) 2, Xe(ny+1 — 2) < 0.
Therefore,

nh_r)r(}o H xT(n) -z H_

and
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Tim [ a1~z =0,
Hence,

im Fr(n) = im Py 1 = 0.

Furthermore, for n > ny, it is easy to see that F;(,;) < Fy(,)41 if n # T(n) (thatis T(n) < n), because
Fj > Fj+1 for T(n) +1 < j < n. As a consequence, we obtain for all n > ny,

0 < Fy < max{Fr(;), Fr(ny1} = Fr(n)41-

Hence, lim F, = 0, that is, lgn || x» —z ||= 0. Hence, {x, } converges strongly to z.
n—oo

This completes the proof. [

We now give an example in Euclidian space R where |.| is ¢o-norm defined by | x| =

\/ %3 + x5 + x5 where x = (x1, X, x3) to support the main theorem.

Example 1. Let Ay, Ay, A3 : R3 — R3 be defined by Ajx = 4x, Apx = 7x + (5,-2,1) and Asx =
10 =5 5

<—55 1% ;g) +(4,2,1) forall x = (x1,x2,x3). Let f : R® — R3 be defined by f(x) = % forall x € R3. Let

C = {x € R3¥|||x||> < 4}. We can choose & = W, ah =L, a2 = i and wd=1-a% —al — a2

The stopping criterion is defined by ||x, — x,_1|| < 10712 (See in Figures 1-3). The different choices of x1 are

given in Table 1 as follows in Example 1.

Table 1. Comparison of the number of iterations in Example 1.

Inputting x1 = (—3,-5,8) x1=(—1,7,6) x1 = (6.13, —5.24, —1.19)
CPU Time Iter No. CPUTime Iter No. CPU Time Iter No.
Aq 0.0000068 592 0.0000056 591 0.00001 589
Ay 0.0003795 230 0.0002848 230 0.0002887 229
Az 0.0004619 230 0.0007852 230 0.000766 229
A1, Ar 0.0002942 231 0.0002965 231 0.0002945 231
Aq, Az 0.0008444 231 0.0009953 231 0.0009992 231
Ay, Az 0.0011516 230 0.0009781 230 0.0007956 229
Aq,Ar, Az 0.0007429 231 0.0007586 231 0.0007621 231
X, = (-2,8,-5)
0 ‘ ]
10 | A,
A,
AS
-— - A1,A2
100 - ALA, 1
‘““";‘l:,, R AZ’AS
X ApAghg
i‘;
10710 F ]
10—15 | I . 1 ! |
0 100 200 300 400 500 600

Number of Iterations

Figure 1. The error plotting ||x, — x,,_1]| for choice 1 in Example 1.
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X, = (-1,7,6)
0 ' ' ]
10
Ay
A;
Ay
- - ALA,
10° ¢ = = AAy I
"‘;é - AZ’AS
x ALAA
ol 172"
X
1010 - i
10°15 . ‘ s ‘ s
0 100 200 300 400 500 600
Number of Iterations
Figure 2. The error plotting ||x, — x,,_1]| for choice 2 in Example 1.
= (6.13,-5.24,-1.19)
. | ; ‘ ‘ 1
10
Ay
A
Ay
- = AA,
108 F - = ALA, 4
= -_ - A A
c
< A A_A
o 172"
X
10710 4
10—15 I I I | 1
0 100 200 300 400 500 600

Number of Iterations

Figure 3. The error plotting ||x, — x,,_1]| for choice 3 in Example 1.

For infinitely dimensional space, we give an example in function space L; [0, 1] such that ||.|| is
Ly-norm defined by ||x(¢)|| = ‘/fo |x(t)|?dt where x(t) € L,[0,1].

Example 2. Let A1, Ay, Az : L1]0,1] — Ly[0,1] be defined by Aix(t fo 4x(s)ds, Axx(t) fo tx
and Azx(t) fo (#2 — 1)x(s)ds where x(t) € L3[0,1]. Let f : L2[0,1] — L0, 1] be defined by f(x(t

% where x(t) € Lp[0,1]. Let C = {x(¢) € L,[0,1] fo (t2 +1)x(t)dt}. We can choose ¥ = (n+11)03
1.2 0_ 1

5, M = g and w3 =1— a0 —a) — a2. The stopping criterion is defined by ||x,(t) — x,_1(t)| < 107>
(See in Figures 4—6).
The different choices of x1(t) are given in Table 2 as follows:

)
,g:

(s)d
)
%
1

Choice 1 Bernstein initial data: x1(t) = —120t’ (t — 1)3;
t) = 647 — 11215 + 5613 —

t
Choice 2 Chebyshev initial data: x (
Choice 3 Legendre initial data: x1(t) = %gt 1135 £+ 9009 £ — 6435 7+ 1%25 .
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From Tables 1 and 2, we see that the advantage of the parallel viscosity type subgradient
extragradient-line method Algorithm 1 when the common solution of two or more inputting A;
gives the number of iterations smaller than one inputting.

Table 2. Comparison of the number of iterations in Example 2.

Bernstein Initial Data Chebyshev Initial Data  Legendre Initial Data

Inputting
CPU Time Iter. No. CPU Time Iter. No. CPU Time Iter. No.
Aq 2.20542 40 4.53568 40 2.66656 33
Ay 2.93440 35 1.53655 39 1.46195 33
Az 2.699356 28 2.13809 38 1.38359 32
A1, Ar 20.5162 36 33.9656 39 20.3007 33
Aq, Az 11.0109 29 77.1907 38 44.6389 32
Ay, Az 7.47927 28 52.5607 38 30.7733 32
A1, Ay, As 6.20955 28 82.3549 38 45.8789 32
o Bernstein Initial Data
102
><é 10—3

10-5 1 1 1 I
5 10 15 20 25

Number of Iterations

Figure 4. The error plotting ||x, () — x,_1(t)] for choice 1 in Example 2.

Chebyshev Initial Data

lIx, (0%, O

10-5 1 1 1 1 1 1
5 10 15 20 25 30 35

Number of Iterations

Figure 5. The error plotting ||x, () — x,_1(t)]| for choice 2 in Example 2.
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Legendre Initial Data

10-5 1 1 1 I I
5 10 15 20 25 30

Number of Iterations

Figure 6. The error plotting ||x,(¢) — x,_1(t)]| for choice 3 in Example 2.
4. Application to Image Restoration Problems

The image restoration problem can be modeled in one-dimensional vectors by the following linear
equation system:

b=Ax+v, (34)

where x € R"*1 is an original image, b € R™*1 is the observed image, v is additive noise, and A €
R™*" is the blurring matrix. For solving problem (34), we aim to approximate the original image,
vector x, by minimizing the additive noise, which is called a least squares (LS) problem as follows:

1
min = ||b — Ax|?, (35)
x 2

where ||.|| is ¢;-norm defined by |[|x|| = /¥, |x;|?. The solution of the problem (35) can be
approximated by many well-known iteration methods.

The Richardson iteration, which is often called the Landweber method [33-36], is generally used
as an iterative regularization method to solve (35). The basic iteration takes the form:

Xpi1 = xn + TAT (b — Axy). (36)

Here the step size T remains constant for each iteration. The convergence can be proved under the step
size Tsuchthat 0 < 7 < 022 where 07,4y is the largest singular value of A.

The goal in image restoration is to deblur an image without knowing which one is the blurring
operator. Thus, we focus on the following problem:

1 1 1
in || A1x — by |, min || Ayx — b||?, ., min > || Ayx — by |? 37
min 7| Ayx — b, min 5 || Ay — b, ..., min 5| Anx — by (37)

where x is the original true image, A; is the blurred matrix, b; is the blurred image by the blurred
matrix A; foralli = 1,2, ..., N. For solving this problem, we designed the following flowchart:
Where X is the deblurred image or the common solutions of the problem (37) and as seen in
Figure 7. We can apply the algorithm in Theorem 1 to solve the problem (37), and as a result, we know
that AZ-T(A,-x — b;) is Lipschitz continuous for each i = 1,2, ..., N. Let f : R” — R" be a strict contraction
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mapping with constant k € (0,1]. Suppose {x,}:’ ; is generated in the following Algorithm 2:

Algorithm 2. Given p € (0,1), 1 € (0,1). Let {a, }>_; be a real sequence in (0,1). Let x € H be arbitrary.

Step 1: Compute foralli=1,2,..,N by

yh = Pc(xy — AL AT (Aixy — b7)),Va > 1,
where A, = pl; and 1, is the smallest nonnegative integer I such that

A || Aien = Ay 1< g [l i (o) - (38)

Step 2 : Compute

2y, = Pri (xn — AL AT (A — b7)),

where T}, := {z € H: (xy — A, Aixy — yh,z — i) <0}
Step 3 : Compute

N . .
Xpp1 = a0 f (xn) + Y ahz,m > 1 (39)
i=1

Set n+1 — nand go to Step 1.

We will present restoration of images corrupted by the following blur types:

(1) Gaussian blur of filter size 9 x 9 with standard deviation ¢ = 4 (the original image was degraded
by the blurring matrix Ay).

(2) Out-of-focus blur (disk) with radius r = 6 (the original image was degraded by the blurring
matrix Aj).

(3) Motion blur specifying with motion length of 21 pixels (len = 21) and motion orientation 11°
(6 = 11) (the original image was degraded by the blurring matrix Az).

1
""""""""" | P |
Degradation AI Az AN
______________ | | |
Restoration Algori‘thm

X

Figure 7. The flowchart of the image restoration process.

The performance of the studied proposed Algorithm 2 with the following original grey and RGB
images was tested, as can be seen in Figures 8 and 9.
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Figure 9. The matrix size of RGB image is 280 x 497 x 3.

The parameter &, on the implemented algorithm for solving the problem (VIP) was set as

i n

oy, = 1’1_—|—1, 1= 1,2,3.

Three different types of blurred grey and RGB images degraded by the blurring matrices A1, A
and Ajz are shown in Figures 10-15.

Gaussian Blurred Image with hsize = [9x9] and ¢ = 4

Figure 10. Three degraded grey image by blurred matrices A1, Ay, and A3, respectively.
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Out of Focus Blurred Image with radius = 6

Figure 11. Three degraded grey image by blurred matrices Aq, A, and A3, respectively.

Motion Blurred Image with len =21 and ¢ =11

Figure 12. Three degraded grey image by blurred matrices A1, Ay, and A3, respectively.

Gaussian Blurred Image with hsize = [9x9] and ¢ = 4

Figure 13. Three degraded RGB image by blurred matrices A1, Ay, and A3, respectively.
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Out of Focus Blurred Image with radius = 6

Figure 14. Three degraded RGB image by blurred matrices A1, Ay, and A3, respectively.

Motion Blurred Image with len =21 and 0 = 11

Figure 15. Three degraded RGB image by blurred matrices A1, Ay, and A3, respectively.

We applied the proposed algorithm to obtain the solution of the deblurring problem (VIP) with
(N = 1) by inputting A;, Ay, and A3. The results of the proposed algorithm with 10,000 iterations for
the following three cases:

Casel: Inputting A; in the proposed algorithm;
Casell: Inputting A, in the proposed algorithm; and
CaseIIl:  Inputting Az in the proposed algorithm

are shown in Figures 16-21 that are composed of the restored images and their peak signal-to-noise
ratios (PSNRs).

PSNR = 24.707

Figure 16. The reconstructed grey image with their PSNRs for three different cases using the proposed
algorithm presented in 10,000 iterations, respectively.
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PSNR = 26.479

Figure 17. The reconstructed grey image with their PSNRs for three different cases using the proposed
algorithm presented in 10,000 iterations, respectively.

Casellll

PSNR = 29.508

Figure 18. The reconstructed grey image with their PSNRs for three different cases using the proposed
algorithm presented in 10,000 iterations, respectively.

Casell

PSNR = 23.229

Figure 19. The reconstructed RGB image with their PSNRs for three different cases using the proposed
algorithm presented in 10,000 iterations, respectively.
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PSNR = 25.292

Figure 20. The reconstructed RGB image with their PSNRs for three different cases using the proposed
algorithm presented in 10,000 iterations, respectively.

Case lll

PSNR = 28.533

Figure 21. The reconstructed RGB image with their PSNRs for three different cases using the proposed
algorithm presented in 10,000 iterations, respectively.

Next found the common solutions of a deblurring problem (VIP) with (N = 2) by using the
proposed algorithm. So, we can consider the results of the proposed algorithm with 10,000 iterations
in the following three cases:

Casel: Inputting A; and A, in the proposed algorithm;
Casell: Inputting A; and Ajz in the proposed algorithm; and
Caselll:  Inputting A and Az in the proposed algorithm.

It can be seen from Figures 22-27 that the quality of restored images by using the proposed
algorithm in solving the common solutions of the deblurring problem (VIP) with (N = 2) was
improved compared with the previous results in Figures 16-21 .

Finally, the common solution of the deblurring problem (VIP) with (N = 3) using the proposed
algorithm was also tested (inputting A;, A>, and A3 in the proposed algorithm).
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[ ——— ... 45,

b

PSNR = 28.596

Figure 22. The reconstructed grey image with their PSNRs for three different cases using the proposed
algorithm presented in 10,000 iterations, respectively.

PSNR = 32.372

Figure 23. The reconstructed grey image with their PSNRs for three different cases using the proposed
algorithm presented in 10,000 iterations, respectively.

Case lll

PSNR = 33.477

Figure 24. The reconstructed grey image with their PSNRs for three different cases using the proposed
algorithm presented in 10,000 iterations, respectively.
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PSNR = 27.035

Figure 25. The reconstructed RGB image with their PSNRs for three different cases using the proposed
algorithm presented in 10,000 iterations, respectively.

Caselll

PSNR = 31.057

Figure 26. The reconstructed RGB image with their PSNRs for three different cases using the proposed
algorithm presented in 10,000 iterations, respectively.

Casel lll

PSNR = 32.490

Figure 27. The reconstructed RGB image with their PSNRs for three different cases using the proposed
algorithm presented in 10,000 iterations, respectively.

Figures 28 and 29 show the reconstructed grey and RGB images with 10,000 iterations. The
quality of the recovered grey and RGB images obtained by this algorithm were the highest compared
to the previous two algorithms.
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PSNR = 34.418

Figure 28. The reconstructed grey image from the blurring operators A;, Ay, and A3 using the proposed
algorithm presented in 10,000 iterations, respectively.

PSNR = 33.636

Figure 29. The reconstructed RGB image from the blurring operators A1, A,, and A3 using the proposed
algorithm presented in 10,000 iterations, respectively.

Moreover, the Cauchy error, the figure error, and the peak signal-to-noise ratio (PSNR) for
recovering the degraded grey and RGB images by using the proposed method within the first
10,000 iterations are shown in Figures 30-35.

0.025 T

Gaussian
Out of Focus
Motion

- - - - Gaussian-Out of Focus | |
- - = - Gaussian-Motion

- - = = Motion-Out of Focus

0.02

o
2
o

Cauchy Error
o
2

0.005

0
10' 102 10° 10*

Number of Iterations

Figure 30. Cauchy error plots of the proposed algorithm in all cases of grey images.



Mathematics 2020, 8, 248 24 of 31

0.7

0.6

05| AT
S
=
i}
o 04
=
k=J
ic
Gaussian
osr Qut of Focus
Motion
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Figure 31. Figure error plots of the proposed algorithm in all cases of grey images.
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Out of Focus L,
Motion R
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Figure 32. PSNR quality plots of the proposed algorithm in all cases of grey images.
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0.015
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2

0.005

0
10' 102 10° 10*
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Figure 33. Cauchy error plots of the proposed algorithm in all cases of RGB images.

The Cauchy error is defined as ||x, — x,_1]| < 1078. The figure error is defined as ||x, — x|,
where x is the solution of the problem (VIP). The performance of the proposed algorithm at x;, in the
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image restoration process was measured quantitatively by the means of the peak signal-to-noise ratio
(PSNR), which is defined by

2552 )

PSNR(x,,) = 20log; (m

where MSE = ||x, — x||?, ||x, — x|| is the £,-norm of vec(x, — x) and vec(x, — x) = A reshape matrix

X; — X as vector.

0.7

065275

o
o

Figure Error
o
>

Gaussian

Out of Focus

Motion

- - - - Gaussian-Out of Focus
021 |- - - - Gaussian-Motion

- = = = Motion-Out of Focus

54
w

0.1
10" 102 10° 10*
Number of Iterations

Figure 34. Figure error plots of the proposed algorithm in all cases of RGB images.
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Figure 35. PSNR quality plots of the proposed algorithm in all cases of RGB images.

The Cauchy error plot shows the validity of the proposed method, while the figure error plot
confirms the convergence of the proposed method and the PSNR quality plot shows the measured
quantitatively of the image. From Figures 30-35, it is clearly seen that the common solution of the
deblurring problem (VIP) with (N > 2) obtained quality improvements in the reconstructed grey and
RGB images. Another advantage of the proposed method when the common solution of two or more
image deblurring problems was used to restore the image is that the received image is more consistent
than usual (see Figures 36—49). Figures 36—49 show the reconstructed grey and RGB images using the
proposed algorithm in obtaining the common solution of the following problem with the same PSNR.

(1) Deblurring problem (VIP) with (N = 1) by inputting A;, A, and A3 in the proposed algorithm.

(2) Deblurring problem (VIP) with (N = 2) by inputting A; and A, A and A3, and A, and A3 in
the proposed algorithm respectively.

(3) Deblurring problem (VIP) with (N = 3) by inputting A;, Ay, and Aj in the proposed algorithm.
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Gaussian Blurred

'
a

PSNR = 24 (4921" Iteration)

Figure 36. The reconstructed grey image of all cases using the proposed method (2) with PSNR = 24.

PSNR = 24 (2775!" Iteration)

Figure 37. The reconstructed grey image of all cases using the proposed method (2) with PSNR = 24.

Motion Blurred

PSNR = 24 (801" Iteration)

Figure 38. The reconstructed grey image of all cases using the proposed method (2) with PSNR = 24.

Gaussian and Out oﬁgyfplqrred

'

PSNR = 24 (975th lteration)

Figure 39. The reconstructed grey image of all cases using the proposed method (2) with PSNR = 24.
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Gaussian and Motion Blurre
SE = s

S -

PSNR = 24 (446" Iteration)

Figure 40. The reconstructed grey image of all cases using the proposed method (2) with PSNR = 24.

Out of Focus and Motion Blurred

PSNR = 24 (538" Iteration)

Figure 41. The reconstructed grey image of all cases using the proposed method (2) with PSNR = 24.

Gaussian and Out of Fopus and M9tiqn Blurred

PSNR = 24 (411" Iteration)

Figure 42. The reconstructed grey image of all cases using the proposed method (2) with PSNR = 24.

Gaussian Blurred

PSNR = 23 (8110"" Iteration)

Figure 43. The reconstructed RGB image of all cases using the proposed method (2) with PSNR = 23.
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Out of Focus Blurred

PSNR = 23 (2993" Iteration)

Figure 44. The reconstructed RGB image of all cases using the proposed method (2) with PSNR = 23.

Motion Blurred

PSNR = 23 (788" Iteration)

Figure 45. The reconstructed RGB image of all cases using the proposed method (2) with PSNR = 23.

Gaussian and Out of Focus Blurred

PSNR = 23 (1274 Iteration)

Figure 46. The reconstructed RGB image of all cases using the proposed method (2) with PSNR = 23.

Gaussian and Motion Blurred

PSNR = 23 (483" Iteration)

Figure 47. The reconstructed RGB image of all cases using the proposed method (2) with PSNR = 23.
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Ot of Focus and Motion Blurred

PSNR = 23 (514'" Iteration)

Figure 48. The reconstructed RGB image of all cases using the proposed method (2) with PSNR = 23.

Gaussia and Out of Focus and Motion Blurred

PSNR = 23 (415" Iteration)

Figure 49. The reconstructed RGB image of all cases using the proposed method (2) with PSNR = 23.

5. Conclusions

In this work, we considered the problem of finding a common solution of variational inequalities
with monotonic and Lipschitz operators in a Hilbert space. Under some suitable conditions imposed
on the parameters, we proved the strong convergence of the algorithm. Several numerical examples
in both finite and infinite dimensional spaces were performed to illustrate the performance of the
proposed algorithm (see Tables 1 and 2 and Figures 1-6). We applied our proposed algorithm to
image recovery (2) under a situation without knowing the type of matrix blurs to demonstrate the
computational performance (see Figures 10-35). We found that the advantage of our proposed
algorithm was its ability to restore two or more multiblur effects in an image, giving a restoration
performance better than one (see Figures 36-49).
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