. mathematics ﬁw\o\w

Article

The Existence of Solutions to Nonlinear
Matrix Equations via Fixed Points of
Multivalued F-Contractions

Nawab Hussain 1,*©7, Ghada Ali !, Iram Iqbal 2 and Bessem Samet 3

1 Department of Mathematics, King Abdulaziz University, P.O. Box 80203, Jeddah 21589, Saudi Arabia;
gbasendwah@kau.edu.sa

Department of Mathematics, University of Sargodha, Sargodha 40100, Pakistan; iram.igbal.uos@gmail.com
Department of Mathematics, College of Science, King Saud University, P.O. Box 2455,

Riyadh 11451, Saudi Arabia; bsamet@ksu.edu.sa

Correspondence: nhusain@kau.edu.sa

check for
Received: 16 November 2019; Accepted: 31 January 2020; Published: 7 February 2020 updates

Abstract: In this paper, we set up an adequate condition for the presence of a solution of the
nonlinear matrix equation. To do so, we prove the existence of fixed points for multi-valued modified
F-contractions in the context of complete metric spaces, which generalize, refine, and extend several
existing results in the literature. An example is accompanies the obtained results to show that derived
results are a proper generalization.
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1. Introduction and Preliminaries

It has always been an attractive problem to find an adequate method to solve matrix equations
because the existence of solutions of matrix equations arises in a number of applications such as in
stochastic filtering, system theory, dynamic programming, control theory, statistics, ladder networks,
and many other fields. In 2003, Ran and Reurings [1] obtained a sufficient condition for the presence
of positive definite solution of two classes of matrix equations

f
V=0+Y € F(V), (1)
j=1

where F is a order-preserving (or order-reversing) mapping on H(s), @ € P(s) and %] is an s X s
complex matrix. Since then, many fixed point theorems have been presented by several authors to find
solutions for different classes of matrix equations (see [2,3]). In [4], Berzig proved the existence and
uniqueness of solution of the matrix equations of the form

f k
V=0+)Y ¢'Ve-)Y 2V ()
i=1 i=1

In the present paper, our goal is to find a sufficient condition to determine a solution for nonlinear
matrix equations of the form

f k
V=0+) €o(V)E - ), Z0(V)7}, ©)
i=1 j=1
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where Q is a positive definite matrix, ¢;, @j are arbitrary s X s matrices foralli =1,..., f,j =1,...k,
and ¢ is a self mapping on the set of all s x s Hermitian matrices, which maps the set of all s x s
Hermitian positive definite matrices onto itself. To do this, we prove the existence of fixed points for
multi-valued modified F-contractions in the frame of complete metric spaces. Henceforth, for a metric
space (U, m), define

U ={wCcU: o +0},
c(u) = {;27 c2¥ . o is closed} ,
CB(U) = {.@f c 2% : & isclosed and bounded} ,

K(Uu) = {szf c2¥ o is compact}.

Note that K(U) C CB(U) C C(U) C 2Y. Let

H(%, /) = max { sup M(p, <), sup M(w, %) ¢,
UER wed

where M(p, ) = inf {m(p,w) : w € B} and &, B € C(U). Symbolize
§={F:R" — R : Fsatisfies (F1), (F2) and (F3)}

and
F« = {F € § : F satisfies (F4)},

where

(F1)  F is strictly increasing;

(F2)  for all, sequence {r,;} € R, limy 0 r; = 0 if and only if limy ;e F(r5) = —o0;
(F3)  there exist 0 < k < 1 such that lim,,_,q+ t*F(t) = 0; and

(F4) F(info) =infF(«/) forall & C (0,00) with inf </ > 0.

Feng and Liu gave an important and interesting generalization of Nadler’s fixed point
theorem [5] as:

Theorem 1. [6] Let (U, m) be a complete metric space and G : U — C(U). If there exists a,c € (0,1) such
that ¢ < a and for any y € U, there is w € I} satisfying

M(w, Gw) < em(p, w), 4)

where Iy = {w € Gu : am(u,w) < M(u,Gu)}. Then, G has a fixed point, provided that the map u —
M(p, Gu) is lower semi-continuous.

Altun et al. [7] defined multi-valued F-contractions and found some fixed point results. Further,
Minak et al. [8] extended Theorem 1 and claimed that their obtained results are factual or proper
generalizations of Feng and Liu’s theorem (Theorem 1). However, Nguyen et al. [9] showed that their
claim is not true by giving an example (see Example 1.1 in [9]) and gave refinements of Minak et al.’s
theorems [9] by replacing “for any p € U thereis w € Gu” by “for any p € U thereis w € U” and
extending functions F to [0, 00) by putting F(0) = —oo. Very recently, Nashine and Kadelburg [10]
proved the following result as generalization of Theorem 1.
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Theorem 2. Let (U, m) be a complete metric space, G : U — C(U) and F € F, [10]. If there exist two
functions & : (0,00) — (0,00) and 7t : (0,00) — (&, 00) such that

n(t) > &(t), lim inf7r(t) > lim inf¢(t) for s>0 ()
t—st t—st
and, for any y € U with M(u, Gu) > 0, there exists w € Fg satisfying

T(Myw) + F(M(w, Gw)) < F(m(p, w)), (6)

where Fg ={w e Gu: F(m(p,w)) < F(max{m(p,Gu), m(w, Gw)}) + (M)} and My, is defined in
Equation (8), then G has a fixed point, provided that the map y — M(u, Gu) is lower semi-continuous.

However, the following example shows that Theorem 2 is not proper generalization of Theorem 1.

Example 1. Let U = [0,1] C R with the usual metric m. Then, (U, m) is complete metric space. Consider
& :(0,00) — (0,00) and 7t : (0,00) — (&, 00) are two functions satisfying Equation (5). Define G : U —

C(U) by
_)yu if u=0
g”‘{m} if 1 0.

Then, M(u, Gu) = p forall x € V. In this example, Theorem 2 cannot be applied. Indeed, for u # 0, we have
M(u,Gu) > 0. Therefore, if w € Gu, then w = 0 and M(w, Gw) = 0, thus Equation (6) is not satisfied
forany F.

Motivated by Nguyen et al. [9], we overcome the error mentioned in Example 1.1 of [9] by
another way. We define contractions involving F-functions and prove fixed point results for these
type of contractions. In our results, the domain of the function F is not extended from (0, c0) to [0, ).
Our results generalize (see [11-31]), refine, and extend the results of [6,8,32,33].

2. Fixed Point Results

Let G : U — 2Y be the multi-valued map, F € §, ¢ : (0,00) = ({,0), ¢ > 0and p € U with
M(u,Gu) > 0. Define the set

Ff = {w € G : M(w, Gw) > 0and F(m(p,w)) < F(Myw) +E(n(i,w))}, @)

where

®)

My, =max {m(‘u,w),M(‘u/gy),M(w, Gw), M(w,Gu) + M(p, Gw) } .

2

By considering ¢ : (0,00) — (§,0),¢ > 0 a constant function, that is, {(t) = {+constant= b,
Equation (7) becomes

Fl = {w € Gy :M(w,Gw) > 0and F(m(p,w)) < F(M(p, Gu)) + b}. )
Definition 1. Let G : U — 2U be a multi-valued mapping on a metric space (U, m); then, G is said to be

modified-F-contraction on U, if there exists 7t : (0,00) — (0,00), & : (0,00) — (¢, 00),& > 0 and a function
F € § such that, for all p € U with M(p, Gu) > 0, there exists w € IFE satisfying

(m(p, w)) + F(M(w, Gw)) < F(Myw), (10)

where My, ., is defined in Equation (8).
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Now, we prove our main results.

Theorem 3. Let (U, m) be a complete metric space and G : U — K(U) be a multi-valued mapping satisfying
the following assertions:

1. G is modified-F-contraction for F € §;
2. u— M(p,Gu) is lower semi-continuous mapping; and
3. m:(0,00) = (0,00) and & : (0,00) — (&, 00),& > 0 satisfy

mi(t) >¢(t) 11)
and
tlim+ infrr(t) > tlim+ infg(t) forall s>0. (12)

Then, G has a fixed point in U.

Proof. Assume that G has no fixed point in U. Let yg € U. Then, M(po, Gpo) > 0, otherwise py is the
fixed point of G. Since Gu € K(U) for every u, there exists 1 € Guo such that m(pg, p11) = M(po, Gpo)-
It also follows that

F(m(po, p1)) < F(Myugu) + ¢ (m(po, 1)) (13)

M(p1,Gu1) > 0, otherwise pj is the fixed point of G. Thus, 1 € Fgo and p1 # o, therefore,
from Equation (10), we have

7t(m(po, 1)) + F(M(p1,Gp1)) < F(Mpg i), (14)

where

My, = max {m(po, 1), M(po, Gpo), M(p1, Gp),
M(p1,Guo) + M(po, Gir) } . (15)

2

Since Gpp and Gy are compact, Equation (15) gives

Mg,y = max {m(#o,ul),m(m,#z), m(ygyz)} (16)
Since
m(po p2) _ m(po, 1) + m(pa, pa)
2 - 2
< max{m(po, p1), m(p1, 42)},
it follows that
My, < max{m(po, pi1), m(p1, p2) }- (17)

Suppose that m (g, pt1) < m(p1, y2); then, Equation (14) implies that

7t(m(po, u1)) + F(M(p1,Gpr)) < F(m(pa, p2)); (18)
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consequently,

7t(m(po, p1)) + F(m(p1, p2)) < (m(pa, 42)), (19)

or F(m(p1,p2)) < F(m(p, p2)) — 7t(m(po, 1)), which is a contradiction. Hence, My, < m(po, p1);
therefore, by using (F1), Equations (13) and (14) imply that

F(m(po, p1)) < F(m(po, p1)) + &(m(po, 1)) (20)
and
7t(m(po, p1)) + F(m(p1, p2) < F(m(po, p1))- (21)

On continuing recursively, we get a sequence {g : iy € Gy —1}pen in U, where ;11 € Fg”, Hot1 &
gﬂq+1f Mﬂqlﬂﬁl < m(VqutHl) and

7 (m(pug tgr1)) + F(M(pigi1, Gptga1)) < F(mlpig, igr1))- (22)
Since pg41 € ng and Gpq and Gy are compact, we have

t(m(pg, 1)) + F(m(pgr1, pgr2)) < F(m(pg, tgs1)) (23)

and

F(m(pg, pge1)) < F(m(pg, pgr1)) + S(m(pg, pgr1))- (24)

Combining Equations (23) and (24) gives

F(m(pg1, pnt2)) < F(m(pg, pigr1)) + E(m(pg, pge1))

(25)
- ”(m(ﬂqrﬂqﬂ))
Set m(pg, pg11) = Lg. From Equation (25), we get
F(Lq—H) < F(Lq) + ‘:(Lq) - ”(Lq)
< F(Lg-1) +¢(Lg) +¢(Lg—1) — 7(Lg) — 7(Ly—1)
(26)

< F(Lo) +&(Lg) +6(Lg—1) + -+ +¢(Lo)
—7(Lg) — m(Lg-1) — - — 7(Lo)-

Let 1(Ly,) = min{m (L), w(Ly),---,7m(Ly)} and ¢(Lg,) = max{&(Lo),&(L1), - ,&(Lg)} foralln €
N. From Equation (26), we get

F(Lg11) < F(Lo) +q(8(Lg,) — 72(Lp,))- (27)

From Equation (22), we also get

F(M(pq11,Gpgr1)) < F(M(po, Gpio))+

y e
n(@(Ly,) ~ (Lp,).
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Equations (12) and (28) imply lim; . F(Ly;) = —oo, thus, by (F2), lim; ;e L; = 0. Now, we prove that
{#q = Hq € Guy—1} is a Cauchy sequence. From (F3), there exists 0 < r < 1 such that

qli_r)go(Lq)rF(Lq) =0. (29)
By Equation (27), we get foralln € N
(Lg)"F(Lq) — (Lg)"F(Lo) < (Lq)"q(8(Lg,) — (Lp,)) < 0. (30)

Letting g — oo in Equation (30), we obtain

lim q(Ls)" =0 (31)

q—>oo

This implies that there exists n; € N such that g(L;)" < 1or L; < qll/,, for all ¢ > gq;. Next,

for m > q > g1, we have

—_

f-1 f- 1
g o) < 1wt iinn) < 1 g7
i=q =q

since0 < k <1, Z{:_ql ﬂ% converges. Therefore, m(pq, 1) — 0as f,q — oo. Thus, {pg: pg € Gpg1}
is a Cauchy sequence. Since U is complete, there exists u* € U such that y; — p* as g — oo.
From Equation (28) and (F2), we have

D}Lngo M(pq, Gpg) = 0.
From the hypothesis in Equation (2), we obtain

0.< M(p,Gp) < lim inf M(pg, Gpig) = 0,

which is a contradiction. Thus, G has a fixed point. O

In the following theorem, we take C(U) instead of K(U); thus, we need to take F € §..

Theorem 4. Let (U, m) be a complete metric space and G : U — C(U) be a multi-valued mapping such that
G is modified-F-contraction for F € §. and satisfying the assertions in Equations (2) and (3) of Theorem 3.
Then, G has a fixed point in U.

Proof. Assume that G has no fixed point in U. Let ji9 € U, then M(p9, Guo) > 0, otherwise py is the
fixed point of G. Since G € C(U) for every u € U and F € §, there exist j11 € Gy such that

F(m(po, p1)) < inf{F(m(po,p1)) : p1 € Gpo} + &(m(po, 1)
= F(inf{m(po, 1) : p1 € Gpo}) + &(m(po, p1)
= F(M(po, Gpo)) + ¢(m(po, p1)
< F(Myg,py) + &(m(po, p1)

and M(p1,Gu1) > 0, otherwise ji is the fixed point of G. Thus, from Equation (10), we have

7t(m(po, p1)) + F(M(p1,Gp1)) < F(Myuguy ), (32)
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where

My, 1, = max {m(po, p1), M(po, Guo), M(p1, Ga),
M(p1, Gpo) + M(po, Gp1)
2
S maXx {m(yO/ ]’ll)/ m(]’l()r ]/ll)/ m(l’lll ]’12)’

m(p1, p1) + m(po, pa) }
5 .

Since

m(po, p2) _ m(po, p1) + m(pa, p2)
2 2

< max{m(yo, ,141), m(le #2)}1

IN

it follows that

Mlzlorlil < max{m(yo, ,”1)/”1(.”11 VZ)} (33)

Due to (F4), we obtain
F(M(p1,Gp1)) = inf F(m(p,w)) (34)
weGu
Suppose that m (g, p11) < m(p1, y2); then, Equations (32) and (34) imply that

wiégyF(m(m,w)) < F(m(p1, p2)) — 7e(m(po, p1))- (35)

Then, by Equation (35), there exists yp € G such that

F(m(pr,p2)) < F(m(pr, p2)) — (m(pio, pa)), (36)
which is a contradiction. Hence, My, ,; < m(po, 1). Therefore, from Equations (32) and (34), we obtain
F(m(p1,p2)) < F(m(po, 1)) — (m(po, 1)), (37)
The rest of the proof can be completed as in the proof of Theorem 3. [
By defining ¢ : (0,00) — (§,00),¢ > 0as(t) =&+ constant =b > 0forallt € [0,00), we get

Corollary 1. Let (U, m) be a complete metric space and G : U — K(U) be a multi-valued mapping. If there
exists b > 0 and a function 7t : (0,00) — (b, 00) such that

lim inf7t(t) > b for s >0
t—st

and for F € §, u € U with M(u,Gu) > 0, there exists w € F), satisfying
7t(m(p,w)) + F(M(w,Gw)) < F(Myw).
Then, G has a fixed point in U, provided that y — M(u, Gu) is a lower semi-continuous mapping.

Corollary 2. Let (U, m) be a complete metric space and G : U — C(U) be a multi-valued mapping satisfying
all the assertions of Corollary 1 for F € F«. Then, G has a fixed point in U.
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Corollary 3. Let (U, m) be a complete metric space and G : U — K(U) be a multi-valued mapping. If there
exists b > 0 and a function 7t : (0,00) — (b, 00) such that

11m1nf7'(()>b for s >0
t—st

and for F € §, x € U with M(pu, Gu) > 0, there exists y € I} satisfying at least one of the following:

) >0
(F1)  7w(m(p,w)) + F(M(w,Gw)) < F(m(p,w));

(F2)  7(m(p,w)) + F(M(w,Gw)) < F (max{M(p, Gp), M(w, Gw)}); and
(Fs) (i, @) + F(M(w, Gw)) < F (3[M(n, Gw) + M(w, Gp)] ).

Then, G has a fixed point in U provided that the map y — My, Gu) is lower semi-continuous.

Corollary 4. Let (U, m) be a complete metric space and G : U — C(U) be a multi-valued mapping satisfying
all the assumptions of Corollary 3 for F € §«. Then, G has a fixed point in U.

Corollary 5. Let (U, m) be a complete metric space and G : U — C(U) be a multi-valued mapping. If there
exists a function ¢ : [0,00) — (0,1) and a non-decreasing function b : [0,00) — [b,1),b > 0 such that

() <b(t) and lim sup ¢(t) < lim sup b(t)

t—st t—st

forallt € [0,00) and for any p € U there is w € Gu satisfying the following two conditions:

b(m(p, w))m(p, w) < My
and
M(w, Tw) < qo(m(y,w))MV,w,

where My, is defined in Equation (8). Then, G has a fixed point in U provided that y — M(u, Gy) is lower
semi-continuous.

Proof. Define F : [0,00) — R, 77 : (0,00) — (0,00) and ¢ : (0,00) — (&, 00),& > 0by F(r) = Inr for
€(0,1), m(t) = —Ing(t) and &(t) = —Inb(t) for t € (0, 0). Then, all conditions of Theorem 4 hold
true and thus G has a fixed pointin U. O

Corollary 6. Let (U, m) be a complete metric space and G : U — K(U) be a multi-valued mapping satisfying
all the assertions of Corollary 5 for F € §. Then, G has a fixed point in U.

Corollary 7. Let (U, m) be a complete metric space and G : U — C(U) be a multi-valued mapping. If there
exists constants b,c € (0,1) such that ¢ < b and for any u € U there is w € Tx satisfying the following
conditions:

bd(p, w) < My,
and
M(w,Gw) < cMy, w0,

where My, is defined in Equation (8). Then, G has a fixed point in U provided that y — M(u, Gu) is lower
semi-continuous.
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Proof. Define ¢ : [0,00) — (0,1) and b : [0,00) — [b,1) by ¢(t) = c and b(t) = b, respectively, for
all t € [0,00), where b,c € (0,1). Then, all conditions of Corollary 5 are satisfied and hence G has
a fixed point. [

Remark 1. Corollary 5 generalizes Theorem 6 of [33] and Corollary 7 generalizes the Theorem 1.

Example 2. Let U = {0,1,2,3,...} with

_)0 if p=uw,
m(y’w)_{ ptw if p#w,

then (U, m) is complete metric space. Define G : U — C(U), F : Rt — R,  : (0,00) — (0, 00) and
¢ 2 (0,00) = (&, 00) by

{0,4} if ne{0,3},
Gu=1< {23} if wef2},
(1,2, u—1} if ue{4,5.30{1}
F(t) =In(t), 7t(t) = 1 +0.12, and &(t) = 1 +0.05 for all t > 0. Then,

0 if ue{0,1,2}
M(u, Gu) = 3 if u=3
u+1 if pue{45,..},

r(t) > ¢(t) and lim;_, ¢+ inf 7r(t) > lim,_,;+ inf &(¢) forall s > 0. Now, let Ml(y, Gu) > 0; then, there exists
two cases:

Case 1. When yu =3, Gu = {0,4}. Thus, for w = 4 € Gu such that M(4,G4) =5 > 0, we have
F(m(p,w)) = F(Mpw) = F(7) = F(7) =0 < {(m(p, w)).
In addition,

F(M(w,Gw)) = F(Myw) = F(5) = F(7)

— — ().

Case 2. When u € {4,5,..},
Gu={1,2,..,u—1}. Thus, for w = 3 € Gy such that M(3,G3) = 3 > 0, we have

F(m(p,w)) — F(Myw) = F(p+1) = F(p +1)
=0 < &(m(p,w)).
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In addition,

Hence, G is modified-F-contraction.
Next, let limg o m(piq, ) = 0. Then,

qlgroloinfM(]/lqr g,uq) = M(u, Gp).

Hence, G is a lower semi-continuous mapping. Thus, all conditions of Theorem 4 hold and 0, 1, and 2 are fixed
points of G.

Remark 2. In Example 2, Theorem 2 cannot be applied. Indeed, for y = 3, Gu = {0,4}. Thus, forw =4 € Gu
such that M(4,G4) =5 > 0, we have

F(m(p, w)) — F (max{M(p, Gu), M(w, Gw)})

Then,

Hence, Equation (6) does not hold.

Definition 2. Let G : U — 2Y be a multi-valued mapping on a metric space (U, m), F; : (0,00) — R bea
nondecreasing function, and F, : (0,00) — R satisfy (F2) and (F3). Then, G is said to be Fy-F,-contraction
on U, if there exists 7t : (0,00) — (0,00) and ¢ : (0,00) — (&, 00), & > 0 such that, for all x € U with
M(u, Gu) > 0, there exists w € Gu with M(w, Gw) > 0 satisfying

(m(p,w)) + B (M(w, Gw)) < A (Myw) (38)
and
B (m(p,w)) < F(M(p, Gu)) + 6 (m(p, ), (39)
where My (i, w) is defined in Equation (8).

Theorem 5. Let (U, m) be a complete metric space and G : U — K(U) be a Fy-F,-contraction satisfying the
hypotheses in Equations (2) and (3) of Theorem 3. Then, G has a fixed point in U.
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Proof. Assume that G has no fixed point in U. Let yp € U; then, M(po, G1o) > 0, otherwise py is the
fixed point of G. Since Gu € K(U) for every p, there exists 1 € Gug such that m(puo, u1) = M(po, Guo)
with M(pq,Gu1) > 0, otherwise p; is the fixed point of G. Thus, from Equations (38) and (39), we have

t(m(po, 1)) + Fr (M(p1,Gpr)) < Fr (M), (40)

and

Fy(m(po, 1)) < Fr(M(po, Gpo)) + & (m(po, 1)) (41)

where

Mgy =max {m(po, 1), M(po, Gpo), M(p1, Gpir),

M(p1,Gpo) + M(po, G ) } (42)
> )

Since Gug and Gy are compact, Equation (42) gives

Mgy =max {m(po, pi1), m(po, p1), m(p1, p2),
m(p1, p1) + m(po, p2) }

2 (43)
= max {m(ﬂor ), m(pa, p2), W} .
Since
m(po, p2) _ m(po, 1) + m(pa, pia)
2 - 2
< max{m(po, p1), m(p1, #2)},
it follows that
My, < max{m(po, p1), m(p1, pa) }- (44)
Suppose that m (g, pt1) < m(p1, y2); then, Equation (40) implies that
t(m(po, p1)) + Fr(M(p1, Gpr)) < Fr(m(pa, p2)); (45)
consequently,
7t (m(po, 1)) + Fr(m(p, p2)) < Fr(m(pa, p2)), (46)

or F(m(p1, p42)) < F(m(p1, p2)) — 7(m(po, u1)), which is a contradiction. Hence, My, < m(pio, 1)
Since Fj is nondecreasing, from Equation (40), we get

7t(m(po, 1)) + Fr(m(p1, p2) < Fr(m(po, p1))- (47)

On continuing recursively, we get a sequence {}g : tg € Gy 1}uen in U, where M(pq, Gug) > 0,
Hg+1 & Gpgrr and My, i, < m(pig, pig+1) satisfying

7T (m(pg, tgs1)) + Fr(M(pgi1, Gpgr1)) < Fi(m(pg, pgr1))- (48)
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and
Fa(m(pq, tg1)) < Fi(m(pig, pg1)) +E(mpg, pg 1)) (49)
Since pg41 € Ff;q and Gpq and Gy are compact, we have

7t (m(pg, tg1)) + Fr(m(pgr1, pge2)) < Fi(m(pg, pgi1)) (50)

and

Fy(m(pg, pgr1)) < Fr(m(pg, pge1)) + E(mpg, pgy1))- (51)

From Equation (50) and by monotonicity of F;, we obtain that {m(j4, #£441) } is nondecreasing sequence.
Hence, there exists ¥ > 0 such that m( Hq, ]/lq+1) — ras g — 0. Assume that r > 0; then, combining
Equations (50) and (51) gives

By (m(pgr1, tg+2)) < Fi(m(pg, pgr1)) + &(m(pg, pigi1))

(52)
= 1t(m(pg, Hg+1))
From Equation (52), we get
B (Lyy1) < F(Lg) +&(Lg) — m(Ly)
< F(Ly-1) +¢(Lg) +¢(Ly1) — (Lg) — (Lg—1)
(53)

< Fi(Lo) +¢(Lg) +&(Lg—1) + - +¢(Lo)
—nt(Lg) — 7t(Ly—1) — - — 7(Lo)-

Let 71(Lp,) = min{7t(Lo), w(L1),---,m(Ly)} and &(Ly,) = max{&(Lo),{(L1),---,&(Ly)} foralln €
N. From Equation (53), we get

Fa(Lg11) < Fi(Lo) +4q(E(Lg,) — 7t(Lp,))- (54)

From Equation (48), we also get

F2(M(pg11, Gigi1)) < Fr(M(po, Gio)) +4(S(Lg,) — 7t(Lp,))- (55)

Equations (12) and (55) imply lim; ;e F>(L;) = —o0; thus, by (F2), lim; s L; = 0. Now, we prove
that {pg : g € Gpy—1} is a Cauchy sequence. Since F; satisfies (F3), there exists 0 < r < 1 such that

lim (Lg)"F2(Ly) = 0. (56)

q—>00

By Equation (54), we get forall g € N

(Lq)"F2(Lg) — (Lq)"Fi(Lo)

(()Lm(c(w ~ (Lp,)) )

<
<

Letting g — oo in Equation (57), we obtain

lim n(L;)" =0 (58)

q—00
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This implies that there exists g € N such that q(Lq)’ <1lorL; < L foralln > q1. Next,

ql/r/
form > g > g1, we have
m—1 m—1 1
m(;lq, #m) < Z m(xi/ xi+1) < Z m,
1=q 1=q

since0 < k <1, Z?:ql 11% converges. Therefore, m(jig, ) — 0as m,q — oo. Thus, {pg : pg € Gpy—1}
is a Cauchy sequence. Since U is complete, there exists u* € U such that y; — u* as g — oo. Since F,
satisfies (F2), from Equation (55), we have

Jim M(juq, Gpq) = 0.
From the hypothesis in Equation (2), we obtain
0= M(p,Gp) < lim inf M(puq, Gptg) =0,
which is a contradiction. Thus, G has a fixed point. [

Theorem 6. Let (U, m) be a complete metric space and G : U — C(U) be a Fy-F,-contraction satisfying the
hypotheses in Equations (2) and (3) of Theorem 3. Assume that F satisfies (F4), then G has a fixed point in U.

Proof. Assume that G has no fixed point in U. Let py € U, then M(uo, Guo) > 0, otherwise  is the
fixed point of G. Since G is F;-F,-contraction there exists 1 € Txp with M(u1, Gpp) > 0, otherwise g
is the fixed point of G, satisfying

t(m(po, 1)) + Fr (M(p1,Gp1)) < Fr(Mpg,), (59)

and

Fy(m(po, 1)) < Fr(M(po, Gpo)) + &(m(po, pi1)) (60)

where

My, = max {m(po, pi1), M(po, Gpo), M(p1, Gpa),
M(u1, Guo) + M(po, Gpr) }

2

< max {m(po, p1), m(po, p1), m(p1, h2),
m(p1, 1) + m(po, 2) } _

2
Since

m(po, p2) _ m(po, p1) + m(pa, p2)
2 2

< max{m(po, p1), m(p1, 42)},

IN

it follows that

My, < max{m(po, pi1), m(p1, p2) }- (61)

Since F, satisfies (F4), we obtain

F(M(p1,Gm)) = inf F(m(p,w)) (62)
weGpu
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Suppose that m(pg, pt1) < m(p1, y2); then, Equations (59) and (62) imply that

weg

infy Fi(m(p1,w)) < Fi(m(pa, p2)) = 7(m(puo, p))- (63)
Then, by Equation (63), there exists yp € G such that

Fi(m(p1, p2)) < Fi(m(p1, p2)) — mw(m(po, 1)), (64)

which is a contradiction. Hence, My, ,; < m(po, p1). Therefore, from Equations (59) and (62), we
obtain

Fy(m(p1, p2)) < Fi(m(po, p1)) — 7w(m(po, p1)), (65)

The rest of the proof follows as the proof of Theorem 5. [

Theorem 7. Let (U, m) be a complete metric space and G : U — C(U). Assume that Fy : (0,00) — R is
a nondecreasing function, F, : (0,00) — R satisfies (F2) and (F3), and there exists 7t : (0,00) — (0, 00)
and § : (0,00) — (§,00), & > 0 such that, for all y € U with M(u,Gu) > 0, we have w € Gu with
M(w,Gw) > 0 satisfying

(m(p,w)) + F(M(w, Gw)) < F(M(4, Gu)) (66)

and

Fy(m(p, w)) < Fu(M(p, Gpt)) + ¢ (m(pt, w))- (67)
If the hypotheses in Equations (2) and (3) of Theorem 3 hold, then G has a fixed point in U.

Proof. Assume that G has no fixed point in U. Let y9 € U, we can construct a sequence {},} in
U satisfying

7t (m(pg, pg1)) + Fr(M(pgs1, Gpgr1)) < Fr(M(pq, Gug)), (68)

and

Fa(m(pq, ug11)) < Fr(M(pq, Gpg)) + G (m(pg, 1)), (69)
Hg+1 € Gug and M(pg, Gpg) > 0. The rest of the proof follows as the proof of Theorem 5. [

3. Notations and Setting of the Problem
Consider the following nonlinear matrix equation
f k
V=0+) Go(V)e - ), Z0(V)7;, (70)
i=1 j=1

where Q is a positive definite matrix, ¢j, .@]- are arbitrary s X s matrices foralli =1,..., f,j =1,...,k
and ¢ is a self mapping on the set of all s X s Hermitian matrices, which maps set of all s X s Hermitian
positive definite matrices into itself. Designate

H(s) = {V: Viss x s Hermitian matrix},
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which is a complete metric space in respect of the Ky Fan norm ||.||1, defined by
n
€111 = Y_si1(€),
I=1

where 5;(¢),1 =1, ..., n, are the singular values of . In addition,
1] = tr((67%%)"/2),
which is tr(%’) for (Hermitian) nonnegative matrices and
P(s) ={V € H(s) : Vis positive definite}.
Define G : H(s) — H(s) and F: R* — Rby
f k
G(V)=9+ ; Go(V)6; — ]; Zi0(V) 7} (71)

and F(r) = Inr, respectively. Then, F € §. For a function ¢ : (0,00) — (¢,00),¢ > 0and V € U with
M(V,GV) =inf{m(V,Y) : Y € GV} > 0, define the set

Fé’ ={Y e GV:M(Y,GY)>0and F(m(V,Y)) < F(Myy) +¢(m(V,Y))}, (72)

where

(73)

My y = max {m(V, Y)/M(V/QV),M(Y,QY)/ M(Y,QV) + M(V,QY) } .

2
Note that a fixed point of G is a solution of Equation (70).

4. Existence of Solution to Nonlinear Matrix Equations

In this section, we prove the existence of the positive definite solution to the nonlinear matrix
equation in Equation (70) by using the fixed point results in Section 2.

Theorem 8. Let ¢ : H(s) — H(s), which maps P(s) into P(s) and Q € P(s). Assume the following

(1)  there exists a positive number N for which 2{:1 CET + Z}‘:l 2i%; <Nl and

(2)  forall VY € P(s)lo(Y) = a(V)ll < N1 (Myy)exp (- (A1),

Then, Equation (70) has a solution in P (s).

Proof. Let V € H(s). For the functions 7t : (0,00) — (0,00) and ¢ : (0,00) — (&, c0) defined by
(t) = t+ % and ¢(t) = % + %, there exist Y € Fg such that Y = GV. Thus, for M(V,GV) > 0,
Equation (11) holds true, M(Y, TY) > 0, and

F(n(V,Y)) = F(n(V,GV))
—In(||gV - V[}x)
1 1
GV —VIL " Tgv—Vvh
= F(M(V,GV)) +&(n(V, Y)).

<In(|[GV = VI[1) +
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Now,
M(Y,GY) = n(GV,GY)
=[19Y =GVih
=tr(GY — GV)
f k
= tr (Z(%Q(V)‘é* —¢o(V)E") + ) (Z0(V)7] — 9;@00%*))
i=1 j=1
f k
< Y145 1 le(v) — o)l + X2 [ 227 llev) = e(v)]
i=1 =1
f k
- [2 I+ Y. 27| o) — el
i=1 j=1
f * k *
Y |GE |+ X |92 _
. |67 - g 1! ] e (_ <z||y 2v|| +1>>
2l =V 1
< Oty (- (1)),
and, thus,
7(2\\Y—VH+1>
in(|[g¥ = Y|l) = In(6Y = gvI|y) < In ((My)e )
2l =V 1
oty - {EY LY
This implies that
1
1Y = VIh + 5 +In([|gY = Y[[1) <In(Myy).
Consequently,

(m(V,Y)) +F(m(Y,GY)) < F(Myy).

Thus, by using Theorem 3, we conclude that G has a fixed point and hence Equation (70) has a solution
inP(s). O

Corollary 8. Consider the matrix equation in Equation (70) with unitary matrices 6;, 9 foralli =1,2,..., f,
j=1,2,.. k. Assume that there exists a positive number N for which m + k < N and Hypothesis (2) of
Theorem 8 holds for all V,Y € P(s). Then, Equation (70) has a solution in P(s).

Corollary 9. Consider the matrix equation
V=Q+%VeE —IVD". (74)

Assume that there exists a positive number N for which €6} + @jgj* < NI, and Hypothesis (2) of Theorem 8
holds for all V,Y € P(s). Then, Equation (74) has a solution in P (s).

5. Conclusions

The motivation of the presented work is to get a new approach to the existence of the solution to
nonlinear matrix equations via fixed point results for newly introduced multi-valued mappings, named
as modified-F-contractions. It is also proved that our obtained results generalize and extend many
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existing results in the literature and nontrivial examples are provided to verify it. Here, we overcome
the error mentioned in Example 1.1 of [9] by adopting a way other than that of Nguyen et al.
In addition, we show that the main result of Nashine and Kadelburg [10] (see Theorem 2) is not
a proper generalization of Feng and Liu’s theorem by giving an example.
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