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Abstract: Based on the theories of AG-groupoid, neutrosophic extended triplet (NET) and semigroup,
the characteristics of regular cyclic associative groupoids (CA-groupoids) and cyclic associative
neutrosophic extended triplet groupoids (CA-NET-groupoids) are further studied, and some important
results are obtained. In particular, the following conclusions are strictly proved: (1) an algebraic
system is a regular CA-groupoid if and only if it is a CA-NET-groupoid; (2) if (S, *) is a regular
CA-groupoid, then every element of S lies in a subgroup of S, and every H-class in S is a group;
and (3) an algebraic system is an inverse CA-groupoid if and only if it is a regular CA-groupoid
and its idempotent elements are commutative. Moreover, the Green relations of CA-groupoids are
investigated, and some examples are presented for studying the structure of regular CA-groupoids.

Keywords: semigroup; CA-groupoid; regular CA-groupoid; neutrosophic extended triplet (NET);
Green relation

1. Introduction

The theory of group is an essential branch of algebra. The research of group has become an
important trend in the theory of semigroup. Various algebraic structures are related to groups, such as
regular semigroups, generalized groups, and neutrosophic extended triplet groups (see [1-6]). With the
development of semigroup, the study of generalized regular semigroup has become an important
topic. This paper focuses on the regularity of non-associative algebraic structures satisfying the cyclic
associative law: x(yz) = z(xy).

As early as 1954, Sholander [7] used the term of cyclic associative law to express the following
operation law: (ab)c = (bc)a. Obviously, its dual form is as follows: a(bc) = c(ab). At the same time,
in 1954, Hosszu also used the term of cyclic associative law in the study of functional equation (see
the introduction and explanation by Maksa [8]). In 1995, Kleinfeld [9] studied the rings with cyclic
associative law x(yz) = y(zx). Moreover, Zhan and Tan [10] introduced the notion of left weakly Novikov
algebra. In many fields (such as non-associative rings and non-associative algebras [11-14]), image
processing [15], and networks [16]), non-associativity has essential research significance. Since cyclic
associative law is widely used in algebraic systems, we have been focusing on the basic algebraic
structure of cyclic associative groupoids (CA-groupoids) and other relevant algebraic structures
(see [17,18]).

Smarandache first proposed the new concept of neutrosophic setin [19]. The theory of neutrosophic
set has been applied in many fields, such as applying neutrosophic soft sets in decision making, and
proposing a new model of similarity in medical diagnosis and verifying its validity of 1 through a
numerical example with practical background [20]. Later, Smarandache and colleagues extended the
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neutrosophic logic to the neutrosophic extended triplet group (NETG) [6]. In this paper, we analyze
the structure of cyclic associative neutrosophic extended triplet groupoids (CA-NET-Groupoids).

Green’s relations, first studied by Green [21] in 1951, have played a fundamental role in the
development of regular semigroup theory. This has in turn completely illustrated the effectiveness
of Green’s method in studying semigroups, especially regular semigroups. Research on the Green
relations of regular semigroups is at the core, and it involves almost all aspects of semigroup algebra
theory. In 2011, Mary [22] studied the generalized inverse of semigroups by means of Green's relations.
In 2017, Kufleitner and Manfred [23] considered the complexity of Green's relations when the semigroup
is given by transformations on a finite set. This paper focuses on the Green’s relations of CA-groupoids,
in particular regular CA-groupoids. Recently, we analyzed these new results and studied them from
the perspective of CA-groupoid theory. Miraculously, we obtained some unexpected results that, if S
is a regular CA-groupoid, then every element of S lies in a subgroup of S, and every H-class in S is
a group.

The rest of this paper is organized as follows. In Section 2, we give the related concepts and
results of the CA-groupoid. In Section 3, we give some basic concepts and examples of regular
elements, strongly regular elements, inverse elements, and local associative and quasi-regular elements.
In Section 4, we prove the equivalence of regular CA-groupoids and CA-NET-groupoids, and give
corresponding examples. In Section 5, we discuss the Green’s relations of CA-groupoids and the Green’s
relations of regular CA-groupoids. In Section 6, we propose a new concept of inverse CA-groupoids
and prove that regular CA-groupoids, strongly regular CA-groupoids, CA-NET-groupoids, inverse
CA-groupoids and commutative regular semigroups are equivalent. Finally, the summary and plans
for future work are presented in Section 7.

2. Preliminaries

In this section, we give the related research and results of the CA-groupoid. Some related notions
are introduced.

A groupoid is a pair (S, X) where S is a non-empty set together with a binary operation X.
Traditionally, the X operator is omitted without confusion.

Definition 1. ([4,5]) A groupoid (S, X) is called a neutrosophic extended triplet-groupoid NET-groupoid) if, for
any a € S, there exist a neutral of “a” (denoted by neut(a)), and an opposite of “a” (denoted by anti(a)), such that
neut(a)eS, anti(a)eS, and:

a X neut(a) = neut(a) X a = a; a X anti(a) = anti(a) X a = neut(a)
The triplet (a, neut(a), anti(a)) is called a neutrosophic extended triplet.

Let (S, X) be a groupoid. Some concepts are defined as follows:

(1) Anelementa € S is called idempotent if a> = a.
(2) S is called semigroup if, for any a, b, c € S, a X (b X c) = (a X b) X c. A semigroup (S, X) is
commutative if, foralla,be S,ax b=0b X a.

Here, recall some basic concepts in the semigroup theory. A non-empty subset A of a semigroup
(S, x) is called a left ideal if SA C A, aright ideal if AS C A, and an ideal if it is both a left and a right
ideal. If a is an element of a semigroup (S, X), the smallest left ideal containing a is Sa U {a}, which we
may conveniently write as S'a.

An element a of a semigroup S is called regular if there exists x in S such thata X x X a = a.
The semigroup S is called regular if all its elements are regular.

Among idempotents in an arbitrary semigroup, there is a natural (partial) order relation defined
by the rule that e <f if and only if e X f = f X e = e. It is easy to verify that the given relation has the
properties (reflexive), (antisymmetric) that define an order relation. Certainly, it is clear that e < e, and
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that e <f and f < e together implies that e = f. To show transitivity, notice that, if e < f and f < g, so that
exf=fxe=eandfxg=gXf=fthenexg=exfxg=exXf=candgXe=gXfxXe=fXe=e,
and thuse < g.

Let S be a regular semigroup and let E(S) denote the set of idempotents of S. For each e € E(S), let
Ge be a subgroup of S with identity e. If T(S) = U (G,: e € E(S)) is a subsemigroup and ¢, f, g € E(S), e > f,
and e > gimply f X ¢ = g X f, we term S a strongly regular semigroup [24].

An equivalent relation £ on S is defined by the rule that a.£Lb if and only if S'a = S'b; an equivalent
relation R on S is defined by the rule that aRb if and only if aS! = bS1; denote H = LNR,D = LUR, that
is, aHb if and only if S'a = S'b and aS' = bS!; aDb if and only if S'a = S'b or aS' = bS!. An equivalent
relation J on S is defined by the rule that 290 if and only if S1aSt = S1pS!, where:

S'as' = SuS UaS U Sa U {a).

Thatis, aJb if and only if there exists x, y, u, v € S1 for which x x a x y=b,uxbxv=a. The L-class
(R-class, H-class,D-class, J-class) containing the element a is written La (Ra,Ha,Da, T a).

Definition 2. ([7-10,25]) Let (S, X) be a groupoid. If, foralla, b,c € S,
ax(bxc)=cx(@xhb),
then (S, x) is called a cyclic associative groupoid (shortly, CA-groupoid).

Proposition 1. ([25]) Let (S, x) be a CA-groupoid. Then, for anya, b, c, d, x, y €S,

(1) (axb)x(cxd)=(dxa)X(cxb)and
(2) (axb)x((cxd)x(xxy)=(dxa)X((cxb)x(xxy).

Definition 3. ([25]) A NET-groupoid (S, X) is called cyclic associative (shortly, CA-NET-groupoid) if it is
cyclic associative as a groupoid. S is called a commutative CA-NET-groupoid if, foralla,be N,axb="b x a.

Theorem 1. ([25]) Let (S, X) be a CA-NET-groupoid. Then, for any a, p, q € N and anti(a) € {anti(a)},

(1) g xneut(a) € {anti(a)}, for all q € {anti(a)};
(2)  p X neut(a) = q X neut(a), for all p, q € {anti(a)}; and
(3)  neut(p) X neut(a) = neut(a) X neut(p) = neut(a), for all p € {anti(a)}.

Remark 1. Since there may be more than one anti-element of an element a, the symbol {anti(a)} is used to
represent the set of all anti elements of a. Therefore, the meaning of q € {anti(a)} is that q is an anti-element of a.

Theorem 2. ([25]) Let (S, x) be a CA-NET-groupoid. Denote the set of all different neutral element in S by
E(S). For any e € E(S), denote S(e) = {a € S| neut(a) = e}. Then, for any e € E(S), S(e) is a subgroup of S.

3. Regular and Inverse Elements in Cyclic Associative Groupoids (CA-Groupoids)

Definition 4. An element a of a CA-groupoid (S, X) is called regular if there exists x € S such that
a=ax(xXa)

(S, x) is called a regular CA-groupoid if all its elements are regular.
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Definition 5. An element a of a CA-groupoid (S, X) is called strongly reqular if there exists x € S such that
a=aX(xXxa)anda=(aXx)Xa
(S, x) is called strongly regular CA-groupoid if all its elements are strongly reqular.

Example 1. Denote S = {a, b, ¢} and define operations X on S, as shown in Table 1. We can verify that a is
strongly reqular, sincea =a X (a X a) = (a X a) X a; b is regular, since b = b x (b x b). However, b is not strongly
reqular, since b # (b X b) X b, and there does not exist x € S such that b =b X (x X b) = (b X x) X b.

Table 1. The operation X on S.

X a b c
a a

b

c

Example 2. Let S = {1, 2, 3, 4]. The operation X on S is defined as Table 2. We can verify that (S, X) is a
commutative semigroup, then for any a, b, c € S, we havea X (b X ¢) = (a X b) X c=c X (a X b). Thus, (S, X) is
a commutative CA-groupoid. Moreover, (S, X) is an AG-groupoid because (S, X) is a commutative CA-groupoid.
In addition, (S, X) is a reqular semigroup, because 1 =1x1x1,2=2%x2x2,3=3x1x3,4=4x2x4. (5,
x) is also a reqular CA-groupoid, since1 =1 X (1x1),2=2x(2%x2),3=3x(1x3),4=4%(2x4). (S, %)
is also a reqular AG-groupoid, since1 =(1x1) x1,2=(2x2)x2,3=(3Xx1)x3,4=(4%x4)x4.

Table 2. The operation X on S.

x 1 2 3 4
1 1 2 3 4
2 2 1 4 3
3 3 4 3 4
4 4 3 4 3

Example 3. Let S ={1, 2, 3, 4, 5}. The operation X on S is defined as Table 3. We can verify that (S, X) is a
strongly regular semigroup. However, (S, X) is not a CA-groupoid because 3 X (4 X 5)# 5 x (3 x 4).

Table 3. The operation X on S.

X123 45
111111
212115
311341
414113
5115 21

Example 4. Let S ={1, 2, 3, 4}. The operation X on S is defined as Table 4. We can verify that (S, X) is a
strongly regular CA-groupoid, since1=1x (1 x1)=(1x1)x1,2=2x(4Xx2)=(2x4)x2,3=3x(3X
3)=(3x%x3)x3,4=4x%x(2x4)=(4x2)x4. (S, x)is also a strongly regular semigroup.
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Table 4. The operation X on S.

R W R X
e S =Y
LW N R RN
B LN =R | W
N W =R

An idea of great important in CA-groupoid theory is that of an inverse of an element.
Definition 6. For any element a in a CA-groupoid S, we say that a=! is an inverse of a if satisfied
a=ax @ xa),a!x(@ax 11_1) =g 1)

Notice that an element with an inverse is necessarily reqular. Less obviously, each reqular element has an
inverse; for if a X (x X a) = a we need only define a™' = x x (a X x) and verify that Equation (1) are satisfied.

Theorem 3. Let (S, x) be a regular CA-groupoid; then, each of its elements has an inverse and the inverse
is unique.

Proof. Let x1, x, be inverses of 2in S. Then, we havea =a X (x1 X a),x; =x1 X (aX x1) anda =a X (xp X
ll), Xy =Xxp X (11 X xZ)/

X1 =x1 X (@Xx1)=x1 X (x1 Xa)=x1 X (x1 X (@X(x2%xa)))=x1 X (x1 X (@X(axXx2)))

=x1 X ((a X x2) X (1 X a))
=1x1 X ((a X a) X (x1 X x3)) (Applying Proposition 1)
=(x1 Xx2) X (x1 X (@Xxa))=(x1 Xx2) X (aX(x1 Xa))=(x1 Xxp)Xa.

Similarly, we can get that x; = (xp X x7) X a.
Then, we have

(x1 Xa)Xxp =(x1 Xa) X ((xag Xx1)Xa)=aXx((x1 Xa) X (x Xx1))=(x2 X x1) X (aX(x1 Xa))
= (x2 X x1) Xa=xy,

X1 Xxp =x1 X ((xp X x1) Xa)=aX (x1 X (X2 Xx1)) =(x2 X x1) X (aXx7)
= (x1 X x2) X (a X x1) (Applying Proposition 1)
=x1 X ((x1 X x3) X a) =x1 X x1.

Similarly, we can get that xp X x; = xp X xp. Further, we have,

X1 X xp =x1 X ((x1 Xa) Xx2) =2 X (x1 X (x1 X)) =x X (aX(x1 Xx1))=(x1 Xx1)X(xp Xa)
= (x1 X x2) X (x2 X a)

= (a X x1) X (x2 X x2) (Applying Proposition 1)
= (axx1) X (X2 X x1)
= (x1 x ) X (x2 X x2) (Applying Proposition 1 and xp X x1 = xp X x3)
=xp X ((x1 X a) X x3) =xp X X,

Thus, x1 X xp = xp X x1, %1 = (X1 X X)) Xa = (xp X x1) X a = xp.
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Therefore, in a regular CA-groupoid, each of its elements has an inverse and the inverse is unique.
O

Example 5. Let S = {1, 2, 3,4, 5, 6}. The operation X on S is defined as Table 5. We can verify that (S, X) is a
CA-groupoid; element 3 is an inverse of 3 because 3 = 3 X (3 X 3), 3 = 3 X (3 x 3), obviously element 3 is a
reqular; and element 5 is an inverse of 5 since 5 =5 X (5% 5), 5 =5 X (5 % 5), obviously element 5 is a reqular.
However, elements 1, 2, 4, and 6 have no inverses because there exists no x, y, p, €S such that 1 =1 X (x x 1), x
=xX(1Xx);2=2xyX2),y=yx2xy,;,4=4x{px4),p=px(4xpand6=6x(3x6),g=qgx%x(6
X q). Obviously, foranya € S, ifa € a X S, then a has not inverse.

Table 5. The operation X on S.

x 1 2 3 4 5 6
1 2 3 3 3 &5 2
2 4 3 3 3 5 2
3 3 3 3 3 5 2
4 3 3 3 3 5 2
5 5 5 5 5 3 5
6 4 3 3 3 5 3

Example 6. Let S ={1, 2, 3,4, 5, 6}. The operation X on S is defined as Table 6. We can verify that (S, X) is a
reqular CA-groupoid, since 1 =1x (1 x1),2=2x(2x%x2),3=3%x(3%3),4=4x%x(4x4),5=5x(5%x5),
6 =6 X (6 X 6), and the inverse is unique.

Table 6. The operation X on S.

ANUTHR WRNR|X
OGN R |
SN aR NN
(OIS, TNV, I e |

[ NS, BSOS, INC, I INTN
[SYG N NS NS N RN |
Iy Oy Oy Oy & |

Definition 7. An element a of a CA-groupoid (S, X) is called locally associative if satisfied

ax(@axa)=(axa)Xa.

(S, x) is called locally associative CA-groupoid if all its elements are locally associative.

Example 7. Let S = {1, 2, 3, 4, 5]. The operation X on S is defined as Table 7. We can verify that (S, X) is a
locally associative CA-groupoid, since 1 X (1 x 1) =(I1 X 1) x1,2x(2x2)=(2%x2)x2,3%x(3x3)=(3x3)
X3,4x(4x4)=(4x4)x4,and5x (5x5)=(5x5)x5. However, (S, X) is not a semigroup because (3 X 4)
X 3# 3% (4% 3).
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Table 7. The operation X on S.

G R Wi =|X
_ o e
_o =N
RN RN =W
N =R N R =R
RN NN O

Definition 8. An element a of a CA-groupoid (S, X) is called quasi-regular if there exists x € S, me N such that
a™ x (x x a™) = a". (@™ is defined by a x a™ )
(S, x) is called quasi-reqular CA-groupoid if all its elements are quasi-regular.

Example 8. Let S = {1, 2, 3, 4}. The operation X on S is defined as Table 8. We can verify that (S, X) is a
quasi-regular CA-groupoid, since 1 = 12x(3x12),2=2%x(12x2),3=3x(3x%x23),42=42x(2x42),
However, (S, x) is not a regular CA-groupoid because there exists no x, yeSsuchthat 1 =1X (x x 1), 4=4 X (y
x 4). Moreover, (S, X) is not a semigroup because (4 X 1) x 1 # 4 x (1 x 1).

Table 8. The operation X on S.

X 1 2 3 4
1 3 2 3 2
2 2 2 2 2
3 3 2 3 2
4 4 2 2 2

Definition 9. Let (S, X) be a groupoid. If for alla, b, c € S,
ax(bxc)=@xbyxcax(bxc)=cx(@xb),
then (S, X) is called cyclic associative semigroup (shortly, CA-semigroup).

Example 9. Suppose S = {1, 2, 3, 4} and define a binary operation X on S as shown in Table 9. We can verify
that (S, x) is a CA-groupoid, but (S, X) is not a CA-semigroup because (3 X 4) X 3 # 3 X (4 X 3).

Table 9. The operation X on S.

B W N =X
[ S S S Y
o= =N
NN =W
=N R =R

Obviously on the CA-groupoid S, there is: strongly regular element = regular element = inverse
element = quasi-regular element.

According to Examples 1, 2, and 5-9, we can get the relationship between CA-groupoids and
related algebraic systems, which we can be expressed as Figure 1.
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Figure 1. The relationships among some algebraic systems.

Remark 2. In Figure 1, each letter only indicates the smallest area in which it is located. Here, A represents the
set of all strongly regular CA-groupoids, and

AUB represents the set of all regular CA-groupoids;

AUBUC represents the set of all CA-semigroups;

AUBUCUD represents the set of all quasi-regular CA-groupoids;

AUBUCUDUE represents the set of all locally associative CA-groupoids;

AUBUCUDUEUF represents the set of all CA-groupoids; and

AUBUCUG represents the set of all semigroups.

4. Regular Cyclic Associative Groupoids (CA-Groupoids) and Cyclic Associative Neutrosophic
Extended Triplet Groupoids (CA-NET-Groupoids)

Theorem 4. Let (S, x) be a CA-NET-groupoid. Then, its idempotents are commutative.
Proof. Let 4, b an idempotent in S; then, we have
(ax b) X (axb)=(bxa) X (axDb) (Applying Proposition 1)

= (b x b) X (a X a) (Applying Proposition 1) = b x a.

Moreover
(a X b) X (axb)=(bx (neut(b) X a)) X (a X b)

= (b x b) x (a X (neut(b) x a)) (Applying Proposition 1)
= (b x b) X (a X (a X neut(b))) = (b X b) X (neut(b) X (a X a))
= b X (neut(b) X a) = a X (b X neut(b)) =a x b.

Therefore, a X b = b X a. In a CA-NET-groupoid, its idempotents are commutative. O
Corollary 1. Every CA-NET-groupoid is commutative.

Proof. Let (S, X) be a CA-NET-groupoid. By Theorem 4, for any x € S, neut(x) is idempotent. Then, for
anya, b e S, we have
neut(a) X neut(b) = neut(b) X neut(a),

Furthermore,

neut(a) X b = neut(a) X (neut(b) X b) = b X (neut(a) X neut(b))
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= neut(b) x (b x neut(a)) = (neut() x neut(h)) x (b x neut(a))
= (neut(a) X neut(b)) x (b X neut(b)) (Applying Proposition 1)
= (neut(a) x neut(b)) x (neut(b) X b)
= (b x neut(a)) x (neut(b) X neut(b)) (Applying Proposition 1)
= (b x neut(a)) X neut(b)
Further, for any a, b € S, we have
ax b = (neut(a) X a) X (neut(b) X b)
= (b x neut(a)) X (neut(b) x a) (Applying Proposition 1)
= a x ((b X neut(a)) x neut(b))
= a X (neut(a) X b) (by neut(a) x b)
= (b X neut(a)) x neut(b))
=b X (a X neut(a))
=bxa

Therefore, every CA-NET-groupoid is commutative. O

Example 10. Let S = {1, 2, 3, 4, 5}. The operation X on S is defined as Table 10. We can verify that (S, X) is a
CA-NET-groupoid, and

neut(1) =1, anti(1) = {1, 5}; neut(2) = 2, anti(2) = {1, 2, 3, 4, 5};

neut(3) = 3, anti(3) = {3, 5}, neut(4) = 4, anti(4)={1, 3, 4, 5}; neut(5) = 5, anti(3) = 5.

Obviously, (S, x) is a commutative.

Table 10. The operation X on S.

QR W DN R | X
i S S L S S
N NN DNNN
W W N W
L L S S N N
Gl LW N R | O,

Theorem 5. Let (S, X) be a groupoid. Then, S is a CA-NET-groupoid if and only if it is a reqular CA-groupoid.
Proof. Assume that S is a CA-NET-groupoid. For any a in S, by Definitions 1 and 3, we have
a X (anti(a) X a) = a X neut(a) = a.
From this and Definition 4, we know that element 4 is a regular element and S is a regular
CA-groupoid.
Therefore, we prove that S is a regular CA-groupoid.

Now, we assume that S is a regular CA-groupoid. For any 4 in a regular CA-groupoid S, we have

ax (xxa)=a.
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Furthermore,
(xxa)yxa=(@xxa)xX@xX(xxa)=@xxa)X(xxa)xa)=aX((xXa)X (xXa))

=aX (ax((xxa)Xx))
=aX(x X (aX(xxa)))
=aX(xXa)=a.

Therefore, there exists (x X a) € S, such that (x Xa) Xa=a X (x X a) =a.
Moreover, we have

(xxa)=xx@X(xxa)=(xxa)X(xxa)=aX((xXa)Xx).
Furthermore,
(xxa)xx)xa=((xxa)Xx)X(@x(xXa))
=(xxa)X(((xxa)xx)xa)=axX((x Xa) X ((xXa) X x))
=a X (x X ((xxXa)X(xxa)))
=a X (x X (x xa) (by (x X a) X (x X a)= (x X a))
=(xXa)X(@axx)
=x X ((x xa) xa) (by (x X a) Xa=a)
=xXa

Therefore, there exists ((x X a) X x)€S, such thata X ((x X a) X x) = ((x X a) X x) X a = x X a. Then,

Sis a CA-NET-groupoid. O

Example 11. Let S = {1, 2, 3, 4]. The operation X on S is defined as Table 11. We can verify that (S, X) is a
CA-NET- groupoid, and neut(1) = 1, anti(1) = {1, 2, 3, 4}; neut(2) = 3, anti(2) = 4; neut(3) = 3, anti(3) = 3;
neut(4) = 3, anti(4) = 2.

Table 11. The operation X on S.

X 1 2 3 4
1 1 1 1 1
2 1 4 2 3
3 1 2 3 4
4 1 3 4 2

Moreover, (S, x) is a reqular CA-groupoid, since1=1x (1x1),2=2x(4%x2),3=3%x(3x3),4=4x

(2 x 4).

Definition 10. Let (S, X) be a groupoid.

(1)

(2)

3)

4)

If for any a € S, there exist two elements b and c in S satisfying the conditiona X b =aand c X a = b, then
S is called a CA-(r, )-NET-groupoid.
If for any a € S, there exist two elements b and c in S satisfying the conditiona X b=aanda X c = b, then
S is called a CA-(r, r)-NET-groupoid.
If for any a € S, there exist two elements b and c in S satisfying the condition b X a =aand a X c = b, then
S is called a CA-(I, r)-NET-groupoid.
If for any a € S, there exist two elements b and c in S satisfying the condition b X a = a and ¢ X a = b, then
S is called a CA-(1, 1)-NET-groupoid.
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Theorem 6. Let (S, X) be a groupoid. Then, S is a CA-(r, I)-NET-groupoid if and only if it is a reqular
CA-groupoid.

Proof. Assume that S is a CA-(r, )-NET-groupoid. For any a in S, by Definitions 1 and 10(1), we have
a X neut(a) = a, anti(a) X a = neut(a)

a X (anti(a) X a) = a X neut(a) = a

From this and Definition 4, we know that element a is a regular element and S is a regular
CA-groupoid. Therefore, we prove that S is a regular CA-groupoid.
Now, we assume that S is a regular CA-groupoid. For any 4 in a regular CA-groupoid S, we have

ax(xxa)=a.

Thus, there exists (x X a) € S, such thata X (x X a) = a.
Moreover, we have:
xXa=(xXa).

Therefore, there exists x € S, such that x X a = (x X a). Then, S is a CA-(1, )-NET-groupoid. O

Theorem 7. Let (S, X) be a groupoid. Then, S is a CA-(v, r)-NET-groupoid if and only if it is a reqular
CA-groupoid.

Proof. Assume that S is a CA-(r, r)-NET-groupoid. For any a in S, by Definitions 1 and 10(2), we have
a X neut(a) = a, a X anti(a) = neut(a),

a X (anti(a) X a) = a X (a X anti(a)) = a X neut(a) =a

From this and Definition 4, we know that element a is a regular element and S is a regular
CA-groupoid. Therefore, we prove that S is a regular CA-groupoid.
Now, we assume that S is a regular CA-groupoid, for any a in a regular CA-groupoid S, we have

ax(xxa=ax@xx)=a

Thus, there exists (a X x) € S, such thata X (a X x) = a.
Moreover, we have
axx=(axXx)

Therefore, there exists x € S, such that a X x = (a X x). Then, S is a CA-(1, r)-NET-groupoid. O

Theorem 8. Let (S, x) be a groupoid. Then, S is a CA-(I, r)-NET-groupoid if and only if it is a reqular
CA-groupoid.

Proof. Assume that S is a CA-(l, r)-NET-groupoid. For any a in S, by Definitions 1 and 10(3), we have
neut(a) X a = a, a X anti(a) = neut(a)

neut(a) X a = (a X anti(a)) X a = (a X anti(a)) X (neut(a) X a)
= (a X a) X (neut(a) X anti(a)) (Applying Proposition 1)
= (anti(a) X a) X (neut(a) X a) (Applying Proposition 1)

= (anti(a) X a) X a.
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Thus, a X anti(a) = anti(a) X a = neut(a).
Moreover, we have
a X neut(a) = (neut(a) X a) X (anti(a) X a)

= (a X neut(a)) X (anti(a) X a) (Applying Proposition 1)
= (a X neut(a)) X neut(a).

Thus, a X neut(a) = neut(a) X a = a.
Then,
(anti(a) X a) X a = neut(a) X a = a X neut(a) = a X (anti(a) X a) = a

From this and Definition 4, we know that element a is a regular element and S is a regular
CA-groupoid. Therefore, we prove that S is a regular CA-groupoid.

Now, we assume that S is a regular CA-groupoid. For any a in a regular CA-groupoid S, leta = (a
X x) X a. We have

xXa=xX({(@xx)xa)=ax (xX(@xx))=((axx)X(@xx)),
@xx)yxa=@xx)xX(@axx)yxa)y=ax((@axx)X@xx)=ax(xxa)=a,axx=(aXx)
Therefore, S is a CA-(l, r)-NET-groupoid. O

Theorem 9. Let (S, X) be a groupoid. Then, S is a CA-(I, I)-NET-groupoid if and only if it is a reqular
CA-groupoid.

Proof. Assume that S is a CA-(I, I)-NET-groupoid. For any a in S, by Definitions 1 and 10(4), we have
neut(a) X a = a, anti(a) X a = neut(a),

a X neut(a) = (neut(a) X a) X (anti(a) X a)
= (a X neut(a)) X (anti(a) X a) (Applying Proposition 1)
= (a X neut(a)) X neut(a)

Thus, a X neut(a) = neut(a) X a = a.
Then,
(anti(a) X a) X a = neut(a) X a = a X neut(a) = a X (anti(a) X a) = a.

From this and Definition 4, we know that element a is a regular element and S is a regular
CA-groupoid. Therefore, we prove that S is a regular CA-groupoid.

Now, we assume that S is a regular CA-groupoid. For any a in a regular CA-groupoid S, let a = (x
X a) X a, we have

xXa=xX({(@xx)xa)=ax (xX(@xx))=((axx)X(@xx)),

(xxa)xa=@xxa)X((xxa)xa)=aX((xxa)X (xxa))=(xXa)X@aX(xXa))
=(xXxXa)x@x@xx)=@xx)X((xxa)xa)=(@xx)Xxa
=@axx)X((@axx)xa)(by(@axx)xa=a)
=aX ((axx)x@axx))
=aX(xXa)=a.

Moreover, we have x X a = (x X a). Therefore, S is a CA-(l, 1)-NET-groupoid. O
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Example 12. Denote S = {1, 2, 3, 4} and define operations X on S as shown in Table 12. We can verify that (S,
x) is a CA-(r, )-NET-groupoid, and,

neut(, (1) = 1, antiy, (1) ={1, 2, 3, 4}; neut,, 1)(2) = 4, anti, )(2) = 2;

neut l)(3) =3, anti(r, 1)(3) =3; neut l)(4) =4, anti(r, 1)(4) =4

Table 12. The operation X on S.

B W N = | X
I R
N = R =N
_ W R =W
B =N =R

It is easy to verify that S is also a CA-(r, r)-NET-groupoid, CA-(l, r)-NET-groupoid, CA-(, |)-NET-groupoid.
Moreover, (S, x) is a reqular CA-groupoid, since 1 =1x(2X1),2=2%x(2x2),3=3x(3x3),and 4 =
4x(4x4).

5. Green Relations in Cyclic Associative Groupoids (CA-Groupoids)

If a is an element of a CA-groupoid S, the smallest left ideal of S containing a is SaU{a}.
Definition 11. Let (S, x) be a CA-groupoid, for any a, b € S, define the following binary relationships:

alb © SaUl{al = Sbu {b};
aRb © aS U {a} = bS U {b};
agb o (SaUfa})SU (Sauial) = (SbU{b})SU (SbU {b});
H=LNR

We call LR, T, and H the Green'’s relations on the CA-groupoid.

Definition 12. Let (S, x) be a CA-groupoid. A relation R on the set S is called left compatible (with the operation
onS)if
(Va,s,teS)(s,t) € R = (axs,axt) €R,

and right compatible if
(Va,s,teS)(s,t) € R = (sxa,txa) eR.

It is called compatible if
(Vs, t,st" €S)[(s, t) € Rand (', ¥’ €R)] = (sxs ,txt') €R.

A left [right] compatible equivalence is called a left [right] congruence. A compatible equivalence relation is
called a congruence.

Proposition 2. Let a, b be elements of a CA-groupoid S. If a = b, then aLa, aRa. If a#b, then aLb if and only if
there exists x, y in S such that x X a = b, y X b = a. In addition, aR b if and only if there exists u, v in S such that
axu=bbxv=a.

Another immediate property of this is as follows:

Proposition 3. L is a left congruence and R is a right congruence.
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Corollary 2. In a CA-groupoid S, L and R are not commutative. That is, as a binary relationship, LoR#Ro L.
Example 13. Let S ={1, 2, 3,4, 5, 6}. The operation X on S is defined as Table 13. Then, (S, X) is a CA-groupoid.

Table 13. The operation X on S.

NUTHR WNR|X
W U1 W WK N
Ul L W W W N
W Ul W W W W

LU W W W W R
QW GGG | >
W U R NN

L={<3,5><5 3>}, R=1{<3,4>,<4,3>}. LoR={<5,4>}+#Ro L =1{<4,5>}. Then, L and R are
not commutative.

In a regular CA-groupoid S we have a particularly useful way of looking at the equivalences £
and R. First, notice that if S is regular then a = a X (x X a) €aS, and similarly a € Sa, a€5aS. Hence, in
describing the Green equivalences for a regular CA-groupoid we can drop all reference to SaU{a}, and
assert simply that

alb & Sa = Sb;
ab © aS = bS;
a9Jb < SaS = SbS;
H=LNR

Definition 13. Let (S, X) be a regular CA-groupoid, define the following binary relationship:
D=LUR
We call D the Green’s relations on the regular CA-groupoid.

Theorem 10. In a regular CA-groupoid S, the relationsL and R are commutative. That is, as a binary
relationship, LoR = Ro L.

Proof. Let (S, X) be a regular CA-groupoid, leta, b € S, and suppose that (a, b) € LoR. Then, there
exists ¢ in S such that a.Lc and cRb. That is, there exist x, y, u, v in S such that

xXa=c,cXu=»o,

yxc=abxv=c

If we now write d for the element (y X ¢) X u of S, applying Theorem 5, S is a CA-NET-groupoid.
As such, we have
axXxu=(yxXc)xu=d,

a=yxXc=yXbxo)=vXyXxb)=bx@®xy)=(Xu)x(@©xXy)
= (y X ¢) X (v X u) (Applying Proposition 1)
=axX(@Xu)y=uXx@xv)=vX(uxa)
=0 X (u X (neut(a) X a)) = v X (a X (u X neut(a)))

= v X (neut(a) X (a X u)) = v X (neut(a) X d) = d X (v X neut(a))
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hence aRd. In addition,
b=cxXu=(xxa)xXu=(xxa)X (uxXneut(u)) = neut(u) X ((x X a) X u) = neut(u) X b

d=(yxc)xu=(yxc)x neut(u) X u) =u x ((y X ¢) X neut(u)) = neut(u) X (u X (y X c))
= neut(u) X (¢ X (u X y)) = neut(u) X (y X (c X u)) = neut(u) X (y X b) = neut(u) X (y X (neut(u) x b))
= neut(u) X (b X (y X neut(u))) = (y X neut(u)) X (neut(u) X b) = (y X neut(u)) X b,
d=axu=yxc)xu=(yxc)X (uxneut(u)) = neut(u) X ((y X ¢) X u) = neut(u) X d,
b=cxXu=(xxa)Xu=(xXxa)X (neut(u) X u) =u X ((x X a) X neut(u)) = neut(u) X (u X (x X a))
= neut(u) X (u X ¢) = neut(u) X (u X (x X a)) = neut(u) X (u X (x X (y X c)))
= neut(u) X ((y X ¢) X (u X x)) = neut(u) X (a X (u X x)) = neut(u) X (x X (a X u)) = neut(u) X (x X d)
= neut(u) X (x X (neut(u) x d)) = neut(u) x (d X (x X neut(u))) = (x X neut(u)) x (neut(u) x d)
= (x X neut(u)) X d,

thus d Lb. We deduce that (a, b)eRo L. We have shown that LoRCRo.L; the reverse inclusion follows in
a similar way. O

Theorem 11. In a reqular CA-groupoid S, L is equivalent to R. That is, as a binary relationship, L=R.

Proof. By Theorem 10, we have d£ b. Then,
b=cxu=(@xxa)Xu=(xxa)X neut(u) X u) =u X ((x X a) X neut(u))

= neut(u) X (u X (x X a)) = neut(u) X (u X ¢) = neut(u) X (u X (x X a)) = neut(u) X (u X (x X (y X c)))
=neut(u) X ((y X c) X (u X x)) = neut(u) X (a X (u X x)) = neut(u) X (x X (a X u))
= neut(u) X (x X d) = d X (neut(u) X x).
d=(yxc)xu=(yxc)x neut(u) X u) =u x ((y X ¢) X neut(u)) = neut(u) X (u X (y X c))
= neut(u) X (c X (u X y)) = neut(u) X (y X (c X u)) = neut(u) X (y x b) = neut(u)(y x (c x u))
= neut(u) X (y X b) = b X (neut(u) X y).

Thus, dRb.
Therefore, in a regular CA-groupoid S, L is equivalent to R. O

Example 14. Let S =1{1,2,3, 4,5, 6, 7, 8}. The operation X on S is defined as Table 14. Then, (S, X) is a regular
CA-groupoid. L ={<1,2>,<2,1>,6<3,4>, <4, 3>, <5, 6>, <6, 5>, <7,8>,<8, 7>}, R={<1, 2>, <2, 1>, <3,
4>,<4,3>,<5,6>,<6,5>,<7,8>,<8, 7>}, LoR ={<1, 1>, <2, 2>, <3, 3>, <4,4>, <5, 5>, <6, 6>, <7,
7>,<8,8>} =RoL ={<1,1>,<2,2>,<3, 3>, <4, 4>, <5,5>,<6, 6>, <7, 7>, <8, 8>}. Thus, L and R are
commutative, and L = R.
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Table 14. The operation X on S.

x 1 2 3 4 5 6 7 8
i 1 2 5 5 5 6 7 8
2 2 1 5 &5 5 6 7 8
3 5 5 3 4 5 6 7 8
4 5 5 4 3 5 6 7 8
5 5 5 5 565 5 6 7 8
6 6 6 6 6 6 5 7 8
z 7 7 7 7 7 7 7 8
8§ 8 8 8 &8 8 8 8 7

Obviously on the regular CA-groupoid S, there is

H=L=R=D=J.

Lemma 1. In a regular CA-groupoid S, each L-class contains at least one idempotent.
Proof. For any a € S, there exist x € S, such thata = a X (x X a); then,
(xxa)x(@xxa)=ax((xxXa)Xx)=xX@X((xxa)=xXa
Therefore, (x X a) is idempotent and a.L(x X a). O
Lemma 2. Every idempotent e in a reqular CA-groupoid S is a left identity for Le.
Proof. If a € Le, then a = x X e. For some x in S and
exa:ex(xxe):ex(exx):xxezzxxe:a.
O

Proposition 4. Let a be an element of a reqular L-class L in a reqular CA-groupoid S. If La contains idempotents

e, then Le contains an inverse a1 of a such that a X al=gTxg=e

Proof. Since aLe it follows by Lemma 2 that e X a = a. Again, from aRe, it follows that there exists x in
S such thata X x = e. If we denote x x e by a~!, we easily see that

ax@'xa)=ax((xxe)xa)=ax@x(xxe)=ax(ex(axx)

=axX(exe)=eX@axXe)=eX(exXa)=eXa=a,
a7l x@axa)=(xxe)x@x(xxe)=@xxe)x(ex@xx)=xxe)XExe)=ex((xxe)Xe)
—ex(ex(xxe))=ex(ex(exx)=ex(xxe)=ex(exx)=xX(exe)=xxe=a ',

Thus, a~! is an inverse of a. Moreover,

-1

axa =ax((xXe)=eX@Xx)=eXe=e

Further,
axa=(@xXxXe)xa=(xxXe)X(exa)=aX((xXe)Xe)

=eX(@X(xXe)=eX(ex@xx)=ex(exe)=e.
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It now follows easily that

O

Theorem 12. Let (S, x) be a CA-groupoid. Then, the following statements are equivalent:

(1) Sisregular;
(2)  Every element of S lies in a subgroup of S; and
(3) Every H-class in S is a group.

Proof. (1)= (2). Assume that S is a regular CA-groupoid. By Theorem 5, we know that S is a
CA-NET-groupoid. By Theorem 2, we know that, in a CA-NET-groupoid S, every element of S lies in a
subgroup of S. Thus, if S is a regular CA-groupoid, then every element of S lies in a subgroup of S.
(2)=(3). Assume that every element of S lies in a subgroup of S. Let a € S; then, a € G for some
subgroup G of S. Denote the identity element of G by ¢, and the inverse of 2 within G by a~!. Then, from
exa=axe=aandaxa l=alxa=e

it follows that a#e, and hence H,= H,, every H-class in S is a group.
(3)=(1). Assume that every H-class in S is a group. For eachain S, a € H;, because H, is a group,
then element a has a unique inverse a~! within the group H,. Let x= a~!; then, it is clear that

ax(xxa)=a.
Therefore, S is a regular CA-groupoid. O
Example 15. Let S ={a, b, c, d, e}. Define operation X on S as Table 15. Then, (S, X) is a CA-groupoid.

Table 15. The operation X on S.

X a b c d e
a a b c d c
b b a d c d
c c d c d c
d d c d c d
e c d c d e

(S, x) is a reqular CA-groupoid, sincea=a X (a X a),b=bx (bxb),c=cxX(cxc),d=dx(dxd),and
e=e X (e X e). Every element of CA-groupoid S lies in a subgroup of S, because {a, b}, {c, d}, {e} is a subgroup of
S. Moreover, a, b € {a, b}, c,d € {c, d}, and e € {e]. EveryH-class in S is a group. Then, H1, Hy, H3 of H-class
inS,H; ={a, b}, H, ={c,d}, H3 = {e}. Moreover,aXb=b,bXb=a,cxd=d,dxd=candexXe=e, Hy,
H,, H3 is a group.

6. Relationships between Some Cyclic Associative Groupoids (CA-Groupoids)

Definition 14. A CA-groupoid (S, x) is called inverse CA-groupoid if there exists a unary operation a~! on S
with the properties
@H l=aax@!xa)=a,

and forany x, y € S,
axx HxxyH=@xyHx@Exxh
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Theorem 13. Let (S, X) be a CA-groupoid. Then, S is an inverse CA-groupoid if and only if it is a reqular
CA-groupoid and its idempotent is commutative.

Proof. Let S be an inverse CA-groupoid, which follows if we show that every idempotent in S can
be expressed in the form xx~!. Let e be an idempotent in S. Then, the inverse CA-groupoid property
ensures that there is an element ™! in S such thate x (e7! xe) = ¢, (¢71)~! = e. Hence,

el=eIx(e D) Txeh=elxEexe)=elx(exe)xeH=elx (e x(exe) =
elx(ex(exe)=elxe=elx(exe)=ex (e xe)=e.
andthuse=e* =exe=exe L.

According to the definition of an inverse CA-groupoid, idempotents commute. If x, y are
idempotent, then x x y = (x x x ) x (yxy H=(yxy Hx @xxx)=yxx

Therefore, S is a regular CA-groupoid and its idempotents are commutative.

Now, we assume that S is a regular CA -groupoid and its idempotents are commutative. Then,
according to regularity, for any x € S, there exists neut(x) € S, anti(x) € S. By Theorem 1, let anti(x) X
neut(x) = x~1; then, we have

DT =xxx (@ xx) =1,

(xxx71) x (y x y_l) = neut(x) X neut(y) = neut(y) X neut(x) = (y X y_l) X (x x x7h)

Therefore, S is an inverse CA-groupoid. O
Corollary 3. Let (S, X) be a reqular CA-groupoid. Then, S is a commutative CA-groupoid.

Proof. Let (S, xX) be a regular CA-groupoid. By Theorem 5, S is a CA-NET-groupoid. By Corollary 1, S
is a commutative CA-groupoid. O

Theorem 14. Let (S, x) be a CA-groupoid. Then, the following statements are equivalent:

(1)  Sisareqular CA-groupoid;

(2)  Sisastrongly reqular CA-groupoid;
(3) Sisa CA-NET-groupoid;

(4) S isan inverse CA-groupoid; and

(5) S is a commutative reqular semigroup.

Proof. (1)=(2). Assume that S is a regular CA-groupoid. By Corollary 3, we know that S is a
commutative CA-groupoid. Then, for any a € S, there exists x € S, such thata =a X (x X a) and a = (a
X x) X a. According to the definition of strongly regular CA-groupoid (Definition 5), S is a strongly
regular CA-groupoid.

(2)=(3). Assume that S is a strongly regular CA-groupoid. By Definitions 4 and 5, S is a regular
CA-groupoid. By Theorem 5, S is a CA-NET-groupoid.

(3)=(4). Let (S, X) be a CA-NET-groupoid. According to Theorem 4, the idempotent of S is
commutative. By Theorem 5, S is a regular CA-groupoid. By Theorem 13, S is an inverse CA-groupoid.

(4)=(5). Let (S, x) be an inverse CA-groupoid. By Theorem 13, S is a regular CA-groupoid and
its idempotent is commutative. Then, we only need proof a regular CA-groupoid is a commutative
regular semigroup. By Corollary 3, S is a commutative CA-groupoid. For any a, b, c € S, we have

ax(bxc)=cx@axb)y=@xb)xc

and there exists x € S, such thata =a X (x Xa) =axX @ xx)=@XxXx)Xa=aXx Xa.
Therefore, S is a commutative regular semigroup.
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(5)=(1). Assume that (S, X) is a commutative regular semigroup. For any 4, b, c € S, we have
ax(bxc)=@xb)Xc=cx(@axb)

and there exists x € §, such thata =a X x X a =a X (x X a).
Therefore, S is a regular CA-groupoid. O

Example 16. Let S = {1, 2, 3, 4). The operation X on S is defined as Table 16. Then, (S, X) is a regular
CA-groupoid, since 1 =1X (1 x1),2=2%X(4%2),3=3%X(3%x3),and4=4%x(4x4). (S,x)isalsoa
strongly regular CA-groupoid because 1 =1x (1x1),1=(1x1)x1;2=2x(4%X2),2=(2x4)x2;3=3X
(3x3),3=03%x3)x3;,4=4x%x(4x4),and 4 = (4 x 4) X 4. We can verify that (S, X) is a CA-NET-groupoid,
and neut(1) = 1, anti(1) = 1; neut(2) = 2, anti(2) = {1, 2, 3, 4}; neut(3) = 3, anti(3) = 3; and neut(4) = 4, anti(4)
={1, 3, 4}. (S, X) is an inverse CA-groupoid, since1 x2=2%x1,1x3=3%x1,1x4=4x%x1,2x3=3%x2,2
x4=4x%x2and3x4=4x23.(S,x)is also a commutative regular semigroup because 1 =1x1x1,2=2x2
X2,3=3%x3%x3,and4=4x4x4.

Table 16. The operation X on S.

X 1 2 3 4
1 1 2 4 4
2 2 2 2 2
3 4 2 3 4
4 4 2 4 4

Corollary 4. Let (S, X) be a strongly reqular CA-groupoid. Then, S is a strongly reqular semigroup.

Proof. Let (S, x) be a strongly regular CA-groupoid. By Theorem 14 (2), (5), S is a strongly regular
semigroup. O

7. Conclusions

Starting from various backgrounds (for examples, non-associative rings with x(yz) = y(zx),
cyclic associative Abel-Grassman groupoids, regular semigroup, and regular AG-groupoid), this
paper introduces the concept of regular cyclic associative groupoid (CA-groupoid) for the first time.
Furthermore, we study the relationship between regular CA-groupoids and other relevant algebraic
structures. The research shows that the regular CA-groupoids, as a kind of non-associative algebraic
structures, has typical representativeness and rich connotation, and is closely related to many kinds of
algebraic structures. This paper concludes some important results, which are listed as follows:

(1) If an algebraic system is a regular CA-groupoid, then, each of its elements has an inverse and the
inverse is unique (see Theorem 3 and Example 6).

(2) Ifanalgebraic system is a CA-NET-groupoid, then, its idempotents are commutative (see Theorem
4).

(3) Every CA-NET-groupoid is commutative (see Corollary 1 and Example 10).

(4) Analgebraic system is a regular CA-groupoid if and only if it is a CA-NET-groupoid (see Theorem
5 and Example 11).

(5) If an algebraic system is a CA-groupoid, then, £ and R are not commutative. That is, as a binary
relationship, LoR#Ro L (see Corollary 2 and Example 13).

(6) If an algebraic system is a regular CA-groupoid, then, the relations £ and R commute. That is, as
a binary relationship, LoR=Ro L (see Theorem 10 and Example 14).
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(7) If an algebraic system is a regular CA-groupoid, then every element of S lies in a subgroup of S,
and every H-class in S is a group (see Theorem 12 and Example 15).

(8) An algebraic system is an inverse CA-groupoid if and only if it is a regular CA-groupoid and its
idempotent is commutative (see Theorem 13 and Example 16).

(9) If an algebraic system is a regular CA-groupoid, then, it is a commutative CA-groupoid (see
Corollary 3 and Example 16).

(10) An algebraic system is a regular CA-groupoid if and only if it is a commutative regular semigroup
(see Theorem 14 and Example 16).

These results are important for exploring the structure characterizations of regular CA-groupoids
and CA-NET-groupoids.

For future research, we will discuss the integration of the related topics, such as the ideals in
CA-groupoids and the relationships among some algebraic structures (see [26-28]).
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