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Abstract: We show that the limits for dynamical systems of self-similar groups are eventually conjugate
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1. Introduction

In recent years, Matsumoto [1] defined the eventual conjugacy of one-sided subshifts as a special case
of continuous orbit equivalence [2]. Following Matsumoto, Carlsen and Rout [3] generalized eventual
conjugacy to graphs. In this paper, we study the eventual conjugacy of dynamical systems associated to
self-similar groups.

Introduced by Nekrashevych [4,5], self-similar groups have been an important example for
combinatorial group theory, topological dynamics, and C*-algebras. A self-similar group has two naturally
associated dynamical systems, called the limit dynamical system and the limit solenoid. Naively speaking,
the limit dynamical system is the quotient of the one-sided infinite path space by group action with the
shift map, and the limit solenoid is the quotient of the two-sided infinite path space with the shift map.
So the limit dynamical system and limit solenoid are generalizations of one-sided and two-sided subshifts
of finite type, respectively, by group action with the shift map.

Then, it is rational to expect that limit dynamical systems and limit solenoids would have similar
properties to one-sided and two-sided subshifts of finite type. Generalizing the results of Carlsen and
Rout [3], we show that the eventual conjugacy of the limit dynamical systems of self-similar groups is
equivalent to the existence of groupoid isomorphism preserving cocycles (Theorem 2). We also show that
the limit solenoids are conjugate if, and only if, there is an isomorphism between the groupoids of the limit
solenoid preserving cocycles (Theorem 4).

2. Self-Similar Groups

We review the properties of self-similar groups. All of the material in this section is taken from [4,5].
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Suppose that X is a finite set. We denote by X" the set of words of length 7 in X with X° = {?},
and let X* = U7’ X". We denote by X® the set of right-infinite paths of the form xox; - - - where x; € X.
The product topology of the discrete set X is given on X“. A cylinder set Z(u) for each u € X* is

Z(u) = {x € X*: x = xox - - - such that xo - - - x|, _; = u}.

The collection of all such cylinder sets forms a basis for the product topology on X“. It is trivial that
every cylinder set is a compact open set, and that X is a compact metrizable space.

A self-similar group (G, X) consists of a finite set X and a faithful action of a finitely generated countable
group G on X* such that, for all g € G and x € X, there exist unique y € X and 1 € G, such that

g(xu) = yh(u) for every u € X*.

The unique element  is called the restriction of g at x and is denoted by g|x. The restriction extends to
X* via the inductive formula

8lxy = (8lx) Iy
so that for every u,v € X* we have
g(uv) = g(u)glu(v).

The G-action extends to an action of G on X% given by

g(xox1--+) = g(x0)8lxo (x1%2- - -)-
2.1. Conditions on Self-Similar Groups

A self-similar group (G, X) is called contracting if there is a finite subset N of G satisfying the following:
For every ¢ € G, there is n > 0 such that g|, € N for every v € X* of length |v| > n. If the group is
contracting, the smallest set N satisfying this condition is called the nucleus of the group. We say that
(G, X) is reqular if, for every ¢ € G and every ¢ € X%, either g(¢) # ¢ or there is a neighborhood of ¢, such
that every point in the neighborhood is fixed by g. We say that (G, X) is recurrent if, for any two words a,b
are of equal length and every h € G, thereisa g € G, such that ¢(a) = band g|, = h.

2.2. Limit Solenoids

Suppose that (G,X) is a self-similar group. We consider the space X% of bi-infinite paths
---X_1.X0X1X2 -+ over X and the shift map o: X* — X? given by o(x), = x,,1. The direct
product topology of the discrete set X is given on X”. We say that two paths - -+ x_1.x9x1%; - - - and
Y _1.Yoy1ya - - - in X7 are asymptotically equivalent if there is a finite set I C G and a sequence g, € [
such that

Sn(XnXpi1 ) = YnYni1- -
for every n € Z. The quotient of XZ by the asymptotic equivalence relation is called the limit solenoid of
(G, X) and is denoted Sg.

The topology on Sg is given as follows: The product topology of the discrete set X is given on the
bi-infinite path space XZ. Thus, for each finite pathu =u_p---uy € X*,

Zw)={xeXl:ix = x_py U1}
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is a compact open base of X”“. Let q: X* — Sg be the quotient map by the asymptotic equivalence
relation. Then Sg is given the quotient topology by g so that g(Z(u)) is a compact open base of Sg [4]
(Proposition 2.5).

The shift map on X7 is transferred to an induced homeomorphism on S¢, which we will denote by ¢
when there is no confusion. We also use the term limit solenoid of (G, X) for the dynamical system (Sg, 7).

2.3. Limit Dynamical Systems

Let 1: X% — X“ be the canonical projection map. We restrict the asymptotic equivalence relation on
X7 to X¢ so that xgx1x3 - - - and yoy1yz - - - in X% are asymptotically equivalent if there is a ¢ € G, such that

g(xoxl...):yoyl...,

with the property that the collection {g|x,...x, ;: 1 € N} is a finite set. The quotient of X by the asymptotic
equivalence is called the limit space of (G, X) and we denote by Tg. The quotient topology by asymptotic
equivalence relation is given on Tg. Then the canonical projection 7r: X* — X¢ and the shift map
o: X% — X” induce a natural projection map Sg — Tg and a shift map Tz — Tg

g(---x_1.x0x1 -+ ) = q(xpx1 - -+ ) and g(xpxq - - - ) — g(x1x3 - - - ), respectively.

We denote these induced projection, quotient, and shift maps as 7, g, and o, respectively, when there
is no confusion. The restricted dynamical system (T, o) is called the limit dynamical system of (G, X). Then
it is easy to check that the projection maps on X% and S, quotient maps on X% and X, and shift maps on
X%, Xw, Sg, and T are commuting with each other.

Theorem 1. [4] (Proposition 2.6) The limit solenoid of a self-similar group is the inverse limit of the limit
dynamical system.

Remark 1. 1. In [4,5], Nekrashevych used the shift map defined by o(x), = x,_1 so that the limit space is
given as the quotient of left-hand-sided full shift.

2. The limit solenoid S and limit space Tg are compact metrizable spaces. If (X, G) satisfies the recurrent
condition, then S and Tg are connected [4] (Proposition 2.4).

3. If (X, G) satisfies the contracting, recurrent, and reqular conditions, then the limit solenoid (Sg, ) is a mixing
Smale space [4] (Proposition 6.10).

4. If (X, G) satisfies the contracting and reqular conditions, then the shift map o: Tg — Tg is a covering map [4]
(Proposition 6.1).

2.4. Deaconu Groupoids
Let Y be a compact Hausdorff space and f: Y — Y be continuous onto a map. The Deaconu groupoid
of (Y, f)is
Dyy={(yim—ny2):y1,y2 €Y, mmn €N, f"(y1) = f"(y2) }-
A pair {(y1,m —n,y2), (y3,k — L ys)} € DE/Z} is composable if y; = y3, and the multiplication and
inverse are given by

(y1,m—n,y2)(y2, k—1Lys) = (y1,m —n+k—1y,) and
(y1,m—n,y2) " = (ya,n — m,y1).
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With these operations, Dy is a groupoid. For a (y1,m —n,y2) € Dy, the domain and range are
given by
d(yr,m —n,y2) = (y1,0,y1) and r(y1,m — n,y2) = (y2,0,y2)-

The unit space of Dy y denoted by Dg)[ is identified with Y via the diagonal map, and the isotropy

group bundle is given by I = {(y1,m,y1) € Dy s}. For opensets U,V of Y and k,I > 0, let

ZU,m,n, V) ={(yr,m—ny2):y1 € Ly2 €V, f"(y1) = f"(y2) }-

Then the collection of these sets is the basis for a second countable locally compact Hausdorff topology
on Dy , and the counting measure is a Haar system of Dy ¢ if f is a local homeomorphism [6].

Definition 1. Let (G, X) be a self-similar group. We denote the Deaconu groupoids of (Tg, o) and (Sg, ) by Dg
and Eg, respectively.

We summarize the basic properties of D and Eg as follows.

Remark 2. Let (G, X) be a self-similar group. Then the Deaconu groupoids, Dg and Eg, are topologically principal,
locally compact, and Hausdorff groupoid. The locally compact and Hausdorff properties come from the definition of
Deaconu groupoids. The topologically principal property is by [7] (Corollary 14.14). If (G, X) is a reqular self-similar
group, then D is étale by [4] (Proposition 6.1). If (G, X) satisfies the contracting and recurrent conditions, then
D¢ and Eg are amenable by [4] (Theorem 5.6).

We refer the reader to [6,8] for the definition and properties of groupoids and groupoid algebras.

3. Eventual Conjugacy of Limit Dynamical Systems
We generalize Matsumoto’s definition of eventual conjugacy of one-sided SFTs to limit dynamical

systems of self-similar groups. See [1,3] for more details.

Definition 2. Suppose that (G, X) and (H,Y) are self-similar groups and that (Tg,o) and (Ty, o) are their
corresponding limit dynamical systems, respectively. The limit dynamical systems (Tg, o) and (Ty, o) are said to
be eventually conjugate if there are a homeomorphism h: Tg — Ty and continuous maps ky: Tg — NU {0} and
ky: Ty — NU {0}, such that

1@ opo (&) = ok1@)+1 h(&) and ok o p=1o a(n) = gk (m+1 4 hfl(ﬂ)
forevery ¢ € Tgand yy € Ty.

Remark 3. If self-similar groups (G, X) and (H,Y) both satisfy the recurrent condition, then Tg and Ty are
connected spaces by Remark 1 and so the maps, ki and ko above, are constant maps.
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Lemma 1. Suppose that (G, X) and (H,Y) are self-similar groups and that their corresponding limit dynamical
systems, (Tg, o) and (Ty, o), are eventually conjugate. Then, for every natural number n, we have

KO+ @)+ +h (") 6y o o7 ()
k1 @+ (@@t (@) o (&) and
ghm) (o)) 4+l 1) 6 1 6 o7 ()

= k2 Fka( () +ha(@" )+ o =1 ()

Proof. We use induction. By eventual conjugacy, it is trivial that 0%1(¢) o o o(&) = o%1(©)+1 o 1 (&) holds.
Assume that

k1 (@) +ki(@(@)+ 4k (@ @) 5 o o) = oK1 (©)+ki (@ () +++ki (@1 (@) +n h(&)

is true for every ¢ € Tg. Then we have

Ukl(r;‘)+k1 (@@)+-Hh (" @) TR (") o y o g+ (&)

&) o @@+ (P @)+ k(@) & o 0" (0 (£))
— gkl @ o {ak1 (@) +k1(e(o (@) ki (@ He(9)) o o a"(a(é))}

= 410 o { o) 0@ ke D)4 o (7))

)}

(€)
_ k(0@ +ha (0((@)+ k(0" (@ (@) 40 o { ohoo(¢)
— K@) +ki (0(0(§)++ki (@ (0 (@) 41 { g)}

— @)k (@) +hi (0(0(8)))++-+ki (0" (0 (E))) +n+1 h(E).

So
R @+ (@) (D) o y o g7 (&) = RO TR E@)+Aha (0" )1 6 ()

holds for every natural number 7. By the same argument, we have the second equality for k1. [

Recall that the Deaconu groupoid of (Tg, o) is

Dg={(gm—mn,n):¢,neTg,mneN,c"()=0c"(n)}

Lemma 2. For every ({,m —n,1) € Dg, there are unique minimal nonnegative integers mqy and ng, such that
m —n = mgy — ng and o (&) = o' () holds for all k > mg,1 > ng withk —1 = m — n.

Proof. If k > mand | > n satisfy k — | = m — n, then k — m = [ — n implies
k _ k—m m _ l-n n _
o (§) =0""od"(g) =0""od"(n) =0 (n).
Let

mg = min{k € NU{0}: 31 € NU {0} such that ¢*(&) =
ng = min{l € NU {0}: 3k € NU {0} such that ¢*(&) =
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Then the conclusion is trivial. [

The next property is a special case of [9] (Theorem 8.10). For the Deaconu groupoid Dg, we define a
groupoid 1-cocycle cg: Dg — Z by (§,m —n, 1) — m —n.

Theorem 2. [3] (Theorem 4.1) Let (Tg, o) and (Ty, o) be the limit dynamical systems of regular self-similar groups
(G,X) and (H,Y), respectively. Then the following assertions are equivalent:

1. (Tg,0)and (Ty, o) are eventually conjugate.
2. There is an isomorphism ¢: Dg — Dy, such that

cu(p(G,m—n,1)) = cc(&,m—mn,1)
for every (&, m —n,1n) € Dg.

Proof. (1) = (2). Suppose that (T, ) and (Ty, o) are eventually conjugate and that h: Tg — Ty is the
corresponding homeomorphism. For a (§,m —n,1) € Dg, 0™ () = 0" () and Lemma 1 imply
oKL +ki (e () +- 4k (@1 (1) o ki (@) +ka (@ (E)+ 4k (@ &) o 1y o o™ (&)
— k() +ki (@) ++ki (0" (1) o k1 (0)+ki(0(@)) 44k (0™ (@) +m h(E)
= DR @)+ (") Th @)+ () +Ha (1) +m o ()
— k() +ki (@) +-+ki (0" (1) o k1 (@) ki (@(@) 44k (0™ (@) 5y o o (y)
— k(@) (@) Ak (0™ 1)) o i () +hi(a(m)++ki (0" (1) 5 py o o (1)
— 1@k (@(@) 4 Ak (@) o g1 () +hr () +-+k (0" ()41 h(n)

— k(@) ki (@) 4 Aka (0™ (@) +ka () +ha (0 () - ka (1 () )+ h(n)

so that
k1R @ (D) 4 Aka (0" () +ha () e (0 (@) (0" @) +m oy (7)
— K@) ki (0 ()4 ki (0™ (&) -k (1) (o () ) Ak (1 ()41 h(n).
Since
k() + -+ k(0" ) + k(@) + -+ R (0™ H(@)) +m
— (k1 (&) 4+ R (0" HE) + () + -+ k(0" () + 1)
=m-—n,
we have

(h(¢),m —n,h(n)) € Dp.
We define ¢: Dg — Dy by

(§m—n,1) = (h(E),m —n,h(n)).

It is not difficult to check that ¢ is a continuous groupoid isomorphism, such that

cu((&m—mn,n)) = cc(§,m—n1n)
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for every (¢,m —n,n) € Dg.

(2) = (1). Suppose that y: Dg — Dpg is a continuous isomorphism, satisfying cp (¢(&, m —
n,1)) = cg(G,m—n,n) for every ({,m —n,n) € Dg. As Dg)) = T; and Dl(,?) = Ty, the restriction
h = 1,L7|Dg)) : Tgc — Ty is obviously a homeomorphism. Since ¢ is a groupoid isomorphism,

d(yp(&,m,n)) = ¢(d(G,mmn)) =¥(E,0,¢) = h(¢) and
r(p(&,m,n)) = ¢(r(G,mmn)) =¢(n,0,1) =h(n)

imply
$(&m,n) = (h(G),m h(n))-

For every ¢ € Tg, consider (§,1,0(¢)) € Dg and
¥(&,1,0(8)) = (h(&),1,h(e(S))) € Dh-
Then, Lemma 2 implies that there is a unique nonnegative integer mjg, such that
™ o p(E) = ™ o ho o (¢).
For ¢ € Tg, we define k1({) = mg. Then we have
1@ o n(@) = MO o ho g ().

We need to show that k1: T — N U {0} is a continuous map, i.e., for every { € Tg, there is a
neighborhood W of ¢, such that k; is a constant on W. Consider (¢,1,0(&)) in Dg. Then Lemma 2 and
o™t o h(&) = 0™ oo o h(E) = 0™ ohoo(¢) imply

h(&) = q(xo- - - xmpa) and ko o(8) = q(y1 - - - YmoP)

where
1. gq: Y¥ — Ty is the quotient map by asymptotic equivalence relation,
2. xg--Xmyx and yq - - - Yy, B are elements of Y,
3. 0oh(€) =0 oq(xo - Tngt) = §00(Xo -~ Xugt) = (x1 - - Xnye)
4. a=0""(xg - xp,a) and B = ™0 (y; - - - Y, B) are asymptotically equivalent, and
5. forany 1l <i <my,
0m0+17i(x0 ce metX) = Xmyg+1—i " " Xmpl and amoii(]/l s ]/moﬁ) = Ymo+1—-i - ']/moﬁ

are not asymptotically equivalent.

LetU = Z(xp- - Xmy) and V = Z(y1 - - - Ym,) in Y. Then g(U) and (V') are compact open sets in
Ty, by definition of the topology on Tx. So

Z(q(U), mg +1,mg,q(V))

is a compact open set in Dy. We consider

Wy = Z(q(U),mo+1,mo,q(V))\ | Z(q(U),mo+1—i,mo—i,q(V)).
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As Z(q(U),my +1 —i,my —i,q(V)) is a compact set, Wi is an open set in Dy containing
(h(&),1,h(c())). Then g1 (W) is an open set in D, and so is

Wy, = 1(W) N Z(Tg,1,0,Tg),

which contains (¢, 1,0(¢)). It is easy to observe that every element in W; is of the form (7,1, 0(77)) because
of Z(Tg,1,0, Tg). For the domain map, d of Dg. we let

W = d(Ws).

Then W is a neighborhood of ¢ € T because D¢ is an étale groupoid so that the domain map d is a
local homeomorphism.
Now, we show that k; is a constant on W. For any 7 € W and (1,1,0(57)) € Wy, we have

PO, 1,0(y)) = (h(n), 1, hoo(n)) € Wi
and that, from the construction of Wy, my is the smallest nonnegative integer satisfying
A lonh(n) =cohoa(y).

Hence we have kq (17) = mg for every € W, and this shows that k; is a continuous map.
For 1/)’1, we have a continuous map kj from the above method so that

ke (m+1 W l(y) = o2 o =16 o(n)
holds. Therefore (T, o) and (Ty, o) are eventually conjugate. [

Remark 4. For the proof of continuity of k1: Tg — N U {0} in Theorem 2, a reviewer suggested the following
elegant and short argument: Let « be the depth-kore operator introduced in [10] (Chpater 3). Then we have

ki =xogpoun

where a: Tg — Dg is defined by & — (&,1,0(E)). It is easy to verify that a is continuous, and that the set
{a=1 (W)} forms a basis for the topology of Tg. The depth-kore operator x is locally constant on this basis, thus,
it is obviously continuous. Hence, kq is a composition of continuous functions. One remarkable property of this
arqument is that we do not require the étale property of the Deaconu groupoids, i.e., it works for every graph.

Recurrent Self-Similar Groups

If (G, X) and (H, Y) are recurrent self-similar groups, then their limit spaces T and Ty, respectively,
are connected spaces by Remark 1. Thus, when the limit dynamical systems of recurrent self-similar groups
are eventually conjugate, the connection maps k; and k, are constant maps by Remark 3. For recurrent self
similar groups, we can strengthen Theorem 2. First we refine Lemmas 1 and 2 as follows.
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Lemma 3. [11] (Lemma 3.3) Suppose that (G, X) and (H,Y) are recurrent and regular self-similar groups and
that their corresponding limit dynamical systems (Tg,0) and (Ty, o) are eventually conjugate. Then, for every
natural number n, we have

o™ o hoo™ (&) ="t o () and
ok o 1 0(7”(17) — olka+1) 5 p—1 (’7)

Proof. We use induction. For every & € Tg, assume that 01 o 1 o ¢ (&) = o"*1+1) o i(&) holds for some
n € N. Then we have ¢ o h o 0" (0'(&)) = o"®*1+) o o ¢(¢) as 0" () € Tg, so that

oK o o g™ (&) = 081 0 0™ 0 o 0L (E)
=M oo™ ohoo™((F))
= k1o "t o o ()

"Bt o gk o o o (7)
= o) o gk ) 6 jy()

_ o)D) 6 ().

By the same argument, we have the second equality for i1, O

We recall that a self-similar group (G, X) satisfies the recurrent condition if, and only if, for any two
words, 4, b of equal length, and every h € G, thereis a ¢ € G such that ¢(a) = b and g|, = h [12] (p. 235).
Then the proof of the following Lemma is basically the same as that of [11] (Proposition 3.5).

Lemma 4. Suppose that (G, X) is a recurrent and regular self-similar group with the Deaconu groupoid Dg. Then,
for every (&, m —n,n) € Dg, c*(&) = ! (1) holds for all nonnegative integers k and 1 such thatk — 1 = m — n.

Proof. We consider any (§,m —n,1) € Dg. If k > m, then 0" (&) = ¢" () and k — m = | — n imply
() = K00 (§) = F M 0 0" () = T 0 0 () = o1 ().
If 0 < k < m, we choose any x = xox1 - -+ € g~ (&) and y = yoy1 - - - € 41 (17) where q: X¥ — T is

the quotient map. As the shift maps on X and T, respectively, and the quotient maps are commuting to
each other, we have

0" (x) = XmXpps1 - €47 (0™(E)) and 0" (y) = ynyns1 - €47 (0" ().

Then

=
S
3
=
|
N
3
=
=
|
N
3
o
|

o' () = " (q(y)) = q(c"(y))

implies that 0™ (x) = xuXy41- - and 0" (y) = YnYu41 - - - are asymptotically equivalent. So there is an
h € G, such that

h(XmXpy1 ) = YnYni1- -

Because of m —k =n — I, we have |xi - - x;;_1| = |y; - - - yn—1]|. Thus the recurrent condition implies
that there is a g € G such that

§(xXx - xXm—1) =Yy Yn—1 and gly.x,,_; = h.
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Then,

§(0*(x)) = g(x - X1 XmX1 )
=g(xp - Xm—1)g |y 1 (XmXmi1 -+ )
=y Yp_1h(XmXpg1 )
=Y YnaYnYni1- -
=o'(y)

implies that 0¥ (x) and ¢/ (y) are asymptotically equivalent to each other. Hence, we have

q(c*(x)) = o* o q(x) = 0*(&) = o' (1) = ' 0 q(y) = (¢’ ()
Therefore o (¢) = ¢'() holds for all k,I € NU {0} such thatk — [ = m —n. O

Theorem 3. Let (Tg, o) and (Ty, o) be the limit dynamical systems of recurrent and reqular self-similar groups
(G, X) and (H,Y), respectively. Then, the following assertions are equivalent:

1. (Tg,0)and (Ty, o) are eventually conjugate.
2. Thereis an isomorphism ¢: Dg — Dy, such that

CG(':/m - nrﬂ) = CH(¢(€fm —n, 77))

for every (§,m —n,1) € Dg.
3. (Tg,0)and (Ty, o) are conjugate.

Proof. (1) = (2) follows from Theorem 2.
(2) = (3). Suppose that : Dg — Dp is a continuous cocycle preserving isomorphism. When we
define h = 1| 50 Tg = Ty, as in the proof of Theorem 2, h is a homeomorphism and
G

¥(&,m, ) = (h(S), m, h(n)).

For every ¢ € T, we consider (,1,0(&)) € Dg. Due to

¥(&,1,0(8)) = (h(&),1,1(e(¢))) € Dr,

Lemma 4 implies k; = 0 and 0 o h({) = ho 0(§). Therefore (Tg,0) and (T, o) are conjugate.
(3) = (1) is trivial. O

We omit the definitions for equivalence of self-similar groups, and refer the reader to [4] for details.
The next property follows directly from Theorem 3 and [4] (Theorem 6.4).

Corollary 1. Suppose that (G, X) and (H,Y') are contracting, recurrent, and reqular self-similar groups. Then the
following are equivalent.

1. The self-similar groups (G, X) and (H,Y') are equivalent in the sense of Nekrashevych.
2. (Tg,0) and (Ty, o) are eventually conjugate.
3. There is an isomorphism : Dg — Dy, such that

CG(':/m - nrﬂ) = CH(#’(CM“ —n, 77))
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for every (§,m —n, ) € Dg.
4.  (Tg,o) and (Ty, o) are conjugate.

4. Conjugacy of Limit Solenoids

While o: Tg — T is an epimorphism, 0: Sg — S¢ is a homeomorphism. Thus, it is natural that
the limit solenoid (Sg, o) of a self-similar group (G, X) has stronger properties than the limit dynamical
system (Tg, o).

Theorem 4. Suppose that (G, X) and (H,Y) are self-similar groups with limit solenoids (Sg, ) and (S, 0),
respectively, and groupoids Eg and Eg, respectively. Then the following are equivalent.

1. (Sg,0)and (Sy, o) are conjugate.
2. Thereis an isomorphism ¢: Eg — Ep, such that

cg(&,m—n,1) = cu((¢,m—mn,n))
for every ({,m —n,n) € Eg.

Proof. Suppose that (Sg,0) and (Sy, o) are conjugate. Then there is a homeomorphism /: Sg — Sp such
that coh = h o o. We define ¢: Eg — Ey by

(§m—mn, ) = (h(Z),m —n,h(n)).
Due to ¢ (&) = 0" (y) and 0 o h = h o 0, we have
hoa™(§) = hoa"(y) = " o h(Z) = o o (1),

so that (h(¢),m —n,h(1y)) € Ex. Then, it is routine to check that i is a groupoid isomorphism satisfying
cg(&m—n,1) = cu(P(&,m—n,1)).

Conversely, assume that ¢: Eg — Ep is an isomorphism with

cg(&m—mn,n) =cy(Pp(g,m—n,mn)).

Then, Eg]) = Sgand Eg)) = Sy imply that h = lP|E(0) : S¢ — Sy is a homeomorphism.
G

Now, we show oo h = hoo. For every (§,m —n,1) € Eg, we have

$(&m —mn,n) = (h(),m—n,h(y))

due to cg(¢,m —n,n) = cy(p(&,m —n,n)). Then, for every (¢,1,0(¢)) € Eg, ¥(E 1,0()) =
(h(€),1,h(c(C)) € E p and the fact that the shift map on Sg is a homeomorphism imply

ooh(g) =hoo().

Therefore, (Sg,0) and (Sy, o) are conjugate. [
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